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L3I NOI AU

Ngay tit nam 1736, nha toan hoc Euler da giai quyét thanh cong bai toan t6 hgp vé bay cay
cau ¢ thanh phd Konigsberg, Diic (nay la Kaliningrad, Nga) nam trén song Pregel, bao gom
hai hon dao 16n néi v6i nhau va v6i dat lien bdi bay cay cau. Bai toan duge dit ra la “Co theé
di theo mot tuyén duong ma di qua mdi cay cau ding mot lan rdi quay lai diém xuat phéat hay
khong ?”. Va ké tit d6 dén nay, trai qua nhiéu thing tram cta lich st, Ii thuyét to hgp van phat
trién manh mé, dong gép nhiéu cho sy phat trién ciia khoa hoc va ki thuat hien dai. Ching ta
thuong gip cac bai toan t6 hop trong cac mo hinh san xuét nhu “Lap lich cho mot co quan”,
xuat hién trong gidi phap an toan giao thong véi cac mo hinh “Dat cac tram xe bus t6i wu nhat
trong mot thanh phé”, vao quan 1i con ngudi véi moé hinh “Lap thoi khoa biéu va phan viec”,. . .,
hoiic ¢6 thé ting dung gian tiép trong céc thuat toan giai cac bai toan téi uu trong céc phan
mém may tinh nhu thuat toan tim kiém ctia Google, Yahoo,. .., hay cdc phan mém tng dung
ma ching ta van dang sit dung hang ngay. Chinh vi vay toan t6 hop luon danh duge st quan

tam rat 16n tit cac nha toan hoc, cac thay, co gido va cic ban hoc sinh yéu thich mon toén.

Toan t6 hop 1a mot 16p cac bai toan kho, thuong xuat hieén trong céc ki thi hoc sinh gidi cap
tinh, thanh phd, cap qubc gia, qudc té. Do do, gidi quyét thanh thao va c6 von kién thiic chic
chin, sau rong vé toan t6 hop 1a niém mong udc clia nhiéu gido vien va hoc sinh. Mic du toan
t6 hop quan trong nhu vay nhung céc tai lieu vé toan t6 hop, roi rac danh cho hoc sinh gidi 6
Viét Nam van con rat it va han ché. Xuat phat tit thuc té trén va véi muc dich cung cap tai
lieu chat lugng gom nhiéu chuyen dé toan t6 hgp nang cao gitp cho viec hoc tap ciia hoc sinh
tot hon va cac thay, co gido c6 thém tai lieu gidng day, nhém bién soan bao gom cac gido vien,
cac sinh vién hé clt nhan tai ning toan, cac hoc sinh gidi quoc gia, quoc té dén tit moi mieén

cua To quoc da cung nhau viet nén cac chuyén de, cac bai giang ve toan to hgp nang cao.

“Tuyén tap cac chuyéen dé to hop” ra doi danh dau cho thanh cong 16n trong viéc chia sé tri
thiic cho cong dong cic ban yéu thich mon toan, ma & dé nhitng kinh nghiém lam bai, nhitng
cach gidi hay va sang tao c6 dudc tit sit diic két trong thoi gian hoc tap clia nhiéu thanh vien
da va dang 1a hoc sinh giéi qubc gia, qubc té hay day tinh su pham clia cic gido vién tich liy
duge trong qua trinh tham gia hoc tap, gidang day. Tuyén tap duge hoan thanh va gii t6i ban
doc trong dip Tét Nguyén Dan, hi vong né sé 13 mot mén quad nam mdéi thye sy hitu ich véi
ban doc trén khap dat nuéc.

Dé hoan thanh cuén sach, nhom bién tap xin gii 10i cadm on sau sic téi cac thay gido, cac
ban hoc sinh, sinh vién da tham gia gtii cac chuyén dé, cac bai toan trén dién dan MathScope.
Dong thoi ciing xin gui 161 cAm on sau sic t6i ban quan tri dién dan MathScope va thay gido,
TS. Tran Nam Diing - DHKHTN - DHQG TP. H6 Chi Minh da c6 vii, dong vién va cho nhiéu
nhan xét c¢6 gia tri dé cudn sach vira cé gia tri chuyén mon cao ma lai mién phi vé tai chinh

vii ban doc.


http://forum.mathscope.org/index.php

Do thoi gian gap rat va trinh do c6 han, du rat c6 gang nhung sai sét 14 kho tranh khoi. Moi
¥ kién déng goép dé cudn sach hoan thién hon xin giii vé dia chi hoangquan90gmail.com hoic

alephvn@gmail.com.

Ha Noi, ngay 22 thang 1 ndm 2012 (ngay Tat nién ndm Nham Thin)
Dai dién nhém bién soan
Chu bién
Hoang Minh Quan — Phan Dic Minh
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SU DUNG PHEP BDEM
PE CHUNG MINH CAC PANG THUC TO HOP

Nguyén Tt Thu!

Nhu ching ta biét cac khai niem hoan vi, chinh hop, t6 hop dugce hinh thanh tit cac bai toan
dém. Cac khai niém nay ra doi giup ching ta trinh bay bai toan dém don gidn hon. Tuy nhién
khi gdp cac bai chiing minh cic dang thiic lien quan dén P,, C* thi chiing ta thudng sit dung
cac bién doi dai s6 hodc khai trién nhi thitc Newton dé chitng minh. Do dé viéc chiing minh
cac bai toan dang thic lien quan dén P,, C* va cac khai niem clia n6 khong c6 méi quan hé
ndo. Diéu nay it nhiéu lam mat di vé dep ciia cac khai niém toan hoc néi chung va cac khai
niem P,, C* néi rieng. Trong chuyén dé nay chiing toi gisi thiéu véi cac ban cach chiing minh
mot s6 dang thic lien quan dén P,, C* bang phuong phap dém.

Noi dung ctia phuong phap nay nhu sau :

Gia stt ta can chitng minh mot dang thitc lien quan dén P,, C* c¢6 dang A = B.

Ta sé di dém s6 cach thyc hien mot cong viec X nao doé theo hai cach:

Cach 1 ta dugce két qua s6 cach thuyc hién cong viec X 1a A.

Cach 2 cho ta két qua s6 cach thyc hién cong viec X 1a B.

Tu do ta c6 duge A = B.

Dé lam t6t phuong phap nay ching ta can hiéu ¥ nghia clia cac dai luong xuat hien trong hai
vé clia ding thic. Ching han:

e 2™: 14 86 tap con clia tap X gom m phan ti va ciing 1a s6 cach chon m phan ti tit m cip

va mdi cap chon mot phan ti.
e 2™ — 1: 1a s6 tap con khéac rong ctia tap X gom m phan ti.
e CF: s tap con gom k phan ti ctia tap X gom n phan ti.
Chiing ta sé bat dau bang cac vi du sau day:
Vi du 1. Chitng minh ring C* = C"* véi moi k,n € Nyn > 1;0 < k < n.

LOr G1Ar. Xét tap X = {x1,22,..., T}
Ta thay & vé trai la s6 tap con A gom k phan ti clia tap X. Dé lap A ta lam theo hai cach

nhu sau:

1. Mbi cach lay k phan tit trong X, ta c6 mot tap con A gom k phan ti ciia tap X, nén s6
tap con A 1a Ck.

1Gido vien truong THPT Lé Hong Phong, Dong Nai.
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2. Dé thiét lap A ta c6 thé lam nhu sau:
M&i cach lay n — k phan tit ctia tap X va loai n — k phan tit nay di, ta c¢6 duge duge k
phan tit con lai 1a mot tap con A gom k phan ti clia X.

Nén s6 tap con A la: Cn=Fk
Tt d6 ta c6 duge CF = C"% va bai todn duge chiing minh. O
Vi du 2. Cho n > 2,k 1a cac s6 tif nhién thoéa 1 < & < n. Chitng minh ring
Cr=Ch+Ch|

LOI GIAL Vi vé trai ciia dang thiic 1a s6 tap con gom k phan tit clia tap gdm n phan ti nén
ta di dém s6 tap con A gom k phan ti ctia tap X = {x1, 22, ..., 2,}.

Cach 1. S6 tap A c6 CF tap.

Cach 2. S6 tap A gom hai loai, ta sé di dém s6 tap thuoc hai loai nay.

Loai 1. Gom nhiing tap con chita phan ti z,. M6éi tap A thuoc loai nay cho ta mot tap
A"= A\ {z,} 1a tap con gom k — 1 phan tt ctia tap X \ {z,}.

Va ngugce lai mdi tap A’ cho ta mot tap A nén suy ra s6 tap A thuoc loai nay chinh bang s6
tap A’ va bang C*~;.

Loai 2. Gom nhitng tap con khong chita phan tit z,,. Nhu vay cac phan tit clia tap A dudc lay

tit tap X \ {z,} gom n — 1 phan tit nén s6 tap A thuoc loai nay 1a C*_,.
Do d6 theo cach 2 thisb tap A la C* | + C*~1.
Vay ta c6 Ck = CF | +C* 1 O

Vi du 3. Chon > 1 la s tu nhien. Chiing minh déng thic sau:
(C)°+(C) + -+ () =,

Lo1 GIAL. Ta thay VP ctia ding thic chinh 1a s6 tap con A gdm n phan ti clia tap X gom
2n phan tit nén ta xét bai todn sau: Hay tinh s6 tap con A gom n phan ti cia tap X =
{z1,29, ..., T2}

Cach 1. Ta c6 s6 tap con A la C% .

Cach 2. Chia tap X thanh hai tap Xy = {z1, 29, ..., 2.} va Xo = {&p41, ..., Ton }.

Dé lap tap con A ta lam nhu sau:

Lay k phan ti (k = 0,n) thuoc tap Xi, roi lay n — k phan tit con lai thuoc tap X, va ta c6
CkCnF = (C’];f)Q cach chon A tng véi méi k.

Cho k chay tit 0 dén n 16i lay tong ta c6 duge két qua chinh 1a s6 tap A can tim, hay

(CO)* + (O + -+ + (i) = C3,

Vi du 4. Chitng minh déng thtc

n—=k

Z 2" C} 07[11] = C2nn+1
k=0



LOI GIAL. Ta thay vé phai la s6 cach chon n phan ti tit tap X gom 2n + 1 phan t1t nén ta xét
bai toan sau: Tinh s6 cach chon n phan ti tit tap X gom 2n + 1 phan tii.

Cach 1. S6 cach chon chinh bang C%, ., ;.

Cach 2. Ta chia X thanh n cip va phan t z.Dé chon n phan ti tit X ta thuc hién céc bude
sau:

Bu6e 1. Ta chon k cap (k= 0,n) tit n cap 0 da chia ta c6 C* cach, sau d6 6 mdi cap ta chon
mot phan ti nhu vay ta c6 2F ij cach chon.

Buge 2. Chon [”—_k] cap trong n — k cap con lai.

2

Vi [”T’k} :”T’knéun—kchénva ["T”C}:”’T’Hnéun—klé.

Do d6 ta sé chon x néu n — k 1& vi khong chon = néu n — k chén.
S z 2, 2, ~ N [M}
S6 cach chon & buée kr]lay laC 5 .

Suy ra c6 28 CF C’T[ljC

Cho k chay tit 0 dén n va lay téng ta c6 sb cach chon la:

cach trong mdi lan chon.

n—=k

Z 2t Cf; ngj] = Conp1
k=0

Vi du 5. Chitng minh réng véi moi s6 nguyén duong n ta co:

i CSM 2k 4 Zn: CZ:H—IC 2"k = g

k=0 k=0
LO1 GIAL Xét tap X = {1,2,...,m+n+ 1}. Ta sé di dém s6 tap con clia X.
Cach 1. Ta c6 2™ *! tap con.
Cach 2. S6 tap con ciia X gom hai loai:
Loai 1. Gom nhiing tap con c¢6 dang A = {x1,29,...,Tpyi} VO 1 <i<m+1vaz <2y <
e < T Va Ty =n+k+1v6i0< k< m. Dé lap tap con loai nay ta lam nhu sau:
Buéc 1. Chon n phan tit tit n + & phan it (véi 0 < k < m) ta c¢6 CI,, cach.
Budc 2. B6 sung mot tap con cia tap {n+k+1,n+k+2,...,n+m+ 1} ta c6 2™ F cach.

Do d6 ¢6 Y C*,, 2™ % tap con A clla X ¢6 nhiéu hon n phan ti.
k=0

n
Tuong tu c6 > C¥ ., 2% tap con ctia X ¢6 nhiéu hon m phan ti.
k=0

M2 mdi tap con ciia X ¢6 hon m phan ti ing v6i mot tap con ciia X c6 khong qua n phan ti,
n

suy ra sO tap con cta X ¢6 khong qua n phan ti la Y Ck  2n—k,
k=0

Do vay Y. CF_2m=k 4 50 Ck _ 2"7% chinh 13 s6 tap con cia X.
k=0
Vay ta co
Z C§+k2m—k + Z CTIjH_an—k — gm+ntl

k=0 k=0

Vi du 6. Chitng minh déng thiic sau véi n > 1 1a s6 tuy nhién

CH 42024303 + .- +nC" =n2"*
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LGOI GIAL Ta thay n chinh 1a sd cach 1dy mot phan ti tit mot tap gom n phan tit, con 27! chinh
1 86 tap con clia tap gom n—1 phan tt. Do d6 ta xét bai todn sau: Cho tap X = {x1, o, ..., T, }.
Hay dém s6 cap (a, A) trong d6 a € X va A 1a mot tap con cia tap X' = X \ {a}.

Cach 1. Ta c6 n cach chon a, v6i mdi cach chon a ta c6 2"~ ! cach chon A. Theo quy tac nhan
ta c6 n2" ! cap (a, A).

Céach 2. Ta chon A la mot tap con gom k phan tit ctia (k= 0,n — 1), nén c6 C* = C"~* cach
chon A. Mo6i céch chon tap A ta sé chon a € X'\ A nén c¢6 n— k cach chon a. Khi cho k chay tit 0

n—1
dén n—1 va lay tong thi ta c6 duge s6 cap (a, A) hay laco Y (n—k)CPF = CL 4202+ - - +nC"
k=0

cap (a, A).
So sanh két qua hai cach dém ta c6

Ch+2C2+3C + -+ nCl =n2"!

Vi du 7. Chitng minh déng thic sau:
COCE+CLOF 14+ CECY_, = 2FCF

LOT GIAL. Théy c6 2% 1a s6 tap con clia mot tap gom k phan ti, con C* 1a s6 tap con gom k
phan tit clia tap gom n phan tit nén ta xét bai toan sau: Cho tap X = {x1,2s,...,,}. Hay
dém s6 cap (A, M) trong d6 A 1a mot tap con gom k phan ti ctia X va M 1a mot tap con cta
A.

Cach 1. Ta c6 CT’f cach chon tap A, v6i mdi cach chon A ta c6 2F cach chon M nén co tat ca
28C* cap (A, M).

Cach 2. Ta ¢6 C! cach chon M (0 < ¢ < k) . Sau khi chon M ta chon k — ¢ phan t1t titn — ¢

phan tit con lai 16i gop v6i M ta cé dugc tap A, nén véi méi i ta c6 C° C*~¢ cach chon cap

n—

k A
(A, M). Cho i chay tit 0 dén k va lay tong ta c6 s6 cap (A, M) 1a > C C*
i=0
Vay ta co

COCF+C O+ -+ ChCY_, =2VCF
Day la déng thic can ching minh. O
Vi du 8. Chiing minh rang véi moi s6 tif nhién n > 1, ta luon co:

(Ca)*+2(C2)° +--+n(Ch)* = nCy,

LO1 GIAL. Ta thay nCy. Y chinh 1a s6 cic cap (a, A), trong dé a 13 mot phan ti thuoc tap X; =
{z1,79,...,2,} con Alamot tap con gom n—1 phan tt ctiatap X = {zy1, ..., Tp, Tty - - Ton}\
{a}. Nén ta xét bai toan sau: Cho hai tap roi nhau X = {z1,z2,...,x,} va Xy = {a1,as,...,a,}.
Hay dém s6 cip (a, A), trong d6 a € X; con A 1a mot tap con bat ki gom n — 1 phan ti cta
tap X = X1 U X, \ {a}.

Céach 1. Dé chon a ta c6 n cach, véi mdi cach chon a ta c6 Cy !

| cach chon A nén c6 tat ca
nCy Y cach chon cap (a, A).
Cach 2. Lay k phan tit thuoe X; (1 < k < n) ta c6 CF cach, 1oi ta chon a tit k phan ti vita
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chon ta c6 k cach. Sau khi chon a ta chi con lai & — 1 phan ti. Tiép tuc chon n — k phan ti
thuoc X, va két hop véi & — 1 phan t con lai § trén ta duge mot tap con A gom n — 1 phan
t1t ctia X. Nén moi trudng hop nay ta c6 kCFCn=F =k (C’T’j)z céch chon.
Cho k chay tit 1 dén n va lay tong ta dugc s6 cach chon cac cap (a; A) 13

(CR)" +2(C) -+ n(Cy)?
Do d6 ta c6 diéu can chitng minh. 0

Vidu 9. Cho 6 tuy nhién n > 1. Mot hoan vi ctia tap A = {1,2,3,...,n} duge goi la hoan vi
bdo ton a € A néu nhu phan t1t a § nguyen vi tri cii ctia n6 trong hoan vi méi. Ki hi¢u B, (k)

12 s6 hoan vi bdo ton ding k phan tit cia A. Chiing minh rang:

(a) kP, (k) =nP,_1(k—1);

LO1 GIAL (a) Vi mdi k =1,2,...,n ta di dém s6 cip (4; f) trong d6 f bao ton dung k vi tri
va f(i) = .

Cach 1. Ta c6 s6 cach chon i 1a k va s6 cach chon f 1a P,(k) nén s6 cap (z; f) 1a kP, (k).
Cach 2. Ta xét ¢ 1a mot phan tit ¢6 dinh (tiic 1a f(i) = i).Khi d6 ta ¢6 mot hoan vi bao ton
k —1 phan ti ctia tap A’ = A\ {i} v& v6i mdi hoan vi bdo ton k — 1 phan tit ctia tap A’ ta bo
sung thém 7 vao ta sé dude mot hoan vi bdo ton k phan ti clia tap A. Vi ¢6 n cach chon i va
c6 P,_1(k — 1) hoan vi bdo ton k£ — 1 phan tit ctia tap A’ nén s6 cap (i; f) 1a nP,_1(k — 1).
T d6 ta suy ra kP, (k) =nP,_1(k —1).

(b) Theo két qua & trén ta c6

n n

> kPy(k)=n)_ P,_y(k—1)

k=1 k=1
Ma P, 1(0) + P,_1(1) + -+ + P,_1(n — 1) chinh 1a s6 hoan vi ctia tap B gom n — 1 phan ti
ma trong hoan vi d6 bao ton 0,1,2,...,n — 1 phan tit, do d6 tong nay chinh bing s6 hoan vi

clia tap B va bang (n — 1)!. Vay

z”: kP, (k) =n(n —1)! =n!

U

Nhan xét. Trong mot s6 truong hop ta c6 thé dung dém theo hai cach dé ching minh céac bat
ding thitc. Chang han néu ta chiing minh dugc A= B va D < A,B < C thitacé D < C.

Vi du 10. Trong mot ki thi ¢6 a thi sinh va s6 1¢ b > 3 giam khao. Méi giam khao danh gia
tung thi sinh va cho két luan thi sinh d6 dd hay trugt. Gid st k 14 s6 thda man: véi hai giam

khao bat ki thi s6 thi sinh ma ho cho két luan gidng nhau nhiéu nhat 13 k. Chitng minh ring
k_b—1
>

a’ 2
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LO1 GIAL. Ta di dém s6 bo (A, B, x) trong d6 = 1a mot thi sinh nao dé con A, B 1a hai giam
khao cho ciing mot két qua khi danh gia . Goi N 1a s6 bo nhu vay, ta sé dém N theo hai cach.
Cach 1. C6 tat ca @ bo doi giam khao va moi bo doi giam khao cho khong qua & thi sinh
cting mot két qua nén ta co

N < kb(b2— 1) )

Cach 2. Ta xét mot thi sinh X ¢6 dinh va ¢6 m giam khao cho thi sinh X nay d6, suy ra c6

z(x—1) (b—x)(b—z—1)
2 2

thi sinh nay truct. Do dé tong s6 cip giam khéo danh gia thi sinh nay ciing mot két qua la

cap giam khéo cho X cling mot két qua dau va co cap giam khao danh gia

tx—1)+0—2)b—x—1) 22°—2xb+b>—b

2 2

Nén suy ra
222 — 2xb + b* — b)

2

v
T (1) va (2) ta suy ra dugce:

kb(b —1) - a(2z* — 2zb + b — b)

2 7 2
Do do6 ) )
E)Qw —2zb+0b° =D 3)
a b(b—1)
Mat khac:
_ 12 1)2 _1)\2
2x2—2bx+b2—b:(2x b)*+ (b—1) 12(b 1) 1
2 2 2
Do b 1é nén (b;1)2 € Z, suy ra
2 2 (b—1)°
207 = 2bx + b — b > 5 (4)
Tu (3) va (4) taco & > &1, O

Qua cac vi du trén ta thay, dé van dung to6t phuong phap nay ching ta can hiéu 16 ¥ nghia ctia
cac déi tugng c6 trong dang thic. Vi viee xét mot bai toan dém va dém theo nhiéu céch sé

cho chiing ta cac két qua khac nhau vé mit hinh thic va tit d6 c6 duge cac dang thic t6 hop.

Cac bai tap dé nghi
Bai tap 1. Chiing minh déng thic

1 k _ 1 k+1

k+1 n_n+1 n+1

Bai tap 2. Chitng minh déng thic

k(k —1)C* =n(n —1)C"2
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Bai tap 3. Chitng minh déng thitc
k+1
Z iC, 0t = n05+k—1

=1
Bai tap 4. Chiing minh déng thiic
ek eroit v ROV = ok
Bai tap 5. Ching minh rang
Chlycrty. ..ol =CF

Bai tap 6. Ching minh rang
k!
. =
kilko! - k!

Trong d6 bo (ky, ko, ..., ky) thoa ki + ko + -+ - + k, = k.

Bai tap 7. Cho truéc mot s6 nguyén duong 1é n 16n hon 1 va cac s6 nguyen ky, ko, ..., k,. Ki
hiéu a = (ay,as,...,a,) la mot hoan vi trong n! hoan vi cia A = {1,2,...,n}. Ching minh

rang ton tai hai hoan vi b, ¢ va s6 nguyén m sao cho sao cho
n
i=1

Bai tap 8. Tinh tong

1
T —
Z 7’L1!’I’LQ!...TL2011! (7’L2 + 2713 + -4+ 2011712()11)!

o) day lay tong theo tat ca cic bo thit tu cac sd tu nhién (ny,n,...,ngn) théa dicu kien
ny + 2ng + - -+ + 2011ny91; = 2011.

Hudng dan va goi y

Bai tap 1. Ta can ching minh (n + 1)CF = (k + 1)CFLL.

Ta dém sb cip (a, A) trong d6 a 1a mot phan it cia tap X = {1,2,...,n+ 1} con A 1a mot
tap con gom k phan tit ciia X \ {a} theo hai cach.

Cach 1. C6 n+1 cach chon a, khi da chon a thi ¢c6 C* cach chon A. Do d6 c¢6 tat ca (n+ 1)Ck
cap (a, A).

Cach 2. Lay mot tap con A’ cia X gom k + 1 phan t roi tit A’ ldy mot phan ti a va
A= A"\ {a} nén ta c6 (k + 1)CEt] cap (a, A).

Tt d6 ta c6 diéu can ching minh.

Bai tap 2. Ta dém s6 cac bo (a,b, A) trong d6 a,b € X = {xy,79,...,2,} con A la mot tap
con gom k — 2 phan tt ctia X \ {a,b} theo hai cach.
Céch 1. Chon a,b tit X ta c6 n(n — 1), khi d6 sé c6 C*~2 cach chon A.
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Nén c6 tat ca n(n — 1)C*2 bo (a,b, A).

Cach 2. Trudc hét ta lay tir X ra k phan ti, c6 C* cach lay r6i tit k£ phan tit d6 ta lay a, b ta
c6 k(k — 1) cach 1ay. Tap con lai ¢6 k — 2 phan ti d6 chinh 1a A nén ta c6 k(k — 1)C* s6 bo
(a,b, A).

Tu d6 ta c6 diéu can chiing minh.

Bai tap 3. Cho tap A = {xy,79,...,2,} va B = {ay,as,...,ax}. Ta dém s6 bo (z, X) trong
d6 z mot phan ti thuoc A con X 1a mot tap con gom k phan tit ctia tap AU B\ {x} theo hai
cach.

Cach 1. Ta ¢6 n cach chon = va C’,’j+k_1 cach chon X nén c6 tat ca an;Jrk_l cap.

Cach 2. Lay tit AU B ra k+ 1 phan tit . Trong k + 1 phan tit nay ¢6i(i = 1,...,k + 1) phan
tit thuoc A va k + 1 — i phan tt thuoc B nén mdi truong hop ta c6 i cach chon a va k phan tit

con lai 1ap thanh tap A.
k1 , o .
Do d6 6 cap la: > iCCFH . Tit d6 ta c6 diéu can chitng minh.
i=1

Bai tap 4. Hay dém s6 cach lay k phan ti tr tap gom m + n phan ti.

Bai tap 5. Tac6 C*7! (i = k,n) chinh 14 s6 tap con gom k phan ti ctia tap X = {1,2,3,...,n}
chita 7 va khong chita phén t1t ndo 16n hon 7.
Do d6 Cf~!l + CF' 4 .- + C%~} chinh 1 s6 tap con gom k phan tit ciia X ma ta da biét s6

tap con nay chinh b?mg Cs nén ta c6 dang thic can chitng minh.

Bai tap 6. Cho tap X ={1,2,3,...,n}. Dém s6 day gom k phan tit thuoc X.

k¥ s6 cac day can lap.

Cach 1. Mai vi tri ¢6 n cach chon nén cé n
Cach 2. Xét mdi cach xép day c6 k phan ti, trong d6 moi phan tt ¢ xuat hién k; lan (k; > 0).

Ta du’Oc s6 cach ,k—,'k

Do doé Z Tl , o A sO cach xép day gom k phan tii.

Tw do ta c6 dieu can chitng minh.

Bai tap 7. Kihieu S(a) = >_ k;a;, ta can chiing minh ton tai hai hoén vi b, ¢ sao cho S(b) —S(c)
i=1

chia hét cho n!. Ta tinh Y S(a) theo hai cach.

Céach 1. Trong tong > S(a) (theo dong du mod n!), mdi k; duge tinh lap trong mdi giai thira
v6i hé s6 ding (n — 1)! 1an tng v6i mdi s6 i € A nhan né lam hé s6. Do d6 tong hé s6 k; trong
> S(a) la

(n+1)!

m—1D!'(14+2+---4+n)= 5

Nén Y S(a) = U ; k.
Cach 2. Gia stt khong ton tai hai hoan vi b, ¢ sao cho S(b) — S(c) chia hét cho n!. Khi d6 sb
du ma S(a) chia cho n! c6 n! s6 du khac nhau 0,1,2,...,n! — 1. Do d6 ta c6

n'—l)

Z S(a) = ———— (mod n!)
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Tt do ta suy ra duge w ; k; = W (mod n!) (%)
Ta cho n 1é thi vé trii clia (%) chia hét cho n!, trong khi d6 vé phai cia () khong chia hét cho

n! nén dan t6i dieu vo Ii.
Bai tﬁp 8. GO] Ala tap cac b@ co dang (Cll, ag,...,aA2011y - - - » CL2010+2011), trong doé

e a; € {0,1} v6i moi i = 1,4021;

e Trong mdi bo c6 dung 2011 chit s6 1.

Ki hieu Ay, ms,....na01r) 18 tap céc bo 6 thit tut (aq, . . ., as921) € A sao cho trong méi bo ¢ ding n;
nhém gom ¢ chit so 1 ditng lién tiép nhau trong bo (tic 1a nhém ¢6 dang011...10,1...10,11...10)
k sb6 k sb k sb
Khi d6 ta c6: A = |J Ap.... nsorn) (hop lay theo cac bo 6 thit tu céc s6 tu nhien (ny, na, . . ., n4g21)
2011
théa > i-n; =2011)
i=1
Suy ra
2011!
’A(n1,~-.,n2011)| = ] . — — !
NNt - - -MN2011- (2011 s cee n2011).

1
- Z n1!n2! cee n2011! (TLQ + 27?,3 4+ -+ 2011n2011)!

1
A — A n n =
| | Z ’ (1w 2011)| Z nl!ng' . n2011! (7’LQ + 2713 R 2011712011)!

Mit khac, ta c6 |A| = Chal.
Do d6

3 1 _ 2010
ny!na! - ngon! (ng + 2n3 + - -+ + 2011ng011)! 4021
Tai liéu tham khao
[1] Vit Dinh Hoa, Ly thuyét to hgp va cdc bai todn tng dung, NXB Gido duc, 2003.
[2] Ngo Thic Lanh, Tim hiéu dai s6 to hgp pho thong, NXB Gido duc, 1998.
[3] Cac tai lieu tur internet.
[4] Céc dién dan vé todn nhu

e Dién dan Math.vn
http://math.vn/index.php

e Dién dan MathScope
http://forum.mathscope.org/index.php


http://math.vn/index.php
http://forum.mathscope.org/index.php
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PHUONG PHAP PEM BANG HAI CACH

Phan Diic Minh!

1. Cd sé ly thuyét

Nguyén ly 1 (Nguyén Iy dém bing hai cach). Néu cung mot s6 lugng duge dém theo hai cach
thi cdc két qud thu dugc phdi bang nhau.

Khi 4p dung phuong phap dém bing hai cach, ta can chi ¥ dén cac biéu thiic c6 ¥ nghia trong
t6 hop : (Z) 1a s6 tap con c6 k phan tit ciia mot tap c6 n phan tir; n! 1a s6 cac hoan vi clia n
phan t; | 2] 1a s6 céc boi s6 cta k trong n s6 nguyen duong dau tien; n¥ 1a s6 chinh hop lap
chap k ctia n phan ti. ..

Nim ving duge ban chat clia cac biéu thiic trén, ta cé thé ching minh mot s6 déng thic va

bat ddng thiic to hop bang phuong phap dém bang hai cach.

2. Cac bai toan ap dung phudng phap dém bing hai cach

2.1. Dém so tap con, so cap va so hoan vi

Bai toan 1. Cho k,n la cac s6 tu nhién v6i 0 < & < n. Chitng minh réng

Lo1 GIAL. Day 1a vi du co ban nhat cho phuong phap dém bang hai cach. Ta quan sat thay vé
trai clia dang thitc can chitng minh 1a 86 céc k-tap con ctia [n] = {1,2,...,n}?, trong khi d6
vé phai 1a s6 cic (n — k)-tap con ciia [n]. Nhu vay déng thitc s& dugc chiing minh néu ta chi
ra dugc sd cac k-tap con bang s6 cac (n — k)-tap con. Ma diéu nay 1 hién nhién vi mdi k-tap
con S cua [n] tuong ting duy nhét véi (n — k)-tap con [n]\ S. Vay s6 cac k-tap con bang sb cic

(n — k)-tap con. Ta c6 diéu can chiing minh. 0

Bai toan 2. Chting minh rang véi n, k 1a cac s6 nguyen va 1 < k < n, ta ludn c6 dang thiic

)=o) o)

Lot 1AL Tich cta k va (}) goi ¥ cho ching ta st dung quy tac nhan. (}) la s6 céc k-tap con
clia [n] va k 1a s6 cach chon ra mot phan ti tit mot tap hgp ¢6 &k phan tit. Do d6 k(:) sé cho

ching ta s6 N cac cap (e, S), trong d6 e € S C [n] va |S| = k. Ta s& dém s6 cdp trén theo céc

1SV Ci nhan Khoa hoc tai ning Toan hoc K15, PHKHTN - DPHQGHN.
2T day vé sau, néu khong c6 giai thich gi them, ta sé st dung ki higu nhu trén. Véi n = 0 thi [0] = 2.

17
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cach khac :

Véi méi phan tit e ctia [n], ta 6 (I~]) tap con ¢6 k phan ti cia [n] chita e. Do d6 N = n(}7_}).

Mit khéc, néu ta chon truée k — 1 phan tt ctia S, sau d6 chon e tit n — k + 1 phan ti con lai
dé bo sung vao S. Khi d6 N = (n —k+1)(,",).
Theo nguyén 1y dém bing hai cach, ta c6 diéu can chitng minh. 0

Bai toan 3 (Dang thitc Pascal). Chting minh ring véi k,n 1a cac s6 nguyén va 1 < k < n, ta

()= G20 ()

LGOI GIAL V@ trai ctia dang thifc can chiing minh 1a s6 tap con S ¢6 k phan tit ctia [n + 1]. Vé

luon c6 déng thiic

phai 13 tong ctia hai biéu thic goi ¥ cho chiing ta st dung quy tic cong. (Z) VA (kﬁl) tuong ting
1a 86 k-tap con va (k — 1) tap con cta [n], trong khi tap hgp ban dau ctia ching ta 1a [n + 1].
T d6 ta xét hai truong hop sau véi mot phan tit e bat ki cta [n+ 1] :

1. e € S : S6 céc tap S thoa man sé la (,"));

2. e ¢ S : S0 cac tap S théa man la (7).
Vi vay s6 tap con ¢6 k phan tit ctia [n + 1] 1a (,",) + (}). Ta c6 diéu can ching minh. O
Bai toan 4. Chitng minh ring v6i moi s6 tuy nhién n, ta c6

> () -2
: i
=0

Lor GIAL Dat S, 1a tap hop tat ca cac tap con cla [n]. Vi trong S, ¢6 () tap ¢6 0 phan t,
(1) tap c6 1 phan ti, ..., (%) tap ¢6 n phan tit. Do d6 ta c¢6

5. = Z ()

Mat khac, v6i mdi phan tit e va tap con S clia [n], chi ¢6 hai kha nang xdy ralae € Svae ¢ S.

Suy ra s6 cac tap con ciia [n] 1a 2". So sanh véi déng thiic trén, ta c6 diéu can chitng minh. [

Chu y : Tit két qua sb tap con ciia [n] bing 27, ta con ki hieu 2" 1a tap hop tat ca cac tap
con ctia [n]. Tong quét hon, ta ki hieu 2° 1a tap hop tat ca cac tap con ciia mot tap hop S bat
ki.

Bai toan 5. Chiing minh ring véi moi s6 tir nhién n, ta c6
—1) —
S (l) -
=0

LOT GIAL Trude hét, ta sé dém s6 tap con ¢6 chdn phan tit ctia [n]. SO céc tap con nay la

> (a)
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Dé c6 mot tap con c6 chiin phan tit ctia [n], trude hét ta chon ra n — 1 phan tit ¢6 dinh va chon
tiép mot tap con bat ki clia n — 1 phan tt nay. Néu tap con da chon ra c6 mot sd chin phan
tl thi ta dd c6 mot tap con c6 chdn phan tit ctia [n], néu tap con da chon ra c6 mot s6 1é phan
t1t thi ta sé bo sung phan tit con lai clia [n] vao tap con nay. Khi dé ta ciing c6 mot tap con co
chdn phan tit cta [n].

Vi vay s tap con ¢6 mot s6 chdn phan ti ctia [n] ciing béng s6 tap con clia [n — 1] va bang
2"~1 Va vi s6 tap con ciia [n] bang 2" nén s tap con c6 s6 chin phan tit cia [n] bing s6 tap

con c6 80 18 phan t1t ctia [n]. T d6 suy ra dang thitc can chitng minh. 0

Nhan xét : Sy xuat hien (1)’ trong s6 hang tong quat clia tong khién chiing ta nghi dén viéc
tach thanh hai tong nhé : mot tdng véi k chin va mot tong véi k 1é. Néu nhu ding thic ta can
chtitng minh 1 ding (va hién nhién ring né ding!) thi ta sé suy ra ring s6 cac tap con c6 mot
s6 chdn phan tit bang mot nita s6 cac tap con cta [n] va bang 2"~!. Con s6 nay lai chinh bang
s6 tap con cua [n — 1], tit d6 dan dén cach ching minh trén. Néu suy nghi theo huéng ching
minh trie tiép sd tap con c6 mot s6 chin phan tit bang sd tap con c6 mot s6 1é phan tit thi sé
tuong d6i kho khan dé thuyc hien diéu nay.

Bai toan 6 (Dang thiic Vandermonde). Cho m,n,r 1a cac s6 tu nhién véi r < min{m,n}.

("))

LO1 G1Ar. Ta sé phan hoach tap [m + n| thanh hai tap con A, B, trong d6 |A| = m, |B| =n va
dém s6 tap con S ¢6 r phan tit ctia [ + n] bang cach xét [SNA| va |[SNB|: Néu |[SNA| =1
thi [SNB|=r—i (vi AUB = @). Cho i chay tit 0 dén r va lay tong, ta sé thu dugc sb tap
con S ¢6 r phan tit ctia [m + n]. Dang thitc duge chiing minh. 0

Chitng minh ring

Tong quat : Cho n,z,y, k; (i = 1,y) 1a céc s6 ty nhien. Khi d6 ta c6 ding thiic

206060 )

Bai toan 7. Chiing minh ring véi moi s6 nguyén duong n, ta luon c6

n 2
n 2n —1
L _
21(0) (o)
k=1
LO1 GIAL. Phan hoach [2n] thanh hai tap X,Y v6i | X| = |Y| = n. Ta sé dém s6 N céac ciap
(e,A,B). Trong doec A;AC X, BCY;|A|+|B|=n.

Dat [A| = k, |B| =n —k,k=T,n. Taco (1) (") = (7)° cdch chon A, B. Tt d6, véi mdi k c6
k(")2 céch chon (e, A, B). Vi vay

k
n n 2
N = k@
k=

Mit khéc, v6i e bat ki thude [2n], mdi td hop chap n — 1 clia 2n — 1 phan tit ciia [2n] \ {e} sé

[y
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tuong ting v6i mot cap (e, A, B) thdéa man dé bai. Do d6

2n — 1
N = n( " )
n—1
Vay ta c6 dang thiic can chiing minh. 0
Bai toan 8. Chiing minh ring véi moi s6 nguyén duong m,n va m < n, ta c6
() ) == ()
—\i/\m m
LO1 GIAL Xét cac cap (A, B) v6i |[A| =m, |B| =i va A C B C [n]. S cac cip nay la
— 1) \m

V6i mdi tap con A c6 m phan t1t clia [n], ta chon them mot tap con bat ki trong s6 n —m phan
ti clia [n] \ A “bo sung” vao A dé tao thanh B. Do d6 so cac cap (A, B) 1la 2m=("). 0

Bai toan 9. Chiing minh ring néu k,n la cic s6 nguyén duong thi

zk;(nj—z) _ <n+:—|—1)

LO1 GIAL Ta viét lai dang thiic can chtng minh nhu sau :

z”“: n+i\  (n+k+1
— n N n+1
Ta dém sb céc tap con ¢6 n+ 1 phan tit ctia [n+ k + 1] bang céch chia trudng hop : C6 (") tap
con ¢6 phan tit 16n nhat 1a n+ 1. C6 (') tap con c6 phan tit 16n nhét la n +2...C6 ("Zk’)

tap con c6 phan tit 16n nhat 1a n + & + 1. Tit cac truong hop trén, ta suy ra rang sb6 tap con c6
n+ 1 phan ti cia [n + k + 1] bang

Y n+i

(")

=0

n+k+1
n+1

chiing minh. U

Mat khac, so tap con nay béng ( ). Theo nguyén ly dém bang hai cach, ta c6 diéu can

Bai toan 10. Chiing minh réng véi moi s6 nguyén duong n, ta c6

S ()= ()

1=0
LOI GIAI. V& phai clia dang thiic can chitng minh 1& s6 tap con c6 n phan tit ctia [2n]. Ta sé
dém sb tap con nay bang cach phan hoach [2n] thanh hai tap con A, B véi |A| = |B| = n.

Goi cac phan tit cia A, B lan lugt 1a ay, as, . . ., ay; by, ba, .. ., by, va ghép cip (aj,b;), 7 =1,n.

Xét mot tap con S ctia [2n] véi |S| = n. Ta goi mot phan tit ctia [2n] 1a “t6t” néu no thuoce S.
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D@ thiy rang v6i mdi tap con S ¢6 n phan tii clia [2n], s6 cac cip (a,b) ma a,b cing “t6t” bang
s0 cap (a,b) ma a,b cing khong “tot”. Dat s6 cap nay la i. Ro rang 0 <4 < |2].

Ta c6 (7;) (";l) cach chon ra i cap “t6t” va i cap “khong tot”. Con lai n — 2i cép, ta sé chon tit
mdi cap mot phan tit va danh dau phan ti d6 1a “t6t”. Nhu vay ta da chon duge di n phan ti

“6t”. Mat khac, dé thay rang mdi cach chon trén xac dinh duy nhat mot tap con c¢6 n phan tit

()7 - ()

Day chinh la ding thiic can chiing minh. 0

cia [2n]. Vi vay ta co

Nhan xét : Diém dic biét trong 18i gidi trén 14 ghép cip cac phan tit clia [2n] va sit dung biéu
thitc 272 dé chon ra ding n — 2i phan ti thay vi mot nhom bat ki trong s6 n — 2i nhu cong
thiic vé s6 tap con quen thuoc. Bing phuong phap tuong tu, ching ta cé thé giai quyét bai

toan sau : Cho n 1a mot s6 nguyén duong, chiing minh rang

- Qk(n) <n—k) B (Qn—i-l)
E : n—k -
k=0 k \_ 2 J n
Bai toan 11. Cho s6 nguyén n > 1. Chiing minh rang

n—1
Zk-k!:n!—l
k=1

LOT GIAI. Xét bai todn sau : Dém s6 cac hoan vi o clia [n] sao cho ¢6 it nhat mot s6 4, (i = 1,n)
ma o (i) # i.

D@ thay rang s6 cic hoan vi nhu vay 1a n! — 1. Ta sé dém theo phan tit ¢ clia [n] nhoé nhat ma
o(i) # 1.

V6i méi k= 1,n — 1, mot hoan vi 0 nhan n — & 1a phan t 4 nhé nhat ma o (i) # ¢ duge xay
dyng nhu sau : n — k — 1 s6 dau tién cia o van 1a 1,2,...,n — k — 1. Tiép theo do, o(n — k)
c6 thé nhan k gia tri thuoc tap {n —k+1,n —k+2,...,n}. k s6 con lai c6 thé sap xép theo
k! cach.

Vi vay ¢6 k - k! hoan vi théa mén diéu kién trén v6i mdi & = 1,n — 1. Cho k chay tit 1 dén

n — 1 va lay tong, ta sé thu dude sé cac hoan vi can tim I3
n—1
> kkl
k=1
Vay ta c6 dang thiic can chiing minh. 0

Bai toan 12 (IMO 1987). Goi p,(k) 14 s6 cac hodn vi clia [n] c¢6 ding k diém cb dinh. Ching

minh rang

Z k- pn(k) =n!
k=0
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LOT GIAL Ta sé dém tat ci cac cap (z,s) v6i s 1a mot hoan vi ciia [n] va z 1a mot diém cb
dinh cua s.

Véi méi phan tit z, ta c6 (n — 1)! hoan vi nhan x 1a diém c6 dinh. Suy ra s6 cac cap (z,s) 1a

S=> (n—1l=n-(n—1)!=n (1)

z€[n]

Mit khac, v6i mbi hoan vi s c6 ding k diém c6 dinh thi ta c6 k c@p (x,s). Do d6 ta co
k=0

Tit hai dang thtic (1) va (2), ta c6 diéu can chitng minh. O

Cha ¥ : Ta ciing ¢6 thé gidi quyét bai toan trén bang cach chiing minh dang thic k - p, (k) =
np,—1(k —1).

Bai toan 13. Su chia 16p : Ho céc tap con khac rong A = {A; | i € I} cta tap X duge goi

14 mot su chia ldp tap X néu né théa man diéu kien A; N A, =@ véimoii#jva A =X.
i€l
S6 Bell B, 1a s6 tat ca céc cach chia 16p [n] (gia st By = 1). Chitng minh ring

" /n
By = B,
n+1 Z (’l) )
=0
LO1 GIAL. Xét mot phan tii e bat ki ctia [n + 1]. Ta sé dém s6 cac cach chia 16p [n + 1] theo
lue lugng cua tap con cua [n + 1] chia e.
Gid st e € Avé6i |A| =i+ 1 (i =0,n). Ta thyc hién chia 16p [n + 1] theo cac buée sau :

1. B6 sung thém ¢ phan ti tit n phan ti con lai ctia [n+ 1]\ {e} : Co6 (%) cach;
2. Chia 16p n — i phan ti con lai : C6 B,,_; cach.

Vi vay s6 cac cach chia 16p [n + 1] bang

i (TZL)B" N i (niz)Bn = i (ZL)B

i=0 i=0
Vay dang thic dugce chiing minh. O

Bai toan 14. Cho s6 nguyén duong n, Ky hiéu 7, 1a s6 uéc nguyén duong ctia n. Chiing minh
rang
n

ntntetn = 7]+ 5]+ [7)

L3I GIAL. Xét trong mat phiang toa do Ozy. Ta goi mot diém la diém nguyeén néu toa do cta
no6 1a cac s6 nguyen.
Xét mot nhéanh hyperbol (H;) ¢6 phuong trinh y = £,z > 0. Vé phéi ctia dang thic can ching
minh 14 s6 cac diém nguyén nam trong mién R giéi han bdi goc phan tu thit nhat va (H) (co
thé nam trén (H})).
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V6i méi i = 1,n. Ta c6 7; 1a s6 diem nguyen nam trén (H}). Mat khéc, dé thay ring moi diém
nguyen nam trén (H}) déu thuoe R. Do d6 céc nhanh hyperbol (H}),i = 1,n di qua tat ca cac

diém nguyén thuoc R. Vi vay so cac diém nguyén thuoc R chinh biang Y 7;.
i=1
Tit cac nhan xét trén, ta c6 dang thitc can ching minh. 0

Bai toan 15. Mot ho F céc tap con cia [n] duge goi 1a mot phan chuoi (antichain, con goi
& doi zich hodc ho Sperner) néu khong c¢6 mot tap nao ciia F chita mot tap khac trong ho F.
Dat ay, 1& s6 cac tap c6 k phan tit trong F, k = 0, n. Cac két qua vé phan chudi thuong rat dep
va déng mot vai tro quan trong trong t6i wu to hop. Dudi day la mot s6 két qua trong sb6 doé :

(a) (Bat dang thic Lubell - Yamamoto — Meshalkin) > <aT’f) <1
k=0 \k

(b) (Dinh 1y Sperner) Phan chudi 16n nhat cia [n] chita (Ln72 j) tap.

LO1 G1ArL. (a) Xét chudi tap con @ =S5y C Sy C Sy C --- C S, = [n], trong d6 |S;| = i v6i
i = 0,n. Dé thay rang mdi chudi nhu trén tuong ing véi mot hodn vi ctia [n]. Vi vay c6 ding
n! chudi nhu vay.

Mat khéc, v6i mdi A € F va |A| = k, ¢6 dung k!(n — k)! chudi chita A (tai sao?). Cha ¥ réng

khong mot chudi nao chita hai tap con trong F. Suy ra s6 cac chudi chiia cic tap trong F 1a

n

Zak -kl(n —k)!

k=0

Lai ¢6 s6 cac chudi nhu trén khong vigt qua tong s6 tat ca cac chudi ctia [n]. Do d6
n
> ap-kl(n — k) < nl
k=0

Chia ca hai vé cia bat dang thitc trén cho n!, ta c¢6 diéu can chiing minh.

(b) Tit cau (a), két hgp v6i bat dang thitc quen thuoc (Z) < (LnT/L2J)7 Vk = 0,n. Ta suy ra

Do do6

Mit khéc, xét F* 1a ho céc |n/2]-tap con cia [n| thi F* la mot phan chudi va | F*| = (Ln72J)'
Ta c6 diéu can chiing minh. 0

Bai toan 16 (Dinh ly Erdés — Ko — Rado). Mot ho F céc tap con cua [n] duge goi 1a mot
k-ho giao nhau néu tat ca cac tap trong F déu cé k phan tit va hai tap bat ki trong F déu c6

phan ti chung. Chitng minh ring k-ho giao nhau 1én nhat ctia [n] chita (Zj) tap v6i n > 2k.

LOI GIAL. Xét mot da giac déu n canh P. Mot cung do dai k gom k + 1 dinh lién tiép cta P

va k canh nam gitta ching. Ta c6 bo dé sau :
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B6 dé. Gid st rang n > 2k va ta ¢6 t cung phan biet Ay, As, ..., Ay ¢6 do dai k. Biét rdng hai
cung bat ki c6 mot canh chung. Khi dét < k.

Cha y rang mdi dinh ctia P 1a dau mut ctia t6i da mot cung. That vay, néu hai cung A;, A; ¢6
chung mot dau mut. Khi d6 hai cung A4;, A; nam vé hai nita da gidc. Va vi n > 2k nén A4;, 4;
khong thé c6 canh chung, vo ly.

Xét cung A;. Vi moi cung A; (i > 2) déu c¢6 canh chung véi A; nén mot trong hai dau mut cia
A; nam trong A;. Ma A, ¢6 k — 1 diém trong va cac dau mit nay phan biét nhu ta vita chi ra.

Do d6 c6 toi da k — 1 cung khéc. Suy ra s6 cung to6i da la k U

Quay trd lai véi bai toan ctia ching ta. Ta sé dém s6 N cac cip (A, o). Trong d6 A € F, o 1a
mot hoan vi vong quanh o = (ay, as, . .., a,) cla [n] va cac phan tit cia A 1a k s6 lién tiép clia
.

Ta viét cac sb ay, as, . . ., a, 1lan luct theo chiéu kim dong hd len céc canh ctia P. Tt bd dé treén,
v6i mdi hoan vi vong quanh o, ¢6 t6i da k tap trong F c6 cac phan tit 1a k s6 lién tiép ctia o.

Lai ¢6 s6 hoan vi vong quanh ¢ bang (n — 1)!. Vi vay ta c6

N < k(n—1)! (1)
V6i méi A € F, ta c6 k!(n — k)! hoan vi vong quanh ctia [n]. Do d6 s6 N céc cip (A, o) bang
|F|-kl(n—Fk)! (2)
Tu (1) va (2) ta suy ra
k(n —1)! n—1
< _— =
71 < El(n — k)! (k—l)

Xét e 1a mot phan tit bat ki ctia [n]. D& thay ring c6 ding (Zj) tap con c¢6 k phan tit cia [n]
chita e va céc tap con nay tao thanh mot k-ho giao nhau clia [n]. Vay ta c¢6 diéu can ching
minh. U

2.2. Phuong phap dém bing hai cach va dd thi hitu han

Chiing ta sé xét cac bai toan clia 1y thuyét do thi dugce gidi quyét bang phuong phap dém bang
hai céach :
Bai toan 17. Gia st rang do thi G = (V, E) ¢6 |V| = n va khong chita mot chu trinh do dai
4 (ki higu Cy). Tim 86 canh 16n nhat c6 thé cia G.
LO1 GIAL. Dat d(u) 1a bac ctia dinh «; S 1a tap céc cap (u, {v,w}), trong d6 u ké véi v va
w,v # w.
Vé6i mdi dinh v ctia G, s6 céc cap nhu trén 1a (d(;))_ Vi vay ta co
d(u)
S| =
s-% ()
ueV

Mat khéc, véi mdi cap {v,w} chi ton tai nhiéu nhat mot dinh v € V sao cho (u, {v,w}) € S
(vi G khong chita Cy). Suy ra [S] < (5). Do d6

(%) <0)
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Twong duong véi

Y dw)’ <n(n—1)+> du)

ueV ueV

Ap dung bat ding thic Cauchy-Schwarz, ta c6

n*(n—=1)+n> du)=n) du)> <Z d(u))

ueV ueV ueV

V6i chi y réang > d(u) = 2|E|, ta ¢6

ueV

n*(n — 1)+ 2n|E| > 4|E?

hay

*(n—1)

n n
B -2 1B - R <o

Giai bat phuong trinh bac 2 trén, ta suy ra
Bl< | (1+Vin—3)]
O

Bai toan 18 (Cong thitc Cayley). Chiing minh ring c6 ding n" 2 cay c6 thé tao thanh tit n
dinh phan biét.

LOT GIAL Ta sé dém s6 N cac diy cic canh c6 huéng c6 thé théem vao n dinh trén dé tao
thanh mot cay c6 goc. Cac canh c6 hudng duge thém vao c6 huéng sao cho véi mdi dinh V' thi
céc canh thuoc duong nodi goc R ciia cay véi V' c6 hudng tit R dén V.

Goi T, 1a s6 cac cay biéu dién khac nhau ctia do thi day da K,. Véi mdi cay trong sb6 T, cay
chua ¢6 gbc, ta chon ra mot trong s6 n dinh lam gbc va chon mot trong s6 (n — 1)! hoan vi clia
n —1 canh clia cay dé tao thanh mot day canh c6 huéng (chi ¥ ring huéng ctia mdi canh dugc
xac dinh duy nhat vi gitta hai dinh bat ki ctia mot cay chi ¢6 ding mot duong noéi duy nhat).
Suy ra

N=T,-n-(n—1=nlT,

Ta sé xay dung mot cay c6 goc nhu trén bang cach thém ting canh mot vao n dinh da cho.
Gia stt raing ta da théem n — k canh (k = 2,n) vao K,. Khi dé ta thu duge mot bui ¢6 gdc gom
k cay. C6 n(k — 1) cach them vao mot canh : dinh dau ctia né 1a mot trong sé n dinh va dinh

cudi ctia n6 1a mot trong s6 k — 1 gbc ctia k — 1 cay khong chita dinh dau. Vi vay ta co
N = Hn(k;— D=n"1(n—-1!=n""2.n
k=2

T hai ding thic trén ta suy ra n! T, = n"~2-n! hay T, = n" 2. 0

Mot s6 bai toan c6 thé dude giai quyét bing cach st dung 1y thuyét do thi két hop véi phuong

phap dém béang hai cach. Ta xét cac vi du sau :
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Bai toan 19. Cho cac s6 nguyén 0 < k < n. Chitng minh ring

(3) = (&) re("7)

LO1 GIAL. Xét do thi day da K,,. Ta chon ra k dinh tuy ¥ ctia K,, va xép cic canh ciia K,, vao

3 nhoém :

° (];) canh ctia do thi con day du tao tit & dinh da chon;

° (";k) canh ctia do thi con day du tao tit n — k dinh con lai;

e k(n — k) canh ndi gitta cac dinh ctia 2 do thi con trén.

RO rang rang tat ca cac canh clia do thi ban dau phai thudc vao mot va chi mot trong 3 trudng

hop trén. Vi vay tong sb cac canh ctia 3 nhom trén bing sé canh ctia do thi ban dau hay ta c6

n k n—=k
(6)= () -0+ (15)
Day chinh 1a dang thic can ching minh. 0

Bai toan 20 (Bé dé Sperner). Cho mot tam giac V;V,Vs duge phan hoach thanh cdc tam
gidc nho sao cho khong c6 mot dinh ndo clia cdc tam giac nhé ndm trén canh mot tam giac
nhé khac (c6 thé ndm trén canh clia tam giac ban dau). Gid sit rang cac dinh duge danh sb
1,2,3 sao cho V; duge danh s6 4 va chi hai s6 4, j dudc danh sd cho cac dinh nam trén canh
ViVi (i,5 = 1,3,i # j). Ching minh ring ton tai mot tam giac nhé ma 3 dinh ctia n6 duge
danh s6 béi ca 3 s6 1,2, 3.

LOI GIAL. Goi tam gidc nho ma 3 dinh ctia né duge danh s6 bdi ca 3 s6 1,2, 3 1a tam giac “tot”.

Ta sé chiing minh mot két qua manh hon : S6 cac tam gidc “t6t” 1a mot so 1é.

Xét do thi ddi ngau® G ctia cach phan hoach tam giac V;V,Vs nhung khong lay tat ca cac canh

ctia n6. Hai dinh ctia G dugc ndi v6i nhau bdi mot canh khi va chi khi hai mién mat phing

3P6 thi dbi ngdu cia mot do thi phang G 1a mot do thi G trong dé médi dinh tuong Gng véi mot mién mat
phing ciia do thi G va cac canh duge ndi gitta hai dinh tuong tng v6i hai mién ké nhau.
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tuong ting vé6i hai dinh dé c6 canh chung ma hai dau mut ciia né duge danh sé bai 1 va 2.

Dé thay rang v6i mdi tam giac “tot” thi bac ctia dinh tuong tng v6i né bang 1, bac bing 2
véi cac tam giac ma 3 dinh ciia né duge danh sé béi mot trong hai s6 1,2 va bac bang 0 véi
cac tam giadc khong c6 dong thoi hai dinh duge danh s6 1,2. Khi d6 chi cac tam giac “t6t” méi
tuong ting v6i mot dinh bac 1é.

Mt khéac, trén canh V1 Vs, ta c6 mot s 1é cic canh clia cac tam gidc nhé c6 dang 1 — 2. Va vi
cac canh c6 dang 1 — 2 chi xuat hién trén canh ;15 nén ta suy ra bac ctia dinh tuong tng véi
phan mat phing nim ngoai tam giac ban dau c6 bac 18

Tt két qud quen thuoc : s6 cac dinh bac 18 ctia mot do thi hitu han 14 mot s6 chin, ta suy ra

rang sO cac tam giac “to6t” 1a mot so 18. 0

2.3. Phudng phap ma tran lién thudc

Truée hét ching ta sé dén v6i mot cach phat biéu khac clia nguyén 1y dém bing hai céch :

Nguyén ly 2 (Nguyén Iy Fubini). Cho hai tdp hitu han R,C va S C R x C. Néu (p,q) € S,
ta ndi rang p va q lien thuoc véi nhau. Dat r, la s6 cdc phan tid lien thuoc vdi p € R va ¢, la
50 cdc phan ti lién thuoc vdi ¢ € C. Khi do

dom=18I=) ¢

pPER qeC
Dé minh hoa cho tap S, ta sé ding dén ma tran lién thudc cta S :

Dinh nghia 1. Ma tran M = (a,,) la ma tran ma cac cot va cac hang clia n6 tuong tng duge

danh s6 theo céc phan tit cia R va C véi

1 néu (p,q) €
Apg = p
0 néu (p,q) ¢

Khi d6 7, 1a tong clia cac phan ti & cot p, ¢, 1a tong clia cic phan tit & cot ¢ va | S| 1a tong tat
ci cac phan tt clia ma tran M. V6i mot sd bai toan, phuong phap ma tran lién thuoc sé gitp
ching ta dé hinh dung hon vé cau tric ctia bai toan, tit d6 dua ra 10i giai cho bai toan. Ta xét

cac vi du sau :

Bai toan 21 (IMO 1998). Trong mot cudc thi ¢é a thi sinh va b gidm khao, trong d6 b > 3 va

1a 86 nguyen 1&. Mdi giam khéo danh gia “dat” hodc “trugt”. Gia st rang véi hai giam khao bat

ki, ho danh gia giong nhau véi t6i da k thi sinh. Chitng minh ring

LOI GIAL. Xét ma tran lién thuoc b x a v6i cac hang dude danh s6 theo cac gidam khéo va céic
cot duge danh s6 theo cic thi sinh. Phan tit tuong tng ctia ma tran nhan gia tri bang 1 néu

giam khao danh gia thi sinh 1& “dat” va nhan gia tri bang 0 néu ngudc lai.
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Dat 7 1a tap hop cac cip cac s6 0 hodc 1 trong ciing mot cot. Vi hai giam khao danh gia giéng
nhau nhiéu nhat 1a &k thi sinh nén vé6i hai hang bat ki, c6 nhiéu nhat k cap thuoc 7. Do d6

b\ kb(b—1)
71 < k’(2) ==
q

V6i méi cot trong ma tran, gid st ¢ p s6 0 va ¢ s6 1. Khi d6 sé c6 dang (5) + (%) cap thuoc 7.
Ma p+ ¢ = b 18 nén ta c6 bat dang thiic sau (ban doc tu chiing minh)

)+ ()=

“(b D . Vay ta co

Va vi ¢6 a cot nén ta c6 |T| >

2
a(b—1) <
4

Suy ra a(b D < kb hay g > ”;—bl O

Nhan xét : Nhu da néi & trén, phuong phap ma tran lién thuoc két hgp véi nguyén 1y Fubini
cho chiing ta mot hinh dung dé& dang hon vé cau tric bai toan. Ta vAn cé thé giai ching ma
khong can stt dung dén ma tran lien thudc. Ching han nhu vi du trén, ching ta cé thé giai
quyét bang cach xét cac bo (A, B, z), trong d6 = 1a mot thi sinh va A, B 1a hai gidm khéo danh

gi& thi sinh x giéng nhau.

Bai toan 22 (IMC 2002). C6 200 thi sinh tham gia trong mot cuoc thi. Ho duge dé nghi giai
6 bai toan. Biét rang moi bai toan duge gidi ding bdi it nhat 120 thi sinh. Chiing minh rang
phai c6 2 thi sinh ma v6i méi bai toan, ¢ it nhat mot trong hai thi sinh nay gidi dude bai todn
do.

LO1 GIA1. Xét ma tran lién thuoc 6 x 200, trong dé moi hang dai dién cho mot bai toan va moi
cot dai dién cho mot thi sinh tham gia cudc thi. Mdi phan ti clia ma tran nhan gia tri 1 néu
thi sinh tuong tng véi cot khong gidi duge bai toan tuong ting v6i hang va 0 néu nguoc lai.

Dat NV 1a s6 cac cap cac sd 1 ¢ ciing hang. Gia st rang v6i hai thi sinh bat ki, ton tai mot bai
toan ma ca 2 déu khong giai duge. Khi do, véi hai cot bat ki, ¢6 it nhat mot cip so 1 trong hai

cot nay ndm ciing mot hang. Ma ta c6 ding (%)) cap cot. Do d6
200
N>(2)=19900 (1)

Mat khac, theo gia thiét thi c6 toi da 80 s6 1 & mdi hang. Va vi vay c¢6 nhiéu nhat ( ) cap so

1 6 cuing hang. Va vi ¢6 6 hang nén suy ra
80
N<6><(2>:18960 (2)

Tu (1) va (2), ta suy ra 19900 < 7 < 18960, vo ly. Vi vay diéu gia st ban dau cia ching ta
la sai va bai toan duge chitng minh. 0



29

Bai toan 23. S6 Turan T'(n, k,1) (I < k < n) 1a s6 nho nhat céc tap con ¢6 [ phan tit clia [n]
sao cho v6i moi tap con ¢6 k phan tit clia [n] déu chita it nhat mot tap con trén. Chiing minh

rang véi moi sé6 nguyen duong | < k < n, ta co

(2)

T(n, k1) > m
!

LO1 GIAL. Dit F 13 ho nho nhat cac tap con [ phan tit ctia [n] sao cho véi moi tap con k phan
tt ctia [n] déu chia it nhat mot phan tii ctia F. Xét ma tran lien thuoe M = (ma p) v6i cac
dude danh s theo cac tap con A ctia F, cac cot duge danh s6 theo cac tap con k phan ti B
cia [n] va ma p = 1 khi va chi khi A C B, trong cac truong hop khac ma g = 0.
Dat r4 13 s0 cac s6 1 trong hang A va cp 14 56 cic s6 1 trong cot B. Theo gid thiét thi cg > 1 véi
moi B. Mat khac, 74 1& s6 cac tap con k phan tit chita tap con [ phan tit A. Suy ra ry = (Z:f)
v6i moi A € F. Vi vay

V

]]—"‘(Z:D = ZTAZBQZMCB (Z)

AeF

Do do (n) (n)
T(n>k7l):|]:|> nli = L2
G2 O

Diang thitc cudi doc gid cé thé tu ching minh, tuong tu vi du 8. U

Bai toan 24. Cho sb6 nguyeén duong n, Ky hicu 7, 1a s6 wéc nguyen duong ctia n va o, 1a tong

cac uée nguyen duong ciia n. Ching minh rang

(@) m+mt+- T, = L%J+L3J++{%J’

(b) o1+ 02+ +0, = {%J+2LSJ++n{%J

LOI GIAL. Dé chitng minh dang thic (a), ngoai phuong phap st dung lusi diém nguyén nhu &
bai 12, ta con c6 thé st dung ma tran lien thudc nhu dudi day :

Xét ma tran M = (m;;)nxn v6i m;; = 1 khi va chi khi j chia hét cho 7, trong cac trudong hop
khac, m;; = 0.

Dé thay réng s6 cac s6 1 6 cot j bang 7; va s6 céc s6 1 ¢ hang ¢ bang |%]. Tu d6 theo nguyéen
Iy Fubini, dang thtic (a) duge chiing minh.

Dé gidi quyét cau (b), ta sé thay doi cach ddnh sb cac phan tit ctia M nhu sau : my; = i khi va
chi khi j 4. Khi dé tdng cac sd & cot j sé bing

Zd:O'j

dlj
Va tong cac s6 6 hang i bang ¢ | 2]. Tt d6 dang thic (b) dude ching minh. 0
Cha y : Tu dang thic (a), ta ¢ thé suy ra bat dang thiic sau

|, —Inn| < 1
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Trong d6 1, 1a trung binh cong clia cac s6 71, 7o, . . ., Ty, tic 1

_T1+T2+"'+7'n
n

Un

CHUNG MINH. Tt bat dang thic x — 1 < [z] < 2 v6i moi s6 thuc z, ta suy ra

H,-1<4v¢, < H,

n
Trong d6 H,, 1a s6 diéu hoa thi n: H, =Y % Ta sé tim cach danh gia H, v6i Inn.
i=1

Dua vao hinh vé trén, so sanh dién tich ctia hinh gi6éi han béi cac duong y = 0,y = %, x =

1,2 = n va tong dién tich clia cac hinh chit nhat, ta thay ring

1 n
H,—1= - /—dlenn
— i . T
va
n—1
1 1 "1
H,——= - > —dr =1
Do do .
Inn+—-< H,<lnn+1
n
Vi vay
1
Inn—-1<H,-1—-—-<H,—1<v¢,<H,<Inn+1
n
Tt dé suy ra bat déng thitc can ching minh. O

3. Céac bai tap dé nghi

Bai tap 1. Trong mat phang toa do tryc chuan Ozy, xét tap M nhiing diém c6 toa do (z,y)
véi x,y nguyen, z,y = 1, 12. Mdi diém ctia M dugc t6 béi mot trong 3 mau xanh, do, vang.
Chiting minh réng ton tai mot hinh chit nhat c¢6 cic canh song song véi cac truc toa do, cac
dinh thuéc M va dugce t6 bdi cing mot mau.

Bai tap 2 (Bulgaria MO 2006). Mot quoc gia c¢6 16 thanh phd va c6 36 tuyén bay ndi gitta
ching. Chiing minh réing ta c6 thé t6 chitc mot chuyén bay vong quanh gitta cac thanh pho.
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Bai tap 3. Gia st rang cac canh ctia do thi Kg dude to bdi hai mau. Khi dé ton tai hai tam

giac ma cé 3 canh ctia mdi tam giac duge t6 béi cuing mot mau.

Bai tap 4. Gia st k,n 14 hai s6 nguyén duong va S la tap hop n diém trén mit phang thoa
man tinh chat 3 diém bat ki ctia S déu khong thing hang, va véi mdi diem P € S ¢6 it nhat k
diém phan biét ctia S cach déu P. Chitng minh ring

1
k<§+v2n

Bai tap 5 (IMO Shortlist 1986). Cho 5 s6 ¢6 100 chit s6 duge tao thanh tit cac chit s6 1, 2.
Ta xép céc s6 do6 thang nhau theo cac hang don vi, chuc, tram,. .. Biét ring hai sé bat ki trong
5 s6 d6 deu co it nhat r hang giéng nhau va mdi hang sau khi xép déu c6 du hai chit s6 1, 2.
Chting minh rang 40 < r < 60.

Bai tap 6. Vdi cic s6 nguyen n > k > 0, dat m 12 s6 cac hoan vi ctia n phan t1t ¢6 ding k
xich. N6i céch khac, [}] 1a s6 cach xép n nguoi phan biet vao k chiéc ban tron va khong ¢6 ban

nao trong. [}] duce goi la sé Stirling logi mot. Chiing minh réng
(b) Véin>k>1, [[] = [T] + (= D[]

(d) Véin =1, ["}'] =n!H,. Trong d6 H, la sb diéu hoa thit n (xem them vi du 23)

Bai tap 7. Cho A, Ay, ..., A, 1a cac tap hop c6 r phan tit va X 1a giao cia ching. Néu

r’n
X<——
X r+k(n—1)

Ggi y : V6i mdi x € X, dat d(x) 1a sd cac tap 4; (i = 1,n) ma 2 € A;. Hay chiing minh cac

két qua sau:

@)Zﬂ@zéMm&h

$€Ai
n

(b) 22 3 d(z) = 3 d(x)*.

i=1x€A; reX
Tit d6 tim céc danh gia thich hop dé suy ra két qua ciia bai toan.
Bai tap 8. Cho X 1a mot tap hop c¢6 n phan tit va Ay, As, ..., A, 1a cic tap con clia X sao
cho s6 phan tit trung binh ctia n tap con d6 it nhat 1a =, Gia su rang n > 2w?. Ching minh

rang ton tai i # j sao cho
n
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PHUONG PHAP XAY DUNG MO HINH
TRONG GIAI TOAN TO HOP

L& Phic Lt

Song &nh 14 mot cong cy manh dé giai nhidu bai toan chiing minh va bai toan dém trong to
hop. Y tudng chinh ctia phuong phap nay chinh 1a thay ddi cach tiép can trong dé bai bing
mot con dudng, mot cach nhin khac c6 cac dic diém tuong dong véi gia thiét ban dau ma véi
né, ta co thé dé dang xt 1i hon. Hai trong céac tu tuéng diing song anh thudng gip chinh la viéc
xay dung bang va xay dung do thi trong mit phang toa do. Véi cach diing bang va ding do
thi dé giai Toan to hop, ta c¢6 thé tiép can van dé truc quan hon va cong them mot sé phuong
phép dém khac, ta hoan toan c6 thé xit i duge nhiéu bai toan kho, tham chi khong gidi duge
bing cach thong thuong. Dudi day, ching ta sé tim hiéu mot s6 bai toan va ¥ tudng dé xay
dyng mot bang hodc mot do thi trong mat phang toa do tuong ting dé gidi quyét ching (nén

phan biét v6i mot s6 bai toan ma cau hoi da dit ra truc tiép véi mot bang ¢6 sdn nao do).

"”?e 7

1. Mét sb van dé vé xay dung md hinh trong giai toan té hop

Viéc xay dyng mo hinh & day gitp ching ta hinh dung van dé mot cidch tuong minh hon va
viec dém, tinh toan & day cé thé kiém nghiém truc quan hon. Chang han, ta xét bai toan sau

day:

Bai toan 1. C6 bao nhieu cach chia tap hgp S ¢6 n phan tit thanh hai tap con (c¢6 tinh tap
rong) sao cho hop clia ching bang S.

Ta thay rang van dé dit ra ¢ day khé tong quét va cac ¥ tudng dém bing truy hoi, chiing minh
bang quy nap xuat hién dau tién trong truong hgp nay. Tuy nhién, néu ching ta thit vé mot

mo hinh ra dé hinh dung thi van dé c6 thé sang té hon:

Ta c6 thé biéu dién hai tap A, B nhu trén bdi cdc hinh tron va coéng viéc can lam la tng véi

mdi phan t& z € S, xép noé vio trong cac hinh tron dé. R6 rang ta c6 4 cach dé xép:

1Sinh vien dai hoc FPT thanh phé H6 Chi Minh.
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x thudoc A nhung khong thudc B;

x thuoc B nhung khong thuoc A;

x thuoc cd A vd B (nam trong phan giao);

x khong thudc ca A va B.

Nhung vi yéu cau ctia bai toan 1 “hgp ctlia hai tap con 1a S” nén khong thé tinh trusng hop
thit 4 & trén duge. Do d6, ting véi moi phan tit, ta c6 ding 3 cach xép vao hai tap hgp.

Tu day, ta c6 thé tinh ra dép sO cia bai todn 1a 21 + 1 = 55,

Giai thich them vé két qua nay, ta thay ring c6 mot van dé can giadi quyét khi dém 1a céac
truong hop bi triing nhau. Néu dé ban dau da cho s&n hai tap con A va B 16i thi két qua sé
12 3" 16 rang. Tuy nhién, yéu cau & day la chia tap S ra thanh hai tap con, nhu thé thi viéc
chia & day c6 tinh doi xiing gitta A va B (ttc 1a cach dém “x thudoc A nhung khong thuoc B”,
“r thuoc B nhung khong thugc A” 6 trén la gidng nhau). Cha § thém ¢6 mot truong hop dic
biét 1a khi A = B thi budc phai ¢c6 A = B = S nén chi ¢6 mot cach chia. Bo truong hgp do ra,
chia doi s6 truong hop roi lai cong né vao thi sé duge sd cach chia can tim.

Cong thiic ¢ day hoan toan c6 thé kiém tra véi cac gia tri n nho.

Dua vao phan tich trén, cic ban hay thit gidi quyét bai toan sau:

Bai toan 2. C6 bao nhiéu cidch phan hoach tap hgp S gom n phan tit thanh hai tap con?”
(tap hop S phan hoach thanh hai tap hop A va B khi ANB =@, AUB =5).

C6 mot bai toan kha tha vi vé viéc chia tap hgp nay la:
Bai toan 3. Cho tap hop S = {1,2,...,n} 1a tap hop n s6 nguyen duong dau tien.

a) Hay tim s6 cach chia S thanh 3 tap con A, B, C sau cho ANB # @, BNC # &,CNA # &
va ANBNC # @.

b) Hay tim s6 céc bo ba cac tap con A, B,C théa mdan AUBUC =S va BNC = @.
¢) Hay tim s6 cac bo bon céc tap con A, B,C, D théa man AUBUCUD va BNCND = @.
Chiing ta lai xem xét tiép bai toan sau:

Bai toan 4. C6 bao nhiéu tap con ctia tap hop gom 2n s6 nguyén duong dau tién sao cho

trong d6 khong ton tai hai s6 a,b mad a +b = 2n + 17

Bai toan nay co thé st dung cong thic truy hoi dé xtt If nhung lap luan hoi ric r6i. Ta co thé

chuyén vé mo hinh sau dé hinh dung:

2n 2n —1 2n — 2 n+1




35

Dén day thi van dé da qua ro rang, cling tuong tir nhu bai trén va khong can giai thich gi them,
cac ban c6 theé ti giai day di duge néu biét két qua 1a 37.

Vay néu thay diéu kién & trén thanh |a — b| = n thi sao? Xin mdi cic ban ty xay dyng mo hinh
dé giai quyét. Cac dap sé dugde kiém ching bing nhiing truong hop nho.

Nhic dén bai nay, chiung ta sé nhé dén bai 5 trong ki thi VMO 2009. D6 thuc sir 1a mot bai
toan kho va cach xay dung bang dé dém sb trusng hop thoa man dé bai qua la con duong duy
nhét c6 thé ap dung dudc trong tinh huéng nay. Ta hay xem lai dé bai va 15i giai chi tiét cho
bai toan do.

Bai toan 5. Cho s6 nguyén duong n. Ki hieu 7' 1a tap hop 2n s6 nguyén duong dau tien.
Hoi ¢6 bao nhiéu tap con S ctia T' théa man tinh chat: trong S khong ton tai hai s6 a,b ma
la —0b] € {1;n}?

Bai toan phét biéu rat don gian va dé& hiéu nhung ding sau do 1a ca mot van dé. Bai toan nay
khac v6i bai ma ching ta vita phét bi¢u ¢ chd ngudi ta da loai them mot truong hop |a —b| = 1
(néu chi cho riéng yéu cau nay thi chi can dém bing truy hoi dé ra cong thitc tuong tu day
Fibonacci quen thuoc), nhu thé thi viec sap xép theo kiéu nhu trén sé dua dén van dé 1a “khong
¢6 hai 6 nao canh nao duge chon” (cting cot hoidic lien ké). Tuy nhién, van con trudng hop
a=n+1,b=n chua xit li dugc néu nhu hiéu theo kiéu treén.

Lo1 GIAL. Ung v6i mot s6 nguyen duong n, dat 2n sé nguyen duong {1,2,3,...,2n — 1,2n}

vao mot bang 2 X n nhu sau:

1 2 3 n—1 n

n n-+1 n-+3 2n —1 2n

Ta sé& xac dinh tong s6 cac cach chon mot s6 6 vuong tit bang nay (c6 thé 1a khong chon sb
ndo) théa man hai diéu kién dudi day:
(i) Hai 0 vuong ke nhau (ttc 1a hai 6 chita hai s6 lién nhau ho#ic hai s6 cach nhau n don vi)
sé khong duge chon dong thoi.

(i) Hai 6 chita s6 n va n + 1 ciing sé khong duge chon dong thoi.

R6 rang s6 cach chon nay chinh 14 s6 tap hop con S clia tap hop T can tim, dit s6 cach chon
nay la S(n).
Ta sé& xét them s6 cdch chon mot s6 6 vuong A(n), B(n),C(n) ti cac bang (A), (B), (C) cing

théa dicu kien (i) nhung c6 mot s6 thay doi nhu sau:

e A(n) : bang (A) nay chita di cac s6 tit 1 dén 2n va hai 6 vuong chita s6 n,n + 1 van duge
chon dong thai.

e B(n) : bang (B) nay khong c6 chita 6 vuong & goc ctia bang, chang han 1a 6 vuong chita
s6 n+ 1.

e C(n) : bang (C) nay khong tinh hai 6 vuong & goc clia bang chita hai s6 lien tiép la
n,n+ 1.
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Ta sé ching minh cac quan hé sau:

(1) A(n) = 5(n) +C(n —2);

(2) A(n) = A(n—1) +2B(n — 1);
(3) B(n) = A(n — 1)+ B(n — 1);
(4) B(n) =C(n)+C(n—1);

(5) C(n)=B(n—1)+B(n—2)+C(n—2).
That vay:

(1) Dé tinh s6 cach chon A(n) cic 6 vuong tit bang (A), ta chia lam 2 trudng hop:

e Cdc 0 chitan van+ 1 khong duge chon dong thoi. S6 cach chon nay chinh 1a S(n).

o Cdc 0 chitan van+1 duge chon dong thoi. Khi d6, cac 6 chita s6 1,n+2,2n,n—1
khong duge chon, bang (A) ¢6 dang nhu sau:

2 3

n+3 2n —1

Béng nay chita 2n — 4 6 nén c6 thé xem no tuong ing véi bang:

1 2 3 n—3

n—+2 n+3 2n —3 2n — 2

R rang, s6 cach chon cac 6 vuong tit bang nay va thoéa diéu kién (i) chinh 1a C'(n—2).
Do céc trudng hop 6 trén la roi nhau nén A(n) = S(n) + C(n — 2).
(2) Ciing dé tinh s6 cach chon A(n) cac 6 vuong tit bang (A), ta chia lam 3 trudng hop:

e Cdc 0 vuong chita 1 va n+ 1 khong duge chon. bang (A) c¢6 dang:

2

3

n—1

n

n+ 2

n+3

2n —1

2n

Ta thay bang nay chi chita 2n — 2 6 nén c6 thé xem tuong iing v6i bang sau
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2

3

n—2

n—1

n+1

n+ 2

2n —1

2n

S6 cach chon céc 6 vuong tit bang nay va thda diéu kién (i) chinh 1a A(n — 1).

o Chon 6 vuong chita s6 1. Khi d6 6 vuong chita s6 n + 1 va 2 khong duge chon, bang

c6 dang
3 n—1 n
n -+ 2 n—+3 2n —1 2n
Ta thay bang nay ciing c6 thé xem tuong tng nhu bang sau:
2 3 n—2 n—1
n+1 n-+2 2n — 2 2n—1

S6 cach chon cac 6 vuong tit bang nay va thoa diéu kién (i) chinh 1a B(n — 1).
e Chon 0 vuong chita s6 n + 1 Tuong tu trén, s6 cach chon trong trudng hop nay 1a
B(n —1).
Cac truong hop trén la roi nhau nén A(n) = A(n — 1) +2B(n — 1).
Céc két qua (3), (4) va (5) 6 trén duge ching minh tuong tu. T d6, ta sé ching minh cong
thiic truy hoi ctia S(n) : S(n+3) = S(n+2) +3S(n+1) + S(n).
That vay, tit (2) tasuy ra B(n—1) = 1 [A(n) — A(n — 1)], thay vao (3) ta co 5 [A(n + 1) — A(n)] =

A(n — 1)+ 3 [A(n) — A(n — 1)] hay A(n+1) = 24(n) + A(n — 1). Tt d6 suy ra

An+3)=2An+2)+An+1)=An+2)+24(n+ 1)+ A(n) + A(n+1)
hay tuong duong véi
An+3)=An+2)+3An+1)+ A(n) (6)

Thay (4) vao (5), ta co

Cn)=[Cn—1)+C(n—-2)]+[C(n—2)+C(n—-3)]+C(n—-2)

=Cn—-1)4+3C(n—2)+C(n—3), Vn>3
Tu (1), (6) va (7), ta c6 duge cong thiic truy hoi ctia S(n) :
Sn+3)=5n+2)+35n+1)+5(n), ¥n >0

Mit khac, dé thay ring S(0) = 1,5(1) = 3,5(2) = 6. T d6 ta sé xac dinh cong thiic tong
quét cua S(n).
Day {S(n)} c6 phuong trinh diic trung A> = A2 +3 \ + 1o A= -1, A =142

Tt do ta suy ra so6 tap con can tim 1a

(3+v2) (1+v2)" + (3-v2) (1 -v2)" —2(-1)"
4

, Vn >0
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Lai giai tuy dai va radc réi nhung tit d6, chiing ta vAn c6 thé hoc duge nhiéu diéu can thiét.
Trén thuc té, nhiéu bai toan c6 thé cé su chuyén doi qua lai gitta viec phéat biéu dang tap hop

nhu trén va viéc xay dung mo hinh. Chang han, ta bat dau bing bai toan quen thuoc sau:
Bai toan 6. Chting minh rang khong thé 14t mot nén nha 10 x 10 bing cac vien gach 1 x 4.

Céch giai ctia bai nay 1a t6 mau cac 6 c6 dang (1¢, 1¢) trong bang, nhu thé thi to duge 25 o.
Tuy nhién, méi vién gach 1 x 4 nhu trén phai chiém 2 6 duge t6 mau, titc 14 s6 6 duge to mau
nam trong dé phai chin. Diéu mau thuin nay cho thay ta khong thé lat gach dugc.

Bai toan nay c6 thé thay s6 10 (s6 chin nhung khong chia hét cho 4) thanh cac s6 tuong tu
nhu 50, 2010, 2014,. .. thi van cho cau tra 1i tuong tu véi cach giai tuong t.

Ta thit thay doi bai toan theo kiéu néi cac diém trong mat phang dé thu duge bai toan sau:

Bai toan 7. Trong mat phang, cho tap hop A gdm 20102 diém phan biet duge danh sb tir 1
dén 2010% sao cho ba diém bat ki nao trong ching ciing khong thang hang. Mot ti giac (16i
hoiic 16m) duge goi 1a “dep” néu cac dinh ctia n6 thuoe A va duge danh s6 bang 4 s6 théa man

mot trong hai diéu kién sau:
(i) D6 1a 4 6 ty nhién cach nhau 2010 don vi.

(i) D6 1a 4 s6 tu nhién lien tiép va néu trong d6 c¢6 chita sd chia hét cho 2010 thi s6 d6 phéi
1a 16n nhat.

N&i tat ca cac diem thuoc tap hop A lai v6i nhau sao cho diém nao thuoc A ciing thuoc ding
mot tit gide. Tim s 16n nhat t¢ gidc “dep” dude tao thanh.

R6 rang cach ndi cac diém nhu trén c¢é thé duge mo phéng bing 4 sé nam trén mot vien gach
1 x 4 nhu trén. Ta c6 thé giai chi tiét nhu sau:

LOI1 GIAL. Xét mot bang 6 vuong gom 2010 x 2010 6 vuong con duge dién cac s6 theo thi ti
tlr trén xudng va trai sang phai.

Truée hét, ta sé chiing minh ring khong thé chia tat ca 20102 diém da cho thanh céc ti gidc
“dep” duge. R6 rang 4 s6 trén cic dinh clia cac tit giac “dep” tuong ting véi 4 s6 bi che di trén
bang 6 vuong khi dat mot manh bia hinh ch@ nhat kich thuée 1 x 4 vao d6. Ta sé chiing minh
rang khong thé che hét toan bo bang 6 vuong nay bang cac hinh chit nhat 1 x 4.

That vay, ta to mau cac 6 vuong nam & cot chin va hang chin. Do bang c6 20102 6 vuong nén
56 0 vuong bi t6 mau bing 24 = 1010025 1a s6 16.

Gia st ngudc lai ring ta c6 thé lap kin duge ca bang 6 vuéng bang cac manh bia. Khi do, moi
manh bia sé che di hodc hai 6 vuong hoéc khong c6 6 vuong nao cua bang 6 vuong, tic la ludn
c6 mot s6 chdn 6 vuong bi che di. Do d6, s6 6 vuong bi che di trén bang 1& mot sd chan. Tu do6
ta thay c6 mau thuan.

Vay khong thé che hét bang 6 vuong nay bang cac hinh chit nhat 1 x 4 dugc.

Goi k 1a sb tit giac dep 16n nhat can tim thi & < 1010025 = & < 1010024.

Ta sé chiing minh & = 1010024 bang cach chi ra cach dung cdAc manh bia che kin bang 6 vuong.
That vay, chia bang 6 vuong thanh hai phan:
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e Phan 1 gom 2008 cot dau, ta xép cdc manh bia theo cac hang, mdi hang c6 ding 502
manh bia. Khi do, ta sé c¢6 thé che kin hét phan 1 béi cac manh bia.

e Phan 2 gom 2 cot cudi, ta xép ndi tiép cac manh bia tit trén xuéng dudi thi cudi cuing sé

con lai mot 6 vudng 2 x 2 6 gbc dudi cung cua bang.

Nhu vay, ta ding 1010024 manh bia che dugec téi da 2010% — 4 6 vuong ciia bang. T do, ta
thay, s tit giac “dep” 16n nhat can tim 1a k = 1010024. 0

Céac ban thit tim hiéu bai toan sau:

Bai toan 8. C6 bao nhiéu cach lat mot hinh ch@ nhat kich thude 2 x n béi cac vién gach: hinh
ch I (hinh chit nhat kich thuéc 1 x 2) va hinh chit L (hinh vuéng 2 x 2 bé di mot 6)7
Néu thay hinh chit nhat 2 x n bang hinh chit nhat 3 x n thi sé cach lat thu dugc sé 1a bao

nhiéu?

Qua do, ta thay ring viec chuyen doi cdc mo hinh, tit cac diém, cac hinh trong mit phang dén
cac sO trong mot tap hgp va ngudc lai gitip cho bai toan c6 mot dang vé méi kha thu vi. Ching
ta thit nhic dén mot bai toan trong ki thi IMO 1983:

Bai toan 9. Nguoi ta to tat ca cac diém ndm trén canh ctia tam gidc déu ABC béi hai mau
xanh va dé. Hbi véi moi cach t6 mau nhu thé, c6 luon ton tai mot tam giac vuong c6 ba dinh

dugc t6 ciing mau hay khong?

LOI GIAL Bai toan nay c6 thé giai quyét khong qua kho khan bang cach xét cac diém chia cac
canh ctlia tam gidc ABC theo ti s6 2 : 1, c6 kha nhiéu tam giac vuong dugc tao thanh tiu 6

diém nay va nhd vay ma ta c6 thé ap dung nguyen li Dirichlet dé giai quyét bai toan. W

Tuy nhién, néu ching ta thay doi cach phat biéu thanh toa do trong mat phang thi bai toan
sé thi vi hon nhiéu. Trong mat phang toa do Ozy, mot tam gidc déu ABC c6 toa do dinh la
A (O; \/§) , B(—1;0),C(1;0) thi phuong trinh dudng thang chiia cac canh AB, AC c6 thé viét
1a ‘\/gx‘ +y= V3, dudng thang chita canh BC trung vé6i truc Ox. Hon nita, 16 rang do dai cla

BC c6 thé thay bing mot s6 bat ki nao khac nén ta c6 bai toan sau:

Bai toan 10. Trong mit phang toa do Ozy, xét phan mat phang gisi han béi do thi cla
y =3 (a—|z|) (a > 0) va truc hoanh. Goi S la tap hop cac diém nim trén phan bao 16i ciia
mién d6. Chitng minh rang v6i moi cach chia S thanh hai tap hop con roi nhau thi luon ton

tai ba diém la dinh clia mot tam giac vuong.

Cach giai bai nay hoan toan tuong ty bai trén va van dé mau chét 14 nhin nhan duge bao 16i &
trén thuc chat 1a mot tam giac déu va cach chia tap con ciing gidng nhu viéc to cac diém béi
hai mau.

Tiép theo, chiing ta sé tim hiéu mot mo hinh kha thong dung nita dé giai cac bai Toan dém la
xay dung mot bang thich hop va dém theo hai chiéu ctia bang do.

Bai toan tiép theo khéa dién hinh cho phuong phap nay xuat hién trong ki thi chon doi tuyén
Viet Nam duy thi IMO 2001 (s6 2001 xuat hién trong bai toan c6 thé thay bing mot s6 nguyén
duong bat ki nao khac).
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Bai toan 11. Cho day s6 {a,} thdéa man 0 < a, .1 — a, < 2001. Chitng minh ring ton tai vo
s6 cap sO nguyén duong (p, ¢) thoéa man néu p < ¢ thi a, | a,.

LO1 GIAL. Tu cach xac dinh day, ta thay rang s6 hang tiép theo sé khong 16n hon s6 hang lién
truée n6 cong them 2001 don vi. Nhu thé, chi can xét 2002 s6 nguyéen duong lién tiép thi sé c6
it nhat mot s6 hang thuoc day, dat s6 d6 1a a. Ta xay dung bang nhu sau:

a@,) = a a2 = a +1 s a(1,2002) = @ + 2001
a21) = 4@, a22) = @(1,2) a(2,2002) = (1,2001)
2002 2002 L 2002

+ T acs + T s + L e
=1 =1 =1

@(2002,1) = @(2001,1) @(2002,2) = A(2001,2) @(2002,2002) = @(2001,2002)
2002 2002 . 2002

+ H a(2001,7) + H (2001,7) + H @(2001,7)
i=1 i=1 i=1

Bang nay c6 tat ca 2002 cot va 2003 hang. Trong d6, mdi sd6 hang & hang thi 2 tré di bang
tich clia tat ca s6 hang & hang lién trude né cong véi s6 hang ciing cot v6i né. Ro rang, trong

modi hang, ¢6 it nhat mot s6 hang thudc day da cho. T d6 theo nguyeén 1i Dirichlet, ta c6 dieu

can chitng minh. 0
Bai toan 12. Cho n sb thuc ay, as, . .., a, bat ki. Chiing minh rang ton tai s6 thuc x sao cho
cac sO a; +x,as + T, ..., a, +x déu la cac s6 vo ti.

LOT GIAL Gia sttt 1a mot s6 vo ti bat ki. Ta sé chiing minh rang trong cac s6 t, 2t, 3t, ..., (n+1)t

c6 it nhat mot s6 thoa man dé bai.

Gia stt khong c6 s6 nao trong n + 1 s6 trén théa man dé bai. Tic 14 v6i méi i = 1,n + 1, trong

cac s it + ay, it + ag, . .., it + a, ludn ton tai mot s6 hitu ti. Xét bang n + 1 x n nhu sau:
t+a1 t—i‘ag t—l—an
2t + aq 2t + as 2t + a,
m+Dt4+a; | (n+ 1)t +a (n+ Dt +a,

Theo nhan xét trén thi trong moi hang ton tai it nhat mot s6 hitu ti. Tic la trong toan bo
bang, ta c6 it nhat n + 1 s6 hitu ti. Vi bang c¢6 n cot nén theo nguyeén 1i Dirichlet, ton tai hai
s6 hitu ti thuoc cing mot cot, gia st 1a zt + a; va yt +a;. Khi d6 (x —y)t = (vt +a;) — (yt + a;)
ciing phai 1a s6 hitu ti. Didu nay vo i vi z,y nguyén va t vo ti. Mau thudn trén ching t6 diéu

gia st cua ching ta la sai va bai toan duge chitng minh. O
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2. Xay dung do thi

2.1. Do thi mét chiéu

Vé phuong phap quy dao nay, ching ta thudng gap quy dao xét trong mit phing toa do hai
chiéu va cac két qua xay dung trén dé6. Trong phan nay, ching ta sé thit di phan tich thém mot
s6 dang md rong nita dé tim cac van dé méi mé hon.

Trude hét, ta xét bai toan sau:

Bai toan 13. C6 mot ngusi di tit goe toa do O dén diem A cé toa do 1la n (n € N) trén truc
toa do. Ngudi nay mdi lan c6 thé budc mot hoac hai bude. Hdi c6 bao nhiéu cach buse dé nguoi
nay di duge dén A?

Néu ching ta tiép can bai toan nay theo suy luan thong thuong thi ¢ thé giai nhu sau:

Goi z,y lan lugt 1 s6 lan buée 1 bude va s6 lan bude 2 bude. Nhu thé ngusi nay bude tong
cong z +y budce va hai s6 nay phai théa man z + 2y = n. Ung véi mot trong sé = +y lan budc,
s6 cach bude tuong ng 1a sd cach chon x lan bude 1 budc, tic 1 (x;ry) va sO cach can tinh 1a

("2):

0<z,y<n,z+2y=n
R6 rang tong nay khong dé dang rat gon dugc!
Ta xét mot truong hop don gian, chang han v6i n = 4. Ta can xét phuong trinh nghiém nguyén
r + 2y = 4. D& thay phuong trinh nay c6 cac nghiem 1a (z;y) = (0;2),(2;1), (4;0) nén s6 cach
bude trong truong hop nay la (3) + (;’) + (i) =1+3+1=5.
Nhung néu dé thay gia tri n = 4 bdi n = 2011 thi sao? Viéc xét tat cd cdc bo nghiem cla
phuong trinh x 4+ 2y = 2011 r6 rang khong don gian. Néu ta viét dudi dang cong thic tong
quat thi sé c6 bo nghiém la z = 1 + 2t,y = 1005 — ¢ va s6 nghiém can xét 1a 1006.
Chiing ta thit doi cach tiép can sang mot phuong phap quen thudc 1 dém biang truy hoi. Goi
S(n) 1a s6 cach bude ting véi truong hop toa do clia A 1a n.
Ta tinh duge S(1) = 1, 5(2) = 2 va néu n > 3 thi ta c6 hai truong hop: néu 6 bude cudi cling,
ngusi nay bude 1 budce thi khi d6, sé cach dé bude n — 1 budc trude 1a S(n — 1); néu & bude
cudi cling, ngudi nay bude 2 bude thi khi do, sé cach dé bude n — 2 budc trude 1a S(n — 2).
Hai truong hgp nay 1 roi nhau va c6 tong 1a S(n) nén suy ra S(n) = S(n—1)+S(n—2),n > 3.
Vay day s6 cdc budce can tinh chinh 1a day Fibonacci 1,2,3,5,8,13,21,... va S(n) = F,;; (ta
xét day Fibonacci c6 hai s6 hang dau 1a 1,1). Nhu thé, ta c6 thé rit ra mot két qua kha thu vi
1a > (””Iy) = F, ;1 bing mot sy that hién nhién 1a néu mot s6 luong ma dém bang

0<z,y<mz+2y=n
hai céf(/:h thi Iy)héi cho cling két qua.
Chiing ta sé khong dimng lai § day ma thit mé rong bai toan nay hon nita. Chiing ta c6 thé thay
hai loai buéc 1a 1 bude va 2 buée béi nhiéu bude hon, phuong trinh nghiém nguyeén khi dé can
xét ciing sé phiic tap hon va day sb cling sé ¢ dang truy hoi nhiéu cap hon. Chéng han, néu

thay gia thiét bai toan trén bdi bude tit 1 dén 3 bude chan thi cong thiic phuong trinh nghiem

("

nguyén sé la >

)(”z”) va day s6 can xét sé 1a
0<z,y,z2<n,x4+2y+32=n

S(1)=1,5(2)=2,53)=4,5n)=Sn—-1)+Sn—-2)+Sn—-3),n>4
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Céac y tudng lap luan va mo hinh gidi vAn tuong tu. Néu ta thay doi gia thiét them chit nita

thi ta sé c6 bal toan sau:

Bai toan 14. C6 mot ngudi di tit gbe toa do O dén diém A c6 toa do n trén truc toa do. Ngudi
nay bi say rugu nén chi buéc mdi lan mot bude va ¢ thé bude téi hosic quay lui lai. Ban dau,
ngay tai O ngusi dé van c6 thé quay lui duge nhung néu ngusi dé di dén A thi khong thé bude
tdi nita.

Hoi ngudi c¢6 dé bao nhiéu cach buée néu s6 bude di thyc hién 1a m?

(Ro rang s6 budc co thé 1a vo han nén ta chi xét trudng hop cu thé véi m bude nao do).

Truée hét, ching ta sé thit dém trong trudng hop don gidn hon 1a n = 5. R6 rang néu chi di
t6i thi nguoi d6 can 5 bude nhung & day c6 cac bude i lai nén néu goi x,y lan lugt 1a s6 bude
tién va buée Ini thi x +y = m vd 2 —y = 5. Tuy nhién trong sudt qua trinh thyc hién cho dén
khi di m bude thi dai lugng o — y khong dude bang 5 ma phai 1a z — y < 4 theo quy udc 1a
“dén A thi khong thé budc tiép nita”.

Dén day, cac ban thit gidi tiép dé xay dung céc cong thiic va cac két qua tuong tu nhu bai toan
dau tién § trén.

N6i vé bai toan nay, ching ta lai nhé dén mot bai toan ndi tiéng khac trong ki thi IMO 1979
vé con éch nhdy trén hinh bat giac déu, ki thi ma lan dau tien Viet Nam c6 duge mot gidi dac
biét cia TS. Lé B4 Khanh Trinh.

Bai toan 15. Mot con éch nhay tit dinh A dén dinh E ctia mot hinh bat giac déu ABCDEFGH.
Tai bat cit dinh nao trit F, con éch c6 thé nhay téi hai dinh lién ké vé6i dinh d6. Goi a, 1a s6
duong di phan biét tit A dén E c6 ding n budc nhdy. Ching minh ring

b= gy 0B -]

A
H —~— ~XB

LO1 GIAI. Dé dang thay rang s6 cach budc phai la chin nén ay,_; = 0.

Goi b, 1a 86 duong di phan biét ctia éch tit C (hodc G) dén E. Ro rang sau hai budce nhay dau
tien, éch c6 thé dén C, hoac G hoiic quay tré vé A. Ta c6 cong thic sau as, = 2a2,_2 + 2b2y_o.
Tit diém C (hodc diém G), ciing bang hai bude nhay, éch c6 thé tré vé chd cii hodic dén A (néu
dén E thi éch da ding lai), ta c6 by, = 2ba,_o + dop_a.

Tt hai quan hé nay, ta suy ra as, = 4as,_o — 2a9,-4,n = 3.

Ta tinh dudc a; = as = a3 = 0,as = 2 nén dé dang suy ra diéu can chiing minh. O

Bai toan nay néu cat hinh bat gidc ra va xép thanh duong théng thi ta c6 thé phét biéu thanh:
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Bai toan 16. C6 mot ngudi di tit gde toa do O dén diém A hoiac B (xem nhu la di vé mot
trong hai ngoi nha) c¢6 toa do lan lugt 1a 4, —4 trén truc toa do. Nguoi nay bi say rugu nén chi
buéc mdi lan mot bude va c6 thé bude téi hodc quay lui lai. Ban dau, ngay tai O ngusi d6 van
c6 thé quay lui hodic tién t6i nhung néu ngusi dé di dén A hodc B thi phai dimg lai.

Hoi ngudi ¢6 dé bao nhiéu cach buée vé nha néu s6 bude di thuyc hien 1a m?

Két qua ctia bai nay hoan toan giéng véi bai toan trong ki thi IMO & treén.

Néu ta thit lam kho van dé hon mot chit thi ¢ bai toan sau:

Bai toan 17. C6 mot ngudi di tit gbe toa do O dén diém A c6 toa do n trén truc toa do. Ngudi
nay bi say rugu nén chi buéc mdi lan mot bude va co thé bude téi hosic quay lui lai. Ban dau,
ngay tai O nguoi d6 khong thé quay lui duge va néu ngusi dé di dén A thi khong thé budce téi
nia.

Hoi ngudi ¢6 d6 bao nhiéu cach buée néu s6 bude di thic hien 1a m?

RO rang 6 day c6 mot van dé kha ric riac 1a néu nguoi d6 bude mot bude roi lai quay ve O
roi ¢t thé 1ap lai nhiéu lan thi cong thitc truy hoi sé khong xay dung duge (do tir O thi khong
bude Iti duge nhung tit vi trf ¢6 toa do 1a 1 thi c6 thé duge nén hai truong hop khong tuong
ing).

N6i chung, van con nhiéu diéu kha tha vi trong truc toa do mot chiéu thé nay.

Truée khi két thic, ta thit xét mot bai toan t6 hop ndi tiéng xuat hién trong ki thi IMO nam
2009:

Bai toan 18. Cho n 1a mot sd nguyen duong va aq,as, ..., a, la cidc s nguyeén duong phan
biet. Gia st T = {s1,S2,..., 5,1} 1a mot tap hgp gom n — 1 s6 nguyén duong nhung khong
chta s = a; + as + - - - + a,. Trén truc sé6 thuc ¢6 mot con chau chau lic dau ding & diém 0.
Con chau chau nhay dung n buéc vé huéng duong clia truc s6. Cac buée nhay ctia né c6 do
daila ai, as, ..., a, theo mot thit tu nao d6. Trén truc s6, ngudi ta dat sén n — 1 cai bay & cac
vi tri 81,89, .., 8p_1-

Chitng minh riang con chau chau c6 thé sip xép thit tu cac budc nhay clia minh dé khong bao
gio nhay vao bay.

Day 1a bai toan duge danh gia la kho thit nhi trong 50 nam thi IMO (chi sau bai 3, IMO 2007

t6 chiic tai Viet Nam). Bai toan stt dung quy nap theo n 1a y tudéng chinh.

LO1 GIAL. Truong hop n = 1, theo gid thiét thi trén truc khong c¢6 bay nén con chau chau co6
thé nhay dugc va nhu thé thi khing dinh ding.
Gia st con chau chau c6 thé nhady dugc trong moi trudng hgp tit 1 dén n — 1. Xét n bude

nhdy ai,as,...,a, v n — 1 cai by si, Ss,...,5,_1. Khong mat tinh tong quat, ta sip thi tu
A < ay < -+ <@y Va s <8y <---<8,_1. Tasé chi ra mot cach nhay thoa man diéu kien.

Dau tién con chau chau nhay buéc c6 do dai a,.

St dung gia thiét quy nap, ta c6 thé cho con chau chau nhay cac bude c6 do dai aq, ag, . . ., Gn_1
sao cho n6 khong roi vao bat cit bay nao trong so cac bay sa, S3,. .., Sp_1.

Néu trong qua trinh nhay néi trén con chau chau khong roi vao bay s; thi hién nhién ta c6

mot cach nhay thoa man diéu kien. Con néu con chau chau roi vao by s, ta sé chi ra mot
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cach doi chd cac buée nhady dé né khong nhiy vio mot bay nao. That vay, gid st cac budc
ai,as, . ..,a,—1 duge con chau chau nhiy theo thi ti af(1y, af(2);---,0fmn-1)- C6 hai kha nang

XAy ra:

e Con chau chau roi vao bay ngay tit buéc nhay dau tien, tic 1a s; = a,. Ta chi can doi

chd hai buéc nhay dau tién ctia con chau chau. Cu thé né sé nhay theo thit tu

Af(1), Any A f(2), Af(3)s -5 Af(n-1)

Do ta da sip thi tu nén ayq) < a, = s1 va hién nhién con chau chiu khong vuéng vao
bay s; nita. Tt bude thit hai trd di, con chau chau nhay nhu cii nén khong vuéng them

bay nao.

e Con chau chau roi vao bay trong bude nhéy ayq),t > 1. Taxét 3 bude nhéy asi_1y, af), Gn.
Ta ddi chd bude nhay dau tien va bude nhay a f(t+1). T 1a cho con chau chau nhéy theo
tha tu

Aft41)s Af(1) Qf(2)5 -+ -y Af(t=1) Af(t)s Ans Af(t42)5 - - -5 Af(n—1)

Chi ¢ rang s; 1a phan ti nhé nhat trong tap n — 1 cai bay nén truéec s;, con chau chau
sé khong roi vao céi by nao ca. Cing do su doi ¢hd af(41) vd a, nén con chau chau sé
khong roi vao bay s; nita. Tom lai, tit dau dén budc a,,, con chau chau khong roi vao bay
ndo. Va vi cac buéc nhay sau dé dude giit nguyén nén con chau chau ciing khong nhay

vao bay.

T hai truong hgp trén, ta suy ra bai toan cling ding véi n. Theo nguyén 1y quy nap toan hoc,

ta c6 diéu can chitng minh. 0

Bai toan kho nhat theo danh gia 1a bai ¢6 noi dung nhu sau (tat nhién 1a trong Shortlist van

con nhiéu bai kho hon ntta):

Bai toan 19. Trong mot ki thi Toan, mot s6 thi sinh c¢6 quen biét nhau va tinh quen biét 13
hai chiéu. Mot nhém nhitng thi sinh goi 1a nhém “ban b&” néu nhu tat cd nhiing ngudi trong
d6 déu c6 quen biét v6i nhau. Néu nhém cé it hon 2 ngusi thi cling duge xem 1 nhém “ban
be”. S6 luong thi sinh trong mot nhém “ban be” dude goi 1a “cd” ctia nhom do.

Gia stt rang trong ki thi nay, “cd” 16n nhat ciia mot nhom “ban be” tim duge 1a s6 chin. Chiing
minh ring c6 thé sip xép nhing thi sinh nay vao hai phong sao cho “cd” 16n nhat ctia nhém

“ban be” trong hai phong la bang nhau.

2.2. DO thi hai chiéu

Bai toan kha dién hinh cho phuong phép nay xuat hién trong ki thi Olympic ctia Viet Nam 1a
bai 1, dé chon doi tuyen tham du IMO nam 2003 véi noi dung nhu sau:

Bai toan 20. Trong mat phang toa do, cho bén diém phan biet A(0,0), B(p,0), C(m, q), D(m,n)
v6i m,n, p, q 1a bon s6 nguyén duong théa man p < m va n < q. Xét mot duong di f tit A dén
D va mot duong di g tt B dén C théa man dicu kién: cac dudng nay chi di theo chiéu duong
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clia cac truc toa do va chi ddi hudng (tit huéng duong ciia truc toa do nay sang huéng duong
clia truc toa do kia) tai cic diém c6 toa do nguyen. Goi S 1a s6 cac cap dudng di (f, g) sao cho

ching khong c6 diém chung. Chiing minh ring

)

Ciing nhu cdc mo hinh da phan tich & trén thi sit dung quy dao dé gidi cac bai toan T6 hop
gitap cho 161 giai va lap luan ré rang hon dya trén cac nhan xét trire quan. Tuy nhién, chung ta
ciing phai cong nhan rang phuong phap nay chi duge ap dung trén mot s6 bai toan dic trung
nhat dinh nao d6. Mot s6 bai toan dém thuan tiy ciing c6 thé giai bing cach ding quy dao
thé nay.

Trude hét, ching ta sé xay dung mot so6 khai niém co s6 cho phuong phap nay:

Dinh nghia 1. Trén mit phing toa do Ozy, mdi diém c6 cac toa do déu nguyen goi la mot

diém nguyeén va tap hop cac diém nguyén goi 1a ludi diem nguyén (hay lusi Gauss).

Dinh nghia 2. Trong hé toa do Oxy, ngusi ta goi mot duong di tit M t61 N 1la mot duong
gap khic néi M va N, con duong di ngin nhat 1a duong gap khic tao béi cac doan thang don
vi ngang va doc sao cho sé doan thang la it nhat. Phuong phap chiing minh mot cong thic t6
hop bdi s6 duong di ngan nhat goi 1a phuong phap quy dao.

Ta sé chiing minh mot s6 két qua co sé ctia phuong phap nay :
Dinh 1y 1. S6 duong di ngin nhat tw goc toa do O dén diem A(m,n) véim,n € N* la (™).

CHUNG MINH. Tt O dén A, ta can thuc hien m buée dich chuyén theo chiéu ngang va n bude
dich chuyén theo chiéu doc, ttc la tong cong c¢6 m + n bude. Cac duong di nhu thé chi khac
nhau & cach chon thit tir doc va ngang. Do d6, s6 duong di can tim chinh 1& s6 cich chon m

doan ngang trong m + n doan doc - ngang d6 va c6 tong cong (m;;") duong di. O
T day, ta c6 mot s6 két qua sau:

e S6 cach chon doan ngang va s6 cach chon céc doan doc ciing giong nhau nén ("'") =
(")

e S6 dudng di ngan nhat tit diém A(m,n) dén diem B(p,q) v6i 0 < m < p,0 < n < ¢ la
(p+q—m—n)'

p—m
e S6 dudng di ngin nhat tit diém O dén diém B(p, q) va di qua diem A(m,n) chinh la tich
(M) (PRI va s6 duong di tit O dén B khong di qua A la (p;q) — (M (prazmen),

m p— m p—m

T d6 ta suy ra (p;q) > (m+”) (p+q_m_") vi 0 <m<p,0<n<aq.

m p—m
Tiép theo, ta thit duing phuong phap nay ching minh mot s6 bai toan:

Bai toan 21 (Dang thiic Pascal). V6i k,n la cac s6 nguyen va 1 <k <n — 1, ta c6

(-G ()



46

Lo1 GIAL Ta thay ring c6 (}) dudng di ngan nhat ti O(0,0) dén A(k,n — k).

Xét hai diém B(k —1,n — k) va C(k,n —k — 1). Ro rang mdi duong di tit O dén A nhat thiét
phai qua B hoac C.

S6 dudng di tit O dén B la (7)) va sb duong di ngan nhat tit O t6i C la (™).

Do do, ta ¢6 (}) = ("_1) + (”_1). O

k k—1 k
Bai toan 22. Chitng minh réng v6i m,n, k € Z*,m > k thi

Chynin = ChCo+ OV Loy 4+ 4+ O, Ch oy

LoI GIAL C6 (") duong di ndi O(0,0) v6i M(m +n —k+ 1,k). R6 rang ¢6 (7-1) (")

k—1 7
duong cat duong thing z = n+ 1 tai diém c6 tung do i (i =0, 1,...,k) gom: (") dudng ndi O
v6i didm (n, ), mot dudng ndi diém (n, i) véi diem (n+1,4) va (7~) dudng ndi diém (n+1,4)
v6i M. Tt d6 ta c6 dicu can chitng minh. 0

Bai toan 23. C6 m + n ngudi di mua vé (m < n), trong d6 ¢6 m ngudi mang tién loai 2 dong,
n ngudi mang tién loai 1 dong va moi vé gia 1 dong. Biét rang ban dau nguoi ban vé khong
mang theo tién, hoéi c6 bao nhiéu cach xép m + n ngudi vio mua vé dé ngusi nao ciing dudc

thoi tién (néu can) ngay lap tic?

LOI GIAL Dat a; = @1 + x5 + - -+ + a;, trong d6 x; bang 1 néu ngudi thit j mang tién loai 1

dong va bang —1 néu ngudc lai.

Y

Am+n

am-{—n

a2

ax Ay Ag

O 1 2 3 m+n x

y=-1

Bai todn quy vé viec dém s6 dudng di qua cac diém A;(i, a;) ma khong nim dudi truc hoanh
trong mat phang toa do Oxy. Mudn vay ta sé dém s6 duong di cat duong thang (d) : y = —1.
Xay duyng mot song anh tit mdi duong (Q nhu vay dén mot duong Q' 1a duong nhan duge tit @
khi cho déi xting phan ctia Q ké tit diém dau tién gip (d). Néu Q' c6 x doan hudéng lén va y
doan huéng xubng thiz +y=m+n,y—x=n—m-+2hayy =n+ 1.

Vay s6 duong Q' 1a (TZIIL), nén dap s6 can tim 1a (m:”) - (TZI? ) U
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Dé thay 16 hon hiéu qua ctia phuong phap nay, ta sé ding mot cach khac dé gidi bai toan nay
trong truong hop dac biet hon 1a khi m = n. Cu thé nhu sau: Gid st c¢6 2n ngusi khach, n
ngudi trong dé c¢6 1 dong va n ngudi con lai c6 2 dong. Ta ciing can tinh sé cach sap xép 2n
ngudi nay thoa man diéu kien dé bai, tidc 1a ngudi ban vé c6 thé ban dudce ngay vé cho nhing
ngudi khach ma khong ¢6 ai phai ding cho.

Ta xét bai toan dudi mot hinh thic khac cho dé lap luan.

Dat 2n s6, bao gom n s6 1 va n s6 2 lén mot hang va danh s6 ching tit 1 dén 2n theo chiéu tir
trai sang phai. Véi mdi 1 < i < 2n, ta goi a;, b; lan luct 1a s6 cac s6 1 va s6 cac s6 2 tinh tit vi
tri ¢ trd vé trude, dé thay rang i = a; + b;, Vi = 1,2n. Chiing ta can tinh s6 truong hgp thoa
a; < b; Vi =1, 2n.

Goi S 1a tap hop cac hoan vi (ty,ta, 3, ..., te,) clia 2n phan ti trén théa dé bai, T 1a tap hop

con lai.
Suy ra |T| = C3, — |S| va ta sé tinh |T'| trudc.
Do cach x4c dinh T nén v6i mdi phan i ¢ = (¢, to,...,t,) cia T, ta thiy ton tai it nhat mot

s6 7 thoa a; < b;. Goi f(t) 1a s6 thit ty dau tien thda man a; < by, titc 1a truée do6, a; van khong
bé hon b; va ngay tai thoi diém d6 thi b; hon a; ding mot phan ti, tic 1a f(¢) phai la s6 1& vi
f(t) = a; + b Khi d6, ta tinh duge appy = 287 by = L0 ¢ = 2. Tai thoi diém nay, s6
céc s6 2 hon s6 cac s6 1 ding mot don vi nén khi ta doi gia tri cia cac vi trf phia sau ¢y, ti

1 sang 2, tit 2 sang 1 thi ta & c6 mot hoan vi g(t) cian+ 186 2 van — 186 1.

Xét vi du minh hoa trong truong hop n = 6 nhu sau

t=1{1,2,2,1,2,2,2,1,2,1,1,1}

a; =9{1,1,1,2,2,2,2,3,3,4,5,6},b; ={0,1,2,2,3,4,5,5,6,6,6,6}
f(t)=3,a2 =1,bp =1,t3 =10

gty ={1,2,2,2,1,1,1,2,1,2,2,2}

Khi d6, ¢ 1d mot anh xa tit T sang U, v6i U 1a mot hoan vician+1s6 2 van —1s6 1. Ta sé
chiing minh g la song anh. That vay:

Goi u 1a mot phan tit ctia U. Ta sé dém s6 cac s6 1 va s6 cac s6 2 tir trai sang phai. Cing goi
i 1a vi tri nhé nhat sao cho s6 céc s6 2 16n hon s6 cac s6 1, do cach xéc dinh U nén vi tri d6
luon ton tai duy nhat. Tiép tuc chuyén déi 1 sang 2, 2 sang 1 & cac vi trf phia sau i Ban dau,
sO cac s6 2 hon sb cac s6 1 ding mot don vi tai ¢ vi tri dau va diéu nay cling ding tai 2n — i vi
trf sau. Sau khi thay ddi s6 céc s6 hon sb cac s6 2 ding mot don vi tai 2n — 4 vi trf sau; nghia
14 s6 cac s6 1 va s6 cac s6 2 1a bang nhau; tiic 14 né tuong tng véi 1 phan ti ctia 7. Do do, ¢
1a mot toan anh.

Tiép theo, ta sé chitng minh ¢ 14 don anh. Goi ¢ va ¢’ 14 hai phan tt khac nhau ciia T. Gia st 4
Ia vi trf dau tien ma cic s6 G ¢ va t' khac nhau. Khong mat tinh tong quat, gid st t; = 1,t, = 2.
Khi d6 dé thay f(t) # i. Ta ¢6 hai trudng hop.

e Néu f(t) <ithi f(¢') < f(t) vitaii— 1 vi tri dau, cac s6 1a giong nhau. Ma tai vi tri thi

e Néu f(t) > i. Khi d6 vi tri thi ¢ cta g(t) 1a t; = 5. Tai @ — 1 vi trf dau, cd hai bén
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déu giong nhau nén f(t') > 1. Do do6, vi tri thit i ctia g(¢') 1a t; = 2. Tic 1a ta cling ¢6

g(t) # g(t').

Do d6, luon ¢6 g(t) # g(t'), v6i moi t # ¢’ nén g la don anh.

Két hop hai diéu trén lai, ta thay ¢ 1a song anh.

Ta duge [T| = |U| = ("), suy ra [S| = (*) — ([*").

Két qua nay tuong tng véi diéu ta thu duge trong bai toan trén va ré rang dé nhan duge dicu
nay thi cac bude lap luan rac réi hon kha nhiéu. Quay lai bai toan ban dau trong ki thi TST

2003 ctia Viet Nam, ta c6 mot 10i gidi day du nhu sau :

LOI GIAL. Ta goi mot duong di théa man dé bai 1a duong di “t6t”. Trude hét, ta thay so6 dusng
di “t6t” tur diem A(0,0) dén diem D(m,n) la (™) va tit B(p,0) dén C(m,q) la (""77?). Do
d6, s6 cap duong di “tot” (f, g) tuy ¥ 1a (") (m-‘r;]—p)'

Ta sé tinh s6 cip duong di “t6t” (f’,¢’) trong d6 f di tit A dén C va ¢ ditu B dén D, 16 rang
hai duong di nay phai c¢6 it nhat mot diem chung K (i, 5), p <m,0< 7 <q.

Tuong tu trén, s6 cap duong di “tot” (f’,¢) 1a (m+q) (M- p)

Ta lai thay rang, s6 duong di “t6t” tit A dén C di qua K 13 (”‘7) ((q 321+(]m ‘ ), s6 duong di “tot”
tu B dén D di qua K la (’J”j ?) ((” 9)+(m= ’)).

n—j
s (m+ m—+n— _ (i+] —7)+(m—1 i+j— n—j)+(m—i

Do do (") ("417) = ()G () (), |

Ta lai thay K la diém chung ctia cac cap duong di (f, g) ma ching c¢6 it nhat mot diem chung
A ‘ A ox > S ey 1 (19 ((a—9)+(m=i)Y (i+5—pY ((n—3)+(m—i)

IleI\l ta tinh dugc so cap/ duong di nay la/( J )( Al ) ( i )( ja )

Diéu nay c6 nghia la s6 cap duong di tot (f’,¢’) cing chinh bang so6 cap dudng di (f, g) ma

chiing c6 it nhat mot diém chung.

Vay s6 cap duong di (f, g) théa man dé bai chinh 1a (m”") (mt;’*p ) — (m;q) (mt’:fp). Ta c6 diéu

can chiing minh. 0

Tiép theo ta xét mot s6 khai niem mdé dau vé phuong phap quy dao

Dinh nghia 3. Cho z > 0 va y la cdc s6 nguyen. Quy dao tit goc toa do dén diém(z,y) la
dudng gap khtic néi cac diem (0,0), (1,s1),(2,82), ..., (7, s,) trong d6 |s; — s;41]| = 1, 8, = ¥.

Goi N, 1a s6 cac qui dao ndi diém 0,0 véi diém (z,y). Ta c6 cac dinh 1y sau

Dinh ly 2. N,, = (p;q) vdip =L g = 2L néu x,y cing tinh chin 1é va Ny, = 0 néu z,y

2
khdc tinh chan lé.

CHUNG MINH. Gia st qui dao gom p doan huéng lén trén va ¢ doan huéng xuéng dudi. Khi
do,tacop+q=x,p—q=1y hay p= x;y,q— =i,

Vi p va ¢ 1a cdc sO nguyén nén x,y can phai c6 cling tinh chin 1é. Do quy dao sé hoan toan
dugc xac dinh néu ta chi ra cac doan duge huéng lén trén, do d6 sé cac quy dao tit diem O
dén diém (z,y) 1a N,, = (p;q). Truong hop z,y khéac tinh chin 1é c¢6 thé thay do khong ton

tai cac s6 p, ¢ nguyén dé c6 thé thuc hien duge duong di ciia quy dao nén Ng, = 0. U

Dinh 1y 3 (Nguyeén ly déi xting guong). Gid st A(a, o) va B(B3,b) la cdc diém cé toa do nguyén
v6ib>a>0,a>0,8>0wva Ala,—a) la diem doi zing véi A qua truc Ox. Khi dé s6 cdc
qui dao ti A dén B cit truc Oz hodc ¢é diém chung vdi Ox bing s6 cic quy dao tu A dén B.
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CHUNG MINH. M6i mot qui dao T tit A dén B, cat truc Ox hoac c¢6 diém chung véi Oz ta
cho tuong ting véi quy dao T" tit A’ dén B theo quy tac sau: xét doan quy dao T tit A cho dén
diém gap nhau dau tién gita 7 va Ox va lay déi xiing doan nay qua Oz, tiép theo T va T"
tring nhau. Nhu vay mdi mot quy dao T tit A dén B cat Oz tuong ting v6i mot quy dao xac
dinh tit A’ dén B. Ngugc lai méi mot quy dao tit A’ dén B tuong ting véi mot va chi mot quy
dao tit A dén B ciat Ox (lay doan quy dao tit A’ dén B dén diém gap dau tién va lay doi xing
doan nay qua Ox).

Nhu vay, ta da thiét lap dugc song anh tit tap hgp cac quy dao tit A dén B cat Ox vao tap hop
cac quy dao tit A’ dén B. Dinh 1y dudc chitng minh. O

Ta xét tiép bai toan sau xuat hién trong IMO Shortlist 41.

Bai toan 24. Cho p,q € Z*, (p,q) = 1. H6i ¢6 bao nhiéu tap S gom céc s6 tu nhien sao cho 0
thuoc S va néu x thuoc S thi x + p, z + ¢ ciing thuoc S?

LOI GIAL. Mai s6 nguyén n bic¢u dién duy nhat duéi dang px + qy, v6i 0 < = < ¢, nén ta cé

thé dong nhat méi s6 nguyén n véi diem (z,y) trong mat phang toa do.

Y
o) 1 2 q T
-1 > . . .
_2 » L] L ] [ ]
_3 3 . . ) .
P A(g, —p)

R6 rang S chita moi diém n khong nim duéi truc hoanh, nén bai toan quy vé viéc tim s6 cach
danh dau cac diém nim trong tam giac vuong canh huyén OA véi A(q, —p), sao cho néu mot
diém duge danh dau thi nhitng diém bén phai va ndm trén né ciing duge danh dau. Ta thay
ring mdi cach danh dau nhu vay tuong ng véi mot chudi gom ¢ s6 0 va p s6 1 thé hien mot
con duong di tit O t6i A (0 la sang phéi, con 1 1a di xudng) ma ndm hoan toan trén duong OA
(dé y 1a trit hai dau mit, doan OA khong chita diém nguyén nio).

Phan hoach tat ca cac chudi thanh cac 16p, ma hai chudi bat ky trong mot 16p 1a hoan vi vong
quanh ctia nhau. D& thay mdi 16p c¢6 p + ¢ chudi, hon nita trong méi 16p chi c6 ding mot chudi
thod man. T do6 ta di t6i dap so 1a % O
Néu ta md rong bai toan ra trong khong gian 3 chiéu thi van dé sé trd nén thi vi hon rat nhiéu.

Cac dinh 1f va cac két qua ctia nhitng phép dém néi chung van tuong ti nhu trong truong hop
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hai chiéu nhung ching ta sé c6 dip dé tudng tuong, hinh dung ra cac quy dao, nhitng con dudng
di xuat hieén trong d6 va tit day, ta hoan toan c6 thé xay dung dugc nhiéu bai toan, bicu thic
phtc tap hon.
Ta xét tiép mot so ing dung khac trong S6 hoc.
Bai toan 25. Cho p,q € Z™, (p,q) = 1. Chting minh rang
2 -1 2 -1 —1)(g—1

Jz] N [_pl R {U} _ [z] N H T [@ M} _ (=Dl
q q q p p p 2
Lo1 GIAL Trong mit phang toa do Oxy, xét cac diém nguyéen nim trong hinh chit nhat duong

chéo OA, véi A(p,q). Ta thay ngay 1a c6 (p — 1)(¢ — 1) diém. Do (p,q) = 1 nén khong c6 diém
nao nam trén duong chéo, do d6 OA chia ching thanh hai phan déi xting nhau.

Yy
q A
,,,,,,,,,,, a0\ S
rrrrrrrrrrr [ 3 oyo
M
O 1 4 T

Xét phan nam dusi OA, ta thay s6 diém nam trén dudng thing z =i,0 <i < p I

- [222] -3

Do d6 s6 diém nim dudi duong chéo OA 1a
71 .
] - ==
i1 LP 2
Do tinh déi xting clia p va ¢, ta c6 diéu can chitng minh. O

Bai toan 26. V6i moi s6 duong ¢, ta goi d(t) la s6 cdc phan s6 tdi gian § ma 0 < p,qg <t

Tinh tong sau véi m,n € Z*

s=a(3)a(3) a2

LO1 GIAL. Trong méat phéng toa do Ozy, ta dong nhat mdi phan s6 ¢ (khong nhat thiét toi
gidn) v6i diém M (a,b) trong d6 a, b la cac sd nguyén duong.

Xét cac diem nguyen khong niam ngoai hinh chit nhat duong chéo AB, véi A(1,1), B(m,n).
Gia st mot dudng thang [ ndo dé qua O va chita cac diem nguyen (p, q), (2p,2q), .. ., (kp, kq)
v6i (p,q) = 1. Vi kp < m, kq < n nén suy ra

< mn < <m < < <
K k-1 ISy Sk

Suy ra phan s6 toi gian § dudce tinh k lan trong cac s6 d (%) ,d (m)

n n n
p < T

- <
5 ) sd (%) Diéu dé cho thay
S chinh 1a s6 tat ca cac diém khong nim ngoai hinh chit nhat duong chéo AB, nén S = mn. 0O
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Bai toan 27.
(a) Chitng minh rang v6i méi s tuy nhién n, ton tai duy nhat z,,y, € N sao cho

2n = (xn + yn)2 + 3xn + Yn

(b) V6i (2, yn) duge xac dinh § trén, chiing minh réng

T1+ T2+ -+ T2015 = Y1+ Y2+ 00+ Yaors = 41664

LO1 GIAL. Trong mit phing toa do Oxy, goi T, 1a diém tht n trong day diém chi ra trén hinh
vé dudi day.

Dé chiing minh néu toa do cta T}, 1a (2, y,) thi (2, + yn)? + 37, + yn = 2n. Tt d6 cau (a) 1a
hién nhién. Bay gio ta chting minh cau (b).

L . 2015 015 2015
De ¢ rang Ty015 1a diem thit 62 trén truc hoanh va 7 O? (Z X, Z yl>

Goi ¥ la vector duong chéo ctia hinh vuong don vi, dé thay tong cac vector 07 Vv6i cac diém

T; nam trén canh huyén ctia tam gidc canh & vuong can tai O bang ~~— k“ . 7. Do d6
T o

= —(1-242-34--+62:63) = 5 —-(1-2:(3—-0)+2-3-(4—1)+- - -4+62:63-(64—61)) = 416640
Ta c6 diéu can chiing minh. 0

Tai liéu tham khao

[1] Nguyén Van Mau, Chuyén dé To hgp va roi rac, NXBGD, 2007.
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http://forum.mathscope.org/index.php

PHUONG PHAP HAM SINH

Hoang Minh Quan'!

1. Tém tat ly thuyét

1.1. Dinh nghia

Dinh nghia 1. Ham sinh ctia day s6 thuc ag, a1, as, . . ., a,, ... 1a ham s6 dude xac dinh béi

G(z) = ap + a1x + asr® + -+ apz™ + - -

Dinh nghia 2. Cho day s6 thuc ag, a1, as, ..., a,,... Ham s6 cho bdi cong thitc
& n
x
G(x) = Z U
n=0
dugc goi la ham sinh dang mu cta day ag, aq,as, ..., 0y, . ..

1.2. Mot sb ding thirc lién quan dén ham sinh

1
—— =14z +a*+2°+---
11—z
—— =1+20+ 32 + 42 -
(1-2)?

1 nn+1) , nn+1)(n+2) , N ;

=0

! =l-ao+a2* -2+
1+=z
ﬁ:1+2a1’+3a2x2+4a3x3+-~

—ax

1 r 2r 3r
1_ﬂ:1—|—x +ao a4

Hai meénh dé thuong dugc sit dung :
Ménh dé 1. Cho ham sinh G(z) = (1 +z + 2%+ --- ).
(a) Ddt a, la hé s6 cia x" trong khai trién cia G(z) thi a, = C"

r4+n—1 ;

(b) (1—a™)"=1—Cla™+ C2?™ — ... 4 (=1)"ax™;

)

1Gio vien truong THPT Ngoc To, Ha Noi.

33
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(c) l+x+2*+-+am ) =0—-2")"(1+x+2*>+ )"

Ménh dé 2 (Cong thiic xac dinh he s6 tich ctia hai ham sinh). Cho hai ham sinh ciia hai déy
(an), (bn) lan lugt la
A(x) = ap + a1z + agax® + - - -

B(z) = by + byx + box® + -+ -

G(ﬂ?) = A(%)B(l’) = (CLO +a1xr + a2x2 + - )(bo + blilf + 621'2 + - )
= apby + (a1 + a1by)x + (agbs + a1by + CLQbo)ﬂUQ + (agbs + a1bs + azby + aob3)$3 + .-

Khi dé hé sb ciia " trong khai trién cia G(z) la
CLobT + albr_l + CLgbr_Q + -+ ar_ng + CLr_lbl + Clrbo (*)

Cht y. Trong céc vi du tng dung ham sinh dé giai bai toan dém nang cao ¢ phan II ching ta
rat hay st dung dang thic (x).

- ?

2. Ung dung ham sinh giai cic bai toan dém dién hinh

2.1. Ung dung ham sinh giai bai toan chia keo Euler

Y tuéng chung ciia phuong phép st dung ham sinh giai bai toan dém la di tim he s6 cia z”
trong khai trién ctia ham sinh v6i r 14 s6 phan tit duge chon ra trong n déi tugng véi nhiing
diéu kién rang budc cho trude. Bay gio ching ta sé van dung nhiing kién thitc ham sinh trén
vao viec gidi quyét cac bai toan dém to hop nang cao. Thong qua nhiéu vi du khac nhau duéi
day chung ta sé& dinh hinh v& ndm chic duge cach st dung ham sinh trong viéc gidi bai toin

dém t6 hop nang cao.

Vi du 1. Vao ngay nghi chi nhat, ¢6 Hoa di choi va mua qua la 12 qua cam cho 3 dia tré An,
Binh, Chi.Héi c6 Hoa c6 bao nhiéu cach phan phoi 12 qua cam sao cho An c6 it nhat 4 qua,

Binh va Chi mdi ngusi déu c6 it nhat 2 qua, nhung Chi khong duge nhiéu hon 5 qua?

LO1 GIAI. Ham sinh cho s6 cach chon qua cho An 1a

1— 5
A(:c)::c4—|—x5—|—a:6+x7+1:8:a:4(1+:c+x2+:1:3—|—:c4):x4~1 i
—x
Ham sinh cho s6 cach chon qua cho Binh 1a
2 3 4 5 6 2 2 3 4 2 1—z°
Bz)=z"42"+a" +2°+2 =z (1+z+a°+2°+2°) =2 N
—x
Ham sinh cho s6 cach chon qua cho Chi la
11—zt

Clx)=2+2°+2' +2° =21 +2+ 22 +2%) =22 0
—x
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Ham sinh cho s6 cach phan phdi 12 qua cam théa méan dicu kién dé bai 1

Olw) = A@)B@CE) = o' 7= o = o = = T

— 21— 227 4+ 2)(1 — :c4)< ! )3

z—1

1 3
:(xs—x12—2x13+2x17+x18—x22)< 1)
x_

Do can tim hé s6 ctia 2'? trong khai trién ctia G(x) nén ta chi quan tam t6i hé s6 ctia U(z) =
(28 — 212 — 2213 4 2217 + 218 — 222) v6i bac < 12. Do d6 U(w) chi ¢6 cac he s6 ag, ais 1a thoa
man.

Va hé sb clia 2" trong khai trien V(z) = (ﬁ)g la b, = CJ .

Vay hé s6 ctia 2'2 trong khai trién ctia G(x) 1 agby + a19by = 1.C4 — 1.CY9 = 14.

Két luan : Co6 Hoa c6 14 cach phan chia 12 qua cam cho 3 dita tré théa man yéu cau An c6 it
nhat 4 qua, Binh va Chi méi ngusi déu c6 it nhat 2 qua, nhung Chi khong duge nhiéu hon 5
qua. O

Nhan xét. Thoat nhin ban dau chting ta thay cich giai bang liét ké cho 15i giai ngan gon hon
cach ham sinh nhung suy nghi sau thém chtng ta sé thay doi véi bai toan c6 dit kién 16n thi
cach lam liét ké té ra kém hiéu qua tham chi khé lam ra dugc, chéng han bai toan trén chung
ta thay doi mot chit nhu sau : “Vao ngay nghi chti nhat, c6 Hoa di choi va mua qua 1a 50 céi
keo cho 3 dia tré An, Binh, Chi.H6i c¢6 Hoa c6 bao nhiéu cach phan phéi 50 céi keo sao cho
An c6 it nhat 4 keo, Binh va Chi mdi ngudi déu c6 it nhat 2 keo, nhung Chi khong dude nhicu
hon 5 keo?”

RO rang cach lam liet ké doi vai bai toan nay trd nén kém hieu qué, khoé khan va mat thoi gian
hon rat nhiéu vi ching ta phai xét qua nhiéu truong hop. Khi dé gidi phap ham sinh trong bai
toan nay dem lai cho ching ta hiéu qua ro rét vi ching ta chi can quan tam t6i hé s6 trong
khai trién ctia ham sinh tuong ting dé bai.

Trong thic tién thi dit lieu rat da dang, véi nhitng bai toan dém c6 nhiéu diéu kién rang buoc

khac nhau viéc sit dung ham sinh sé cho chiing ta 16i giai hiéu qua.

Vi du 2. C6 bao nhiéu cach xép mot gié gom n trai cay gom (tao, chudi, cam,dao), sao cho
sO tao phai 1a chan, s6 chudi chia hét cho nam, chi c6 thé nhic¢u nhat 4 qua cam va nhiéu nhat

1 qua dao.

LO1 GIAL. Ham sinh cho s6 cach chon qué téo (s6 chén) 1a

1
A -1 2 4 6 e —
(x) +x* 4zt + 2+ 2
Ham sinh cho s6 céch chon qua chubi (s6 chia hét cho 5) 1a
1
B prm— 1 5 10 15 o e e —
(x) +a°+a o+ T —
Ham sinh cho s6 cach chon qua cam (nhiéu nhat 4 qua) 1a
1—2°

Cla)y=1l+z+2°+2°+2" = 1
— T
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Ham sinh cho s6 cach chon qua dao (nhiéu nhat 1 qud) la

1 — a?
D p— ]_ p—
(x) +x T2
Ham sinh cho so6 cach chon ca 4 loai qua la
1 1 1-2° 1-2? -
G(z) = A(x)B(x)C(z)D(x) = . . . = = )z
(©) = A@BEIC@WDE) = 1= = Ty 1oy G~ O
Vay s6 cach chon trai cay théa man dé bai la n + 1 céch. O

Vi du 3. C6 bao nhiéu cach chon ra 15 USD tit 20 ngudi néu 19 ngusi dau, mdi ngusi ¢ thé
dua ra nhiéu nhat 1 USD, ngudi thit 20 c6 thé dwa ra 1 USD hodc 5 USD hoac khong USD nao.

LOI GIAI. Ham sinh cho s6 cach chon nhiéu nhat 1 USD tit 19 ngudi 1a
Alx) = (1+z)"
Ham sinh cho s6 cach chon 1 USD hodc 5 USD hoiic khong USD nao 6 ngudi thit 20 1a
B(r)=1+z+2a°
Ham sinh cho s6 cach chon ra 15 USD la
G(x) = A(@)B(a) = (1 +2)°(1 + 2 + 2°)

Chiing ta tim hé s6 ctia 2'® trong khai trién ctia G(x).

(1+2)! ZC’lgx

Dat a, 14 hé s6 ciia 2" trong khai trién ctia A(x), b, 1a hé s6 ctia 2" trong khai trién ctia B(z).
Khi dé ta c¢6 a, = C7y va by = by = bs = 1.

Vay he s6 ctia 2'° trong khai trién ctia G(x) 1a

Ta co:

a1500 + a14by + a13be + - - - + apbis

Ta c6
__ 115 14 10 __
a15b0 + a14b1 + a10b5 = 019 + 019 + 019 = 107882

Vay c¢6 107882 cach chon ra 15 USD thdéa man dieu kién dé bai. O
Vi du 4. Tim s6 nghiém nguyén duong clia phuong trinh
u+v+w+z=27 v6i 3 <u,v,w,z <8
LOI GIAI. Ham sinh cho s6 nghiém nguyén duong ctia phuong trinh 1a
G(r) = (2* +2* + -+ 2°)*
= [l +a+a® 4+ +2°)
:$12<1+$+I2+”'+CL’5)4
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S6 nghiém nguyén duong ctia phuong trinh 1a hé s6 ctia 227 trong khai trién ctia G(x) va 1a hé
s6 ctia o trong khai trién ctia H(z) = (1 + 2 + 22 + -+ + 2°)%.

Ta c6

H(zx)= (142424 +a%) = (1—966)4:(1_336)4( 1 >4

11—z 11—z
Dit A(z) = (1 —2%)%, B(x) = (ﬁ)él. Ta c6

A(w) = (1— 2% =1 = Cla® + 212 = Cla™ + 2™

B(z) = (

4
: ) =1+ Clo+C22? + C32® + - -
— X

Do tim hé s6 ctia z'® trong khai trién ctia H(z) nén ta chi quan tam t6i he s6 ctia A(z) véi bac
< 15.Do d6 A(z) chi ¢6 cac he sb ag, ag, aipla thoa man.

Va hé sb clia 2" trong khai trien B(x) = (ﬁ)élla by =Cl 4 =Cl .

Vay hé s6 ctia 2'° trong khai trién ctia H(x) 1a
aohis + aghy + a12by = 1- Cg — C1CY, + CICF
Vay s6 nghiém nguyén duong ctia phuong trinh 1la Cf3 — C1CY, + C2C3. O

Vi du 5. Phuong trinh
£L'1+£C2+LC3+£C4+SC5:30

¢6 bao nhiéu nghiém nguyén duong théa méan
0< 21,00 <10;3 < w3, 24,05 <5 VA T1,79 chan
HUGNG DAN. Ham sinh cho s6 nghiém nguyén duong clia phuong trinh 13
G(z)= (1+ 22+ 2t + -+ 297 (2 + 2* + 2%)°

3

Cong viéc tim hé s6 2% xin danh cho ban doc. O

2.2, Ung dung ham sinh chiéng minh ding thitc td hop
Vi du 6. Chitng minh déng thtic sau véi n 1a s6 tu nhién
2 2 2
n +n +”_+n :2n
0 1 n n
LOI GIAL Xét da thiic (14 2)?" ¢6 he sb clia 2" la (*"). Mat khéc ta c6
(1+2)*=1+2z)"(1+a2)"

Xét ham sinh G(z) = H(z) = (1 + )" ¢6 hé s6 a, = b, = (7). He 86 2™ clia G(z)H () la

2 2 2
aobn+a1bn,1+---+anbgz " + " + -+ "
0 1 n

Vi vay ta co
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Vi du 7 (Dang thitc Vandermonde). Chiing minh dang thic sau v6i r» < min{m,n}

zm: m n _[(m+n
k)\r—k) r
k=0
LO1 GIAL Dua vao ¥ tudng 1oi gidi vi du ??? ban doc c¢6 thé tu chitng minh ding thitc Vander-

monde. g

Vi du 8 (China 1994). Chiing minh dang thiic

2 () - )

LOr GI1Ar. Ta c6 (LEJ) Ia he s6 tu do trong khai trién (1 + z)(x 4+ 271)*.
2

Khi d6
Zn: (Z)(l + ) (a:+ i)kQ"—k = (1 +x)zn: (Z) (:H é)k2n—kz

k=0 k=0

:(1+x)(z+x+%)n

1
= —(1+2)2r+2*+1)"
xn

1
— 1 2n—+1
:v”( + )

o) =
—~\k 5] n
Vi du 9. Chitng minh cac s6 Fibonacci c6 thé dude viét dudi dang

e () (1))

Lo1 G1Al. Ching ta da biét cong thic dang truy hoi ciia s6 Fibonacci

F=F=1
,n=3
F,=F,_1+F,_»

So sanh hé sb tu do ta co

bat G(z) 1a ham sinh cho day (F),) va gia si Fy = 0. ta co:

G(ZE) = F0+F1{E+F2[E2+F3{L‘3+"'
—2G(1) = —Fyx — Fla® — Foa® — -+
—2°G(x) = —Fpa® — Fla® — Fyr* — -

Cong vé v6i vé ba diang thiic trén, ta c

(1—z—2°)G(z) = Fy+ (FL — Fy)x + (Fy, — By — Fy)z® + - --

I
8
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Do do6
T
Gz) —
(z) 1—z—2?
Ta viét lai G(z) nhu sau:
! ! l+z(l+a)+2*(1+2)’+-+a"(1+a)"
l—z—22 1—2z(1+u2)
Hé s6 ctia 2™ trong khai trién cudi 1a () + (") + (%) + . 0

2.3. Ung dung ham sinh giai bai toan phan hoach

Mot phan hoach ctia s6 tu nhién 7 13 mot cach viét » thanh tong clia cac sé nguyén duong hay
mot bo s6 khong thit tu (a;) théa man > a; = 7.
Vi du vé phan hoach :

2=1+1

3=24+1=1+1+1

4=3+1=2+2=2+4+1+1=1+1+1+1
0=4+1=34+2=3+1+1=24+24+1=2+1+1+1=1+1+1+1+1

Dit ey, 1a s6 nguyén duong thanh phan xuat hién & lan. Ta c6
ley +2e9+ -+ key+---+re. =r
Xay dung ham sinh cho phuong trinh trén ta c6

Glz)=(1+z+2>+2°+- 42" +--+)
x(1+a?+2* 424+ -+ +..)
x (T+a*+28 427+ +2%+...)

x (1+ab+ o2 4% . g )

Vi du 10. Xay dung ham sinh dém s6 nghiém nguyén duong ctia phuong trinh
204+ 3y+5z=r v6i z,y,2>0
LO1 GrAr. Ham sinh cho phuong trinh trén 1a
(T+a2>+2' +- -+ 21+ 2> + 2+ + 2> (1 +2° + 20 + - 4 27
0

Vi du 11. Héi c6 bao nhiéu cach doéi t3 500 nghin dong thanh cac td 1 nghin, 2 nghin, 5 nghin,
10 nghin, 20 nghin.
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HUGNG DAN. Bai toan da cho quy vé dém s6 nghiém nguyén duong clia phuong trinh
xr, + QZEQ + 51‘3 + 101’4 -+ 201’5 = 500

S6 nghiém nguyen duong ciia phuong trinh chinh 1a hé s6 ciia 2°°° trong khai trién ctia ham

sinh

Glz)=(1+z+2"+- )1+ +2* +- ) 1+2"+20+--+)
x (T4+2+2*+- )1+ +20+--)
1
(1—2)(1—22) (1 —2%) (1 —219) (1 — 220)

O

Vi du 12 (China 1996). Cho n la s6 nguyén duong. Tim s6 da thic P(x) véi he s6 thuoc
{0;1;2;3} théa man P(2) =n.

LOT GIAL Dat P(z) = ag + a1z + apx? + -+ - + apa® + - - -
Theo gia thiét P(2) = n nén ta c6 ag + 2a; + 4as + -+ 2Fa, + - =n v6i 0 < ap < 3.
Chung ta xay dung ham sinh:

Glx)=1+z+22+ )1+ 22 + 2" + 2% (1 +2* + 2% +2'%) - -

=11 (1 2?22 m3(2k)>
k=0

0 1— a2 (1—x)(1—2a?)

11 +1 1 +1 1

Cdl-z 2(1—2) 4l+uz

=~ (/1 1

— _ __1n 1 n
(4+4( )"+ S+ )>a:

k=0

Vay ¢6 > (2 4+ 1(=1)"+ 1(n+ 1)) da thic théa man dé bai. 0
k=0

3. Mét sb bai toan téng hop

Vi du 13. Huan luyén vién bong da c6 n cau thu tap luyén hang ngay. Dau tién huan luyén
vién chia cac cau tht thanh 2 nhém va yéu cau cac cau thit méi nhom xép thanh hang. Nhém
thit nhat c6 thé chon do da cam, do trang hodc 4o xanh, nhom thit hai c6 thé chon 4o dé. Hoai

c6 bao nhiéu cach thic hién cong viéc chon 4o nhu thé.

HUGNG DAN. Gia sit huan luyén vién chon & ngudi tit nhom thi nhat. Dat ay, 1a s6 cach ma

k ngusi nay chon cac 4o mau da cam, trang, xanh va nhom xép thang hang nén co6 a; = k!3*.
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Do dé ham sinh liiy thita cho ay 1a

k
1
Alw) = Y M3F o =

R 1—-3x

Tuong tu dat by, 1a s6 cach chon m ngudi tit nhém thit hai xép hang thing va chon ao do, ta

¢6 b,, = m!. Ham sinh cho day b,, la

x™ 1
Blz)=) ml— =

11—z
m=0

Vay ham sinh cho ca 2 nhém chon ao la

1 1

Glr) = A@)B) = 5 17—

Dén day ban doc chi can tim hé s6 clia Z- trong khai trién G(z) 1a xong.
n!(3"+1—1)

Dap s6 : 0

Vi du 14. Cho r d6 vat. H6i ¢6 bao nhiéu cach phan phdi r do vat khac nhau vao trong n cai

hop sao cho khong ¢6 hop nao rong.

LO1 GIAI. Ham sinh liy thita cho s6 cach phan phdi r do vat la

2 a8 "
- (o202

Do d6 ta c6 a, = Y (—=1)"(})(n — )" 0
i=0

Vi du 15. Cho s6 tit nhién 7. Dém s6 phan hoach r gdm cic thanh phan xuat hién cac s6

1,2,3,5,7.

HUONG DAN. Xay duyng ham sinh

1
(I—2)1—22)(1—23)(1 —2°)(1 —27)

G(z) =

U

Vi du 16. C6 bao nhiéu cach phan phéi 25 qua béng giong hét nhau vao bay hop rieng biét
sao cho hop dau tién c6 khong qua 10 qua béng va sé bong 1a tily ¥ & moi hop trong sdu hop

con lai.
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LOI GIAI. Ham sinh cho s6 cach phan phéi r qua béng vao bay hop riéng biét sao cho hop dau
tien c¢6 khong qua 10 qua bong la:

Gx)=1+z+2°+23+- -+ 200+ +2°4---)°

- (11_—$;1> <1ix>6 = ‘fl)(lix)?

bat A(z) =1— 2", B(z) = (£ )7.

1—x

Chung ta c6 hé s6 khac 0 trong ham s6 A(x) 1a ap = 1;a1, = —1.

o0
Va B(z) = (&) = ZOC;+6 nén he s6 cia 2" 1a C7_.
r=

Vay hé s6 ctia 2?° trong khai trién ctia G(x) 1a aghes + a11by = O — Ot = 697521.
Vay ¢6 697521 cach phan phdi 25 qua bong giong hét nhau vao bay hop riéng biét sao cho hop

dau tién c6 khong qua 10 qua bong va sé bong 1a tity ¥ 6 mdi hop trong sau hop con lai. [

Vi du 17. C6 bao nhiéu cach chon 25 do chai tit bay loai dd choi khac nhau sao cho méi loai
do chai ¢6 tit 2 dén 6 do choi duge chon.

LOI GIAI. Ham sinh cho s6 cach chon r do choi tit bay loai do choi khac nhau sao cho méi loai
c6 tit 2 dén 6 do choi duge chon la:

G(z) = (2* + 2% + 2* + 2° + 2%)7
= [*(1+ 2+ 2° + 2° + 2] = 2M(1 + 2 + 2°2° + 2*)"

Dé tim hé s6 ctia % trong khai trién ctia G(z) thi ching ta tim hé s6 ctia 2! trong khai trién

1—=x 1—=x

H<I>=<l+w+w2x3+x4>7=(1_365)7:(1-;)7( : )

1—2z

1\ &
B(:zc):(l_];) =Y 0l g’
r=0

Do tim hé s6 ctia z'! trong khai trién ctia H(z) nén ta chi quan tam t6i he s6 ctia A(z) véi bac

Aw) = (125 B) = (2 )

< 11.Do d6 A(x) chi ¢6 cac hé s ag; as; aip 1a thdéa man. Va hé s6 clia 2" trong khai trién B(r)
la b, = Cl .

Vay hé s6 ctia #!! trong khai trién ctia H(x) 1 agbiy + asbs + a1oby = Cit + (—=CHCS, + C2CL =
6055. 0

Vi du 18. Tinh tong
S=1"4+224+3+.. - 4+n?

Lo1 GIAL. Xuat phat tir ham sinh

ﬁ:1$+2$2+3$3++7°$7n+
— X
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Ta cb

d xXr l’(]_—l—l’) 2 2 9 2 3 2
— — =120 42202 1323 42T
l’( 1‘(1 x)2) (1 x)3 s xXr X rex

Nhan ca 2 vé ctia dang thitc cubi véi 2 ta co

20(1 + x)

=

:2(12£E+22:E2+321‘3+---+T2xr+---)

Vay he s6 a, = 2r%. Ta ¢6 can tinh 3(ag + ay +as + -+ + a,).

Ta cb

o\ G2 _x(x—kl)_x oVt 21— )

Heé s6 ctia 2™ trong khai trién z(1 — 2)™* 1a he s6 ctia 2™ ! trong khai trién (1 — z)™%.

Hé s6 clia 2" trong khai trién 2%(1 — x)~* 1a hé s clia "2 trong khai trién (1 — z)™*.

Do d6 . ((n _i)j;l _ 1) N ((n —s)j; B 1) = (n ; 2) - <n _g 1)

Vi du 19. Trong mot tui sach ciia Long c6 chita bao gom 10 chiéc nhan vang, 20 chiéc nhan
bac va 30 vien kim cuong.Hoi Long c6 bao nhiéu cach chon ra 30 do vat dé dem ban, biét ring

mdi loai trang stic c6 it nhat 1 do vat dudce lay ra.

LOI GIAI. Ham sinh cho s6 cich chon it nhat mot chiéc nhan vang duge chon 1a
M(z)=a+2>+2°+- + 2%

Ham sinh cho s6 cach chon it nhat mot chiéc nhan bac duge chon 1a
Nz)=z+22+23+-- -+ 2%

Ham sinh cho s cach chon it nhat mot vien kim cuong dude chon 1a
Pa)y=z+2*+2°+ -+ 2%

Vay ham sinh cho sb céch chon 30 dd vat dé dem béan, biét ring méi loai trang stc c¢é it nhat
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mot do vat duge lay ra la:

G(x) = M(x)N(x)P(z)
=@+ +2° 4+ +20)@+”+ 2+ )@+ + 2+ 42
=2l +ae+a°+ - +2)l+a+22+ - +2") 1 +a 427+ +2%)

31—.2710 1_x20 1—3730

=z . .
l—2z 1—2 1—=z

23(1 — 219)(1 — 22°)(1 — 2%°)

(1—a)°
B x3(1 — 20 _ g0 4 x30)(1 _ x30)
(1—x)°
B 173(1 — 30 _ 20 4 250 _ 210 4 40 4 430 _ 1.60)
(1—2)°
x3(1 — 10 _ 220 4 40 4 450 _ 1:60)
B 1-a)°
_ (:Eg—x13—x23+x43+x53—x63) 1 ;
(1—)
B x3(1 — 10 _ 220 + 240 + 290 x60)
(1-a)°
_ (;1:3 BBy 243 458 x63) 1 .
(1— )

Dat A(z) = 23 — '3 — 22 + 28 + 273 — 2%, B(z) = —5(111)

Hé s6 khac khong va c6 bac nho hon 30 cia A( )1a ag = 1;a13 = —1;a03 = —1.
Trong khi d6 B(x) =

Z 1 Z " ox" c6 he sb cla 2" 1a b = Cr,.

Vay heé s6 ctia 230 trong khal trlen ctia ham smh G(z) la
asba7 + a13b17 + agsbr = 02297 — Cllg — Cg =199

Vay Long c6 199 cach chon 30 do vat dé dem ban ma mbi loai trang stc c6 it nhat mot do vat

dudc 14y ra. 0

Vi du 20. C6 bao nhiéu cach phan hoach s6 tu nhién n thanh cidc thanh phan gom cac s6
nguyén duong 1é khac nhau?
HUGNG DAN. Bai toan trd thanh tim hé s6 clia 2™ trong khai trién ctia ham sinh

1 1 1 1
l—2 1—2%3 1—2% 1—27

Vi du 21. Phuong trinh sau c6 bao nhiéu nghiém nguyén?

ut+v4+w+z=20 véi u=>0,v=>0w=2m,z=2k+1
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Hud6NG DAN. Xét ham sinh

Ga)=1+o+22+23+2* + - P21 +ar+2?2 +2t + )1+ 22+ 2+ 2"+ )

Vi du 22 (Dang thiic Pascal). Chitng minh ring

n\y (n-—1 n n—1
k) \ k k—1
LO1 GIAL. Xét ham sinh G, (z) = (1 + 2)™. Ta viét lai nhu sau :
Gua)=(1+2)"=1+2)1+2)" ' =1+2)Gp1x =G, 1(x) +2G,_1(7)

Dé y réing : He s0 ctia 2* trong khai trién G,,(z) = (14 )" 1a (}), con he s6 ctia 2* trong khai
trien Gpo1(2) + 2Gha(z) 1 (1) + (12))-

Vay () = (") + (2)- 0
Vi du 23 (PTNK 2009). Tim s6 tat cd céc s6 c¢6 n chit s6 lap tit cac chit s6 3,4,5,6 va chia
hét cho 3.

L3I GIAL. Mot sb chia hét cho 3 néu tong céc chit s6 ctia né chia hét cho 3. Mbi chit s6 c6 thé
1a 3,4,5,6. X6t ham sinh G(z) = (23 + 2* + 25+ 2%)" = go + 12 + G22° + -+ - + G z®"

Goi s6 tat ca cac s6 c6 n chit s6 1ap tit cac chit s6 3,4, 5,6 va chia hét cho 3 1a S,, thi S,, chinh
13 tong cac heé s6 clia cac s6 mil chia hét cho 3.

Goi £ = ¢’ 1a cin bac ba nguyeén thiy ctia phuong trinh 22 =1, ta ¢c6 €2 +¢ +1 = 0. Suy ra
G(1) +G(e) + G(*) =3go+ (L +e+e")g + (L +e+e”)ga +3g5 + -
=3(go+9gs+g6+--+) =35,

Vay

S, == (G(1) + G(e) + G(e%))

[(I+14+1+1)"+ (2 +14+e+1) "+ (e+1+>+1)"]

Wl W~ W|

=-(4"+2)
U

Vi du 24. Cho s6 nguyén duong n. Goi «, 1a s6 cach phan tich n thanh téng cac sé tu nhien
18, 3, 1a s6 cach phan tich n thanh tdng céc s6 tu nhién doi mot khac nhau. Hay chiing t6 rang
ap = ﬁn
LOT GIAL. Xét ham sinh F(z) = ] (142" +2¥ +2%4...).
ieN,i 18
Heé 86 clia 2™ trong khai trién ctia F(x) chinh 1a ay,.
Xét ham sinh G(z) = (1+2) (1+2%) (1 4+ 23)---.
Hé s6 ctia 2™ trong khai trién ctia G(z) chinh 1a ,.
Taco Flz) = Ly Lo vaGe) =120 1oy et L Lo 1,

1-2 1—23 1-—25 -z 1—2% 1—23 -z 1—x3 1—2°

Do d6 F(z) = G(z) hay o, = f,. O




66

Vi du 25 (IMO 1998 Shortlist). Cho day sb ag,as,as, ..., a, la diy s6 khong gidm sao cho
moi s6 tu nhién déu c6 thé bicu dién duy nhat dudi dang a; + 2a; + 4ay v6i i, j, k 1a céc sb tu

nhién khong nhat thiét khac nhau. Tim a;gos.

Lor crAr. Xét ham sinh G(z) = 2% + 2% + 2% 4 - - -
Ta cé G(.ZUQ) — ano + Z’Qal + ang 4+ - va G(CLA) — CC'4a0 + x4a1 + x4a2 N
Vay ta c6 ham sinh F(2) = G(2)G(2?)G(2?) = Y p%it2aitia
ik
Theo gia thiét: Moi s6 tu nhien déu c6 thé bidu dién duy nhit dusi dang a; + 2a; + 4a, v6i
i,j, k 1a cac s6 tu nhien khong nhat thiét khac nhau nén ta c6 thé bicu dién

1

Flx)=1l+z+2°+2°+. . =
1—=

T do ta co:

1 1 1

:1—x2_1—x.1+a:

Vi thé S8 =1+ hay G(z) = (14 2)G(2®) = (1 +2)(1 + 2%)G (™) = - -
Vay G(z) = (1 +2)G (%) = (1+2)(1 +2%)G(@%) = (L +2)(1+2%) (1 +2%)G (™) -

Ta ¢6 a; 1a s6 tu nhién nén viét theo co s6 8 thi duge biéu dién béi cac s6 0 va 1. Do do ta
biéu dién 1998 theo co s6 2 , rdi thay co s6 2 bdi co s6 8. Ta c6 1998 = 111110011102y. Do do

(1008 = 11111001110 g). 0

Vi du 26. Tim s6 cic tap con ctia tap {1,2,3,...,2003} sao cho tong cac phan tit cia chiing
chia hét cho 5.

HUONG DAN. Xét ham sinh G(z) = (1 4+ 2)(1 + 2?)(1 + 2?) - - - (1 + 2209).

Gia stt khai trién duge G(x) = > a,z". Ta can tinh téng cac hé s6 c6 s6 mii chia hét cho 5,
tice 1a tinh ag + a5 + a9 + - - -

Dap s6 : 1(22003 4 9101, .

4. Cac bai tap tu luyén
Bai tap 1. Tim s6 nghiém nguyén duong ctia phuong trinh
ut+v+w+z=20,1<u,v,w,z <7
Bai tap 2. Tim s6 nghiém nguyén duong ctia phuong trinh
utv+w+2z=20 v 1<u<<43<v,wz<8

Bai tap 3. C6 bao nhiéu ciach phan phdi 10 qua bong gidng nhau cho 2 cau bé va 2 co bé sao

cho méi cau bé dude it nhat 1 qui béng va mdi ¢o bé dude it nhat 2 qui bong?

Bai tap 4. Co Trang c6 25 bong hoa va 4 1o hoa. Hoéi c6 Trang c6 bao nhiéu cach phan phoi

25 bong hoa vao 4 lo hoa sao cho méi lo ¢6 it nhat 14 3 bong hoa va nhiéu nhat 13 7 bong hoa.
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Bai tap 5. Hdi c6 bao nhiéu cach chon 25 qua béng gom 3 loai bong, xanh, dé, trang sao cho
s6 bong do chon nhiéu nhat 1a 2, s6 bong xanh chon nhiéu nhat 14 3 va s6 béng trang chon

nhiéu nhat 1a 4.

Bai tap 6. Mot cau bé dugce cha tang 30 vién bi lam do choi. Héi cau bé c¢6 bao nhiéu cach
phan phdi 30 vién bi d6 vao 5 cai hop sao cho hai hop dau c6 chita s6 chén vién bi va s6 bi
trong mdi hop dé khong vuot qua 10 vién, va s6 bi trong mdi hop con lai ¢6 it nhat 3 vien va

nhiéu nhat 1& 5 vién.

Bai tap 7. C6 bao nhiéu cich suu tam 24 con tem tit 4 ban nam va 6 ban nit.Biét rang moi
ngudi c6 it nhat mot con tem nhung mdi ban nam c6 nhiéu nhat 4 con tem con mdi ban nit ¢6

nhiéu nhat 7 con tem.

Bai tap 8 (IMO 1995). Cho p 1a mot sd nguyen t6 16. Tim sb cac tap con A clia tap hop
{1,2,...,2p} théa man

i) Tap A c6 ding p phan ti.
ii) Tong cac phan tit clia tap A chia hét cho p.

Bai tap 9. Ching minh ring s6 cach them dau ngoic vao vao tich gom n + 1 nhan tit 1a s6

Catalan C,, = —L-C?

n+1"2n"
Bai tap 10 (Rookie Contest 1990). Cho n la s6 nguyén t6 va ay, as, . . ., a,, 1a cac sd nguyen
duong. Goi f(k)1a s6 cac bo m s6 (¢, ¢, ..., ¢p) thoa man dieu kien 0 < ¢; < a; va ¢ + ¢ +
co++ ¢y = k (mod m). Ching minh rang f(0) = f(1) = --- = f(n — 1) khi va chi khi n | a;
v6i j nao d6 thuoce {1,2,...,m}.

Bai tap 11. Tim hé s6 ctia 2'® trong khai trién
A+a*+ 2% +27+-)7

Bai tap 12 (AMM 2010). Chitng minh riang véi moi s6 nguyén duong n ta c6

an M 2

—(2k+1)(51)  (2n)!(2n+1)!
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PHUONG PHAP HAM SINH

Lé Hitu Phusc!
Tran Nguyén Qubc Cudng?

1. Co s@ ly thuyét

1.1. Ham sinh

Dinh nghia 1. Cho mot day (a,)ns0, khi d6, ham s6 f xac dinh nhu sau:

duge goi la ham sinh béi day (ay,)nso-

RS rang cic he s6 cta f cho ta thong tin ctia day (a,)nso-
Cac phép toan. Cho ham f sinh béi day (a,)n>0 v& ham g sinh béi day (by,)n>o. Khi do ta c¢6
cac phép toan thuong dung sau:

e Phép cong:

o0

f(2) + g(2) = 3 (a;+ b))’

=0

Day 1a ham sinh ctia day (a, + bp)n>o-

e Phép nhan:

fx) x g(x) = Z cia'

Trong d6 ¢; = Y axb;—k.
k=0

Tu day ta ciing suy ra duge phép nhan véi hing s6.
e Phép chia: Khi by # 0 ta c6 thé dinh nghia dugc phép chia:

@) _ p0y x g@)
o = @ x 9@

Trong d6 g(x) x g(x) = 1. Didu kién by # 0 & day la diéu kien can va di dé ton tai g(z).

1SV Ci nhan Khoa hoc tai ning Toan hoc K15, PHKHTN - DPHQGHN.
2Lép 11A1, trusng THPT chuyén Lé Quy Don, Da ning.
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e Dao ham:

Ngoai ra, ta cing thuong st dung loai ham sinh khéc cua day (a,),>o sau:
F(z) =2+ 2" + 2%+ ..

V6i kiéu ham sinh nhu thé nay, ta c6 phép toan nhan nhu sau:
Cho ham F sinh béi (a,)n=0 v& G sinh béi (b, ),>0, khi do:

F(z) x G(z) = ch

ceC

trong d6 C' = {a; + b;i,j > 1}.

1.2. Mbét sb cong cu b sung
Dinh Iy 1 (Khai trién lity thita ctia mot ham). Cho ham f khd vi vo han lan trén R, khi dé:

f'(zo) f7 (o)
TR T

f@) = f(zo) + (& — 20)2 4 - - -

Dinh 1y 2 (RUF (Root of Unity Filter)). Cho so6 nguyén duong n, dinh nghia ¢ = COS%7T +
isin 2. X¢ét da thic

F(z) = ap + a1z + aga® + - - -

(ax =0 néu k > deg F).

Khi do:
ag + an + a9y + - - = %(F(l) + F(e) + F(?) + -+ F(e"™)
Dinh 1y 3. Cho p la mét s6 nguyén to, dat € = cos 27” + 7sin 27”. Khi dé, néu:
ao + are + age? + - + ap_lep_l =0
tha

ap = a1 = Az =+ = Qp_1

Céc ban nén tu chitng minh cac van dé trén (khong kho) va thuc hién khai trién liy thita doi

v6i mot s6 ham quen thuoe nhu e*, Inx,sinx,cosz, (r + 1)* véi a € R, ...
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1.3. Khai trién ciia mdt s ham

A, oo L2k
e :Zﬁ smx:Z(—l) 2k 1]
k=0 k=0
e oo 2k+1
o Q k o x
(1+2) —Z(k)x smx—Z(— ) 2k D
k=0 k=0
(1+a2)*= i (a)xk cosT = i(—l)]c o
i \F = (2R

2. M6t s6 ki thuat dung ham sinh

Thuc ra stt dung da thitc trong gidi toan khong qua xa la, ta c6 thé lay ngay vi du nhu dé

()

1=0

chiing minh

ta c6 thé xét F(x) = (14 x)" va thay x = 1; dé chiing minh:

) (n>2 - <2n>
Z i) \n
=0
ta lai xét G(x) = (14 x)?" vi so sanh hé s6 clia 2" trong hai cach khai trién.

Nhitng phan sau sé néi ré6 hon mot phan ciia viec diing da thiic dé giai toan qua cac vi du.

2.1. Tim céng thdc tdng quat cha diy sb

Vi du 1. Tim cong thiic tong quat clia day Fibonacci xac dinh béi
) fo=1fA=1

i) foie = foi1 + fn v6i moi n € N.
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LO1 GrAr. Xét ham sinh cta day Fibonacci:
i=0

=Y (fi+ fix)2™ + fiz + fo
=0

=2*F(z)+o(F(z) — 1)+ +1

Suy ra:

Ta phan tich

Trong d6 a; = 1+2‘/5, g = 1_2‘/5, nén:
i+1 i+l
1++5 = [1-+5
F — i i

Vay ta co

LO1 GgrAr. Xét ham sinh:

F(x) = Z Cyx
=0

Ta co: - -
F(z) = ZC’txt =1+ ZC’txt
t=0 t=1
oo t—1
=1+ Z Z CkCt_l_kxt
t=1 k=0
=1+ zF%(x)
Suy ra:
1++/1—4x
F(z) = —
Ta khai trién lity thita ctia /1 — 4a:
=~ 2 (2m —2
Vi—dr=1- — mn
v Z m ( m — 1 )x

m=1
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Do F(x) ¢6 he s6 khong am neén ta co:

Vay C,, = n+1( ) S6 Catalan c6 nhiéu y nghia vé mit to hgp va cac cach chiing minh khéc,

céc ban ¢6 thé tham khéo trong nhiéu tai lieu. O
Vi du 3. Tim cong thiic téng quat ctia s6 hoan vi derangement D,,.*

LO1 G1A1. Ta c6 cong thic sau:
n
n
w=3D,. ()
=0
Twong duong véi

Dn n—1 DZ
I N A
n! Zi!‘(n—z’)!

That vay, tap cac hoan vi clia {1,2,...,n} c6 thé dugce chia thanh céc tap con, ma trong mdi
tap con dé, mdi hoan vi c6 ding i diém ¢ dinh. S6 phan ti clia mdi tap con dé sé bang cach
chon ra i diém c6 dinh va hoan vi derangement n — ¢ phan t& con lai.

bat a; = % Xét ham sinh:

F(x) = Zatx =1+ Zatx

t=0
oo t—1 1 oo t—1 a
=1 1— t— — Lot
+z( ns )w RN
t=1 =0
N 1—x_zaﬂ Z(t—z)'
=0 t= z+1 1=0 t=i+1
1
= - 1)F
—— (¢~ )F()
Vay ta co
e—l?
F =
(z) 11—z
_ . i — (—2)’
=2 ')
i=0 =0
Bang phép nhan hai ham, dé dang suy ra
P ol Gt
2!
=0
Tuong duong
D, =n! (=1)
" — i!

3Hoan vi o ctia {1,2,...,n} dudc goi la derangement néu o (i) # i véi moi 1 < i < n.
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2.2. Tinh c4c téng t6 hop

Vi du 4. Cho s6 ti nhién n. Tinh téng sau:

e n
A pr—

> ()

0

LOI GIAL Dit € = cos % 4 isin 2T Khi d6:

1+e)"+(1+eAH)"+ (14+1)"

A=
3
B (_1)n<62n+€n) +2n
B 3
Néu n chia hét cho 3:
2" 4+ 2(=1)"
A= ——-— -
3
Néu n khong chia hét cho 3:
on -1 n+1
PO

LO1 GgIAL. Ta co:

Vi du 6. Cho hai s6 nguyén duong n va m théa man n > m. Tinh tong:

> (1) (%)

LO1 GIAL (i) Cdch 1. Ta c6 dang thiic sau:

(1) () -

Nhu vay:
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(ii) Céch 2. Dat

Xét ham:

n=0 n=0 k=m
co 00 n k . 00 k o) n .
220 -2 () ()
k=m n=k k=m n=~k
= [k " ™ > k zh—m
h ,; m) (1—z)  (1—z)m+ k;n <k - m) (1—z)km
B ™ . 1
(L)t (o )y
p— .Tm
o (1 — 2z)m+1

Vay hé s6 ctia 2" trong khai trién cta f la:
n
m

Vidu 7. )
20 (1) (o)

Lor ciArL (i) Cach 1. Ta ¢6 (m) 1a he s6 tu do trong khai trién (Hx) . Dat

=2 (1))

thi S 1a he s6 tu do trong khai trién:

n

Z(—l)’“(lf)(lix - $i3nkno() )"k (1 + 2)*

k=m

Do doé:
i) néum=nthi S=(-1)"
ii) néu m # n thi S = 0.

(i) Céch 2. Dit:
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Xét ham sinh:

Suy ra

Ta thu dude két qua tuong tu 10i gidi trude.

Vi du 8. Tinh tong:

Lor crAr (i) Cach 1. Dat:

Xét ham sinh:

Suy ra

Vay a,_1 = 0.

(ii) Cdch 2. Ta c6 (*'~2") 1a he s6 tu do trong khai trién

1

ey () (")
. g—m(:) f; )
()

= (;2 + 2z)"

F(z)=a2"(x+2)"

2n—2r
xh

n

2

r=0

ol

2n — 2r
n—1

1a he s6 tu do trong khai trien:

1

mnfl

Tzn;(—l)r (7:) (1+ x)Qn—Qr _ @7+ 22)"

=z(x+2)"

W77 do do:
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Ma hé s6 tur do ciia biéu thitc nay bang 0, ta thu dugc cling két qua véi 1oi giai trude. 0
Trong 10i gidi 1, ta thay lugng n — 1 thanh bién mdi 13 k, diéu nay lam diéu can chiing minh

trd nén nhiéu hon (tong quat hon) nhung lai lam tang tinh doc lap cho céac bién.

2.3. Céc bai toan dém

Vi du 9. Cho s6 tu nhién n va s6 nguyén duong m. Tinh s6 nghi¢m tu nhién (z1, o, ..., Tn)
ctiia phuong trinh

$1+$2+"'+$m=n

LO1 GIAL Goi s6 nghiém ctia phuong trinh trén 14 f,,,,, thi n6 chinh la hé s6 ctia y” trong khai

F(y) = (Zyl) = O_;y)m

St dung khai trién lily thita ta cé:

trién cua:

2000

> F(
o)=Y

Cho yo = 0 ta dugc:
N (m+i—1
F@)IZ@/( m—l)
1=0

m+n-—1
fm7n:( >
m— 1

Trong nhiéu truong hgp, x; nhan gia tri thuoc tap A; C N, khi d6 ta xét ham sinh:

T do suy ra:

Vi du 10. Andrian c6 cac dong xu Cy,Cs, . ..,C,. V6i mdi k, C), dude dic sao cho khi tung

lén, xac suat dé no xap 1a ﬁ Tung tat cd n dong xu, tinh x4c suat de s6 dong xap la 1é (biéu

dién & dang rut gon).

LOI GIAL Xac sudt dé sé dong xap 1a 1é 1a tong heé sb bac 1é ciia da thc:

Tong hé s6 nay bing




78

Vi du 11. Tim tat cd n sao cho c¢6 thé t6 mau xanh va dé cho tap S = {1,2,...,n} dé S°
chita ding 2007 bo (z,y, 2) ma x,y, z cing mau va = + y + z chia hét cho n.

Lo GIAL. Goi cac s6 duge to mau dé 1a aq, as, . . . , a, va cac s6 dude to mau xanh 12 b1, bs, . . ., b,.
Xét hai da thic:

Ulx) =a™ + 2 4 - 4 2™

V(r)=a" + a2+ 42t
Nhu vay s6 bo s6 thda man dé bai chinh 1a hé s6 ctia cac don thitc ¢6 s6 mil chia hét cho n
trong khai trién U3(z) + V?3(x).
Ta co:

Us(z) + V3(2) = (U(z) + V(2))(U*(z) = U(x)V (z) + V(2))
Dé ¥ rang:
Ux)+V(@)=a+2>+2°+-- + 2"

Véi mdi don thiic trong khai trién ctia U%(z) — U(x)V (x) + V%(z) sé ton tai duy nhat mot don
thitc trong U(x) + V(z) sao cho tich clia chiing 1a mot don thiic ¢6 s6 mi chia hét cho n. T

d6 suy ra tong céc bo s6 thdéa man dé bai la:
U?(1) —UMV(1) + V(1) = u® — uv +v?
U

Vi du 12. V6i mot tap hop A, dinh nghia s(A) 1a tong tat ca phan tit cia A (néu A = @ thi
s(A) =0). Dat
S=1{1,2,...,1999}

Vé6i 0 < r < 6, dinh nghia:
T.={T|T C S,s(T)=r (mod 7)}
Vé6i méi r, tinh s6 phan tit ctia 7).

LO1 GgrAr. Xét ham sinh:
1999

F(z) = H(a: +1)

27
7

+isin 2, ta co:

Dat € = cos -

Fle)=2"1+ )1+ ) (1+)(1+eh)
— 2285(1 + 63)

Mit khac, ta viét

6
F(e)=> |T|€
r=0

Nhu vay
To =2 =Ty =T, =T3 — 25 =T, = Ty = T
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To+ T+ T+ Ts+Ty+Ts + Ty = 219

Suy ra
91999 _ 9286

N=T=Ti=T=T="—:

21999 +5. 2285

Ty =15 = -

O day, ta ¢6 thé tinh Ty mot cach don gidn bing RUF nhu sau:

6
T():?i:OF(E)

21999 +5. 2285
= f

Ciing bang cach nay, chi can mot chit diéu chinh don gian, ta c6 thé tinh duge cac T, khac,

cac ban nén ty thuc hién viéc nay. O

Vi du 13. Cho p 1a mot s6 nguyen to6 1é va dat A = {1,2,...,2p}. Tinh s6 tap con ctia A c6

p phan tit v tdng cac phan tit ctia nd chia hét cho p.

LO1 c1A1. Dat € = cos 27” + 4 8in 2?”. Xét da thue:

2p
F(z) =]z —¢)
i=1
= (@ = 1)"
= — 2P 4+ 1
Ta viét:
2p
F(z) =) (-1)'az’
i=1
p—1
a; = Z Ai7t6t
t=0

Khi d6 ta sé thay rang A;; chinh 1a s6 tap con c¢6 2p — i phan ti va tdng céc phan ti dong du
t theo modulo p.

Ta c6
p—1
_ § : t_
CLP = Ap,te =2
t=0
Do A,; déu la s6 nguyén nén:
Apo—2=Ap1 =App =" =App

Lai c6

2
Apo+ Apr + Apa+ -+ Appa = (;)
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Suy ra

2

() +2(p - 1)
p

A —

p,0 —

0

Vi du 14. Cho p 13 mot s6 nguyéen t6 1é va n 1a mot s6 nguyén duong khong chia hét cho p.
Tinh s6 tat ca cac bo (z1,xa,...,2p-1) € {0,1,...,n — 1}?~! sao cho:

p—1

S

i=1

chia hét cho p.

LO1 GgrAr. Xét ham sinh:

Ta cb:

F(d) = —
=117
=1
Theo dinh 1y RUF ta c6 sd bo can tinh la:
120 aplypo1
SN Ry =
P p

2.4. Cac bai toan chirng minh

Vi du 15. Xét cic cap (a;, b;) € Z, x Nv6i 1 <i < k, (k> 2). Biét rdng véi mdi sd nguyen

khong am n, ton tai duy nhat mot chi s6 ¢ sao cho n = b; (mod ;). Chiing minh réng:

(a) Ton tai ¢ # j sao cho a; = aj;

(b)

M=
8-
I
\.)—‘

s
Il
—

s.
™=
N
e
I
|3
N |
L

(c)
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LO1 GIAL. Theo dé bai, ta co:

7

Twong duong

(a)

Gia st phan chiing, cac a; 1a doi mot phan biét.
V6i mdi ¢ tit 1 dén k dat:

ri=1l4az+a® - a4}

k
l‘bl(1+$al+x2az+'):1+I—|—1‘2—|—”
=1

k
A= H T
i=1
Ta co:
LA
I
i1 i
Dat a), = max{a;|1 <i <k}, e =cos2E 4+ usin 27 Zr Nhu vay ta c6 e la nghiem clia ry, va

khong 13 nghiém ctia tat ci cac r; con lal, dieu nay cho ta mau thuén véi bicu thitc trén.

Thay « = 1 trong biéu thrc:

Ta dugce

Lay dao ham ctia biéu thic:

k
2 =1
1+:v—|—:x2 -4 gai—l

=1

ta co:

].).Tai_2> 0

Zbixbi_1(1+x+~-+x“i_1)—xbi(1+2x—|—-~~+(ai—

(1+z+-- 4 axa1)?

i=1
Lic nay thay z = 1 ta thu dugc:

a; ((ll—l)

k biai_ B
D

i=1
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Suy ra:

U

Vi du 16. Tim ham sinh ctia day s6 (p,)n>1 trong d6 p, 14 s6 cach phan hoach s6 nguyen
duong n.

LOT GIAL. Trong mot phan hoach clia n, ta xac dinh mot day cac s6 tu nhién (a;);>1 v6i dinh
nghia trong phan hoach c6 ding a; phan c6 gia tri bang 1.

Nhu vay dé thiy rang ham sinh clia day (pp)n>1 s€ la:
Fao)=1+z+2°+-- )1 +22+2*+ - ) QA +22 +2%+--)- -

1
S (1 —2)(1—2?2)(1—a3)...

g

Vi du 17. Chiing minh rang s6 cach phan hoach n thanh cac phan doi mot phan biét bang s6

cach phan hoach n thanh cac phan 1é.

LO1 GIAL S6 phan hoach n thanh céc phan doi mot phan biét 14 hé s6 clia 2™ trong khai trién
Plx)=1+z)1+ 231 +2%) ...

S6 cach phan hoach n thanh cach phan 18 13 hé s6 clia 2™ trong khai trién

Qr)=QQ+z+2+ )1+ +2°+-- )1 +2°+2 +--) ...

Ta co: . - . 6
Pla)=-——+ .- —* 7%
l—x 1—2a2 1—23
1 1
Cl—x 1—a3""
1 1
Q(m)—l_x-l_xg...
Vay P(x) = Q(x), suy ra diéu can chiing minh. 0

3. Bai tap

Bai tap 1. Cho s6 tu nhién n. Tinh tong:

S ()

Bai tap 2. Cho s6 tit nhién n. Tinh tong:
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Bai tap 3. Cho m,n la hai s6 ty nhién. Tinh tong:

> (1) (1)

Bai tap 4. Cho s6 tit nhién n. Tinh tong:

i <2n> (Qk) -
2k ) \ k
k=0

Bai tap 5. Cho m,n la hai s6 nguyén duong. Chiing minh réng:
=~ (2m — k “~ (2m +1
> (o)== 2 G05)

o m-+n sy m+)

Bai tap 6. Tim cong thitc tong quat clia diy so (a,) xac dinh nhu saw: a,0 = 2n+1,a0 = 1,
véin>0vak > 1, ta co:

Ap+1,k = Ank + Qp, k-1 + -+ An0
Bai tap 7. Cho so ty nhién n. Biét ring cac phuong trinh iz + (i + 1)y = n + 1 — i c¢6 ding
R; nghiém (x,y) € N? v6i moi 1 <4 < n + 1. Chiing minh réng:

n+1

k=1

Bai tap 8. Cho day (a,) xac dinh b6i a; = 0,ay = 1, va v6i moi n > 3:

_ _1\n—1
0 — Nan—1  n(n—1)a,_o N (=)™ 'n
2 2 2

n n
an + 2 Ap-1+---+n ai
() (")

Bai tap 9. Dém s6 duong di véi k bude di dé di tit (0,0) dén (m,n) sao cho mdi budc di la di
tur (7,7) dén ding mot trong bon vi tri (¢ — 1,7), (1 + 1,7), (4,5 — 1), (4,5 + 1).

Tinh tong:

Bai tap 10. Cho 2n s6 thuyc phan biét ay, as, ..., a, va by, by, ..., b,. BAng n x n dugc dién s6
theo quy tac: 6 ¢ hang i cot j thi duge dien s6 a; + b;. Chiing minh réng tich cac s6 ¢ moéi cot

1a bang nhau thi tich cac s6 6 mdi hang ciing bang nhau.

Bai tap 11. Chiing minh rang s6 phan hoach mot s6 nguyén duwong n thanh cdc phan ma cac
phan chdn doi mot phan biét bang s6 cach phan hoach n thanh cac phan ma méi gia tri xuat

hién khong qua 3 lan.

Bai tap 12. Goi a, la s6 cach biéu dién n dudi dang tong c6 thit tu clia cac s6 1 va s6 2, b,
1a s6 cach biéu dién n dusi dang tong cé thit tu clia cac s6 khong nhé hon 2. Chiing minh ring

Ay — bn+2.
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Bai tap 13. Cho hai tap A = {a;]i = 1,n}, B = {b;Ji = 1,n} phan biét. X4c dinh hai tap
Ay ={a;+a;|1 <i<j<n},By={b+b;|]l <i<j<n} Giasitaco Ay = By. Ching minh

rang n 1a mot liy thita cia 2.

Bai tap 14. Cho tap F = {1,2,...,2008}, mdi s6 thuoc FE dugc to bdi ding 1 trong 3 mau
d6, vang, xanh. Goi A 1a 86 bo (r,y,2) € E* ma x,y, 2 cing mau va x + y + z chia hét cho
2008, B 1a s6 bo (r,y,2) € E* ma x,y,2 doi mot khac mau va z + y + 2z chia hét cho 2008.
Chiing minh rang 24 > B.

Bai tap 15. Xét mot phan hoach ciia tap cac s6 nguyén khong am thanh hai tap A, B sao
cho, v6i mdi s6 nguyen khong am n, sé cach bi¢u dién n = a; + ay (a1, a9 € A, a1 # ay) bing
s6 cach bicu dién n = by + by (by, by € B, by # by). Chiing minh riang cach phan hoach nay ton

tai va duy nhat.

Bai tap 16. Xét mot phan hoach 7 clia s6 nguyén duong n. Goi a(m) 1a s6 s6 1 trong phan

hoach 7, () 1a s6 phan phan biet trong phan hoach 7. Chiitng minh réng

Y alm =2 Br)
(tong lay theo tat ca cac phan hoach 7 ctia n)

Bai tap 17. Cho s6 nguyen duong n > 3. Ki hi¢u [n] := {1,2,...,n},i(co) 1a s6 cap nghich thé

trong hoén vi o cla [n], va a; 14 s6 hoan vi o ctia [n] sao cho i(¢) = k. Ching minh rang:

E a3k+1=E A3k42

k>0 k>0

Bai tap 18. Cho s6 nguyén t6 1& p. Chiing minh ring trong 2p — 1 s6 nguyén bat ki, luon ton

tai p s6 c6 tong chia hét cho p.

Bai tap 19. Mot day sb thuc ay,as,...,a, goi 1a p - can bang néu ta c6 tong ax + ap.p +
Qgtop + - -+ bang nhau véi moi 1 < k < p. Ching minh rang néu mot day c¢6 50 phan tit 1a p -
can bang véi p bang 3, 5, 7, 11, 13, 17 thi day d6 gom toan cac sb 0.

Bai tap 20. Cho hai ho tap hop (A, )n>1, (Bn)n>1 thdéa man:
1) Al = @,Bl = {0},
11) An = {l’ + 1|CE S Bn—1}7 Bn = An—l U Bn—l — An—l N Bn—l-

Tim tat ca s6 nguyén duong n sao cho B, = {0}.

4. L&i giai

Bai tap 1. Cho s6 tu nhién n. Tinh tong:
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LO1 G1A1. Ta co:

n\[/n—1i
E 2n 21
n : (z) ( 1 )
=0
14 he s6 ty do trong khai trién:

i (7;) 2"—%(13[;r i Z < ) (2 + 2:5)" ‘
2z +

(0 . )
_ @Rz 1™

Do dé6 suy ra:

U
Bai tap 2. Cho s6 ty nhién n. Tinh tong:
> () (1)
= \i/\[*F]
LO1 GIAL Ta co (LEJ) la he s6 tu do trong khai trién cta (z + 1) (z + %)TH
2
Do do:
= /n\ [(n— k) .
e 2
% ()
1a he s6 tu do trong khai trien:
> (n """, 1 g
kzzo(k>(1+x)(x+5) 2 :(1+x)(x+5+2)
(1 _l_l.)2n+1
= po
Suy ra:
> (=)
nk| n
k=0
0

Bai tap 3. Cho m,n la hai s6 ty nhién. Tinh tong:

(1) (1)

Lo1 G1A1. Cha § rang (LL__’EJ) la hé s6 tu do trong khai trién cia:
2

1 n—k
Yy (14 y) (y + Q)
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Do doé: .
(6) (o))
o \k/ AL
1a he s6 tur do trong khai trién theo y ctia:
= (n\ 1" | 4T n""*
Z@y (1+9) (w;) = (1+ )y Z(k) (“;) .

0

n—m 1 "
=(1+yy (m+y+§>

Q+y)(zy+y*+ 1"
ym

Tit d6 ta c6 duge cach tinh tong da cho.

Bai tap 4. Cho s6 tu nhien n. Tinh téng

Zn: 2n\ (2k 92n—2k
2k) \ k

k=0
Lor1 a1l (i) Cach 1. Ta c6:

2n\ (2k\ (2n)! (2k)!
(%) ( k ) T (2k)(2n — 2k)1 (K!)2
_ (2n)! (2n — k)!
T 2n— k) (2n — 2k)IK!

_(2n)\ (2n—k
-\ k k
~ (2n) (2k o2n—2k
2k ) \ k
k=0
1a he s6 tu do trong khai trien:

2n 2n
2n\ 2272 (g 4 1)k 2n 1
= (2 2)2n - -
Z(k> ok (22 +2) Z<k>(4x2+4x)k

Do do:

k=0 k=0
1 2n
=2+ 14+ ———
(2z+2) ( +4x2+4x)
C Qr+ 1)
(zx)Qn

Tuc la:
"L 20\ 2k o2k _ 4n
pr 2k k 2n
ii) Cdch 2. Ta c6 (*%) 1a hé s6 tu do trong khai trién w Nhu vay ta co:
k x

2 () (E)

k=0
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1 he s6 tu do trong khai trién cla

- (2”) (14 2)% 92n—2k

2k xk
k=0

ttic 1a hé s6 tur do trong khai trién:

(1) (1o ) ) - e

Ta c6 dap so 1a (;12)

(iii) Cdch 3. Xét ham sau:

_ 22%(2:) :k @Z) (2v/z)™
Ta c6:
(o) v = 3090 (=g s + (g
Nhu vay:
F@) =53 —12\/5) ki; <2kk> ((1 - gﬁ)Q)k o0 +12\/E) ki; (2:) (m)k
=30 —12@ - <1m 20 *12@ ! <11+3‘3a2
- 2¢1i4\/5+2\/1i4\/5
53 () g (e
S0
Ta thu duge diéu can ching minh. )

Bai tap 5. Cho m,n la hai s6 nguyén duong. Chiing minh réng:

L (2m —k o= 2m+1
2 G2 =2 (055

k=0 j=1

2m—+1
92m+1 _ Z (Qm + 1)
)

=0

2m—+1
2m + 1
=2
)

LO1 GgIAL. Ta co:
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Suy ra:
Nhu vay ta dugc:
Ta dat:

Xét ham sinh:
oo
= E ata?t
t=0

Vay:

oo 2m+1
F(z) (Qm—i- 1> .

t= 0] t+1

+1]1(2m+1)t
2m
o J z—1
2m+1 2m+1
1 2m + 1\ . 2m + 1
_ J_
w—1<z< j >x Z( j ))

§=0 §=0

_ ( + )2mH 22m+1)
= ( +x)2m+2(1+x)2m_1—|—---+22m

Tit d6 ta duge hé s6 ciia ot trong khai trién ctia F la:

Suy ra dang thiic can chiing minh. 0

Bai tap 6. Tim cong thiic tong quat ctia day s6 (@nx) xac dinh nhu sau: a, 0 = 2n+1, a0 = 1,

véin > 0vak > 1, ta co:

Ap+1,k = Ank + Qp, k-1 + -+ An0

LO1 GIAL. Ta co:

Ap4+1,k+1 = An k+1 + An k +--+ Qn,0

= Op k+1 + Ap+1.k
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Xét ham sinh:

Y) =D > anpay

n=0 k=0
—Zanoff +Zaow 1YY aay
n=1 k=1
= ot + Y aoxyt =1+ D> (an_1k + anp_1)z"y"
n=0 k=0 n=1 k=1
—Zanox +Za0ky —1+yzzankxnyk+$zzank$ Yy
n=1 k=0 n=0 k=1
Ngoai ra ta co:
Zanox :Z(Zn—l—l)x”
n=0 n=0
=2) (n+ 1)z —Zx"
n=0 n=0
2 1
S (1-2)? 1-ux
> a0y = "
k=0 k=0
1
=1
yzzankiﬂnyk: (F(x,y)—ZaOkyk>
n=1 k=0 k=0
Y
=yl(z,y) — ——
I—y
SO <F<x,y> _ z)
n:Ok 1 n=0
>+
=aF
Nhu vay ta suy ra:
1+z
F(x,y)
S ([
1+ 2 & .
= 1_$t§_;(x+y)
14+2 = (t) -
= v ,)
1-z:23" = k
1+ 2 & y*
N 1—:vkz_()(1—:c)k+1
Vay a, bing he s6 ctia 2" trong khai trién cua( )k — tic la:

A n+k+1 n n-+k
N N N | k41
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O

Bai tap 7. Cho s6 ty nhién n. Biét ring cac phuong trinh iz + (i + 1)y = n + 1 — i c¢6 ding
R; nghiém (x,y) € N? v6i moi 1 <4 < n + 1. Chiing minh réng:

n+1

k=1

LO1 GIAL Ta c6 R; 1a hé s6 tu do trong khai trién cia:

1
ZE”'H_i(l _ x’)(l _ xi-i—l)
(1 _ x)x"+1(1 _ x’)(l _ xz‘—f—l)

1 1 1
_a:”“(l—x) 1—a2¢ 1 — git!

Nhu vay:

1a he s6 tu do trong khai trien:

1 1 1
(1l —z) \1l—2 1—ant?

o

_ n1+1 i 2 (Z 2k iwk(mz))
Ry, k=0 k=0

tic 1a he s6 tu do trong khai trién:

1
ﬁ(1+x+x2+---+x")2

T do ta co:
n+1

k=1

Bai tap 8. Cho day (a,) xac dinh béi a; = 0,ay = 1, va v6i moi n > 3:

na,—1  nn—1a, o (=1)""'n
o 1)
a 5 T 5 to—g— (D)

n n
ap + 2 Ap-1+---+n ai
() (")

LOI GIAL Bo sung them ag = 1.
Dat b, = 9. Khi do:

Tinh tong




91

Khi d6, xét:

F(z) = Zbkxk
k=0
Ta co:
2 o0
F(:c):l—i-?—i—Zbkxk
k=3
2o~ (b1 b (DR (=DM
— 1 _—
+2+Z<2 > T +2(k—1)!)x
k=3
2 T 2 2 T
:1+—+§(F(x)—1)+—(F(x)—1)+6_’”—1+x—?+§(6_r—1+x)
Suy ra:
e %
F pu—
(@) = 1—

Ta tinh tong:

Dé thay:

13 hé s6 ctia 2" trong khai trien cla:

Zbkxk o z*
k=0 k=0

:1—x

=1+

(xe® 4 %)
2z

11—z
=1+2x+22°+---

ay + 2 " Ap1+--+n " ap=2n!—n—1
1 n—1

Vay ta c6 két qué:

U

Bai tap 9. Dém s6 duong di véi k bude di dé di tit (0,0) dén (m,n) sao cho mdi bude di la di

tu (i,7) dén ding mot trong bon vi tri (0 — 1,75), (i +1,7), (4,5 — 1), (4,5 + 1).
LO1 GIAL Diéu kién ton tai duong di 1d &+ m +n chdn va k > m +n.
Xét ham:

k
flz,y) = <x+y+1+1>
x )
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Heé s6 ctia x™y" trong f chinh 14 s6 duong di can tim.

Ta co:

Nhu vay ta can tim hé s6 clia 2"y® trong (z + y)* véi r,s théa man r —s =m —n,r +s = k.
Tc la:

k+m—n

T:—
2

k—m+n

§= ————
2

Tt d6 suy ra hé s6 clia x™y" trong f la:

Ta c6 két qua can tim. O

Bai tap 10. Cho 2n s6 thyc phan biét ay, as, ..., a, va by, by, ..., by. Bang n x n dudc dien
s6 theo quy tdc: 0 ¢ hang ¢ cot j thi duge dien s6 a; + b;. Chiing minh réng tich cac s6 ¢ mdi

cot 1a bang nhau thi tich cac s6 & mdi hang ciing bang nhau.
LO1 GIA1. Xét da thuc sau:
Plx)=(z+a)(z+ay) - (x+a,) —U

TI‘OHgr doU = (a1 + bl)(ag + bl) s (Gn + bl)
Theo dé bai thi P(z) ¢6 n nghiém 1a by, b, ..., b, ma P(x) bac n nén ta phéi co:

P(z)=(z—by)(x —by) - (x—by)

P2

Nhu vay ta suy ra véi moi i = 1,n ta co:
P(—&i) = (—1)”(&1 -+ bl)(di -+ bz) + -+ (Cli —+ bn>

Mt khéac, P(—a;) = —U.
T do suy ra:

(a1 +b;) = [[(az + b)) = ... = [J(an + 1))

J=1 Jj=1

J

n

—_

Nhu vay tich tat ca cac s6 d mdi hang ciing bang nhau. 0

Bai tap 11. Ching minh ring s6 phan hoach mot s6 nguyén duong n thanh cidc phan ma cac
phan chin do6i mot phan biét bang s6 cach phan hoach n thanh cac phan ma méi gia tri xuat

hién khong qua 3 lan.
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LOI GIAL S6 cach phan hoach n thanh tdng ctia cac phan ma céc phan chin déi mot phan
biét 1& hé s6 clia 2™ trong khai trién:

Plx)=1+z+2°4+ - ) A +2HA + 2> +2° +-- )1+ 2 ...

S6 cach phan hoach n thanh téng cac phan ma méi gia tri xuat hien khong qua 3 lan la heé s6

ctia 2" trong khai trién:

Qz)=(1+z+2°+ 231 +2* +2* + 25 ...

Ta co: ( )( )
1—2M(1—28)...
Ll e v ey e
(=M1 —2a®) ...
CAC Ry s s
Vay P(x) = Q(x), ta c¢6 dieu can chitng minh. 0

Bai tap 12. Goi a, 1a s6 cach biéu dién n dudi dang tong c6 thit tu cia cac s6 1 va s6 2, by,
la s6 cach bicu dién n dudi dang tong c6 thit ti ciia cac s6 khong nhé hon 2. Chitng minh ring

Ay = bn+2-

LO1 G1A1. Xét hal ham sau:

F(z) = Z apx® = Z(I + )k
k=1 k=1
S l—x—a?
G(x) = Zbkxk = Z(w2+x3—|—---)k
k=2 k=1
S l—x—a?
Suy ra:
G(z) = 2*F(x) + 2°
Ta ¢6 ngay dpcm. U

Bai tap 13. Cho hai tap A = {a;|i = 1,n}, B = {b;Ji = 1,n} phan biét. X4c dinh hai tap
Ay ={a;+a;|1 <i<j<n}, By={b+bj|l <i<j<n} Giasitaco Ay = By. Ching minh
rang n 1a mot iy thita cia 2.

LO1 c1A1. Dat:

Ax) = Z x%

B(z) = Z b
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Ta co:
S gt = % (A%(2) — A(«))
a€As
St = % (B*(z) — B(«?))
be B,

Vay suy ra:

tuong duong:

(A(2) = B(2))(A(z) + B(z)) = A(a?) — B(z?)
Do A(1) = B(1) = n nén ta c6 thé viét A(x) — B(x) = (v — 1)*P(x) trong d6 P 13 mot da thiic
sao cho P(1) # 0 va k € Z,. Khi dé:

P(z)(A(z) + B(x)) = (z + 1) P(2?)
Thay « = 1 ta dudc n = 2¥~1. Yéu cau bai toan dude chiing minh xong. 0

Ta c6 thé ching minh dude néu n 1a mot lity thita ctia 2 thi sé ton tai hai tap A va B thoa
man giad thiét bing quy nap, cac ban cé thé thit tu ching minh.

Bai tap 14. Cho tap F = {1,2,...,2008}, mdi s6 thuoc FE duge t6 bdi ding 1 trong 3 mau
do, vang, xanh. Goi A 1a s6 bo (r,y,2) € E* ma x,y, 2 cing mau va x + y + z chia hét cho
2008, B 1a s6 bo (z,y,2) € E* ma x,y,2 doi mot khac mau va z + y + 2z chia hét cho 2008.
Chitng minh ring 24 > B.

LOI GIAL. Goi cac s6 trong E duge danh lan lugt mau dé 1a aq,ao,...,a,, mau vang la
bi,ba, ..., by, mau xanh la ci,c,. .., cp.
Xét cac da thiec:

Alx) =z + 2% 4+ -+ - + 2

B(x) =a" + 2" - 4 2P

Cle) =z 422+ 2%
Khi d6 s6 bo (x,¥, 2) cing mau thoéa man téng ctia chiing chia hét cho 2008 chinh 14 hé s6 ciia
2209 trong khai trién ctia (A(z))® 4+ (B(x))® + (C(z))®. S6 nhiing bo khac mau la he s6 ciia
22008 trong khai trién ctia 6A(z)B(z)C(z).

2(A%(z) + B*(z) + C*(z) — 3A(2) B(z)C(x))
=(A(2) + B(2) + C(2))(A(z) — B(x))* + (B(z) — C(x))* + (C(x) — A(2))*)
=(z+ 2+ +2")((A(x) — B(x))* + (B(z) — C(x))” + (C(a) — A())*)

Ta can ching minh téng hé s6 clia cac don thiic ¢6 s6 mil chia hét cho 2008 trong biéu thiic
trén la duong.

That vay, v6i mdi don thiic trong ((A(z) — B(z))? + (B(x) — C(x))* + (C(z) — A(x))?), ton tai
duy nhat mot don thie trong (z+ 2%+ - - - +22°%) sao cho tich clia ching 13 mot don thite ¢6 s6
mil chia hét cho 2008, nhu vay ta dude hé sb ciia cac don thiic ¢6 sé mii chia hét cho 2008 trong



95

khai trién ban dau bang tong he s6 ctia ((A(z) — B(x))? + (B(z) — C(z))* + (C(x) — A(x))?)
tic la
(A(1) = B(1))* + (B(1) = C(1)* + (C(1) — A(1))*

Ma 16 rang luong nay khong am va dang thiic xay ra khi va chi khi m = n = p nhung r6 rang
dieu nay vo Iy do m + n + p = 2008.
Vay ta c¢6 2A > B. O

Bai tap 15. Xét mot phan hoach ciia tap cac s6 nguyén khong am thanh hai tap A, B sao
cho, v6i mdi s6 nguyen khong am n, sé cach bic¢u dién n = a; + ay (a1, a3 € A, a; # ay) bing
s6 cach biéu dién n = by + by (b1, by € B, by # by). Chitng minh ring cach phan hoach nay ton
tai va duy nhat.

LO1 GIAL Gia st da ton tai mot cach phan hoach théa man dé bai. Khong méat tong quat, ta
cho ring 0 € A.

Xét hai ham sau:

F(zx) = Zx“

a€A

G(z) = Z:cb

beB

Theo dé ta co:
F)+G@x)=1+z+2*+---

F*(x) = F(2?) = G*(x) — G(a?)

T do suy ra:
F(z) = G(z) = (1 — 2)(F(2?) — G(2?))

Dat P(z) = F(z) — G(x), he s6 tu do ctia P bang 1. Nhu vay, lap luan tuong ti nhu bai trudc,
ta co:

Plx)=(1—2)(1—-2*)1—2a...
Tt d6 ta suy ra tap A gdm cac sd nguyen khong am ma biéu dién nhi phan cta s6 dé c6 mot
s6 chin s6 1, tap B gdm céc s6 nguyen khong am ma biéu dién nhi phan ciia s6 dé c6 mot sd
18 6 1.
Dé dang kiém tra dugc cach phan hoach nay théa man dé bai.
Nhu vay ta c6 diéu phai ching minh. 0

Bai tap 16. Xét mot phan hoach 7 ctia $6 nguyén duong n. Goi a(7) 1a 86 céc s6 1 trong phan

hoach 7, B(7) 1a s6 phan phan bi¢t trong phan hoach 7. Chiing minh rang

S a(r) = 3 B(m)

(tong lay theo tat ca cac phan hoach 7 ctia n)
LOr GIAL Xét:

Ply)=Q+ay+a**+ - )1+ +2t+ )1+ + 20 +.--). -
Qy) =1 +ay+2y+-- Y1 +22y+a'y+-- )1 +2®y + 2y +---) -
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Ta thay ring tong s6 s6 1 trong tat cd phan hoach 7 ctia n 14 hé s6 ctia 2™ trong P’(1) va tong
s6 phan phan biet trong tat cd phan hoach 7 ctia n 1a he s6 ctia 2" trong Q’(1). Ta c6:

o0

1 1
P(y) =
() 1—wy7l_[21—xm

- 1 (1—y+1_yxm)

m=1
B ﬁ 1—a™ 4 ya™
1—am
Dinh nghia:
_ ﬁ 1
et 1—am
Khi do: .
P'(y) = R
) (1 —=y)?
1 —a™ 4 ya™ 1Imm
/ o x
Suy ra:
x
P'(1) = R
[e.e] 1 [e.e]
/ 1 — m
-1 (£-)
x
= R
(1—xz)?
Vay ta c6 diéu can chitng minh. 0

Bai tap 17. Cho s6 nguyén duong n > 3. Ki hieu [n] := {1,2,...,n},i(o) 1a s6 cap nghich thé
trong hoén vi o cla [n], va a; 1a s6 hoan vi ¢ ctia [n] sao cho i(¢) = k. Ching minh rang:

Z a3k+1 = Z A3k+2

k>0 k>0
LO1 GIAL. V6i moéi hoan vi o cia [n] ta xac dinh mot day xy, xe, ..., z,-1 v6i x; duge dinh
nghia 1a s6 chi s6 1 <t <imao(t) > o(i+ 1), tit d6 0 < z; < 7. Ta "d@" thiy rang c6 mot

tuong tng song anh gitta tap cac day (x;) va tap cac hoan vi cia [n].

Nhu vay:
oESH

=(14+2)1+z+2?).. . I+o+2°+ - +2")

Date—cos——l—sm— ta co:

F(1) + €F(€) + eF (e
S g = PO+ EF) + R ()

k>0 3
F(1) + €F(e) + €2 F(€?)
Z A3k+2 = 3

k>0
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Ma F(e) = F(¢?) = 0 nén ta c6 ngay diéu can chiing minh. 0
Bai tap 18. Cho s6 nguyén t6 1 p. Chiing minh rang trong 2p — 1 s6 nguyén bat ki, luon ton
tai p s6 c6 tong chia hét cho p.
LOI GIAL. Goi 2p — 1 86 nguyén d6 14 ay, as, . .., agzy_1. Gid st phan ching ring: tong ctia p 6
bat ki trong nay déu khong chia hét cho p. Tt d6, theo dinh 1§ nhé Fermat:

(aiy + @i+ +a;,)P "' =1 (mod p)

vl l <0 <ip <. <14, <2p— L
Suy ra:

2p—1
Z (ail—l—ai2+---+az‘p)p_15<p ) (mod p)

(i17i27 7'17) p
Ta co (2p 1) khong chia hét cho p, bay gio ta sé chitng minh:
Z (ail +CZZ’2 +"‘+Cbip)p_l
(i1,625-sip)

chia hét cho p.

V1
—1
. . e 1 p z1 T2 Tp
(@i, +aj, + - +a;,) " = E ( a; ag; ... a;)
. Z’l,ﬂfg,...,xp
14T+ FTp=p—1

-1 p—= 1 T, T z
Z (ai1+a’i2+”.+ail‘7)p - Z Z (x17$27-.-7xp)a“1a122”.aiz

(’il,iz,,..,ip) (il,ig,...,ip) 331+$2+"'+3?p:p—1
— b= 1 r1 T2 Tp
= a; a,; ...a;
1 12 ip
L1, X2y...,Tp . .
T1t+x2+txp=p—1 (41,92, -sip)

(cac tong ¢ hang dudi 1ay theo cac tap kh()ng thit tu)

Ta dém s6 lan xuat hién cia gia tri a;lag’ .. o 7 trong tong.

Trong cac s6 x1, Ta, ..., o, c6 ding 1 <m < p— 1 s6 ¢6 gia tri bang 0. Nhu vay ta c6 (p-}:m)
cach chon céc 0 a; ting véi cac gid tri bang 0 nay. Tic la gia tri a7 a;? . .. o 7 lap (p 1+m) trong
tong.

Ma (P~ 1F™) chia hét cho p, suy ra téng chia hét cho p.

Ta c¢6 mau thuan vé6i gia thiét phan ching, va bai toan duge ching minh. 0
Bai tap 19. Mot day s6 thuc ay, as, ..., a, goi la p - can bing néu ta c6 tong ax + agyp +

Agtop + - -+ bang nhau véi moi 1 < k < p. Ching minh rang néu mot day c¢6 50 phan tit 1a p -
can béng v6i p bang 3, 5, 7, 11, 13, 17 thi day d6 gom toan cac sb 0.

LO1 GgIAl. Xét da thic: .

F(z) = Z a;x’ "

i—1
Theo gia thiét ta co, tat ca cac nghiém ciia cac phuong trinh 2?~! + 2772 4+ ... 4+ 1 = 0 v6i
p € {3,5,7,11,13,17} déu la nghiém ctia F. Tong s6 nghiém nay 18 2+4+6-+10+12+16 = 50,
nhu vay F 1a mot da thic bac 49 nhung c6 dén 50 nghiém, suy ra tat ci cic he s6 cta F deéu
bang 0. 0
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Bai tap 20. Cho hai ho tap hop (A, )n=1, (Bn)n>1 thdéa man:

i) Ay =o,B; = {0};

i) A, ={z+1llze€eB,1},Bn=4,1UB,_1 — A1 N B,_;.
Tim tat ca s6 nguyén duong n sao cho B, = {0}.

LO1 GIAr. Ta xét hai day da thic sau:

Ta thay rang néu xét hé s6 ciia hai diay da thiic nay theo modulo 2 ta sé c6:

bp(z) = ap_1() + by_1(x)

an(z) = xby_1(x)
suy ra:
bn(z) = bp—1(x) + xby_2(2)
Bay gio ta sé xét day da thic K, (x) théa man: Ki(x) = Ky(z) =1,
K, (z) = K,—1(z) + 2K, _o(x)

Néu 1ay cac he s6 ctia K,(x) theo modulo 2 ta sé& dugc b, (z). Sau day ta di tim cong thitc cho
K,(x), xét ham sinh:

W)= Kia(x)y'
i=0
Bién d6i tit cong thiic truy hdi ta co:

(I—y—ay’)f(y) =1

hay

Fl) =Y (y+ay’)

i=0
Tu d6 ta tinh duge
n—1
n—1-—k
K,(z) = &
@=> ("""

k=0
Béng cach tinh thit vai gia tri dau ctia b, (z) ta sé ¢6 du doan b,(z) = 1 khi n = 2™. Vay ta sé

chting minh diéu nay. Xét n = 2™, ta chitng minh: ("_;_k) chia hét cho 2 v6imoi 1 < k < n—1.

() ()
(17 1)
{15 1)

1= 114:
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Ta chon t sao cho 207! < k < 2! (do k > 1 nén ta chon duge nhu vay), khi do:

k k
o[~ 2t
{1+2k;} 1+ 2k
= -1
ot ot

(5 052 -

Ta da ching minh duge néun = 2™ thi ("~") chia hét cho 2 véi moi 1 <k < n — L.

Bay gio diat n = 2™, 7 1é, r > 1. Ta sé cmr ton tai n — 1 > k > 1 sao cho ("7;7]{) 1a s6 1é: Ta
chon k = 2™"1(r — 1), khi do:

Suy ra:

o ((n—;—k» :i (_er— 1—22tm—1(r— 1)J B rm—l(;;— 1)J B {2%— 1—2t2m(r— 1)

:g(_{27“—1(2:—1)}+{2mr—1—2t2m(r—1)H>
(= 5)

(=25

Néut>m+1thidit 0 <a< 2

Néu t < m thi

a=2""1r—1) (mod 2"

suy ra: o = 2Ms < 2™(2™ — 1). Khi do:
om1(y _ 1) om 1 atom—1
2 L T - o1
=0

Vay néun # 2™ thisé ton tai 1 <k <n—1dé ("_;_k) 1a s6 1é.

Tu do ta c6 tat ca gia tri can tim clia n 1 cdc phan tit cia tap {2™|m € N}. 0

Tai liéu tham khao

[1] Titu Andreescu, Zuming Feng, A Path to Combinatorics for Undergraduates: Counting
Strategies, Birkhduser, 2003.

[2] Milan Novakovic, Generating Functions, Olympiad Training Materials, The IMO Com-
pendium Group, 2007.

)



100




GIAI TOAN TO HOP
BANG DAI LUGNG BAT BIEN

Tran Gia Huy'

1. Thuat toan

Dinh nghia 1. Cho tap A # @ va ta goi 1a khong gian cic trang thai, méi phan tit ciia A goi
14 mot trang thai. Khi d6, mdi énh xa T': A — A goi la mot thuan toan (6tomat).

2. Céc bai toan vé thuat toan

Bai toan 1 (Bai toan tim kiém thuat toan). Cho trang thai ban dau ag va trang thai két thuc
a,,. Hoi ¢6 hay khong thuat toan T trén A sao cho khi thyc hién 7' hitu han lan ta thu ducgc
oy’

T T T T
Qg — ] —> Qg —> + - —> Q.

Bai toan 2. Cho thuat toan T trén A va trang thai ban dau o € A.

a) Gid st § € A. Hdéi ¢6 thé nhan ducc 8 tit a sau mot sé hitu han bude thuc hien T hay
khong?

b) Tim tap tat cd cac trang thai co thé nhan duge tit o sau mot s6 hitu han bude thuc hién
thuat toan T
a={fcA:5=T"(a)}.

3. Ham béit bién

Cho T la mot thuat toan trén A, I 1a mot tap hgp khac rong ma ta goi la khong gian cdc mau
bat bién.
Khi d6 4nh xa H : A — I goi 1a ham bat bién trén A néu:

Va,be A:bea= H(a) = H(b).

Dé giai cac bai toan bing nguyén 1y bat bién thi viéc quan trong nhat chinh la phat hién ra
cac yéu t6 bat bién, sau dé 1a viec st dung cac yéu té6 d6 vao trong bai toan mot cach thich
hop. Trong mdi bai toan sau khi gidi xong chiing toi déu phan tich nhitng bat bién nam trong

bai toan. D6 chinh 1a chia khoa dé tim 1oi giai cho bai toan.

LGido vien truong THPT chuyén Quang Trung, Binh Phudc.
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4. Cac vi du

Vi du 1. Trén bang, ngudi ta viét cdc s6 ty nhien lien tiép tit 1 dén 99 sau d6 thuc hién tro
choi nhu sau: mdi lan x6a hai s6 bat ky va viét mot s6 méi bing tong hai sé da x6a. Viec lam
nay thue hién lién tuc cho dén khi con mot s6 trén bang. Hoéi sd cudi cling con lai trén bang 13

bao nhiéu? Tai sao?

LOI GIAL. Vi mdi lan thuc hién tro choi thi thay hai s6 bing tong ciia chiing nén téng cac so

trén bang khong thay ddi trong moi thsi diém. Tong cac sb lic dau la

(14 99) x 99

1+2+3+---4+99= = 4950

Suy ra s6 cudi cuing 1a 4950. O

Nhan xét. Bat bién trong bai toan trén la tong clia cac s6 trén bang khong thay doi trong

moi thoi diém. Vi moi cach thie hién tro choi thi sé cudi cling con lai trén bang 1a 4950.

Vi du 2. Trén bang, ngudi ta viét cac s6 tir nhién lién tiép tir 1 dén 999 sau d6 thuyc hién tro
choi nhu sau: mdi lan xd6a hai s6 bat ki va viét mot s6 méi bang hieu hai s6 da xoéa(lay s6 16n
trit s6 nho). Viéc lam nay thuc hién lien tiép cho dén khi con mot s6 trén bang. Hoi s6 cudi

cling con lai trén bang c6 thé 1a 1 khong? Tai sao?

LOT GIAL Ta thay ring néu x6a di hai s6 a,b(a > b) va thay bing hiéu a — b thi tong céc s6

tren bang gidm di mot dai lugng 1& a + b — (a — b) = 2b 14 s6 chan. Nhu vay tong cic sb trén

bang khong thay doi tinh chiin 1é tai moi thai diém thuyc hién tro troi. Tong cac s6 lac dau la:

(1 +999) x 999
2

1+24+3+---4999 = = 499500

1a s6 chin. Suy ra s6 con lai cudi cling 1a s6 chin va do d6 khong thé 1 s6 1. 0

Nhan xét : Bat bién ctia bai toan 1a tdng clia cac sé trén bang khong thay doi tinh chén 1é

tai moi thoi diém dua vao dic diém tong cac s6 giam di mot luong chin.

Vi du 3. Trén bang, nguoi ta viét 100 chit s6 1 va 10 chit s6 2 sau d6 thyc hién tro choi nhu
sau: modi lan x6a hai s6 bat ky va viét mot sé mdi bang tich hai s6 da x6a. Viéc lam nay thuc
hién lien tuc cho dén khi con mot s6 trén bang. Hoi sd cudi cling trén bang con lai 1a bao nhiéu?

Tai sao?

LOT GIAL. Vi mbi lan thuyc hién tro choi thay hai sd bang tich clia chiing nén tich cac so trén
bang khong thay doi trong méi thoi diém. Tich cac s6 lic dau 1a 1'% x 210 = 1024 nén s6 con

lai cudi cling 1a 1024. 0

Nhan xét. Bat bién ctia bai toan trén la tich cac s6 trén bang khong thay ddi trong moi thai
diém.

Vi du 4. Trén bang, ngudi ta viét cac so6 ty nhién lién tiép tit 1 dén 100 sau do6 thuc hién tro
choi nhu sau: mdi lan x6a hai s6 bat ky va viét mot s6 méi bang tong lap phuong ciia hai s6
da cho. Viéc lam nay thuyc hién lién tuc cho dén khi con mot sé trén bang. Héi s6 cudi cling
con lai trén bang c6 thé 1a 98765432120% hay khong? Tai sao?
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LOT GIAL Ta thiy ring néu x6a hai s6 a,b(a > b) v thay bang tong lap phuong a® + b3 thi

tong cac sé trén bang ting mot dai luong la:

a’+b —(a+b) = (a® —a)+ (b’ —b)
1a s6 chia hét cho 3 Tong cac s6 trén bang lic dau va tong cac s trén bang tai moi thoi diém
kém nhau mot boi s6 ctia 3. Tong cac s6 lic dau la

(1+ 100) x 100

1+2+3+---4+100 = = 5050

1a s6 chia cho 3 du 1(vi tdng cac chit s6 ctia 5050 bang 10 chia 3 du 1). Suy ra s6 con lai cudi
cting phai la s6 chia 3 du 1. S6 987654321 chia hét cho 3 vi tong cac chit s6 clia s6 nay 1a 45
chia hét cho 3. Suy ra 987654321298 chia hét cho 3. Vay s6 con lai cudi cting khong thé la
9876543212908, 0

Nhan xét. Bat bién ctia bai toan trén la tong cac sé trén bang tai moi thoi diém hon kém

nhau mot boi s6 cla 3.

Vi du 5. Cho s6 tu nhién c¢6 8 chit s6 1a 12456789. Tt s6 nay ngudi ta doi vi trf cac chit sb
ctia nd, hdi c6 thé tao dude s6 chinh phuong hay khong?

LO1 GIAL Tai moi thoi diém thay ddi vi tri cac s6 hang thi s6 duge tao thanh c6 tong cac chit
so 1a:
14+42444+54+464+7+8+9=42

chia hét cho 3 nhung khong chia hét cho 9. Suy ra s6 dugc tao thanh chia hét cho 3 nhung
khong chia hét cho 9 nén khong thé 1a s6 chinh phuong. 0

Nhan xét. Bat bién ciia bai toan chinh la tdng ciia cac s6 duge tao thanh luon khong doi bing
42.

Vi du 6. Xét mot bang vuong 4 x 4 6. Tai méi 6 ciia bang vuong c6 chita dau + hodac dau —.
M&bi mot lan thuc hien, cho phép doéi dau clia tat cd cac 6 trén ciing mot hang hodc cliing mot
cot. Gia st bang vuong ban dau c6 mot dau + va 15 dau —. Héi c6 thé dua bang ban dau ve

bang c6 toan dau cong dugc khong?

Lo1 crA1. Cau tra 10i 1a khong. Va 1oi gidi kha don gidn. Thay dau cong bang s6 1 va dau
trit bang —1. Xét tich tat ca cac s6 trén bang vuong. Khi d6, qua mdi phép bién ddi, tich nay
khong thay déi (vi sé doi dau 4 s6). Vi vay, cho dut ta thic hién bao nhiéu lan, tit bAng vuong
(1,15) sé chi dua vé cac bang vuong c6 s6 1é dau —, c6 nghia 1a khong thé dua vé bang c6 toan

dau cong. 0

Nhan xét. Viec thay ddu cong bang s6 1 va dau trit bang s6 —1 dé tim ra bat bién clia bai

toan trén. Bat bién ctia né la tich ciia céc s6 trén bang khong thay déi qua méi lan thic hien.

Vi du 7. Trén mot cai bang, ngudi ta viét 2008 dau (+) va 2009 dau (—). Gia st méi lan, hai
dau bat ky bi x6a di va viét thay bdi mot dau (+) néu ching giéong nhau va thay bang mot dau

(—) néu ching khac nhau. Sau khi thiyc hién 4016 lan nhu vay, dau nao sé con lai trén bang?
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Lo1 GIAL (i) Cdch 1. Sau mdi lan x6a, s6 cac dau (—) duge gitt nguyen hodc giam di 2. Vi
thé, tinh chin 18 ctia s6 dau (—) trén bang khong thay déi. Ban dau, s6 dau trit 1a s6 1é nén

cudi cing dau con lai trén bang 1a dau (—).

(ii) Cdch 2. Thay mdi dau (+) bdi s6 1, thay mdi dau (—) bdi s6 —1. Khi d6 méi lan thuc hien
cach lam theo dé bai c6 thé mo ta dudi dang nhu sau: hai s6 bat ky duge x6a di va thay bang
tich ctia chiing. Nhu vay tai moi thoi diém thirc hién thi tich ctia cac s6 trén bang khong thay
doi. Ban dau tich cac s6 trén bang 1a —1 nén cudi ciing tich cac so trén bang ciing la —1. Vay

dau con lai trén bang 1a dau (—).

(iii) Cdch 3. Thay mdi dau (+) bdi s6 0, thay mdi dau (—) béi s6 1. Khi do, tong hai s bi x6a
di cting tinh chin 18 v6i s6 dude viét thay ching, nhu vay tong cac sé trén bang khong thay
doi tinh chin 1é. Vi tong cac s6 lic dau bang 2009, 1a s6 18 nén s6 con lai cudi ciing 1a s6 18.

Do d6 dau con lai trén bang 1a dau (—). O
Nhan xét.

e Trong cach 1, dai lugng bat bién 1a tinh chén 1é clia s6 dau (—) trén bang.

e Trong cach 2, dai lugng bat bién 13 tich tat cd cac sé trén bang.

e Trong céch 3, dai lugng bat bién I tinh chin 18 ciia tong cac s trén bang.

Ta c6 thé lap mot tinh huéng méi tuong duong véi tinh hudng duge xac dinh ¢ diéu kien va

yéu cau trong bai toan dé dé tim dai lugng bat bién.

Vi du 8. Ngoai bién dong, trén mot hon dao sinh séng ba giéng thin lin c6 ba loai mau: mau
xam c6 133 con, mau nau c6 155 con va mau dé c¢6 177 con. Néu hai con than lan khac mau
gap nhau thi chiing dong thai dbi sang mau thit ba (vi du néu than lin mau xam gap than lan
mau nau thi ca hai con déu doi sang mau do). Trong nhitng trudng hop hai con thin lin ciing
mau gip nhau thi ching giit nguyén khong déi mau. C6 xay ra tinh trang la trén dao tat ca

thén lan cing mot mau duge khong?

Lo1 GIAL Dic diém ciia bai toan nay nam & bo s6 133, 155, 177 vi khi chia cho 3 ta dugc bo
s6 du 1, 2 vd 0. Ta thit xét néu mot con than ldn xam gap mot con thian lan nau, thi ching
dong thoi ddi mau dé. Khi dé ta c6 132 con xam, 154 con nau va 179 con dé. Nhimng s6 du ctia
132, 154 va 179 cho 3 tuong ting 13 0, 1 va 2, nghia la gip day du cac s6 du da c6. Néu mot
con thin lin xam gip con thin lin mau dé, thi ching dong thoi ddi mau nau. Khi dé ta cé
132 than l&n xam, 157 than lan nau va 176 than lan d6. Lay nhitng s6 trén chia cho 3 cho s6
du tuong ting 14 0, 1, 2 nghia 1a gip lai cd ba kha ning ctia s6 du. Néu con than lan nau va
thin 1in d6 giap nhau, thi ching ctiing doi mau xam. Khi d6 c¢6 135 thin lin xam, 154 thing
lin nau va 176 thin lan d6. S6 du ctia nhiing s6 than lan trén chia cho 3 tuong tng 14 0, 1 va
2, van c6 day di céac sb6 du khi chia cho 3. Dit thay déi mau thé nao thi s6 du ctia cac sé lugng
than 1an chia cho 3 deu c6 day du ba s6 14 0, 1, 2. S6 luong tat ci thin l&n tréen ddo 1a 133 +
155 + 177 = 465 13 mot s6 chia hét cho 3. Néu tat ca than lin cing mot mau thi s6 du luong
thin 1an mau xam, mau nau, va dé chia cho 3 ¢6 du tuong ting 1a 0, 0, 0. Diéu nay vo 1§ vi cac

s6 du phai c6 day du cac s6 du khi chia cho 3. Nhu vay cau tra 16i 1a khong duge. O
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Nhan xét. Bat bién & day 1a du thay déi mau thé nao thi sé6 du clia cac sé lugng thin lin chia
cho 3 déu c6 day di ba s6 14 0, 1, 2.

Vidu 9. Nhitng s6 1,2, 3, ...,1974 dudc viét trén mot bang. Ngudi ta thay hai sb bat ky bang
mot s6 hodic 1a tong hoiic 1a hieu ctia hai s6 d6. Chiing minh ring sau 1973 lan thuc hién thao

tac trén, chi con mot s6 con lai trén bang khong thé 1a s6 0.

LOI GIAL. Ta quan tam dén tinh chén 18 ciia cac s6 da cho va sau mdi lan thao tac duge s6
chin 1é nhu thé nao. Khi bit dau trén bang c6 987 s6 1é. Mbi lan ta thuc hién thay doi, sb ctia
nhitng s6 1é hodc 1a con nguyén (khi ta lay hai s6 ¢6 tinh chin 1¢ khac nhau ho#ic hai s6 cliing
tinh ch&n) hodc 1a gidm di hai s6 (khi ta 1ay hai s6 cung tinh 18). Nhu vay s cac sb 16 con lai
sau mdi lan thuc hién thay doi luon 1a mot s6 1é. Vay khi con lai mot s6 cudi ciing trén bang
thi n6 phai la s6 18, do d6 né khong thé 1a s6 0. O

Nhan xét. Bat bién clia bai toan 1& s6 cic s6 16 sau mdi phép bién doi con lai 1a s6 1é.

12 9%
967 967 """ 7 96°

a,b bat ky trén bang va thay bang a + b — 2ab. Hoi sau 95 lan thyc hién phép xo4, so con lai

Vi du 10. Trén bang c6 cac s M&i mot lan thuyce hién, cho phép xoa di hai s6

trén bang 1 s6 nao?
LOI GIAL. Gia st cac s6 trén dang 1a aq, as, . .., a;. Ta cho tuong ting bang nay véi tich s6
(2&1 - 1)(2(12 - 1) tee (QCLk - 1)

Khi d6, sau mdi lan bién doi, tich trén bi mat di hai thita s6 (2a — 1), (2b — 1) va duge them
vao thita s6
2(a+b—2ab) —1=—(2a—1)(20 — 1)

Do d6 tich trén van khong ddi (chi doi dau). Vi tich ban dau bing 0 (do bang ban dau c6 chita

§ 48 — 1)

SO 5 = 3!) nén s0 cudi ciing s ciing phai cho tich so6 bang 0, tiic la

1
S S 5
U

Nhan xét. Bat bién clia bai toan la tich s6 clia bang khong thay doi. Di nhién trong bai nay
ta phai thiét lap dugc bat bién ctia cac s6 trén bang la cho tuong ting véi tich sé trén. Bai toan
trén dude tao ra tit ding thiic 2(a + b — 2ab) + 1 = (2a — 1)(1 — 2b), néu ta c6 nhiéu déng thitc

dang nay thi c6 thé ché tao ra nhiéu bai toan to hgp dang nay.

Vi du 11. Tit mot diém S(a,b) trén mit phang véi 0 < a < b, Ta xay dung cac diém dugc
xac dinh bdi :
b Ty + Yn 2TnYn
T =a;y; = b; g = SYnal = :
1 N ) +1 2 Yn+1 Tn + Un

Tim gi6i han cta day (x,), (yn)-
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LOI GIAL. Ta dé dang thay dugce tinh bat bién ctia day s6 nay do6 1a
Ty Yp=a-b, VneZ" (1)

Duing bat déng thiic Cauchy ta suy ra rang z, > y,, Vn € Z*. Dau bing khong thé xay ra vi
,, luon khac y, (diéu nay ding quy nap cé thé dé dang chitng minh dugc) (2)

Nhung ta lai 6 71 > x5 > - -+ > x, (diéu nay ciing c6 thé dé dang c6 dude bing quy nap) (3).
T cac két luan (1) va (3), ta suy ra (z,) 1a mot day giam con (y,) la mot day tang (4).

Tit (1), (2) va (4) ta suy ra lim z,, = limy, = Vab. 0

Nhan xét. Bat bién ctia bai toan trén la tich ctia hai day luon 1a mot hing sb.

Vi du 12. Mai sb trong cac sb ai, as, as, . . ., a, nhan mot trong hai gia tri 14 —1 hoac 1. Biét
rang:

S = a1Q20304 + Q2030405 + * ++ + ApA10203 = 0

Hay chiing minh réng n chia hét cho 4.

LO1 GIAL Day la mot bai toan 1y thuyét s6, nhung ta vAn sé diing bat bién dé giai n6. Tinh
bat bién nay nhu sau: S sé khong thay doi s6 du khi chia cho 4 néu nhu ta ddi dau ciia 4 s6
hang lien tiép. That vay, néu c¢6 2 s6 duong va 2 s6 am thi sé khong c6 chuyeén gi thay ddi, néu
c6 1 s6 khac dau 3 s6 con lai thi khi doi dau gia tri ctia S sé thay doi 4 hosic —4 va diéu nay
khong anh hudng gi t6i s6 du ctia S khi chia cho 4 ¢4, cubi ciing néu 4 s6 cing dau thi khi doi
dau S sé thay doi mot dai lugng 1 8 hay 8 diéu nay di nhién ciing khong anh hudng gi t6i s6
du ctia S khi chia cho 4. Bay gio quay lai bai toan ctia chiing ta. Ta thuc hién thuat toan doi
dau ciia 4 s6 hang lién tiép sao cho cudi ciing dua tat cd n s6 thanh sé6 duong. Khi d6 S = n
va theo tinh bat bién thi S chia hét cho 4 (vi ban dau S = 0 chia hét cho 4 ) Vay n chia hét

cho 4. Ta da c6 két luan cho bai toan. O

Nhan xét. S sé khong thay doi s6 du khi chia cho 4 néu nhu ta doi dau clia 4 s6 hang lien
tiép.

Vi du 13. Hai ngudi choi cd, mdi van ngusi thing duge 2 diém, ngudi thua duge 0 diém, néu
tran hoa thi méi ngusi duge 1 diém. Héi sau mot s6 van cd c6 thé xay ra truong hgp mot ngusi
duge 9 diém va ngudi kia duge 10 diém hay khong?

LO1 GIAI. Téng s6 diém ctia hai nguoi trong mdi van luon bang 2. Suy ra tai moi thoi diém thi
tong diém ctia hai ngudi luon 1a s6 chan. Ma 9 4 10 = 19 1a s6 1é nén khong thé xay ra trudng
hop mot ngusi duge 9 diem va ngusi kia duge 10 diém. 0

Nhan xét. Bat bién ciia bai toan la tdng diém clia hai ngusi trong méi van luon bing 2.

Vi du 14. C6 1981 tach ubéng tra dat trén mot ban. Luc dau tat ca cac tach déu dude dat
ngtta lén. Gia st mdi lan ngudi ta lam cho 200 tach trong ching lat ngudc lai. Héi sau mot s6

lan nhu vay, c6 thé lam cho tat ca cac tach déu ap xubng duge khong?
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LO1 GIAL. Néu c6 1981 tach, ta khong thé quay Gp xudng tat ca duge. tai mdi thoi diem co
tach dat ngiita duge lam ap xudng va c¢6 200 — x tach tp xudéng dugdce lat ngtra lén. Do d6 s6 cac
tach dang p da thay ddi di mot s6 1 |200 — 2|, va day 1a mot s6 chin. Diéu nay c6 nghia la
sb cac tach dit ap xudng khong bi thay déi vé tinh chin 1é. Ban dau sb6 nay bing 0, 1a s6 chin.
Do d6 khong thé thay doi s6 nay thanh 1981, 1a s6 1¢é. O

Nhan xét. Bat bién ciia bai toan 1a céc tach dang Gp luon thay doi mot lugng chin. Trong dé
toan ta c6 thé thay doi 1981 bang mot s6 1é bat ky va 200 bang mot sé chin bat ky nho hon

s6 ban dau.

Vi du 15. C6 2005 dong xu, mdi dong xu c6 hai mit, mot mat mau xanh vA mot mat mau
do6. Xép cac dong xu trén bang sao cho cdc mit mau xanh ngtia léen. Thite hién tro choi nhu
sau: mdi lan thue hién cho phép déi bén mit ctia bén dong xu tity ¥. Hoi ¢6 thé nhan duge két

qua ma tat ca cac dong xu déu c6 mat dé ngtia len trén duge khong?

Lo1 GIAL. Thay méi dong xu mat mau xanh ngtia lén trén bdi s6 —1. Thay mdi dong xu mau
dd ngtia len tren bdi s6 (+1). Khi d6 mdi cach thic hién theo dé bai c6 thé mo ta dudi dang
khac nhu sau: bon s6 bat ky duge x6a di va thay mdi s6 bang s6 ddi ctia né. Ban dau c6 2005
s6 (—1) tuong ting véi 2005 dong xu c6 miat mau xanh ngtia lén trén. Ta thay ring néu thay

bén sb a, b, ¢, d béi bén s6 —a, —b, —c, —d thi tich clia cac s6 mdéi thay vao 1
(=a)(=b)(—c)(—d) = abcd

bang tich ciia cac s6 ban dau. Nhu vay tai moi thoi diém thi tich ctia cac s6 khong déi. Ban dau
¢6 2005 s6 —1 nén tich ctia ching la (—1), suy ra tai moi thoi diém tich cac s luon 1a (—1).

Vay khong thé nhan dugce két qua ma tat ca cac dong xu déu c¢6 mat do ngtra lén tren. 0

Nhan xét. Bai toan trén dugc thay doi dé dé tim bat bién hon, bat bién la trong moi thao tac
thi tich cac chit s6 1a khong doi.

Vi du 16. Trong day 1,9,9,9,8, ..., mdi chit s6 bat dau tit chit s6 thit nam bang chit s6 hang
don vi ctia tong bon chit s6 lién trude né. Hbi trong day nay cé gip cac bo 1234 va 5678 khong?

Lo GIAI. Ta thay méi chit s6 clia day da cho bang s6 0 néu né 1a s6 chin va bang s6 1 néu n6
14 6 1é. Ta nhan duge day s6 111101111011110..., trong dé ci sau bon chit s6 1 ¢6 mot chit s6
0 va ctt sau mdi s6 0 c¢6 bon chit s6 1. Cac bo s6 1234 va 5678 ting véi cac bo 4 chit s6 1010 va
1001 nén khong thé c6 mat trong day sé da cho. 0

Nhan xét. Day la bai toan toi rat thich, né thé hien dude tu duy chuyén bai toan khé thanh
bai toan dé dé c6 thé phat hien dugc bat bién. R rang dé nguyeén rat khé dé tusng minh duge
16i gii, tuy nhién khi chuyén héa thi bat bién chinh 1 cit sau bén chit s6 1 ¢6 mot chit s6 0 va

ctt sau mdi 86 0 ¢6 bon chit sb 1.

Vi du 17. Mot hinh tron duge chia thanh 10 6 hinh quat, trén moéi 6 ngusi ta dit 1 vién bi.
Néu ta cit di chuyén cac vien bi theo quy luat: méi lan lay ¢ 2 6 bat ki mdi 6 1 vien bi, chuyén
sang 0 lién ké theo chiéu ngudc nhau thi c6 thé chuyén tat ca cac vien bi vé ciing 1 6 hay
khong?
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LO1 GIAL

Trude tién, ta t6 mau xen ké cac 6 hinh quat, nhu vay sé ¢6 5 6 duge t6 mau (6 mau) va 5 6
khong duge t6 mau (6 trang). Ta cé nhan xét : Néu di chuyén 1 bi 6 6 mau va 1 bi 6 6 trang
thi tong s6 bi ¢ 5 6 mau khong déi. Néu di chuyén ¢ 2 6 mau, mdi 6 1 bi thi tong s6 bi ¢ 5 0
mau giam di 2. Néu di chuyén é 2 6 trang, mdi 6 1 bi thi tong s6 bi ¢ 5 6 mau tang leén 2. Vay
tong s6 bi ¢ 5 6 mau hoic khong doi, hodc gidm di 2 hodc ting len 2. N6i cach khac, tong sb
bi ¢ 5 6 mau sé khong thay doi tinh chiin 1é so v6i ban dau. Ban dau téng sé bi ¢ 5 6 mau la
5 vien (14 s6 1é) nén sau hitu han lan di chuyén bi theo quy luat trén thi tong s6 bi 5 6 mau

luén khéc 0 va khac 10, do dé khong thé chuyén tat ca cac vién bi vé ciing 1 6. 0

Nhan xét. Bai toan dudc giai dé dang bang cich t6 mau xen ké cac 6 hinh quat. Trong rat
nhiéu bai toan thi viéc t6 mau chinh 14 ¥ tudng chinh dé giai bai toan. Va bat bién trong bai
toan nay la téng s6 bi ¢ 5 6 mau sé khong thay doi tinh chén 18.
Vi du 18. Mai s6 trong day
21 22 23 22005
) 9 AR

déu dugc thay thé béi tong céc chit s6 ctia né. Tiép tuc lam nhu vay véi cac s6 nhan dude cho
tdi khi tat ca cac s6 trong day deéu c6 1 chit s6. Chiing minh trong day nay: s6 cac sd 2 nhiéu

hon sb céc so 1.

LO1 GIAL Ta thay : “S6 ty nhién A va tong cac chit s6 ctia A luon cling s6 du trong phép chia
cho 9”.

Mit khéc ta c6 : 2! chia cho 9 du 2; 22 chia cho 9 du 4; 22 chia cho 9 du 8; 2* chia cho 9 du T7;
25 chia cho 9 du 5; 26 chia cho 9 du 1; 27 chia cho 9 du 2;...

Do dé6 2% 4 r lan lugt nhan céc sd du trong phép chia cho 9 1a 2, 4, 8, 7, 5, 1 tuong tng
véi cac gia tri ctia r 1a 1, 2, 3, 4, 5, 0. Day cudi ciing nhan duge gom 2005 s6 thude tap hgp
{2;4;8;7;:5;1}. Ta c6 2005 = 334 x 6 + 1 nén day cudi cuing c¢6 335 s6 2 (nhicu hon s6 cac sb

khéc 1 s6). Vay sb cac s6 2 nhiéu hon s6 cac s6 1 ding 1 s6. 0

Nhan xét. Bai toan trén xuat phat tir tinh chat trong s6 hoc. S6 tu nhien A va tong cac chit
s6 ctia A luon cung s6 du trong phép chia cho 9 va day cic s6 du khi chia @™ cho m luon tuan
hoan (c6 thé khong xuat phat tit chi sé dau tién). Va bat bién ciia bai toan 1a day sb trén duge
chuyéen thanh day céc s6 du ctia né 248751248751 . ..

Vi du 19. Mot to giay bi cat nhé thanh 6 manh hoac 11 manh. Cac manh nhan dudc lai c6

thé chon dé cat (thanh 6 manh hogc 11 manh nhé hon),...Ctt nhu vay ta c6 thé nhan dugdc
2005 manh cit khong ?
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LOI GIAI. Sau mdi lan cat mot manh gidy thanh 6 manh hosic 11 manh thi s6 manh gidy ting
len 13 5 hodc 10. Nhu vay tinh bat bién clia bai toan 1a “s6 méanh gidy luon tiang léen mot boi
so6 ctia 5”. Vay s6 manh gidy sau cac lan cat c6 dang 1+ 5k, mat khac 2005 c6 dang 5k nén véi
cach cit nhu trén, tit mot to gidy ban dau, ta khong thé cit dugc thanh 2005 manh. O

Nhan xét. Bat bién clia bai toan 1a s6 manh gidy tang lén luon 1a mot bai s6 clia 5.

Vi du 20. Ta xét bang 4 hang 4 cot bao gom nhitng dau + va dau — nhu sau:

+ 4| -+
+ 4|+ |+
+l4 ]+ |+
+l 4]+ |+

Ngudi ta c6 thé dong thoi thay doi dau clia tat ca cac dau trong mot hang bat ky, mot cot
bat ky, hodic trong mot dudng bat ky ma né song song véi mot trong nhitng duong chéo(thuc
té ngudi ta co the thay doi dau ¢ 4 goc). Co6 kha nang hay khong nhan duge mot bang khong

chtta ddu — nao?

LO1 GrAr. Ta xét bang thi hai nhu sau:

0(1(1/0
110|101
11001
01110

Béang nay c6 tinh chat: trong mbi hang, mdi cot hodc nhitng dusng thing song song véi dusng
chéo c6 dung hai s6 1 hodc khong c6 s6 1 nao. Bay gio ta goi nhitng phan ti trong bang thi
nhat 1a phan ti tot néu né ducge dat vao ding vi trf c¢6 s6 1 nhu é bang thit hai. Sau khi ta
thay doi dau thi chi c6 thé xay ra mot trong ba truong hop sau:

o Truong hop 1. Hai dau + phan ti t6t duge chuyén thanh hai dau — phan tit t6t.
o Truong hop 2. Hai dau — phan tit tot duge chuyén thanh hai dau — phan ti tot.
o Truong hop 3. Mot cap phan tit tot gom mot dau + va mot dau — chuyén doéi cho nhau.

Nhu vay s6 luong dau — phan tit t6t luon 1a s6 18. Do d6 luon ton tai it nhat mot dau — trén
bang. 0

Vi du 21. C6 hai déng da, mot déng c6 n hon va dong kia ¢6 k& hon. Ctt mdi phit mot may
tu dong lai chon mot déng c6 s6 hon da 1a chdn va chuyén mot nita sé6 hon da ctia dong da
duge chon sang dong kia (néu ca hai déng déu c6 s6 hon da 1a chén thi méy sé chon ngau nhien
mot dong). Néu trong hai dong s6 hon da déu 1a 1& thi may sé ngling lam viéc. Héi ton tai bao
nhiéu cap thit tu (n, k), véi n va k 1a cac s6 ty nhién khong vugt qua 1000, dé méy tu dong sau
khoang thai gian hitu han sé ding.
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LO1 GIAL Gia st n = 2% va k = 2%, v6i u v v 1a cac s6 1é. Chiing ta sé chiing minh ring may
tu dong nhat thiét sé ding ddi véi cac cip va chi cac cip s6 (n, k) v6i a = b. Néu a = b thi tix
cap (n, k) may tut dong c6 thé nhan duge cap (2a 1 u,2a (u + v)) hodc (2a~1(2u + v), 2a~1v).
Vi cac 86 (2u + v) va (2v + u) lai 1a 1&, nén méy tu dong da lam gidm s6 mi clia 2 xubng 1
don vi. Qua a bude thi s6 mii ndy tré nén bang 0, va may ty dong sé ding lai. Bay gio gia st
a < b(truong hop a > b xét tuong ty). Néu a < b— 2, thi tit cap (n, k) may tu dong c6 thé nhan
duge cap (2¢(u + 2°717%), 2°71v) véi cac s6 mil trong lity thit clia 2 khac nhau. Néua = b — 1,
thi tit cap (n, k) may tu dong c6 thé nhan dude ciap (2a(u +v), 2au) = (2“ + 1“2ﬂ, 2au) lai v6i
cac s6 mil trong liiy thita clia 2 khac nhau. Dé dang thay rang trong truong hgp nay may tu
dong sé lam viec mai mai khong ditng. Chi con viéc dém cac cap s6 kha di. C6 500 s6 1é khong
vugt qua 1000, bdi vay s6 cap (n, k) = (2%u,2%) v6i a = b = 0 bang 500%; c¢6 250 s6 khong
vugt qua 1000 chia hét cho 2 va khong chia hét cho 4, bdi vay s6 lugng cap v6i a = b = 1 bang
250%. Ctt tiép tuc nhu vay, ta nhan duge dap s6 clia bai toan:

5002 4 250% + 1252 + 632 4 312 + 16% + 82 + 42 + 22 + 1% = 333396
0

Vi du 22. Trén bang viét 10 dau cong va 15 dau trit. Véi 24 1an thyce hién, méi lan x6a di
2 dau bat ki roi lai thém vao 1 dau (cong hodc trit) dé cudi ciing trén bang chi con lai 1 dau
duy nhat. Biét rang dau duge thém vao sé 1a dau trit néu truée doé da xéa di 2 dau khac nhau,

ngude lai dau dude thém vao sé 1a dau cong. Héi dau con lai trén bang 1a dau gi ?

LOI GIAL. Ta thay, néu x6a di 2 dau cong thi phai them vao 1 dau cong, vi vay s6 dau trit trén
bang khong thay doi. Néu x6a di 2 dau trit thi phai them vao 1 dau cong, vi vay s6 dau trit
gidm di 2. Néu x6a di 1 dau cong va 1 dau trir thi phai them vao 1 dau trit, vi vay s6 dau tri
trén bang khong thay déi. Nhu vay, tinh bat bién 1a : sau méi lan thyc hién viec x6a va them
dau, s6 dau trit trén bang hoac khong thay doi hosic gidm di 2. Mat khac, s6 dau trit ban dau
12 s6 1& nén sau mdi lan thuyc hién thi s6 dau trir con lai trén bang bao gio ciing 1a s6 1&. Sau
24 lan thyc hién, trén bang chi con lai 1 ddu duy nhat ma dau trit khong thé méat hét nen dau

con lai trén bang phai 1a dau tru. O

Vi du 23. Cho mot ban ¢ qubc té 8 x 8. Héi ring quan ma c6 thé di nude dau tien tir 6 dusi
ciing bén trai va két thic 6 6 trén ciing bén phai hay khong? Véi dieu kién né phai di qua tat

cd cac 0 trén ban ¢ va mdi o6 chi di qua ding mot lan

LO1 GIAL Ta t0 cac 0 trén ban co xen ké cac mau den trang nhu ban ¢ vua(hinh dudi)
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Do st “binh dang mau” nén khong mat tinh tong quét ta c6 thé gia st rang 6 dudi cing bén
trai c6 mau trang. Tu cach di clia con ma ta nhan thay ring sau moéi nude di con ma sé sang
mot 6 khac mau v6i 6 ma né dang ding. Vi thé sau mot s6 1é nude di con ma sé ¢ 6 mau den,
sau mot s6 chin nuée di con ma sé & 6 mau trang. Day 1a tinh bat bién ctia ching ta. Trd lai
bai toan ta thiy riang di tit 6 dudi cuing beén trai lén 6 trén cting bén phai can di 63 nuéc di.
Vi thé o trén cting bén phai sé can mang mau den (theo nhu tinh bat bién). Diéu nay 1a vo ly.
Vay quan mé khong thé di tit 6 dudi ciing bén trai nén 6 trén cing bén phai nhu yéu cau ctia
dau bai duoc. O

Nhan xét. Bai toan da dugdc gidi quyét nhung xung quanh bai toan nay van con rat nhieu
diéu can phai suy nghi. Chang han nhu khi xét ban ¢ X x X véi X 1a mot s6 1é thi lieu c6
mot cach di tit 6 dudi cling bén trai lén 6 trén cing bén phai va thod man cac yéu cau ctia bai
toan hay khong? Néu c6 thi hay chi ra mot cach di nhu thé? Cau hoéi nay kha kho.

Vi du 24. Cho mot bang 6 vuong chita s6 nhu hinh 4a . Ta thic hién mot thuat toan 7' nhu
sau: Chon ra 2 s6 bat ki nam & hai 6 vuong canh nhau va cong 2 s6 d6 v6i mot s6 nguyén nao
d6. Hoéi rang sau mot so6 lan thyc hién thuat toan T thi bang hinh vuong chita cac s6 nhu hinh
4a c6 thé thanh bang hinh vuéng nhu hinh 4b hay khong?

11213 71819

41516 6124
71819 3151
hinh 4a hinh 4b

LO1 G1A1. T6 mau céc 6 cua hinh vuong nhu hinh duéi day.

Dit B la tong cac s6 ¢ cac 6 mau den va W 1a tong cac s6 ¢ cac 6 mau trang. Ta thay vi moi
1an thyc hién thuat toan T ta cong thém 2 s6 6 2 6 canh nhau véi mot s nguyén nén dé thay
rang hieu B — W la khong ddi. Nhung vé6i gia thuyét clia bai toan thi ¢ hinh 4a thi B —W = 5,
con & hinh 4b thi B — W = —1. Diéu nay trai v6i quy tic bat bién § trén. Vay sau nhiing lan
thuc hien thuat toan 7 thi tit hinh 4a ta khong thé nhan duge hinh 4b. O

Vi du 25 (VMO 2006). Xét bang 6 vuong m x n (m,n 1a cac s6 nguyén duong 16n hon 3).
Thuye hién tro choi sau: mdi lan dit 4 vien bi vao 4 6 ctia bang (mdi 6 1 vien) ma 4 6 d6 tao

thanh mot trong cac hinh dudi day:

EE]] H

T O
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Hoéi sau mot s6 1an ta ¢ thé nhan dude bang ma s6 bi trong cac 6 bing nhau dude khong néu:
a) m = 2004 va n = 20067
b) m = 2005 va n = 20067

LOr G1Ar.  a) Bang da cho co thé chia thanh céc hinh chit nhat 4 x 2 nén ¢é thé nhan duge

trang thai ma s6 bi trong cac 6 bang nhau.

b) To6 méau céc 6 cia bang nhu hinh vé (t6 cac hang 1,3,...,2005).

Dé thay, moéi lan dit bi c6 2 vien duge dit vao cac 6 duge t6 mau va 2 vien duge dit vao
cac 6 khong t6 mau. Do d6, néu goi S(n) 1a s6 bi trong cac 6 duge t6 mau va T'(n) 1a s6
bi trong cac 6 khong duge t6 mau sau lan dit bi thit n thi S(n) — T'(n) 1a bat bién. Ta c¢6

Do d6, néu nhan duge bang ma sb bi trong cdc 6 bang nhau thi s6 6 duge to6 mau va so
6 khong dugce to mau bang nhau. Diéu nay khong thé xay ra vi m la sb 18.
0

Vi du 26. C6 2n ngai dai stt duge moi dén mot bita tiéc. Moi ngai dai st ¢6 nhiéu nhat n — 1
ké thit. Chting minh ring c6 thé xép cac ngai dai st ngdi quanh mot ban tron dé khong ai phai

ngoi canh ké tht ctia minh.

LO1 GIAL Dau tien ta xép chd ngoi cho cac ngai dai st theo moi cach c¢6 the. Goi H 1a s6 cap
ké thu ngoi canh nhau. Goi (A, B) 1a mot cip ké thu, v6i B ngoi bén phai ctia A ( hinh a).
Ching ta sé phéi tach ching ra. Xét mot cap (A, B') v6i A’ 1a mot ngusi ban ciia A. Ta sé dat
duge muc dich bang cach ddo 2 dau mut cia cung BA’ (hinh b). H sé bi giam néu (A4, A") va
(B, B’) trong hinh b 1a 1 cap than thién.

Hinh a Hinh b
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Ta can chi ra rang luon ton tai B’ nam bén phai ctia A’ va B 1a ban ciia B’. Ta bat dau tit A
va di khip xung quanh ban theo chiéu kim dong ho. Ta c6 it nhat n ngudi ban ctia A ,va bén
phai ho sé c6 n chd ngodi. Ching khong thé bi chiém giit béi tat ca ké thit ctia B’ vi B’ chi c¢6
n — 1 ké thit. Nhu vay luon ton tai mot diém A’ dé cho bén phai ctia n6 ¢6 B’, mot ngudi ban
ctia B. Két hgp v6i nguyén 1y bat bién ma ta da tim ra § trén thi viec lam gidm H 1a luon thuyc
hien duge. Vay sau mot s6 lan nhat dinh thuc hién thuat toan nhu véi cap (A, B) thi ta sé c6

mot cach xép thod man yéu cau clia bai toan. 0

Vi du 27. Cac s6 tu nhién 0,1,2,3, ... dudc viét trong cac 6 clia mot bang 6 vuong kinh thiic
2003 x 2003 theo vong xudy tron oc(xoay ngude kim dong ho) sao cho s6 0 nam & 6 trung tam
(tam ctia bang). Cac dong va cot ciia bang duge danh s6 tang dan tir dudi len trén va tir trai
sang phai (bat dau tu s6 1).

a) S6 2004 nam G dong nao, cot nao? Vi sao?

b) Thuc hién thuat todn sau: lan dau tién, thay s6 0 6 6 trung tam bdi s6 1998; méi lan tiép
theo, cho phép lay ra 12 s6 trong 12 6 lién tiép trong cing mot hang ho#c trong cling mot
cot ho#ic trung cling mot hinh chit nhat 3 x 4 r6i tdng mdi s6 dé len mot don vi. Hoi sau
mot s6 lan nhu vay ta c6 thé lam cho tat ca cac s6 trong bang déu 1a boi clia 2004 hay
khong? Tai sao?

20119118 17|16

211 6 4 115
22| 7 14
23| 8 13
2419 11011 |12

LOT GIAL.  a) Xét hinh vuong canh 2n + 1 ¢6 tam 1 6 chita s6 0; s6 duge viét ¢ dinh dudi,

bén trai ctia hinh vuong nay 1a (2n +1)% — 1 (vi du céc s6 8,24,...).

Vi(2x22+1)2—1 = 2024 va s6 0 nam 6 6 dong s6 1002, cot s6 1002 nén sd 2024
nam & hang s6 1002 — 22 = 980 va cot sd 1002 — 22 = 980. Vay s6 2004 nam & hang s
980 + 20 = 1000 v& cot s6 980.

a) Ta t6 mau cac 6 ciia ban nhu hinh vé.
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Goi S(n) 1a tdng céac sb6 trong cac 6 duge to mau & bude thit n. Do mdi lan thuc hien
thuat toan (ké tir lan thit 2) c6 ding 4 6 dude t6 mau nén

Sn+1)=S8(n)+4, VYn=1.
Do d6 S(n) bat bién theo module 4. Suy ra
S(n)=5(1) (mod 4),¥n > 1.

Ta xét s6 du ctia S(0) khi chia cho 4:

Xét cac duong chéo gom nhiing 6 duge t6 mau, cac duong chéo d6 gom mot trong ba loai

sau day:

e Loai 1: chiia toan cic s6 chia hét cho 4 (duong chéo di qua 6 trung tam).

e Loai 2: chita toan cac sb6 chia cho 4 du 2. Do tinh chat déi xitng ctia bang nén c6
chin duong chéo loai nay va nhu vay tong cac s6 trén cac duong chéo loai nay chia
hét cho 4.

e Loai 3: chita toan cac so6 1é: Tren mdi dudng chéo loai nay c6é mot nita s6 6 chita cac
s6 chia cho 4 du 1 vA mot nita s6 6 chita cac s6 chia cho 4 du —1 va nhu vay tong

cac sb trong cac duong chéo loai nay ciing chia hét cho 4.

Tu d6 ¢6 S(0) = 4 (mod 4), suy ra S(1) = S(0) + 1994 = 2 (mod 4) hay S(n) = 2
(mod 4), ¥n > 1. Vay khong thé c6 trang thai ma tat ca cac sd trong bang déu la boi
cua 2004 dugc.

0

Vi du 28. Xac dinh cac s6 nguyen duong m,n sao cho bang m x n c6 thé lat duge béi cac
quan hinh chi L dué6i day



115

LO1 GIAL. Khong mat tinh tong quat ta co thé gid st m < n. Dé lat duge bang thim > 2,n > 3.
Gia st ta co thé lat duge bang bdi a quan hinh chit L, ta ¢é m.n = 4a. Vi m.n > 6 nén a > 2.
Xét a = 2, ta c6 bang 2 x 4. Bang 2 x 4 ¢6 thé 1at dugce bdi hai quan chit hinh L nhu hinh vé

dudi day:

V6i a = 3 ta c6 m x n = 12 nén c6 hai bang théa man 1a 2 x 6 va 3 x 4. D& dang kiém tra hai
bang nay déu khong lat duge bdi cac quan hinh chit L. Diéu dé khién ta du doan, dé lat duge
bang bdi cdc quan hinh chit L thi a chdn. Dé chiing minh du doan nay ta t6 mau cac 6 cla
bang nhu sau: Gia st duge m chén. Cac 6 6 dong c6 thit ty 1é (tinh tir trén xudng dudi) duge

t6 mau den, c6 6 & dong c6 thit tir chin duge t6 mau trang.

Khi d6, s6 6 den va s6 6 trang bang nhau va bang 2a. Mdi quan hinh chit L 14t vdo bang chiém
3 6 den v 1 6 trang hodc chiém 3 6 trang va 1 6 den. Gia st 1at duge béi  quan hinh chit L

chiém 3 6 den va 1 6 trang va y quan hinh chit L chiém 3 6 tring va 1 6 den. Ta c6 hé

rty=a
3r+vy =3y +z=2a.

Suy ra z = y va a = 2z. Diéu d6 c6 nghia 14 a chin.

Bay gio ta chitng minh néu a chén, tidc 1a m x n chia hét cho 8 thi c6 thé lat duge bang béi
cac quan hinh chit L. That vay, néu m chia hét cho 2 va n chia hét cho 4 thi bang c¢6 thé thanh
¢6 hinh chit nhat 2 x 4 nén 14t duge. Néu m 1é va n chia hét cho 8 thi do m ¢ thé duge viét
dusi dang m = 2s + 3 nén c6 thé chia bang da cho thanh cac hinh chit nhat 2 x 4 va 3 x 8. Do
d6, néu hinh chit nhat 3 x 8 lat duge thi bang da cho sé lat duge. Hinh vé dudi day chiing to
c6 thé 1at duge hinh chit nhat nay.
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Vay dé lat dugc bang da cho béi cac quan hinh chi L thi diéu kién can va di 1a m x n chia
hét cho 8 va m,n > 2. 0

Vi du 29 (IMO 2004). Ta dinh nghia vién gach hinh méc cau 1a hinh gom 6 6 vuong don vi
nhu hinh vé dudi day, hodc hinh nhan duge do 1at hinh d6 (sang trai, sang phai, len trén, xudng
duéi) hoac hinh nhan duge do xoay hinh dé di mot goc.

Hay xac dinh tat ca cac hinh chit nhat m x n, trong d6 m,n la cac s6 nguyén duong sao cho

c6 thé 1at hinh chit nhat d6 bing céc vien gach hinh méc cau.

LO1 GIAL. Dé thay m,n ¢ {1,2,5}. Chia hinh chit nhat m x n thanh m X n 6 vuong va danh
s6 cac hang, cac cot tit dudi len trén, tif trai sang phai. Ta goi 6 (p, ¢) 14 0 ndm & giao clia hang
thit p va cot thi ¢. Hai vien gach hinh moéc cau chi c6 thé ghép lai dé dudge mot trong hai hinh
duéi day

(H1) (Hz)

Do dé, dé lat dugc hinh chit nhat m x n thi m.n phai chia hét cho 12. Néu it nhat mot trong
hai s6 m ho#c n chia hét cho 4 thi c6 thé 1at duge hinh chit nhat m x n. That vay, gia st duogc
m chia hét cho 4. Néu n chia hét cho 3 thi ¢6 thé chia hinh chit nhat m x n thanh cac hinh
chit nhat 4 x 3, do d6 c6 thé 1at duge. Néu n khong chia hét cho 3 thi c6 thé viét n dudi dang
n = 3a + 4b véi a, b 1a cac s6 nguyen duong, do dé c6 thé lat dugec.

Bay gio ta chiing minh mot trong hai s6 m,n chia hét cho 4. Gia sit ngudc lai, khi d6 cd m va
n chia hét cho 4 nhung khong chia hét cho 4. Dé chitng minh diéu nay khong x4y ra ta tao bat

bién. Dé tao bat bién ta dién cac s6 vao cac 6 clia hinh chit nhat theo quy tac sau: Xét 6 (p, q).
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Néu chi mot trong hai toa do p va ¢ chia hét cho 4 thi dién s6 1 vao 6 d6. Néu chi mot trong
hai toa do p v ¢ chia hét cho 4 thi dién s6 2 vao 6 d6. V6i cach dien sd nhu vay ta thu duge
bat bién la tong cac s6 trong hinh (H,;) va tong céc s6 trong hinh (Hy) luon la s6 18. Do m,n
chin neén tong cac s6 trong toan bo hinh chit nhat m x n 1a mot s6 chin. Mubn lat duge hinh
chit nhat m x n thi tong s6 hinh (H;) va (Hy) duge st dung phai 1a s6 chin. Khi do, m.n chia
hét cho 24. Diéu nay khong xay ra vi cd m,n déu khong chia hét cho 4. 0

Két luan. Qua céc vi du trén cac ban c6 thé thay dugc stic manh ciia viéc tim ra cac dai lugng
bat bién trong mdi bai toan t6 hop. Cac dai lugng bat bién xuat hién trong tat ca cac dang
clia bad toan to hop. Tim ra ciing nhu phat hién cac dai lugng bat bién chinh 1& con duong giai

ciing nhu sang tao cac bai toan lien quan dén noi dung nay.

5. Cac bai toan luyén tap

Bai tap 1. Trén mot bang gdm 4 x 4 6 vuong duge viét cac dau cong va dau trir. Doi dau
dong thoi cdc 6 ndm trén cung mot hang ho#ic trén cing mot cot hodc trén cac 6 doc theo cac
dudng thing song song v6i mot trong hai dudng chéo. Bing cach nhu vay ta c6 thé nhan dugc
bang chiia toan dau cong khong ?

Bai tap 2. Tai dinh A; clia mot da giac déu 12 canh A;A5As ... Ay duge viét dau tri, cac
dinh con lai dugc viét dau cong. Chiing minh rang: bing cach doi dau dong thai tai 6 dinh lien
tiép bat ki v6i s6 lan tiy ¥, ta khong thé nhan duge da gidc ma tai dinh A, viét dau trit con

cac dinh khac viét dau cong.

Bai tap 3. Cho day s6 1,2,3,...,2006. Ta thay doi vi tri cac s6 theo nguyén tic: mdi lan lay
ra 4 s6 bat ki roi dat chtng vao 4 vi trf cfi nhung theo thit tir nguge lai. Bang cach nay, ta c¢6
theé sap xép day s6 tren vé day s6 2006,2005, .. .,2,1 khong?

Bai tap 4. Mo6i ngudi song trén trai dat da thuc hien mot s6 cai bat tay nhat dinh véi nhiing
ngudi khac. Chiing minh rang sé6 ngudi da thuyc hien mot s6 1é cai bat tay 1 s6 chén.

Bai tap 5. Cho cac s6 1,2,3,...,n sip xép theo mot thi tu nao dé. Tién hanh trao doi vi
tri ctia hai s6 bat ki ding ké nhau. Chitng minh rang néu thyc hién mot s6 1€ 1an nhu vay thi

khong thé nhan dugce sip xép ban dau.
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MOT SO BAI TOAN TO MAU

L& Tudn Linh!

Khi gap nhitng bai toan c6 dé bai phtic tap, mot cong viéc ching ta can lam 1a dua né tré ve
v6i ngon ngtt Todn hoc quen thudc, gitp ching ta dé dang tu duy va viéc trinh bay 1oi giai
ciing tré nén don gian hon. Mot phuong phap thuong hay duge st dung dé lam cong viéc nay
1a T6 mau. Ta sé chia dbi tugng dang xét ra thanh nhiéu déi tuong va to6 béi nhitng mau khéac
nhau. Khong chi vay, nhiéu khi To mau sé thie sit gitip chiing ta lam van dé bai ra trd nén

sang stia hon va di t6i 16i giai nhanh chéng, ngan gon va dé hiéu.

1. Tém tit ly thuyét

1.1. Nguyén li Dirichlet

Dang don gidn nhat ctia nguyeén li Dirichlet 13 :

Nguyén ly 1. Néu nhot n+ 1 thé vao n long thi ton tai mot long cé it nhat hai con thé.
Va dang tong quat ctia no:

Nguyén 1y 2. Néu nhot n thé vao m long ma phép chia n cho m cé thuong la k va con du thi

ton tai mot long cé it nhat k + 1 con thé.

CHUNG MINH. Gia st 1ong ndo ciing ¢6 khong qua k thé thi m 1ong ¢6 khong qua mk con tho,

it hon n thé (vo 1i). Vi vay ta c¢6 diéu can chiing minh. 0

Nhan xét. Uu diém ciia nguyén li Dirichlet 13 né cho phép khang dinh dudgc sy ton tai clia

mot doi tuong 6 tinh chat nao dé ma khong can chi ra moé hinh cu thé ciia né.

Vidu 1 (Bai toan 6 ngusi). Chitng minh ring trong 6 ngudi bat ki luon c6 thé tim ra ba ngudi

doi mot quen nhau hodac doi mot khong quen nhau.

LOI GIAL Day la mot bai toan rat co dién ctia Toan hoc va la mot phan nhé trong 16p rat rong
cac bai toan dang Turan. Dé giai quyét bai toan nay, ta c6 thé phat bicu lai bai toan nhu sau :
Cho 6 diém trong dé hai diém nao ciing duge néi véi nhau bang mot doan thang va to bdi chi
mot trong hai mau xanh hodc dé. Chiing minh bao gio cling tim ra duge mot tam giac coé ba

canh cung mau.

L6p 10T, truong THPT chuyén Lam Son, Thanh HoA.
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Goi 6 diém 1a A, B,C,D,E, F.

Tit diém A ta ké duge 5 doan théng 1a AB, AC, AD, AE, AF. Theo nguyén li Dirichlet, ton tai
ba doan thang dudc to bdi ciing mot mau. Khong mat tinh tong quat gia st do la cac doan
thang AB, AC, AD vi ciing t6 mau xanh.

Néu ton tai it nhat mot doan thang trong ba doan thing BC,CD, DB dugc t6 xanh thi bai
toan duge ching minh (gia stt BC' dugce t6 xanh thi tam gidc ABC' thod man)

Néu ca ba doan thang BC,CD, DB déu dudc t6 dé thi tam giac BC'D thoa man.

Vay bai toan da dugce ching minh. 0

Vi du 2. Méi diém trén mat phang duge to bdi mot trong hai mau. Ching minh rang ton tai

hai diém ciing mau c6 khoang cach bing 1.

Lo1 GIAL. Chon ba diém bat ki trong mat phang sao cho chiing tao thanh mot tam giac déu
canh 1. Theo nguyén li Dirichlet, vi ba diém dugc t6 bsi hai mau nén ton tai hai diém ciing

mau va do chinh 14 hai diém can tim. 0

Vi du 3. Mbi diém trén mat phing duge to bdi mot trong hai mau. Chiing minh ton tai mot
hinh chit nhat c6 4 dinh duge to bdi cing mot mau. Hay phéat biéu va ching minh ménh dé
tong quat.

LOI GIAL Xét cac giao diém ciia ba duong thang ngang va 9 dudng thing ding nhu hinh veé.
S6 cach t6 mau ba giao diém trén ciing mot duong thang ding 1a 2 -2 -2 = 8 céch.

Do c6 9 dudng thiang diing nén ton tai hai dudng thang c6 cach to6 mau ba giao diém giéng hét
nhau.

Gia st hai duong thing dé la hai duong thang chita cac giao diém 1a Ay, Ay, A3 v By, B, Bs
nhu hinh vé.

Al B1
A2 BQ
A

3 Bg

Ba diem A;, Ay, A3 dudc t6 béi hai mau nén ton tai hai diém cting mau. Gid st 1a A; va As.
Nhu vay hinh cht nhat A;A3BsB; ¢6 4 dinh dugce t6 bdi cing mot mau. O

Menh dé tong quat: Mdi diém trén mit phang dude to bdi mot trong n mau (n 1a sd nguyén
duong). Chitng minh ton tai mot hinh cht nhat ¢6 4 dinh duge to bdi cing mot mau.

Chitng minh ménh dé tong quat tuong tu nhu véi trusng hop n = 2. Ta sé xét giao diém ciia
ctia ba duong thang ngang va n® + 1 duong thiang ding.
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1.2. Nguyén li cuc han

Nguyén ly 3 (Nguyén 1y cuc han). Trong mot tap hop hitu han (khdc rong) cdc so thue, luon

ton tai s0 nhé nhat va so lon nhat.

Nho nguyeén i cuc han ta c6 thé xét cac phan tit ma mot dai luong nao dé cé gia tri nhé nhat
hozc 16n nhat nhu khodng cach nhé nhat (16n nhat) trong cac khoang cach giita hai diém hay
gitta mot diém v6i mot dudng thang, xét diém & phia bén trai nhat hay bén phai nhat trong
cac diém ndm trén mot doan thang, diém dugce néi véi nhiéu diém nhat,. .. Ta cung dén véi cac

vi du dudi day:

Vi du 4. Cho mot s6 hitu han diém, trong dé c6 mot s6 diém mau den, con lai 1a diém tring.

Biét rang:
(i) Mbi diém den déu dugc ndi véi it nhat mot diém trang.
(ii) Khong c6 diém trang nao duge ndi véi tat ca céc diém den.

Chitng minh ring ton tai mot nhom 4 diém gom 2 diém tring, 2 diém den ma méi diém dugc

n6i véi ding mot diem khac mau ctia nhéom do.

LOI GIAL Goi A la diém trang duge ndi véi nhicéu diém den nhat.

Do diéu kién (i) nén ton tai diém den khong dugce ndi véi A, goi diem dé 1a B.

Do diéu kien (i) ma B phai duge ndi véi 1 diem trang khac A, goi diem do 1a C.

Trong tat ca cac diém den ducc néi véi A ton tai mot diem khong duge ndi véi C, goi dé 1a D
(vi néu khong ton tai thi diém tring C' dugc ndi véi nhidu diém den hon A, trai véi cach chon
diem A).

Nhu vay nhom 4 diem A, B, C, D 1a nhém can tim. i

Vi du 5. Cho tap hgp X gom hitu han cac diém trén mat phang. Méi cip diém bat ki dudc
no6i véi nhau béi mot doan thang va to bing mot trong hai mau xanh hoac dé. Biét rang néu
hai diém A va B thuoc tap hop X la dau mit ctia cing mot s6 doan thang xanh thi khong ton
tai diém C thuoc tap hop X sao cho AC va BC ciing to xanh. Chitng minh réing ton tai mot

diem ma noé chi 14 dau mit ctia ding mot doan thang xanh.

LOI GIAL Vi s6 diém thuoc X 1a hitu han nén c¢6 thé tim duge mot diém A 14 dau mit cia
nhiéu doan thang t6 mau xanh nhat. Gia st AB;, AB,, ..., AB, t6 mau xanh va B; 1a dau mit
ctia n; doan thang xanh.

T diéu kién bai toan ra ta suy ra ng,ne, ..., n; doi mot khac nhau.

Mzt khac cac s6 nq,na,...,n, nhan cac gia tri nguyén trong khoang tit mot dén k& nén chic

chan ton tai n; = 1. Ta c6 diéu can ching minh. O

1.3. Tinh chit bt bién

Trong cac bai toan t6 hgp, ngoai cac bai toan st dung nguyen 1 Dirichlet va nguyén 1i cuc han,
ta con gip céac bai toan stt dung tinh chat bat bién ctia cac d6i tuong khi ching thay ddi. Mic
di1 cac déi tuong nay thay doi nhung van c¢é nhitng tinh chat khong bi thay doi trong sudt qua
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trinh bién doi va dé dugde goi la tinh chat bat bién. Stt dung tinh chat bat bién ta c6 thé loai
bé nhitng trudng hop, nhitng kha nang khong thé xay ra.

Mot bat bién don gian nhat va thuong gap 1a tinh chan 1é ctia s6, tidc 1a ta sé xét s6 du khi
chia cho 2. Ngoai ra ta ciing c6 thé xét s6 du cho cac sé bat ki khac.

Dé thiét lap cac bat bién doi khi ta ciing sit dung phuong phap to mau, tic la chia cac doi

tuong dang xét ra lam nhiéu nhém, cac phan tit cia mdi nhém duge t6 bdi ciing mot mau.

Vi du 6. Cho 13 doan thing thang ding, dau trén to do, dau dudi to xanh. Mai lugt ngusi
ta doi mau hai dau ctia 4 doan thing: dé thanh xanh, xanh thanh dé. C6 cach nao sau mot sb

lugt déi mau, dau trén clia 13 doan thing duge to xanh hay khong?

LOI GIAL. Nhan thay ring sau mdi lan doi mau thi sé6 dau trén mau dé clia 13 doan thang luon
thay doi mot s6 chin, ma ban dau s6 dau trén mau dé 1 s6 18 (13) nén khong thé c6 kha nang
khong c6 dau trén nao mau do sau mot s6 lan doi, tiic 1a khong xay ra trusng hop ca 13 dau

trén ctia 13 doan thang déu c6 mau xanh. d

Vi du 7. Mot hinh tron duge chia thanh 6 hinh quat, trong moéi hinh quat ta dit mot viéen
bi. Thie hién trdo choi nhu sau: Méi lan chuyén mot vien bi ¢ mot hinh quat nao d6 sang hinh
quat ké v6i no. Héi sau 20 lan chuyén bi ta c6 thé nhan duge trang thai ma ca 6 vien bi déu &

cuing mot hinh quat hay khong?

LOI GIAL. T6 mau céac hinh quat nhu hinh vé. Goi S, 1a tong s6 vien bi trong céc hinh quat

mau den sau lan chuyén bi thi n.

Ta thay S, thay do6i sau méi lan chuyén bi, tuy nhién S, =n + 1 (mod 2) v6i moi n > 0.

Suy ra Sy 14 6 1é. Néu sau 20 lan chuyén bi ma ta c6 thé nhan duge kha ning 6 vién bi cling
thuéc mot hinh quat thi S,, = 0 hoac S,, = 6.

Vay sau 20 lan chuyén bi ta khong thé nhan dugc két qua ma ca 6 vien bi déu thudc mot hinh

quat. 0

Vi du 8. Cho mot ban ¢ qubc té. Duge phép son lai cic 6 clia mot duong nam ngang hodc
dudng thang ding nao dé thanh mau khéac. Héi bang cach dé ¢6 thé nhan dude mot ban cd chi
gom duy nhat mot 6 den hay khong ?

Lo1 GIAL Khi t6 lai mot dudng ndm ngang hoiic mot duong thang ding c6 k 6 den va 8 — k 6
trang ta duge 8 —k 6 den va k 6 trang. Do d6 s6 6 den thay ddi di (8 — k) — k = 8 — 2k, tiic 1a
thay doi mot s6 chin 6. Béi vi tinh chin 18 ctia s6 6 den khong thay doi, ma ban dau c6 mot
s6 chin cac 6 den (32 6) nén ta khong thé nhan duge kha nang ban cd chi c6 duy nhat mot 6
den. O
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2. M6t sé dang toan thudng gip vé td mau

2.1. Bai toan lién quan dén db thi

Vi du 1 da trinh bay & trén la mot bai toan ma 16i giai ciia né duge trinh bay theo ngoén ngit

do thi. Dué6i day 1a mot s6 vi du khac vé cic bai toan dang nay.

Vi du 9. Cho 17 diém trén mit phing sao cho hai diém nao ciing duge ndi véi nhau béi ding
mot doan thang va t6 bdi chi mot trong ba mau xanh; dé hoac vang. Chiing minh riang ton tai

mot tam giac ¢6 ba canh cting mau.

LO1 GIAL. Theo nguyén i Dirichlet, tit méi diém ta ké dudgce 16 doan thang va to bdi ba mau,
do d6 ton tai 6 doan thing ké tit diém do6 va to ciing mot mau.

Goi 6 doan thing 1a MA, M B, MC,MD, ME,MF va ching cting dugc to vang.

Néu ton tai it nhat mot doan thing ndi hai trong 6 diem A, B,C, D, E, F t6 mau vang thi bai
toan duge ching minh (vi du doan AB t6 vang thi tam gidc M AB thod méan)

Néu khong ton tai doan thing nao ndi hai trong 6 diém Ay to6 mau vang, tic la 6 diém
A, B,C,D, E, F dugc ndi véi nhau béi cac doan thang to bing mot trong hai mau xanh hoic
d6. Ap dung két qua vi du 1, ta ¢6 didu can ching minh.

Toéom lai ta luén tim duge mot tam giac cé ba canh cuing mau. O

Vi du 10. Cho 6 diém trén mit phing trong dé ba diém nao ciing 1a dinh clia mot tam giéc
c6 do dai ba canh khac nhau. Chiing minh ton tai mot doan thing néi hai trong 6 diém Ay sao

cho n6 vita 14 canh nhé nhat clia tam giac nay, vita 1a canh 16n nhat ctia tam giac khac.

LOI GIAL. V6i mdi tam gide duge tao thanh tit ba trong 6 diém, ta t6 do canh 16n nhat. Nhu
vay bat ci tam giac nao ciing phai c6 canh dé. Lam thao tac trén véi tat ca cac tam giac. Cudi
ciing nhitng doan thang chua dude t6 mau, ta to6 mau xanh.

Theo vi du 1, ton tai mot tam gidc ABC' c¢6 ba canh ciing mau. Vi tam giac ndo ciing ¢6 canh
do6 nén tam gidc nay c6 ba canh ciing mau dé. Do vay, gid st BC 1a canh nhé nhat clia tam
giac nay thi BC chinh la doan thing can tim béi né la canh nhé nhat ctia tam giac ABC' va

14 canh 16n nhat clia mot tam giac khac nén méi duge to do. O

2.2. Bai toan t6 mau bang 6 vuodng

D6i v6i cac bai toan t6 mau lién quan dén bang 6 vuong, ngoai cach to mau mot s6 6 ciia bang
~ 2 - ~ P 2 P £ o 2 ~ 2 ~ 2 . £ N e 2 NG 2
mot cach hgp i, ta ciing c6 thé danh s6 hoac danh toa do cac 6 deé di den 16i giai cua bai toan.

Duéi day 13 mot s6 vi du:

Vi du 11. Hdi c6 thé lat mot ban cd quoc té bi mat hai 6 ¢ hai géc doéi dien (nhu hinh vé)
bang cic quan cd domino 1 x 2 duge hay khong?
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LOT GIAI. T6 mau phan con lai ctia ban ¢ nhu hinh dudi.

Nhan thiy méi quan dominé khi 14t vao bang luon chiém mot 6 den va mot 6 trang.
Néu lat dugc phan con lai ciia bang bdi cac quan domino thi s6 6 den va s6 6 trang clia bang
phai bang nhau. Nhung trong hinh vé ta lai c6 32 6 den va chi ¢6 30 6 trang. Nhu vay khong

thé 14t dudc céc quan domino théa man yéu cau bai toan. U

Vi du 12. Cho mot hinh chit nhat 3 x 7 duge chia thanh 21 6 vuong con. Chitng minh rang
ton tai mot hinh chi nhat tao bdi cac 6 vuong con ma 4 6 vuong con & 4 géc cia hinh chit

nhat ay dude t6 bdi cling mot mau.

LOI GIAL. Néu ton tai mot cot c¢6 ba 6 vuong duge to6 cing mau thi bai toan duge chiing minh
vi khi d6 chic chan ton tai mot cot khac c6 hai 6 duge to ciing mau véi ba 6 d6. T d6 tim
dugc hinh chit nhat can tim.

Néu cot nao ciing chi dude t6 bdi ding hai mau. Ta thay s6 cach to mau ba 6 vuong ¢ mdi cot
14 6, do d6 theo nguyen li Dirichlet ton tai hai cot c6 cach t6 mau giong nhau. Va tit hai cot

nay ta tim ra dugc hinh chit nhat thod man yéu cau bai toan. 0

Vi du 13. C6 thé danh sb cac 6 clia mot bang 6 vuong 4 x 4 béi cac s6 tu nhien tit mot dén
16 (mdi s6 viét mot 1an) sao cho tong 4 s6 ¢ moi phan clia bang 6 vuong c6 dang nhu hinh chit
T dudi day (c6 thé xoay vé moi phia) déu chia hét cho 4 hay khong?

LOI GIAL. Ta sé chiing minh rang khong c6 cach danh s6 nao thod man yéu cau bai toan.
Gia sit ton tai cdch danh s6 thod man yéu cau bai todn. Ta xét mot phan ciia bang vuong nhu
hinh duéi day.
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Taco: (a+b+n+d):4dva(a+b+n-+c):4 Suyrac=d (mod 4)

Tuong tua=b=c=d (mod 4)

Nhu vay néu mot 6 s6 a chia cho 4 du m thi 6 & vi tri chéo véi né ciing chia 4 du m.

Ta t6 mau bang vuong 4 x 4 béi cac mau den trang xen ké. Gia st s6 a & vi tri 6 den, thé thi
cac 86 ¢ vi trf 6 den khac (trir hai 6 den ¢ géc) déu chia 4 du m, suy ra ¢6 6 6 den chtia s6 ¢6

cting s6 du trong phép chia cho 4.

Trong bang khong thé c6 6 s6 co cling s6 du khi chia cho 4 vi trong céc sb tit 1 dén 16 chi c6 4
s6 chia 4 du 0, 4 s6 chia 4 du mot, 4 s6 chia 4 du hai, 4 s6 chia 4 du ba.

Vay khong thé danh s6 cac 6 cia bang 6 vuong thod man yéu cau bai toan. 0

2.3. CAc bai toan khac

Vi du 14. Nguoi ta to dé mot s6 canh ctia mot da giac 16i va t6 xanh cac canh con lai. Biét
rang tong do dai cac canh dé nhé hon nita chu vi da gidc, va khong c6 2 canh ké nhau nao
duge to ciing mau xanh. Hoéi da gide d6 c6 thé 1a da giac ngoai tiép mot duong tron duge hay
khong?

LOI GIAL. Gia st BC la canh xanh, AB,CD la cac canh ké véi canh BC. Theo gia thiét, AB
va CD la cac canh d6. Gia stt da giac ngoai tiép duge duong tron (O). Goi M, N, P la cac tiép
diém ctia duong tron trén AB, BC,CD.

Ta ¢6 BC = BN + NC = BM + CP. Do d6 tong do dai cac canh xanh nhé hon ho#c bing
tong do dai cac canh do (dau nhé hon x4y ra khi ton tai hai canh dé ké nhau. Dau bing xay
ra khi khong ton tai hai canh d6 ké nhau).

T d6 suy ra tong do dai cdc canh xanh khong 16n hon ntta chu vi da gidc, tic 1a tong do dai
cac canh dé 16n hon hodc bang nita chu vi da gidc, trai véi gia thiét.

Vay da giac da cho khong thé ngoai tiép mot duong tron duge. 0

Vi du 15. Cho mot dudng tron. Ta t6 mau xanh mot s6 cung ctia dudng tron, tong do dai cac
cung mau xanh ctia dudng tron nhé hon ntta chu vi duong tron. Chitng minh réng ton tai mot

duong kinh ctia duong tron ma hai dau khong bi to mau.

LO1 GIAL. T6 dé cac cung dbi xing vé6i cac cung xanh qua O. Do tong do dai cac cung xanh
nhé hon nita chu vi dudng tron nén téng do dai cac cung xanh va cung dé nhé hon chu vi duong
tron. Suy ra ton tai mot diém A khong duge t6 mau xanh hay dé. Diém B déi xtng véi diém
d6 qua O ciing khong duge to6 mau va vi thé, duong kinh AB 1a duong kinh can tim. 0

Vi du 16. C6 13 6 vuong xép thanh mot hang ngang, méi 6 duge to6 bdi mot trong hai mau
xanh ho#c d6. Biét rang s6 6 ma bén phai 13 6 ciing mau bang s6 6 ma bén phai 1a 6 khac mau.
O dau tien beén trai 1a 6 dé. Héi 6 cudi ciing bén phai 1a 6 mau gi? Cing hdi nhu trén néu sb 6

vuong la 15 6.
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LO1 GIAL Ta goi mot lan di tit mot 6 sang 6 lién ké bén phai né 1a mot bude chuyén. T 6 s6
1 dén 6 s6 13 c¢6 12 bude chuyen.

Theo gia thiét, s6 6 ma bén phai 1a 6 ctiing mau bang s6 6 ma bén phai 14 6 khac mau, nén s6
bude chuyén ddi mau bang s6 bude chuyén khong ddi mau. Do dé ¢6 6 bude chuyén déi mau
va 6 budc chuyén khong doi mau.

Néu tit 6 @ dén 6 b c6 chin bude doi mau thi 6 b cling mau véi 6 a, néu c6 1é bude doi mau thi
0 b khac mau véi 6 a.

Do vay néu c6 13 6 thi tit 6 mot dén 6 13 c6 6 bude chuyén déi mau, do d6 13 ¢6 cling mau do
v6i 6 mot. Tuong tir, néu ¢6 15 6 thi tit 6 mot dén 6 15 ¢6 7 bude chuyen déi mau, do d6 15 ¢6

mau xanh. O

3. Cac bai toan téng hap

Bai toan 1. Mdi diém trén mat phing duge to bdi mot trong hai mau. Chitng minh riang ton
tai mot tam gidc vuong c6 do dai canh huyén bang mot va mot géc nhon bang 60° va ba dinh

cua tam giac nay c6 ciing mau.

LOI GIAL. GiA st ta to bang hai mau den va trang.

Theo nhu vi du 2 thi ton tai mot tam giac déu ABC' c6 ba canh bang 1 va c6 hai trong ba dinh
cua né c6 cung mau.

Goi AXYBZT la mot luc gide déu nhan AB lam duong chéo 16n nhat. Néu mot trong cac
dinh X,Y,Z,T (chang han X) c6 mau trang thi ba dinh ctia tam gidc ABX (c6 AXDB =
90°, XAB = 60°) s& c6 ba dinh cting mau trang nhu yéu cau dé bai. Ngugce lai, hién nhién ta
thay tam gidac XYT (c6 YXT = 90°, XYT = 60°) c6 ba dinh cing mau den. Vay ta c6 diéu

can chitng minh. 0

Bai toan 2. Méi diém trén mit phang dude t6 bdi mot trong hai mau. Chiing minh ton tai

mot tam giac ma cac dinh va trong tam cia né duge td6 cing mot mau.

LOI GIAL Lay 7 diém bat ki trén mit phing sao cho khong c6 bo ba diém nao thing hang.
Theo nguyén 1i Dirichlet ton tai ba diém cting mau. Gia st d6 1a ba diém A, B, C va chiing
dugce to xanh.

A/

'5\
B C

B’ (o

Xét trong tam G cua tam giac ABC. Néu G ciing duge to6 xanh thi tam giac ABC thod méan
yéu cau bai toan.
Néu G dugc to d6. Trén tia GA ta lay diém A’ sao cho GA’ = 4G A; B, C'" duge dinh nghia tuong
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tu. Khi do6 ta ¢6 A, B, C, G tuong ting la trong tam cac tam giac A’BC, AB'C, ABC', A'B'C".
Néu ton tai mot trong ba diem A’, B', C" dugc to xanh, gia sit A’ t6 xanh thi khi d6 tam giac
A'BC' c6 ba dinh va trong tam cling dugce t6 xanh thod man yéu cau bai toan.

Néu ca ba diém A, B, ¢’ cting dudc t6 d6 thi tam giac A’B’C’ ¢ ba dinh va trong tam G clng
t6 doé thoa man yéu cau bai toan.

Vay bai toan da dugc ching minh. 0
Bai toan 3. Mobi diém trén mat phang dude t6 bsi mot trong ba mau. Chitng minh ring ton

tai hai diém cting mau c6 khoang cach bang mot.

LO1 GIAI. Xét hinh thoi ABC'D véi cac tam giac ABD, BC'D la cac tam giac déu. Theo nguyén
If Dirichlet ton tai hai diém cting mau.

Néu hai diém 4y cting la dinh ctia mot trong hai tam giac déu ABD hoic BC'D thi dé la hai
diém can tim. Néu ngudc lai thi A vi C phéi ciing mau.

Xét tap hop cac hinh thoi nhu trén véi A ¢d dinh. Néu khong c¢6 hinh thoi nao thod man ton
tai it nhat mot canh clia mot trong hai tam gidc déu ABD hoac BCD c6 hai dau ciing mau
thi C phéi ciing mau véi A. Khi d6 tit ca cac diém nim trén dudng tron (A, v/3) duge to béi
cting mot mau. Do d6 hai diém bét ki trén dudng tron nay cé khoang cach biang mot sé thoa

méan yéu cau bai toan. 0

Bai toan 4. Mai diém trén mat phing duge to bdi mot trong bay mau. Hoi c6 phai luon ton

tai hai diém cting mau c6 khodng cach bang mot hay khong?

LO1 GIAL. Ta sé dua ra mot vi du dé ching té ring mit phéng duge t6 bing 7 mau nhung
khong c6 hai diém cting mau bat ki c6 khoang cach bang 1. Ta chia mit phing thanh céc luc
giac déu bang nhau véi cic canh bang a va to6 chiing nhu cach ¢ hinh duéi day (cac diem thuoc

hai hay ba luc gidc c6 thé t6 bang mot mau bat ki trong s6 cdc mau to cac luc gidc do).

Khi dé khoang céach 16n nhét giita cac diém cting mau ndm & cing mot luc giac khong qua 2a,
con khoang cach gitta céc diém clting mau & cac luc gidac khac nhau khong nhé hon do dai doan
thing AB.

Ta c6 AB* = AC? + BC? = 4a® 4 3a® = Ta® > (2a)?.

Do dé néu ta chon a sao cho 2a < 1 < v/7a, hay % <a< % thi khoang cach giita cac diém
cting mau khong thé bing mot.

Vay khong phai luon tim duge hai diém cting mau c6 khodng céch bing 1. O

Bai toan 5. Mat phéng c6 ké 6 duge to bang 10 mau sao cho cac 6 canh nhau (¢6 canh chung)
dugde t6 bdi cadc mau khac nhau, dong thoi tat cd 10 mau deéu duge st dung. Hai mau dude goi
la canh nhau néu ¢ dau d6 ching dudc diing dé t6 hai 6 canh nhau. Héi s6 nhé nhét cac cap

mau canh nhau c6 thé bing bao nhieu?
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LO1 GIAL. Xét mot tuyén duong di qua cac 6 clia tat cd 10 mau va khong di qua mot dinh nao
clia cac 6.Trén mot to gidy khac ta vé 10 diém dudc to bang cdc mau da cho, mdi lan khi ta di
tit 6 mau nay sang 6 mau khéc, ta sé ndi bang mot doan thing cac diém ciia cdc mau dé. Cudi
cuing ta sé dugec mot hinh gom n dinh (trong truong hop nay n = 10) duge ndi bang nhing
doan thing, dong thoi theo cac doan thang dé c6 thé di tit mot dinh bat ki sang mot dinh bat
ki khac. Bang phuong phap quy nap theo n, ta c¢6 thé chiing minh duge hinh nhu thé c6 khong
it hon n — 1 doan théng. Vi mdi doan théng tuong ing v6i mot cap cadc mau canh nhau, nén
sO cac cap cac mau canh nhau khong nhoé hon 9.

Ta lay vi du mot cach son véi 9 cip mau canh nhau cé thé lap duge nhu sau: Dau tien to mau
thtt nhat vao cac 6 thit ty nhu ban c¢o. Sau d6 ta son cac 6 chua duge t6 mau bang cac mau
con lai theo mot thit tu bat ki sao cho tat ca cadc mau déu duge sit dung. Khi d6 trong s6 hai

o canh nhau bat ki luén c6 mot 6 duge to bang mau thi nhat. O

Bai toan 6. Cho 9 diém trén mit phing, trong dé bat cit ba diém nao cling tao thanh mot
tam giac ma canh dude to6 mau xanh hosic d6, nhung luén c¢6 canh d6. Chitng minh ton tai mot

t gidc ¢6 cac canh va dudng chéo duge to cing mau do.

LO1 GIAL. Néu ton tai mot diem A nao dé sao cho tit diém do xuat phat it nhat 4 doan thang
mau xanh (gia st 14 AB, AC, AD, AFE) thi bai toan dudc chiing minh (4 diém B, C, D, E) thoa

main.

Néu diém nao trong 9 diém ciing chi 1a dau mut ciia nhiu nhat ba doan thang xanh, ta thay
rang khong thé xay ra truong hop ca 9 diém déu la dau mit ctia ding ba doan thang xanh bdi
khi &y s6 doan théng xanh la % khong 1a s6 nguyén.

Nhu vay ton tai it nhat mot diém sao cho né la dau mit ctia nhiéu nhét hai doan théng xanh,
dong nghia véi né la dau mit clia it nhat 6 doan théng do.

Gia st diém do 1a A va 6 doan thang doé 1a AB, AC, AD, AE, AF, AG.

Theo vi du 1, trong 6 diem B,C, D, E, F, G ton tai mot tam giac c6 ba canh ciing mau (gia sit
la tam giac BCD).

Theo bai ra thi tam giac nao ciing c¢6 canh mau dé nén tam gidac BC'D c6 ba canh cting mau
do

Do d6 4 diem A, B, C, D thod man yéu cau bai toan. O

Bai toan 7. Trén mat phing cho 18 diém, sao cho khong c6 ba diém nao trong chiing thang
hang. N6i timg cap diém va t6 mau cho moi doan thing thu duge bing mot trong hai mau
xanh hosic dé. Ching minh rang tim duge mot t giac ma cac dinh clia né ndm trong tap diém

da cho sao cho canh va duong chéo ctia n6 cing mau.
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LO1 GIAL. Mot diém M sé dude ndi v6i 17 diem con lai tao thanh 17 doan thing, theo nguyén
1i Dirichlet ton tai 9 doan cling mau, gia sit 1a mau xanh.

Xét 9 diem khac M & cac dau mit ciia cac doan thang xanh ké tit M.

Néu ton tai tam giac ABC ¢6 ba canh ciing xanh thi 4 diém M, A, B, C' thod man yéu cau dé
bai.

Néu khong ton tai tam giac ndo c¢6 ba canh cuing xanh, tic 14 tam giac ndo c6 dinh 1a ba trong
9 diém ay ciing c6 ba canh dé

Theo bai toan 6, luon ton tai mot ti gidc c6 4 canh va hai dudng chéo ctiing mau do. O

Bai toan 8. Cho nam diém A, B, C, D, E trén mit phing sao cho khong c¢6 ba diém nao thang
hang. N&i tat ca cac cap hai diém trong nam diém trén béi mot doan thing va to ching béi
mot trong ba mau xanh, dé hodc vang. Chiing minh ton tai mot duong gap khic khép kin c6

bén canh dude t6 bdi khong qua hai mau.

LOI GIAL. Xét 4 doan thang AB, AC, AD, AE. Theo nguyén i Dirichlet ton tai it nhat hai
doan thing ciing mau. Gia sit hai doan AB, AC dudc t6 bdi cling mot mau xanh.

B
C

E

Xét hai doan théng DB, DC. Néu ton tai mot doan duge t6 xanh thi duong gap khic ABDC A
¢6 4 canh dugc t0 béi khong qua hai mau.
Xét hai doan thang EB, EC'. Néu ton tai mot doan dude to xanh thi dudng gap khic ABEC A
¢6 4 canh dugc to bdi khong quéa hai mau.
Néu ca 4 doan thang DB, DC, EB, EC déu khong dudc t6 xanh thi duong gap khic BDCEB
¢6 4 canh dugc t0 béi khong qua hai mau.

Vay ta c6 diéu can chitng minh. 0

Bai toan 9. Cho nam diém A, B, C, D, E trén mit phang sao cho khong c6 ba diém nao thang
hang. N6i tat ca cac cap hai diém trong ndm diém trén béi mot doan thing va to ching béi
mot trong hai mau xanh hodc dé mot cach tuy y. Chitng minh ring luon ton tai mot duong

gap khuc khép kin duge to bdi cing mot mau.

LOI GIAL Néu trong 5 diém ton tai mot 1a dau mit ctia it nhat ba doan thang cting mau (gia
st 1a diém A va cac doan thang AB, AC, AD ciing dudc t6 xanh).

Khi dé néu mot trong cac doan thing BC, BD, C'D dudc t6 xanh thi ta nhan duge mot duong
gap khic ¢6 ba canh cing mau (vi du BC duge t6 xanh thi duong gap khic ABC ¢6 ba canh
cing mau xanh)

Néu ca ba doan thang BC, BD,C'D déu duge t6 do thi dusng gap khiic BC'D thoad man yéu

cau bai toan.
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Xét trudng hgp tit mdi diém trong 5 diém chi xuat phat ding hai doan thang xanh, hai doan
thing do.

Xét diem A. Ta gia st AB, AC t6 xanh; AD, AE t6 d6. Khong mat tinh tong quat, gia st C D
to xanh.

Tit C xuat phat ding hai doan thing xanh (1a CA,CD) nén CB,CE phai to do.

Tit E xuat phat ding hai doan thang dé (I1a EA, EC) nén EB, ED phai to xanh.

Do d6 duong gap khiic ABEDCA ¢6 5 canh cuing to6 xanh thod man yéu cau bai toan.

Tu cac truong hop da xét trén, ta suy ra diéu can chiing minh. U

Bai toan 10. Mot da dién 16i trong khong gian c6 tat cad cac mat déu 1a hinh tam gidc. V6i
moi canh AB cla da dién ta vé mot mii tén c6 chiéu tit A dén B hodc tit B dén A sao cho &
mdi dinh bat ki déu c6 it nhat mot mii tén di vio va mot mii tén di ra. Chitng minh réng ton

tai mot miat ABC ciia da dién c6 cidc miii tén trén cic canh duge danh dau cuing chiéu.

Lot ciAL. O bai toan nay chung ta sé dua ra moét khai niem méi do 1a goc cung mau. Ta dinh
nghia goc ABC duge goi 1a géc cung mau khi va chi khi AB va AC duge danh dau mii tén
theo cach ¢6 mot mii tén di vao B va mot mii tén di ra tu B.

Gia st ton tai mot cach vé mii tén ma khong ton tai mit nao ctia da dién c6 cidc mili tén trén
cac canh dugc danh dau cung chiéu. Goi D, M;C lan lugt 1a s6 dinh, s6 mat va sd canh clia
da dién. Theo hé thiic Euler ta co

D+M-C=2 (1)

Theo gid st phan chiing ta thay rang do khong ton tai mit nao clia da dién c6 cac mili tén

trén cac canh duge danh dau cling chiéu, ma cic mit ctia da dieén déu 1a hinh tam gidc nén
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mdi mat ctia da dién dé chi c6 ding mot goc ciing mau. Do dé c6 tong cong M goc ciing mau.
Mit khéac xét mot dinh bat ki ctia da dien. Gia sit tai dinh d6 c6 x mii tén di ra va y mii tén
di vdo va x > y. Theo bai ra thi z > 1 va y > 1. S6 gbc cuing mau tai dinh nay la zy. Ta lai
c6 mot dieu nita la 2y — (x + 1)(y — 1) =2 —y+ 1 > 0. Do d6 tai mot dinh bac n (tic la ¢6
n canh ¢6 dau mat la dinh nay) thi ¢6 it nhat n — 1 géc cing mau. Do d6 s6 goc cliing mau
khong bé hon 2C — D.

T day ta suy ra bat ding thtc

M>20-D 2)

T ( ) va (2) suy ra D +m > 2C hay 2 > C. Diéu nay khong thé xay ra d6i v6i da dien 16i
n bat ding thic sai, dan téi gia sit sai va ta c¢6 diéu can ching minh. U

Bai toan 11 (IMO 1992). Trong khong gian cho 9 diém sao cho khong c6 bat cit he 4 diém
ndo dong phang. Cit hai diém thi dugc ndi v6i nhau bang mot doan thang va duge to bdi chi
mot trong hai mau xanh hodc dd, hodc khong to gi ca. Tim gia tri nhé nhat ciia n sao cho dé
c¢6 dang n doan théng dugce t6 mau thi tap hgp cac canh duge t6 do6 phai chita mot tam gidc

¢6 ba canh cuing mau.

LOI GIAL V6i he gom 5 diém bat ki v ca 10 canh déu dude t6 mau xanh hodc doé thi két qua
bai toan khong ding. Cach t6 mau nhu dudi day sé chi ra diéu d6 (doan thing dugc to bing
nét diit tugng trung cho doan thang néi hai diém ma khong t6 mau)

V6i he gom 6 diém bat ki ma ca 15 canh déu dugc t6 mau xanh hodc dé thi sé luon ton tai
mot tam gidc ma c6 ba canh ctiing mau. (da chitng minh 6 vi du 1)

Xét dén he 9 diém. Néu chi ¢6 ba canh khong duge to mau thi sé canh dude t6 mau 1a 36—3 = 33,
do dé luon ton tai mot hé 6 diém trong 9 diém Ay ma tat ca 15 canh déu dude t6 mau. Theo
nhu chitng minh trén thi hé 6 diém Ay sé chita mot tam giac c6 ba canh ciing mau. Nhu vay
v6i n = 33 thi sé luén dam bao c¢6 duge mot tam giac ¢6 ba canh cing mau.

V6i n = 32. Ta sé chi ra mot truong hop t6 mau ma khong ton tai tam gidc c6 ba canh ciing
mau.

Xuat phét tit 5 diém A, B,C, D, E, ta théem diéem P 16i néi véi B,C, D, E v to6 mau cac canh
PB, PC,PD, PFE sao cho ching tuong tng cing mau véi AB, AC, AD, AE. Khi do6 ta dugc hé

6 diém, 14 canh c6 mau nhung khong c¢é tam gidc nao cé ba canh ciing mau.
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Ta thém diém Q roi ndi véi P, A,C, D, E v to mau cac canh QP,QA, QC,QD,QE sao cho
chiing tuong ting cuing mau véi BP, BA, BC, BD, BE. Khi dé ta dugc hé 7 diém, 19 canh c6
mau nhung khong c6 tam giac nao c6 ba canh ciing mau.

Sau d6 ta them diém R roi néi véi P, Q, A, B, D, E va t6 mau cac canh RP, RQ, RA, RB,RD, RE
sao cho chiing tuong tng cting mau véi CP,CQ,CA,CB,CD,CE. Khi dé ta duge he 8 diém,
25 canh ¢6 mau nhung khong c¢6 tam giac nao c¢6 ba canh cing mau.

Cudi cling ta them diém S 16i néi véi P, Q, R, A, B, C, E va t6 mau cac canh SP, SQ, SR, SA,
SB, SC, SE sao cho ching tuong tng cung mau véi DP, DQ, DR, DA, DB, DC, DE. Khi d6

ta duge hé 9 diém, 32 canh ¢6 mau nhung khong c¢é tam gidc nao c¢é ba canh cling mau.

Vay n = 33 la s6 nhé nhat thod man yéu cau bai toan. 0

Bai toan 12. Cho n diém (n > 3) trong d6 khong c6 ba diém nao thing hang. Hai diém bat
ki dugc noi v6i nhau bing mot doan thing, mdi doan thing dugc t6 bdi mot mau xanh, do
hodc vang. Biét rang: c6 it nhat mot doan thing mau xanh, mot doan thing mau doé, mot doan
thing mau vang, khong c6 diém nao ma cac doan thang xuat phét tit d6 c6 du ca ba mau va

khong c6 tam giac nao tao bdi cac doan thang da ndi co ba canh cling mau.
(a) Chitng minh rang khong ton tai ba doan thang cling mau xuat phét tit cing mot diém.
(b) Hay cho biét c6 nhiéu nhat bao nhiéu diém thod man yéu cau bai toan.

LOI GIAL (a) Gia st ton tai diem A ma tit d6 c6 ba doan thing AB, AC, AD ciing dugc to
xanh.

Vi khong ¢6 tam giac nao ¢6 ba canh cing mau nén tam giac BC'D c6 ba canh duge t0 boi
diing hai mau doé va vang. Do d6 chic chin ton tai mot diém trong ba diem B, C, D ma tit d6
xuat phat ba doan thing c6 di ca ba mau (vi du tam giac BC'D c6 canh BC, BD t6 d6 va CD
t6 vang, nhu thé thi tit diém C ta c6 C'A t6 xanh; OB t6 dé va C'D t6 vang), diéu nay trai véi
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gia thiét “khong c6 diem ndo ma cic doan thang xuat phat tit d6 c6 di ca ba mau’, suy ra gia

st sai va ta c6 diéu can ching minh.

(b) Tit bai ra két hgp véi chiing minh cau (a), ta c6 cic doan thang xuat phét tit mot diém
c6 khong qua hai mau va c6 khong qué hai doan thang cting mau. Nhu vay tit mot diém xuat
phéat khong qua 2 -2 = 4 doan thang, tic 1a n < 5.

e V6in =5. Gid st 5 diem A, B,C, D, E thod man yéu cau bai toan. Theo lap luan tren,
khong mat tinh tong quat, ta co thé gia st tit diem A xuét phéat hai doan thing xanh
AB, AC va hai doan thing d6 AD, AE.

Do khong c¢6 tam gidc nao cé ba canh ciing mau nén BC' t6 d6 hodc vang.

— Néu BC to dd, suy ra BD va BE khong thé to vang, va ciing khong thé cling to
xanh ho#c cung t6 do, nhu vay c6 mot doan td6 do, mot doan to6 xanh.
Vai tro D, E nhu nhau neén ta cé thé gia st BD t6 dé va BE t6 xanh.
Chitng minh tuong ty nhu thé ta c6 cac doan CD,CE, DE chi c6 thé to bdi hai
mau xanh hodc dé, nhu vay tic 1a khong c6 doan thang nao to vang (Trai véi gia
thiét c6 it nhat mot doan thang mau vang)

— Néu BC to vang, suy ra BD va BE khong thé to do, va ciing khong thé ciing t6
xanh ho#c cuing t6 vang, nhu vay ¢6 mot doan t6 xanh, mot doan t6 vang.
Vai trdo D, E nhu nhau nén ta c6 thé gid st BD t6 vang va BE to xanh.
Xét diem D. Ta c6 DA t6 d6 va DB to vang, do d6 DC phéi to dé hoic vang. Nhung
vi BD va BC' da t6 vang nén DC' phai to d6 = DFE to vang.
Xét diem E ta c6 EA t6 do, ED to6 vang, EB t6 xanh (mau thuin véi két qua cau

(a))
Tém lai n khong thé bang 5.

e V6i n =4, ta chi ra mot he diém thoa méan yéu cau bai toan nhu hinh vé dudi day

B

Vay s6 diém 16n nhat thod man yéu cau bai toan la 4. 0

Bai toan 13. Cho hinh chép ¢6 day la da giac 9 canh. 27 duong chéo ciia mat day va 9 canh
bén ctua hinh choép duge t6 bdi hai mau xanh, d6. Ching minh bao gio cling tim ra duge mot

tam giac c6 ba canh cung mau.

LO1 GIAL. Theo nguyén 1f Dirichlet ton tai 5 canh bén ctia hinh chép duge to cing mau. Gia

st 1a mau dé.
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Xét ngii giac A AL AL A AL voi AL, AL, AL, Al AL ¢6 5 dinh 1a dinh ctia da giac 9 dinh A; A, ... Ay
va tuong tng 1a 5 dau mit khac S ctia 5 doan thang dé d6 (diém A’ nao clia ngii gidc c6 chi
s6 16n hon thi tuong tng trung véi dinh A ctia da gidc 9 dinh c6 chi s6 16n hon)

Néu ton tai mot doan thang ndi hai trong 5 diém A}, A), As, A}, AL 6 mau dé thi bai toan
duge chiing minh (gia st A} A% t6 d6 thi tam giac SA| A% ¢6 3 canh do)

Néu diéu nay khong xay ra, tiic 1a tat cd cac doan thang ndi hai trong 5 diem A}, AS, A, A}, AL
phai dugc t6 mau xanh.

Ta thay rang tat ca cac duong chéo ciia ngii giac A} Ay AL AL AL déu duge t6 mau va luon ton
tai it nhat mot canh ciia ngtt giac duge t6 mau (bdi vi khong xdy ra truong hgp ca 5 canh cia
ngt gidc Ay A, AL A} AL déu la canh cla da gide 9 dinh A1 A, ... Ag). Khi d6 tam giac ¢6 ba dinh
ma hai trong s6 do la dau mut ctia canh ngi giac A} Ay AL AL AL duge t6 mau, dinh con lai 1a

dinh déi dién v6i canh do, 1a tam gidc can tim. Bai toin duge ching minh. O

Bai toan 14 (IMO 1979). Cho hinh ling tru c¢6 day trén va day dudi la hai nga giac
A1 Ay A3 A As v B1BoBsByBs. Mbi canh clia hai ngii giac ciing nhu céac doan thang A;B;
(i,j = 1,5) déu dugc to bsi chi mot trong hai mau xanh hodic dé. Biét rang bat ki tam giac
nao c6 ba dinh 1a dinh ctia ling tru ma ca ba canh déu dugce t6 mau thi luon ton tai hai canh
¢6 mau khéc nhau. Chiing minh tat ca 10 canh ctia hai ngii gidc nay (6 day trén va day dudi)

c6 cung mot mau.

LOI GIAL. Trude tien ta chiing minh rang tat ca 5 canh clia ngii gidc A, Ay A3 A4 As déu c6 cling
maul.

That vay, gia st diéu ngugc lai x4y ra, tiic 14 ton tai hai canh ké nhau cia ngii giac A; Ay Az A4 As
khéc mau. Gia sit canh A; A4, t6 xanh va A, A5 t6 d6. Xét 5 doan thang A;B; v6i 1,5. Theo
nguyén i Dirichlet ton tai ba trong 5 doan thang ay ciing mau, khong mat tinh tong quat cé
thé gia st ba doan thing nay mau xanh, va ba canh dé 1a A, By, A1 B,,, A1 B,,. Lic nay ta xét
cac tam giac Ay Ao By, A1As By, A1AsB,,, ta ¢6 ba canh As By, As By, As B, ciing mau do. Mat
khac hai trong ba dinh By, B,,, B, 1a hai dinh ké nhau ctia ngii gidc B, ByB3;B,Bs nén ching
dude t6 xanh ho#ic dé, gia st hai dinh d6 1a By, B,,. Tt day ta thay:

o Néu BB, to xanh thi tam giac A, BB, c¢6 ba canh t6 xanh.
e Néu BB, to dé thi tam gidc Ay By B,, c6 ba canh to do.

T day suy ra diéu mau thudn nén gia st sai. Nhu vay 5 canh ciia ngil gidc A1 Ay A3A4A5 ¢6
clung maau.

Hoan toan tuong tu ta ching minh duge 5 canh cia ngt giac By BoB3B,Bs t6 cuing mau.

Bay gio chi can chitng minh mau cac canh ctia hai ngil giac giong nhau thi bai toan két thic.
Gia st nguoc lai, chdng han 5 canh ctia ngii gidc A; Ay A3A, A5 mau xanh, con clia ngil giac
B, By B3 B,Bs mau dé. Chitng minh tuong tu nhu trén ta c6 ba trong 5 canh A;B; véii = 1,5
c6 ciing mau va hai trong ba dinh B; 14 hai dinh ké nhau, tit d6 ta c6 hai dinh nay tao véi A,
thanh tam giac c6 ba canh dé (mau thuin). Nhu vay ba trong 5 canh A, B; véii = 1,5 ¢6 cling
mau xanh.

Lap luan tuong tir ta c6 ba trong 5 canh A, B; véi ¢ = 1,5 ¢6 cuing mau xanh.
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Trong s6 ba canh A;B; (tap hgp mot) va ba canh A, B; (tap hgp hai) vita chi ra ¢ trén, chic
chan c6 By, nao d6 ciing & tap mot va tap hai. Khi d6 tam gidc A; A3 By, ¢6 ba canh mau xanh
(mau thuan), do dé gia sit sai.

Tém lai ta da c6 diéu can ching minh. O

Bai toan 15. To mau cac dinh clia da giac déu 12 canh bang hai mau khac nhau. Hay tim tat

ci cac cach to mau sao cho khong c6 da giac déu nao c6 cac dinh cling mau.

LO1 GIAL. Ta goi mot da giac ¢6 cac dinh cung mau la da giac cuing mau.

Trong da giac déu 12 canh A; A, ... Az ¢6 4 tam giac déu (A1 AsAg, Ay AgArg, A3A7 A1, AyAgALy),
3 hinh vuong (A Ay A7 Ay, AsAsAgArr, AsAgAgArs) va hai luc gide déu. Néu cac dinh cia luc
gidc déu ciing mau thi sé c¢6 hai tam gidc déu c6 cac dinh ciing mau. Do vay ta chi can quan
tam dén s6 cach to mau cac dinh clia cac tam gidc déu va cac hinh vuong da liet ké trén.

V6i mbi tam giac déu, s6 cach t6 mau dé khong c6 ba dinh ciing mau 1 23 — 2 = 6 cach, do d6
c6 tat ca 6* = 1296 cach to mau sao cho khong c6 tam giac déu cling mau.

Trong 1296 cach t6 nay cé nhitng cach to khong thod man yéu cau bai toan vi ton tai hinh
vuong cling mau. Bay gio ta sé dém s6 cach t6 mau sao cho ton tai it nhat mot hinh vuong
cung madu.

Dé c6 mot hinh vuong cling mau ta cé 2 - 3* = 162 cach vi chang han néu mot hinh vuong cé
cting mau do, dong nghia véi viec mdi tam gidc déu chic chdn c6 mot dinh mau dé thi hai dinh
con lai cia mdi tam gidc khong cting mau chi ¢6 thé nhan mot trong ba trang thai mau la :
xanh - do, d6 - xanh, xanh - xanh.

Dé c6 hai hinh vuoéng cting mau (cac dinh ctia hai hinh vudéng nay c6 thé cé ciing mau hoac 4
dinh hinh vuoéng nay khic mau 4 dinh hinh vuong kia) ta c6 s6 cac cach to 1a: 2+ 2 - 2% = 34
cach.

Dé ¢6 ba hinh vuong ctiing mau (luu § chi can xét truong hop mdi hinh vuong c6 4 dinh ciing
mau nhung ca 12 dinh ciia ba hinh vuong khong ciing mau), c6 tat ca 6 cach.

Do vay sb cac cach t6 mau dé khong c6 da giac déu nao cliing mau la
1296 — (3162 — (3- 34 — 6)) = 906 (céch)
O

Bai toan 16. Cho luc giac déu ABCDEF, trong d6 dinh A duge t6 do, cac dinh con lai duge
t6 xanh. D&i mau cac dinh clia luc giac theo quy tic mdi lan doi mau dong thoi ba dinh lien
tiép (xanh thanh do, do thanh xanh). Héi sau mot s6 hitu han lan doi mau nhu vay c6 thé dat

duge két qua 1a dinh B t6 dé con céc dinh con lai to xanh hay khong?

Lot GrAr. Cau tra loi 1a khong.
That vay. Xét hai cip dinh ddi xting nhau qua tam O cta luc giac 1a (A, D) va (C, F). Khi ta
do6i mau ba dinh lien tiép ciia luc gidc thi khong bao gis xay ra truong hop ci hai diém trong

mot cip noéi trén déu doi mau.
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Ban dau diém A t6 do, diem D t6 xanh nén muén ching cting mau xanh thi can mot s6 1é lan
d6i mau.

Trong khi d6, ban dau diém C t6 xanh, diém F t6 xanh nén muén ching van cting mau xanh
thi can mot s6 chan 1lan déi mau.

Hai diéu trén mau thuin nhau nén khong xay ra trudng hgp B t6 do, cac dinh con lai to xanh

sau mot s6 hitu han 1lan doi mau. O

Nhan xét : Bai toan st dung phuong phap phan ching bang cach chi ra sau mot s6 m lan
doi mau, néu xét mot cap dinh nay thi m 1a sé chin, xét mot cap dinh khac thi m 1a s6 1é. Déi
v6i bai toan tong quat hon cho 2n giac déu (n € N;n > 3) thi ta ciing ¢6 1di giai tuong tit nhu
trén.

Bang phuong phap tuong tu, ta gidi quyét duge hai bai toan sau :

Bai toan 17. Cho luc giac déeu ABCDEF, trong d6 dinh A va D dudc to dd, cac dinh con lai
duge t6 xanh. D6i mau cac dinh ctia luc gidc theo quy tic mdi lan déi mau dong thoi ba dinh
cia mot tam gidc can ¢6 dinh 1a dinh luc giac (xanh thanh d6; d6 thanh xanh). Héi sau mot
s6 hitu han lan ddi mau nhu vay c6 thé dat duge két qua la dinh B t6 doé con céc dinh con lai

to xanh hay khong?

Bai toan 18. C6 41 hoc sinh ctia hai 16p Toan va Van xép thanh mot hang doc. Biét rang s6
hoc sinh ma ngudi ding lién trén 13 ban cling 16p bang s6 hoc sinh ma ngudi ding lién trén 13
ban khéc 16p. Nguoi ditng dau 1a hoc sinh 16p Toan. Hoéi ngudi ding cudi cling 1a hoc sinh 16p
nao? Néu c6 43 hoc sinh thi nguoi ditng cubi 1a hoc sinh 16p nao?

Tong quat bai toan : Néu c6 4k + 1 hoc sinh thi hoc sinh ding dau va hoc sinh diing cudi ciing
16p. Néu c6 4k + 3 hoc sinh thi hoc sinh ditng dau va hoc sinh ding cudi khéc 16p.

Bai toan 19. Cho hai dia hinh tron bang nhau, méi dia dugc chia thanh 12 hinh quat bang
nhau va t6 mau dé 5 hinh quat mot cach tuy y. Dat dia thi hai lén trén dia thit nhéat sao cho
cac hinh quat 6 hai dia trung nhau. Lan lugt quay dia thit hai quanh tam ctia né mot goc 30°
theo chiéu kim dong ho, ta c¢6 tat ca 12 vi tri. Chitng minh rang trong 12 vi tri do, s6 vi tri c6

tit ba cap hinh quat dé trung nhau tré 1én khong qua 8.

LOI GIAI. M&i hinh quat dude t6 mau dé 6 dia thit nhat sé lan ludt tring véi 5 hinh quat dé
¢ dia tht hai. Nhu vay s6 cap hinh quat do tring nhau trong 12 vi tri 1a 5 -5 = 25.
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Goi a 12 s6 vi tri ¢6 tit ba ciap hinh quat dé tring nhau trd lén va n 1a s6 cap hinh quat do
trung nhau trong a vi tri do
Ta c6 3a < n van < 25. Suy ra 3a < 25 hay a < 8. O

Bai toan 20. Cho hai dia hinh tron bang nhau, médi dia dugc chia thanh 2000 hinh quat bang
nhau va t6 mau do 200 hinh quat mot cach tuy y. Dat dia thit hai lén trén dia thi nhat sao

cho céc hinh quat 6 hai dia tring nhau. Lan luct quay dia thit hai quanh tam ctia n6 mot goc

360°
2000

it nhat 96 vi tri c6 khong qua 20 cap hinh quat dé trung nhau.

theo chiéu kim dong ho, ta c6 tat ca 2000 vi tri. Ching minh rang trong 2000 vi tri do, c6

LOI GIAL. Goi m 1a s vi tri ¢c6 khong qua 20 cdp hinh quat dé tring nhau tré lén va n 1a s6
vi tri ¢6 tur 21 cap hinh quat do trung nhau tré lén. Khi dé m + n = 2000.

Tuong tu bai toan trén, ta c6 21n < 40000. Vi n 1a s6 tir nhién nén n < 1904.

Do dé m > 2000 — 1904 = 96. O

Bai toan 21. Cho mot luc gidc 16i. Chiing minh c¢6 thé chia luc gidc dé thanh céc tam giéc
con va t0 hai mau den trang sao cho hodc ¢6 canh chung (khi d6 ching duge t6 bdi hai mau
khac nhau), hodc c¢6 chung dinh, hozc khong c6 diém chung. Ngoai ra mdi canh ctia luc giac 1a
canh ctia mot tam giac mau den.

Néu thay luc giac 16i bang da gidc c6 8 canh, 10 canh thi bai todn con ding hay khong?

LO1 GIAL. Hinh vé duéi day sé chi ra mot cach to thod man yéu cau bai toan khi da giac c6 6

canh.

Ta sé chiing minh néu da gidc c6 k canh ma k khong 1a boi ctia ba thi bai toan khong con ding.
That vay. Goi s6 tam gidc trang 1a n. Ta c6 s6 canh tam gidc trang 1a 3n.

M&i canh ctia mot tam giac trang sé la canh ctia duy nhat mot tam giac den, mat khac ta c6
mdi canh clia da giac 1a canh ctia mot tam giac den, do d6 sé tam giac den 1a 3"”“
Vi k khong 1a boi clia 3 nén 2% khong la s6 nguyen (vo 1i)

Tu day ta suy ra néu da giac ¢6 8 hay 10 canh thi bai toan khong con dung. U

Bai toan 22. Trong mat phang cho bat giac 16i A; A, ... Ag ma khong c6 ba dudsng chéo nao
clia n6 dong quy tai mot diem (khac dinh da giac). Ta goi mdi giao diém clia hai dudng chéo

cua bat giac 1a mot “nat”.
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Xét cac tit gidc 10i ma mdi tit giac déu c6 ca 4 dinh 1a dinh ctia bat gidc. Ta goi mdi ti giac
nhu vay la “t@ giac con”.

Hay tim s6 nguyén duong n nhé nhat cé tinh chat: C6 thé t6 mau n nit sao cho v6i moi
i,k € {1;2;3;4;5;6;7;8} va i khac k, néu ki hieu S(i, k) 1a s6 tii gidc con nhan A;, Ay lam dinh
va dong thoi c6 giao diém hai duong chéo la mot nit da duge to mau thi tat ca cac gia tri
S(i, k) déu bang nhau.

LOT GIAL Gia st ¢c6 mot phuong 4n t6 mau théa man yéu cau bai toan. Dat S(i,j) = k v6i
k 1a s6 nguyéen duong. Ta thiy ring mot diém duge t6 mau chung cho 6 cip diém phan biét
(Ai, A;) ma A;, A; 1a dinh clia tit gide ¢6 giao diém clia cdc dudng chéo duge to mau do.

S6 cap (A;, Aj) 1a C2 = 28 nén s6 cip diem duge t6 mau lan = % = %.

Do n nguyén duong va n > Cg = 70 nén k chia hét cho ba, do d6 n < 14,

Ta sé chi ra mot phuong an to mau véi n = 14 tuong tng véi k = 3 thod man yéu cau bai toan.
Trén hinh duéi day céc diém t6 mau dude danh dau cham.

Vay n nhé nhat bang 14. 0

Mot cau hoéi nita duge dit ra la : V6i nhitng gia tri nao ctia n ta c6 thé t6 n trong sb6 70 giao
diém ctia cac duong chéo clia cac t1i giac 16i con ¢6 duge thoa man diéu kien bai toan?

Tt cong thic n = 4% suy ra n 1a boi cta 14 va k € {3;6;9;12;15}. Hon nita ta thiy ring néu
c6 mot phuong an to6 mau n diém thod man yéu cau bai toan thi ciing c6 mot phuong an to6
mau (70 —n) diém thod man yéu cau bai toan bing cach doi lai cach goi diém “t6 mau” thanh
cac diem “khong t6 mau” va ngugce lai. Nhu vay ting véi mot cach t6 mau n = 14 (k = 3) sé ¢6
cach t6 mau n = 56 (k = 12) diém.

V6i n = 28 (k = 6) ta chi ra cach t6 mau thod méan yéu cau bai toan nhu hinh dudi day :
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Nhu vay thi véi n = 70 — 28 = 42 (k = 9) s& ¢6 phuong 4n t6 mau tuong tng thod man. Cudi
cling hién nhién v6i n = 70 (k = 15) ¢6 phuong an t6 mau tat ca 70 diém thod man. Do d6 véi
moi s6 nguyén duong n,n > 70,n 1a boi clia 14 thi déu c6 phuong an t6 mau thod man yéu

cau bai toan.

Bai toan 23. Cho mot ban ¢ hinh vuong kich thuée 6 x 6. C6 thé dung 9 manh gb hinh chit
nhat kich thuée 1 x 4 ghép kin ban ¢d duge hay khong?

Lo1 a1A1. (i) Cach 1. T6 mau ban ¢6 nhu hinh vé.

Khi dat len ban cd méi manh go che 1ap mot 6 den va ba 6 trang, do d6 9 manh gd che 1ap 9

6 den. Nhung trén ban c& c¢6 10 6 den nén khong thé dimg 9 manh gb 1 x 4 dé lap kin ban co.

(ii) Cdch 2. To mau ban ¢ nhu hinh dudi.

Khi dat len ban co, mdi manh gd 1 x 4 che lap hai 6 den va hai 6 trang. Do d6 9 manh gb che
lap 18 6 den. Nhung ban cd c6 20 6 den nén khong thé dimg 9 manh gb 1 x 4 dé che 1ap bang
duge. O

Bai toan 24. Trén gidy ké 6 vuong c6 thé t6 mau 8 6 sao cho méi 6 duge t6 déu c6 mot sb 1é
céc 6 bén canh dugce t6 hay khong? (hai 6 canh nhau la hai 6 ¢6 mot canh chung). Cang hoi

nhu trén néu s6 6 12 9

LO1 GIAI. Néu s6 0 1a 8, ta t6 mau nhu hinh duéi day

Nhu vay néu s6 6 la 8 thi ta c6 cich to6 thod man. Ta sé chiing minh rang néu s6 6 phai to 14 9
thi khong ton tai cach to thda man yéu cau bai toan.

Gia stt ¢6 9 6 dudc to trong d6 gom x 6 c6 mot 6 bén canh duge t6 mau, y 6 ¢6 ba 6 bén canh
dugce t6 mau. Ta co6 v +y = 9.

Goi m 1a s6 canh chung ciia cac 6 dude to, do mdi canh la chung ctia hai 6 nén m = %‘q’y
Ta c6 m = %ﬂl +vy. Suy ra x + y chin. Diéu nay mau thudn vé6i z +y = 9.

Vay khong thé t6 mau 9 6 dé thod man bai toan. 0
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Bai toan 25. Cho n dudng thang trén mit phang. Ching chia mit phang ay thanh cac mién.
Chitng minh ring c6 thé t6 mau cac mieén Ay bang hai mau tring, den sao cho hai mién ké
nhau dude t6 bdi hai mau khéac nhau.

LOI GIAL. Ta ching minh bai toan bang quy nap toan hoc.

Ta thay v6i n = 1, mat phang dugc chia thanh hai mién va hién nhién ta cé cach t6 mau thoa
man yéu cau bai toan.

Gia st bai toan dang dén n = k. Ké them duong thing tht k + 1, duong thing nay chia mat
phang thanh hai nita mit phing I va II. D6i v6i cac phan & nita mit phang I, ta gi®t nguyen
nhu cit. Con ddi véi cac phan & nita mit phang II, ta doi mau den thanh trang, tring thanh
den. Mat phang dugc chia ra thanh céc mién ma hai mién ké nhau c6 mau khéc nhau.

Vay theo nguyén 1y quy nap, ta c6 diéu can chiing minh. U

Nhan xét : Bai toan van ding néu ta thay n duong thang bang n dudng bat ki, trong dé c6
ca duong tron. Loi giai hoan toan tuong tu.



CUC TRI VA BAT DANG THUC ROI RAC

Nguyén Hién Trang'

Toéan roi rac la loai toan it doi héi tinh toan ma doi héi sy thong minh va tu duy logic. Cuc
tri 101 rac 14 mot bo phan clia toan 1di rac, yéu cau tim gia tri 16n nhat, nhé nhat ctia mot
dai luong 13i rac. Phuong phap gidi dang toan nay la du doan gia tri 16n nhat, nhé nhat cla
biéu thitc f(z) dat tai gia tri ndo ctia 2 nao dé va chitng minh duge dy dodn d6. Trong phuong
phap nay ta thuong st dung kién thic clia s6 hoc, td hop, toan i rac, viec du doan thuong

dudgc tién hanh vao mot s6 tinh toan ban dau.

1. Cuc tri trong diy sb nguyén

Han ché céc bién trén tap RT thanh tap N* ctia mot s6 bat dang thiic ta sé duge bat déng thic
dang nay. Nhitng bat diing thic nay néu nhin duge bai toan ban dau sé kha dé dang trong viéc
chting minh. Ta xét mot s6 vi du sau :

Vi du 1. Cho a,b la cac s6 nguyén duong. Chitng minh réng

a b a+b
+ > T
L+a 1407 14 (aobb)ars

LOT GIAI. Nhan thay a®® =axax -+ xaxbxbx---xb (athita sd a, b thita s6 b).

a 1 1 1
a+1:a+1+a+1+“.+a+1
asé‘;lang
b 1 1 1
T R T L
bsé‘lrlang

Nhu vay ta nghi dén mot bat dang thiic véi n bién, ap dung cho a lan a va b lan b.

Bé dé. Vdix, >1,i=1,n ta cé:

"1
2

>
711—’-1‘1'/ %
- 1+( )
1

CHUNG MINH. Dé chiing minh dude bat dang thiic sau v6i a,b > 1 :
1 L 1 S 2
1+a2 1487 1+ab
K39, THPT chuyén Phan Boi Chau, Nghé An.

3

::]:

(2
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Do do6 v6i a,b > 1 thi
1 1 2

_|_
l4a 1+ b 1++Vab
Theo bat ding thiic Jensen thi (1) ding véi n = 2 nén (1) ding v6i n nguyén 16n hon 2. O

Trd lai bai toan. Ap dung bé dé tren cho :
T =Ty=- " =T,=a
Tap1 = Tap2 ="+ = Taqp = b
Ta c6 diéu can chiing minh. 0
Nhan xét. V6i bo dé trén ta c6 xay dung dude rat nhiéu bat dang thitc dang nhu trén.

Bai toan 1. Véi a, b, c nguyén duong, ta co

a n b N c_ a+b+c
L+a 140 c+17 14 (qapbee)avine

Bai toan 2. Cho a,b,c,m,n,p nguyén duong. Ching minh

ma nb pc ma + nb + pc
+ + = T
14+a 1+0 1+¢ 1+<aabbcc>m

Ta c6 thé xay dung bai toan 1 bing cach sau :

St dung nhan xét z* > x, Vo > 1 suy ra ta ¢o:

1+a‘1 2 1+a’

a® b c a+b+c
+——+ > 1
14 a° 1+ 14 ¢ 1+ (aabbcc)m

Xét bat dang thic sau : Cho ay, as, . .., a, > 0 théoa man: [] a; = 1, v& k nguyén duong. Chiing
i=1

Z —1az+1>1 @)

n
CHUNG MINH. Gid si ton tai cac so thuc duong aq, as, . . ., a, théa méan [] a; = 1 ma bat dang
i=1

minh rang

thiic trén khong dang, tic 1a ton tai p > 1 thoa man:

% ¥

Da; +1

Twong duong véi
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n
Mt khéc v6i moi xq, s, ..., x, > 0 théa man ) z; = 1 thi
i=1
1 .
) Il Gl )
Ty

n

i=1

That vay:

n n

H(l—i-%—l-l‘?%—---—f—xf_l) X [T @+ +xg+z+- + 1)

(2120 - - - xn)k

H(%+"'+$i—1+$i+1+"'+$n)2(”-1)n$1$2"'$n
i=1

Ta can chitng minh

n k _ "
H(1+x1++xf_l) > (n 1> (l’1$2"'$n>k_1

=1

bat G = ¢/x1xy - x,, suy ra % > 1.

Ta co
n xi. g ? -
| Err s = e ) (i=0,n)
i=1 L L vn(l"i_xj—}_"'—i_x?_l)
i=1
Suy ra
[TO+z+ 42 >0 +G+--+ G5
i=1
Ma

-1
i=1 "

Ta ¢6 diéu can chiing minh. Nhu vay diéu gia sit sai. Vay (2) ding.

Tu (2), chon n =a+b, ta co

Chon tiép k = ab ta c6 bat ding thiic sau
Vi du 2. Cho a,b la cac s6 nguyén duong. Chiing minh réng
(I%Jrl : b% b%Jrl . a%

+ > 1
“\”/(ab)“b —1+4+aqo 1.4t “{’/(ab)“b — 14 qo- b1

n n k_l
H(1+xj+---+x§_1)Z(nk_1+---+n+1) (Gn)k—lz (” )(xlm"‘
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Xét bat dang thic sau : Cho hai bo sé thuc duong z1, s, ..., 2, VA ai,as,...,a, théa min
n n

> a; = x;. Khi d6 ta c6
i=1 i=1
n n

a; a;
I

i=1 i=1

CHUNG MINH. Bat ding thiic can chiing minh tuong duong véi

n n
E a;Inx; > E a; In a;
i=1 i=1

Ham s6 f(x) = Inz 1a ham 16i nén

Fl) < ) e = o) + for) = (= ) + fla)

Suy ra

aif(z;) < i —a; +a; +a;f(a;) = Z a; f(a;)

=1

Twong duong véi
Zailnxi < Zailnai
i=1 i=1

Do dé (3) dung.

Ap dung bét ding thiic (3) véi

a
a’jlzajz:---:gja:—
a? 4+ b2 + 2
b
La+1 = Tg42 = * = Tatb =
a? + b + 2
c
LTatb+1 = Ta4b42 = *°° = Tatb+ec — 5 15 . 5
a? + b2 + 2
2 £ 2 .
Chona; =ay=---=a, = a+})+c, ta c6 bat dang thiic:

Vi du 3. Cho a,b, c la cac s6 nguyén duong. Chitng minh rang

a® 4+ b> + ) atbe

a®b’c > (
a+b+c

Xét bat dang thitc sau : Cho xq, 2, ..., 2, = 0 thi

£ (g2l s

— n n — 1+ X
=1 1_|_ < ml) =1
i=1

(3)
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n
CHUNG MINH. Néu dat S = Y 2; thi (4) tuong duong v6i day cic bat ding thic sau :
i=1

n
=1

S -z, RQ(ﬁxi)n+n
( 33z+1)> i=1

Ap dung bat ding thic AM-GM va (1), ta c6

- S—IL‘,' " 1
>
z(lm +1) > 049

=1

Do d6 (4) duang.

Ap dung (4) cho:

T1 =Ty =+"""=Tg—=0a
xa+1:xa+2:"':xa+b:b
Totb+1 = Latb+2 = *°° = Tatbte — C

Ta duge bai toan sau:

Vi du 4. Cho a,b, ¢ 1a cic s6 nguyén duong. Chitng minh réng:

2

_1
() (o by e )5 rbrdarbies DT o o
14+a 1+0b 1+¢ 1+ a

Vi du 5. Cho hai s6 nguyén duong z,y théa man x +y = 100. Tim GTNN, GTLN ctia

1+ (a“bbcc)ﬁ

(a) A=umy;
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(b) B =x!+y!;
(c) C = zlyl;
(d) D=2 +y*f(z) < g(x).

LOI GIAL. Khong mat tinh tong quat gia sit < .
Datd=y—ax (d > 0).

1. Ta chitng minh néu d > 1 thi A chua dat GTLN.
That vay. Xét cap (e +Liy—1)tacd (e +1)(y—1)=zy+y—xz+1>uzy.
Do d6 A chi dat GTLN khi d = 0 hodic d = 1. Ma = + y = 100 nén A dat GTLN khi
xr =1y =50.
Vay max A = 50° & 2 = y = 50.

2. Ta ching minh néu 1 < z < y thi A chua dat GTNN.
That vay. Chon bo (zr — Ly +1),tacé (x —1)(y+1)=azy+ax—y—1<axy.
Cit tiép tuc nhu vay, ta suy ra min A = 99 khi z = 1,y = 99.

Tuong tu véi B, C, D ta dudc cac két qua sau:
(a) maxA =50 r=y=50;mnA =99 z=1y=99;
(b) min B=250l< =y =50;maxB =1+ 99! < x =1,y = 99;
(¢) minC = (50")? & 2 =y =50;max B =99! & z =1,y = 99;
(d) minD =250 z=y=50;max B=1+99 <z =1,y = 99.
Ta c6 thé mé rong bai toan trén nhu sau :

Vi du 6. Cho n s6 nguyen duong x1, zs, . .., x, théa man > z; = k. Tim GTLN, GTNN ctia

=1

(a) P =mx1xg-y;

) Q=22 + 22+ - +22;
(¢) R=a!+xl 4+ -+ 1,;
(d) S =uaqlay!- -zl

Lo1 GIAL. Khong mat tinh tong quat gia st 21 < 20 < -+ < 2y,
Dat d = z,, — 21 Sau do6 lam tuong tu vi du 5, ta c¢6 cac két qua sau Néu dat k =ng +7r,7 <n
thi

(a) minP=k—n+l;maxP =¢""".(¢+1)7;
(b) min@Q = (n—r).¢*  +r.(¢g+ 1)) maxQ = (n— 1)+ (k —n+1)%

(¢) minR=(n—n)l.¢g+r(¢+1)imaxR=(n— 1)+ (k—n—1)}
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(d) minS = (¢")" . [(¢+1)!]" ;max S = (k —n— 1)L
Bai toan trén ciing c6 thé phat biéu dudi dang sau : Vi du lay k& = 2011;n = 10.

1. Hay viét 2011 thanh tong clia mot s6 s6 nguyen duong sao cho tich cac sé6 d6 dat GTLN.

10
2. Cho 10 s6 nguyen duong théoa man > a; = 2011. Dat A = {z | x = BCNN(ay,...;a10)}-

i=1
Tim yo = max {y | y € A}.

R
9]
On
-~

3. Cho mot s6 nguyen duong c6 2011 chit s6 duge viét tit cac chit s6 0;1;...;9. Ch
dugc viét a; 1an (i = 0,9).
Tim céc bo s6 a; dé ton tai nhiéu nhat céc s6 ¢6 2011 chit sé théa man tren.

2. Mét sb bai toan bat ding thic t6 hop

2.1. S& dung mot sb tinh chit cha anh xa

Cho A va B la hai tap httu han.

1. Néu c6 mot don 4nh f: A — B thi |A| < |B;
2. Néu c6 mot song anh f: A — B thi |A| = |B|;
3. Néu c6 mot toan anh f: A — B thi |A| > |B|.

Trong mot sd bai toan dém, dinh Ii trén thuong duge ap dung bang cach : Mudn dém sd phan
t1 clia tap hop A, ta thiét lap mot song anh tit A dén B ma B 1a mot tap hop da biét s6 phan
ti.

Trong bai toan bat déang thic to hgp, ¥ tudng trén thusng dude 4p dung nhu sau : Mudn ching
minh |A| < |B], ta tim mot dnh xa di tit A vao B (hoac B — A). Sau d6 ching minh dnh xa
d6 1a mot don anh (hodc toan anh) nhung khong phai 1a song anh.

Vi du 7 (IMO 1989). Mot hoan vi (1, T, . .., Ta,) clia tap hop (1,2,...,2n) (n 1a s6 nguyéen
duong) duge goi la ¢6 tinh chat P néu |z; — x;11] = 1 v6i it nhat mot @ € {1,2,...,2n — 1}.

Chitng minh rang mdi n, s6 hoan vi ¢6 tinh chat P 16n hon s6 hoan vi khong c6 tinh chat P.

Lot GIAL (i) Cdch 1. Dat A 1a tap tat ca hoan vi ctia {1,2,...,2n}; B la tap tat cd hoan vi
ciia {1,2,...,2n} c6 tinh chat P; C 1a tap tat ca hoan vi ctia {1,2,...,2n} khong c6 tinh chat
P.

Ta chia cdc s6 1,2,...,2n thanh n cap sau : (I;n+ 1), (2;n +2);...;(n;2n).

Gié st (z1;@9; ... ; Th—1, Tk Tht1, - - - ; Top) 18 MmOt hodn vi thuoc C.

Gia st o, 12 s6 cting cap v6i o, suy ra k < 2n — 2.

Ta xay dung anh xa f : C' — B nhu sau

X = (x1,T0, ..., T, Ty Tt 1y -+ -y Top) — Y = (T1,Tay .o, Th1, Thy Topy « -+, Tht1)

Dé thay rang f 1a don anh va f khong phai 13 toan anh.

That vay, xét yo = (L1, %2, ..., Tn_1, Tni1, Tty ..., 7, 2N0).
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Khi d6 khong ton tai x¢ dé f(zo) = yo. Do d6 f khong phai 1 toan anh.
Tit d6 ta suy dieu can chitng minh.

C|+ |B| = |A] = (2n)! nen |B| > &2 = n(2n — 1)! va

Nhan xét. Ta ¢6 |C|N|B| = @ ma 5

|C] < n(2n —1)!. T d6 dan dén cach ching minh thit 2 sau :

(ii) Cdch 2. Goi Ay, 1a tap tat ca hoan vi thoa man k va k + n ding canh nhau, A 1a tap hop
tat ca cac hoan vi c¢6 tinh chat P. Suy ra A = | A.
k

Theo nguyén ly bao ham loai tri, ta c6

A=) 1A =D 1A AL+ ) JA N AN Ay — - 2> A =) AN Ay
k K

k<h k<h<m k<h
Ta co
|Ap| = (2n — D), |Ap N Ap| = 4(2n — 1)!
Suy ra
—1
Z |Ag| = 2n(2n — 1)!,Z |Ar N Al = % -4(2n — 2)!
K k<h
Vi vay
—1 2n)!

Al > 2n(2n — 1) — %.4(271 o) = am2(2n — 2yt > ;>

Tu do ta c6 diéu can chiing minh. 0

Vi du 8 (Romania TST 2002). V6i moi s6 nguyén duong, ta goi f(n) 1a s6 cach chon cac dau
+, — trong biéu thiic: £, = £1 £2 4 --- +n sao cho £, = 0. Chitng minh ring

(a) f(n) =0khin=1,2 (mod 4).

()"

2L < f(n) < 20— 23l

(b) Khin =0,3 (mod 4) ta c6

LO1 GIAL (a)Gia st ton tai mot cach dat dau +, — v6in = 1,2 (mod 4) dé E,, = 0.
Khido61424---+n=0 (mod 2), suy ra @ =0 (mod 2). Ma diéu nay xay ra khi va chi
khi n = 0,3 (mod 4).Ta c¢6 diéu can chiing minh.

(b) Ta chiing minh f(n) < 2" 1.
That vay, chia tat ca biéu thic thanh 2" cip theo dang: (14 2a9 + 3ag + -+ + nay; —1 +
2ay + 3az + - - +nay) véi a; € {1;-1},i =1,2n.
Néu f(n) > 27! thi theo nguyén 1i Dirichlet ton tai 2 biéu thitc cliing nam trong mot cip nhu
tren, hi¢u ctia ching bing 2. Do d6 chiing khong thé dong thoi bang 0 duge (mau thuin).
Do d6 f(n) < 271 =27 —on-1 g on —ol5]H1

(v2)"

Ta ching minh f(n) > 5~ .

Xét biéu thic E,, goi A, 1a tap hop céc sé xuat hien trong E, v6i dau + & trudc.

Néu E, = 0 thi tdng céc phan tii ctia A, bing %
Tu E, ta sé xay dung F, 4

Ta dinh nghia A, 4 nhu sau

e Néule A, thichon A, 4, = A, \ {1} U{n+2;n+4};
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e Néu 1l ¢ A,thichon A,,4=A,U{l;n+1;n+ 3};
e Néu2e A, thichon A4 = A, \ {2} U{n+3;n+4};
e Néu2¢ A, thichon A,,4 = A, U{2;n+1;n+2}.

Nhu vay v6i mdi cach chon A, ta c6 thé xay dung it nhat 4 tap A4

Gia st cho truée tap A,44. Ta thay tap A4 dudc xay dung tit tap A, va théem ding mot cip
trong tap {n + 1;n + 2;n + 3;n + 4} v A, chita ding mot cip nhu thé.

Do d6 ta c6 thé chi ra 6 trusng hop khi xay dung A, 4. tit d6 xac dinh duge A, 1a duy nhat.
Do d6 anh xa tit A, dén A, 4 13 don anh.

Mt khéac v6i mdi A, ta xac dinh duge duy nhat mot E,,, v6i mdi E,, cling xac dinh duge duy
nhat mot A4,,.

Do d6 f(n+4) > 4f(n). Tacoé f(3) = f(4) = 2. Suy ra

Ak +3) = f((4k — 1) +4) > 4f (4h — 1) > 42f(4k —5) > -~ > 45f(3) = %

Vivay f(n) > o2

Vay ta c6 diéu can chitng minh. 0

Vi du 9. Cho tap hop A = {1;2;...;2n}. Mot tap con C ciia A duge goi 1a mot tap tot néu
trong tap d6 s6 cac sd chin it hon s cac s6 18. Mot tap con B ctia A duge goi 13 mot tap can
néu trong tap doé sd s6 chdn bang s6 s6 1&. Dt s6 tap tot 1a 7, s6 tap can 1a C. Chiing minh
rang

T+C <2t

Lo1 GIAL Ki hieu X = {2;4;...;2n} 1a tap tat ca cic s6 chin cia A; Y = {1;3;...;2n — 1}
13 tap tat ca cac so 1é clia A.

Goi D 1a ho tat ca cac tap can clia A; E 1a ho tat ca tap con n phan tit ciia A.

e Tinh s6 tap can:
Gia st B 1a mot tap can cia A. By, By lan luct la tap cac so chan va 18 cia B, khi do
|Bi1| = |Bal.
Xét anh xa
f:D—FE

Ta co
|f(B) = |BiN Y\ Ba)| = [Bi| + Y] = |Ba| = Y| =1

Suy ra f(B) € E. Dé thay f l1a don anh. Ta chiing minh f 1a toan anh.

That vay, gid stt M 13 mot tap con c6 n phan tit clia A.

Goi M, M, lan lugt 1a tap cac s6 chan, cac sb 1é ctia M.

Diit By = My, B, = Y \ My, B = By U Bs.

Suy ra |By| = |My],|Bs| = |Y \ M| = |Y| — | Ms| = n— | M| = |M;|. Do d6 B la mot tap
can hay f la toan anh.

Vi vay f la song anh. T d6 suy ra sb tap can la C3 .
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e Tinh s6 tap tot:
Gia stt C' 1a mot tap tot ctia A.
Goi O, Cy lan luct 1a tap s6 chén va 1é ctia C thi IC) < |C).
Goi F 1a ho tat ca tap tot cua A.
Ta thiét lap anh xa sau
g:E—F
C—Cin(Y\Cy)

Suy ra |g(C)| < n.
Ta c¢6 g la mot don dnh nén |F| < C9, + Ci, + ...+ Cy =221 —Cn

Tt cac dang thic v bat dang thic trén, ta c6 diéu can chting minh. 0

Nhan xét. Ta c6
l .
oo (2n)! _ (n+1)(n+2)---2n - ol
(n!)? n!

Tu do ta c6 bai toan sau:

Vidu 10. Cho tap A = {1;2;...;2n}. Tap con B cua A dugc goi la tap tot néu trong céc phan

tl clia B 6 s6 chin nhé hon s6 s6 1é. Chiing minh rang s tap tot ctia A nhé hon 2271 — o],

Vi du 11. Chiing minh ring s6 cac cach biéu dién mot sé nguyén duong n thanh tong clia cac
s6 nguyén duong ma khong c¢6 sé nao chia hét cho p (p 1a mot s6 cho trude) xuat hien qua mot
lan khong 16n hon s6 cach biéu dién n thanh tong cac s6 nguyen duong ma khong c6 sé nio
chia hét cho p?.

LOT GIAL. Xét bo {ay,as,...,a,} sao cho trong bo khong c6 phan tit ndo chia hét cho p xuat
m

hién qua mot lan va > a; =n
i=1

Biéu dién tat ca cac s6 chia hét cho p du6i dang p" -t (r > 1;t /p).

Gid st {a1,aq,...,a,} = {bl, boy ... b, p™ -ty ;p”t't}

Goi M la tap tat ca cac cach biéu dién n thanh téng clia cac s6 nguyen duong ma khong co
s6 nao chia hét cho p (p 1a mot s6 cho trude) xuat hien qua mot lan va N 1a tap tat ca cac s6
biéu dién n thanh tong cac s6 nguyeén duong ma khong cé sé nao chia hét cho p?.

Xét anh xa sau :

f:M— N
{ala Az, ... 7an} = b17 b27 cety bkaptlapth s 7pt17pt27pt27 cee 7pt27 cee apttaptta cee 7ptt
N ~ - Vo v
pT1—1 s6 pr2—1 6 prt—1 s
Dé thay f 1a mot don anh nén ta cé diéu can ching minh. 0
Vi du 12. Cho tap X gom n s6 thuc phan biet. Gid st aq,as,...,a; 14 cic s6 thda man

Vu # v € X thi Ja; sao cho (u — ;) (v — a;) < 0. Chting minh rang k > [log;n|.
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LOr1 GIA1. V6i méi u € X ta lap bo {ug, ug, ..., ux} tuong tng théa man

0 néu u<a
U; = 1 neéu u=aq;

2 néu u>a

Phép lap nay 1a mot don anh. That vay, néu ton tai a; thoa man (v —a;) (v —a;) < 0 ma
w; = v;, Vi = 1;k thi u,v < @; hodc u = v = @; hodc u,v > q; (khong théa man).
Suy ra c6 t6i da 3* bo ma |X| =n. Do d6 n < 3% hay k > [log; n|. 0

2.2. S4& dung nguyén li Dirichlet

Nguyeén 1i Dirichlet duge phat biéu lan dau tién bdi G. Lejeune Dirichlet (1805-1859), nhatoan
hoc gbc Phap nhu sau

Nguyén ly 1 (Nguyeén 1y Dirichlet). Néu nhot m con thé vao n cdi chuong (m,n € N*) thi

luon ton tai it nhat mot chuong cé [mTflj + 1 con tho.

Nguyén ly 2 (Nguyeén li Dirichlet déi ngau). Cho tdp hitu han S # @ va Sy, Sa, ..., S, la cdc
tap con Si,i =1,n cia S sao cho |Si|+|Sa| + -+ +|Su| > k|S|. Khi dé ton tai mot phan ti x
thuoc S sao cho x la phan ti chung cia k + 1 tap S;,i = 1,n.

Vi du 13 (Czech 1998). Cho X 1a mot tap hop gom 14 s6 nguyen duong phan biét.Chiing
minh rang c¢6 mot s6 nguyén duong k < 8 va ¢6 hai tap con k phan ti {aj,as,...,ax} va

{b1,bs,...,b;} r6i nhau clia X sao cho

1 n 1 P 1 1 N 1 P 1 - 1

aq a9 Qg b1 bg bk 1000
LO1 GIALI. C6 3432 tap con 7 phan ti clia X.
Téng nghich ddo céc phan tit cia mdi tap con 7 phan ti ciia X khong vugt qua 1+ % +-- -—I—% <
2, 6.
Xét 2600 khoang (0, 1055 » (To55> 1) » - - -+ (oo0+ 2008 -
Theo nguyén 1i Dirichlet ton tai hai tap con 7 phan t ctia X c¢6 tong nghich ddo cac phan ti
thudc cing mot khoang trong cac khoang trén.

Boé cac phan tit giéng nhau ctia hai tap trén ta thu dude hai tap con théa méan bai toan. 0

Vi du 14. Mot tap hop M 1a hgp clia cac doan thang nim trong doan [0; 1]. Biét ring khodng
cach gitta hai diém bat ki ctia M khac 0, 1. Chitng minh ring tong do dai ciia nhitng doan tao
nén M khong vugt qua 0, 5.

Lo1 GIAL. Gia sit tong do dai cac doan trong M 16n hon 0, 5.

Chia doan [0; 1] thanh 10 phan [O, 1—10} , [1—10, 1%} e [1%, ]

Ki hieu M; la phan ctia M ndm trong doan [, 5], (i = 0,9) va D; la tong cac doan théng
tao ra M.

Bing cac phép tinh tién thich hgp ta chuyén cac doan [1—10, 1%} S [1%, 1} ve doan [0; %}

K1 hieu M la &nh ctia M;.
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Taco D=Dy+Dy+---+Dg >0,5=5.0,1
Theo nguyén 1f Dirichlet ddi ngau c6 it nhat 6 tap hop trong My, M|, M}, ..., M{ c6 diém chung.

Tic 1a mot sd nao do trong [0; %}13 két qua ctia 6 diém khac nhau z;, 2o, ...,z cia M trit
di nhiing s tuong ting c6 dang & 52 Myai k; 1a mot s6 nao d6 trong {0;1;2;...;9} va
i=1,6

Theo nguyén li Dirichlet c6 it nhat hai trong cac s6 ki, ks, . . ., kg 1a hai s6 tu nhién lien tiép.
Glast ky = ki +1,suyraxze—x; = ’”;0]“1 = % (mau thuin véi gia thiét). Ta c6 diéu can chiing
minh. 0

Nhan xét. Nguyen li Dirichlet con c¢6 tng dung rat quan trong nhu sau : Xét doan [m;n]
v k s thuc z1,29,..., 25 (k > n —m) thi luon ton tai hai s6 z;,z;(i,7 = 1,k) théa man

|z; — x| = 1.

Vi du 15. Ching minh rang véi moi so6 nguyén duong n > 1, tit n + 2 phan tit bat ki ctia tap

{1;2;...;3n} c6 the chon ra hai s6 ¢6 hiéu 16n hon n va nhé hon 2n.

Lor c1Al. Dat A ={1;2;...;3n}. Xét BC Ava |B|=n+2.

Khi thém vao hai s6 cting mot lugng thi hiéu ctia chiing khong thay déi nén ta c6 thé them vao

cac phan tit clia B cing mot lugng sao cho phan t1t 16n nhat sau khi them 1a 3n.

Néu ton tai phan ttt z € {n+1,n+2,...,2n—1} sau khi thém vao B thi, tacén < 3n—x < 2n
(théa man bai toan).

Gia st khong ton tai phan tiz € {n+1,n+2,...,2n—1} sau khi them vao B. Xét C = B\{3n},
khi d6 C' 1a mot tap con n + 1 phan tit ciia tap {1;2;...;3n — 1}.

Phan hoach tap trén thanh cac tap sau : Ty = {1;2n}, 7o = {2;2n + 1},..., T, = {n;3n — 1}.
Theo nhan xét trén ta suy ra ton tai it nhat mot tap 7; chita hai phan tit ctia B, hai phan tt

nay thoa man bai toan. 0

Nhan xét. Ta c6 thé md rong bai toan trén nhu sau : Véi moi s6 nguyen duong n > 1, k,i € N*
thi trong kn + 2 phan tit clia tap {1;2;...;(2k + i)n} luon chon duge hai phan ti ¢6 higu 16n
hon kn va nhé hon (2k + i)n.

2.3. Phuadng phap ghép cap

Vi du 16 (Lién X6 1965). Trong cudc hoi thdo c6 40 cude hop, moéi cude hop ¢6 10 thanh
vien. Cho biét hai thanh vién bat ki chi cting dit hop v6i nhau téi da mot lan. Ching minh

rang cudc hoi thao cé nhiéu hon 60 thanh vien.

LO1 c1A1. Gid st cude hoi thao ¢é n thanh vién.

Do d6 ¢6 C? céch chon hai thanh vien.

Co 0120 cach chon hai thanh vién tit mot cudc hop. Do hai thanh vién chi cing du hop véi nhau
t61 da mot 1an nén C? > 40 - C%), tuong duong v6i n(n — 1) > 3600 hay n > 60. Ta c6 diéu can
ching minh. U

Nhan xét. Néu gia thiét doi thanh hai thanh vien bat ki cing di du hop véi nhau it nhat mot

lan thi cuoc hoi thao c6 nhiéu nhat 60 thanh vien. Téng quat bai toan lén véi cude hop co m
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thanh vién thi

n—1) < km(m — 1)

25 k.2 n( >
C, C,, = 5 5

=n > L /{;m(m—l)J

Vi du 17. Cho 5 s6, mdi s6 c6 100 chit s& 1 hoac 2. Biét trong hai sé bat ki ¢6 r hang bang

nhau va trong moi hang c6 ca chit s6 1 va 2. Chitng minh ring 40 < r < 60.

LOI GIAL. Goi T 13 s6 cap ma mdi cip c6 hai chit s6 thuoc hai s6 c6 tinh chat cing hang va
bang nhau.

e Cit hai s6 bat ki ¢6 r hang bang nhau ma c¢6 C? cach chon hai s6. Suy ra T' = rC5.
e Trong mdi hang (gom 5 chit s6) c¢6 ca chit s6 1 va 2 nén c6 hai truong hop sau :

— C6 mot chit s6 1 (hodc 2) va 4 chit s6 2 (hodc 1) nén c6 C? cap thuoc T
— (6 hai chit s6 1 (ho#c 2) va 3 chit 86 2 (hodc 1) nén c6 C3 + C3 cap thuoc T.

Cé tat ca 100 hang nén
100 (CF + C3) < T = 10r < 100C;

T do6 suy ra 40 < r < 60. O

Vi du 18. Mot hoi nghi toan hoc st dung 4 ngon ngit chinh. Biét hai dai biéu bat ki luon c6
mot ngon ngit ma ho déu biét. Chiing minh rang ¢6 mot ngon ngit duge biét dén bdi nhiéu hon
60% dai biéu.

Lo1 GIAL Gia sit c6 tat ca n dai biéu va 4 ngon ngw I, I, 11, IV.
Goi A, B,C, D lan lugt 1a tap cac dai biéu biét ngon ngit I, 1L, III, IV.

e Néu ton tai mot nguoi chi biét duy nhat mot ngon ngit thi n — 1 ngudi con lai cling phai
biét ngon ngit d6. Do d6 ngon ngit dé duge biét bsi 100% dai biéu.

o Néu tt ca dai bieu déu biét dugc it nhat hai thi tiéng thi CF +Cy + Cipy +Cfp) = 207
Gia st A la tap théa méan |A| = max {|4|,|B|,|C], |D|}.
Suy ra %’21 < C\2A| hay tuong duong véi 2|A|(|A] — 1) = n.(n — 1).
Gid st |A| < 2n thi 2|A|(JA] = 1) < £-n (2n— 1) = £&n? — $n < n? — n (mau thudn)
Do dé A > %n

Vay trong moi truong hop, ta c6 diéu can chting minh. 0

Vi du 19 (IMO 1988). Cho n, k 1a cac s6 nguyén duong, n > k va S 1a tap hop n diém trong

mat phang théa man
(i) Khong c6 ba diém nao thing hang.
(ii) V6i mdi diem P ctia hé déu khong c6 it hon k diém trong hé cach déu P.

Chitng minh rang
1
/{3 < 5 + V 2n
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LoI GIAL Gid stk > 1 ++/2n.
Lay diém P thuoc S thi ton tai it nhat & diém trong S cach déu P. Suy ra ton tai it nhat C2
cap diém (A, B) ma PA = PB.
C6 it nhat nC? cap diém ma trén dudng trung tric clia doan thiang ma hai dau mit 14 hai
diém d6 c6 it nhat mot diém thuoc S. Ta ¢

nC’ﬁzn-M >1-n- (1%—\/%) (\/%—1> :n(n—l) >n(n —1) = 2C?

2 2 2 2 8

Lai c6 C? 1a 86 cap diém khong thtt tu ctia S, 2C2 1 s6 cap diém c6 thit tu clia S.
Theo nguyén 1i Dirichlet ton tai mot cip diem A, B va ba diém Py, P, P; thoa man AP, =
BP; (i =1;3)
Suy ra Py, P,, P3 thang hang (vo ly). Vay ta c6 dic¢u can chiing minh. 0

Nhan xét. Cé thé md rong bai toan trén trong khong gian nhu sau :

Vi du 20. Cho n, k la céc s6 nguyen duong, n > k va S 1a tap hop n diém trong khong gian

thoa man
(i) Khong c6 65 diém nao thang hang.
(ii) Mdi diém P ctia he déu khong c6 it hon k diém trong hé cach déu P.

Chitng minh rang

E<1+4¢/(n—1)(n-2)
LOT1 GIAL Goi A la tap cac bo diém (M, N, P) théa man M, N, P la ba diém ctia he va ton tai

it nhat mot diém ctia he cach déu ba diém dé (diém nay duge goi 1a tam clia he).

e V6i méi diém P ctia hé c6 it nhat k£ diém thuoc hé cach déu P. Suy ra s6 bo thudc A
nhan P lam tam ciia bo 16n hon hodc bang Cg.

C6 n diém duge tinh nén s6 cip khong nhé hon n - C3.

e C6 n diém nén c6 C3 bo. Theo (i), mdi bo c¢6 khong qua 64 lan tinh. S6 cip duge tinh
khong 16n hon 64C3.

T do suy ra
n-CP<64-C°

Tuong duong véi
nk(k —1)(k —2) < 64n(n —1)(n — 2)

<6

k(k—1)(k—2) <64(n—1)(n —2)
(k—1)* < 64(n —1)(n —2)
k<144 (n—1)(n—2)

Bét dang thitc cudi cho chiing ta diéu can chiing minh. U

Nhan xét. C6 thé tong quat gia thiét (i) thanh khong c6 qua m diém nao thang hang. Khi do
k<1+¢/mn—1)(n-2).
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Vi du 21 (IMO 1998). Trong mot cudc thi 6 m thi sinh va n giam khao, n 1a s6 nguyén duong

18 va n > 2. M6i giam khdo danh gia thi sinh theo hai mitc “dd”, “truct”. Goi k 1a mot s6 sao

cho lay hai giam khao tiuty ¥ thi hai nguoi d6 ¢6 chung danh gid k thi sinh. Chting minh rang
k' n—1
— >

=
m 2n

LO1 GIAL. Goi N 1a bo ba (hai gidm khdo, mot thi sinh) théa man hai giam khéo trong nhém
d6 ¢6 cung danh gia (“d6” hodc “trugt”) cho thi sinh trong bo dé.
C6 C? cach chon bo hai giam khéo. Ma k 1a s6 nguyén duong théa man néu lay hai gidm khao

bat ki thi hai gidm khio nay danh gia tring nhiéu nhat k thi sinh nén
N < kC? (5)
Xét thi sinh A bat ki. Gid stt ¢6 z gidm khao danh gia A dau.
e C6 C?cap giam khao danh gia A dau, C?_, cap giam khéo danh gid A truot.

e C6 tat cd C?__ + C%cap giam khéo c6 ciing danh gia doi véi A.

Ta cob:
o2 +02:x(x—1)+(n—x)(n—m—1)
n—x X 2
_( n>2 n? n
-\ 49
>n_2_E:M_1
4 2 4 4

(n—1)?
1

2 Z ., > N z .z £ 22
Ma @ € N* nén ¢6 it nhat cap giam khao c¢6 cung danh gia doi véi A. Suy ra

—1)?
N>m.% o
Tit (1) va (2) ta c6 k- 200 > . 01° Gy pa £ 5 ol -

2.4 M6t sb bai toan khac
Vi du 22. Cho n la s6 tu nhién 16n hon 1. Goi S 1a tap hop gom n phan ti va A;,i = 1,m 1a
m tap con doi mot khac nhau cua S thdéa man

|Ai] = 2;

Vi, j, k: Néu |A; NA;| # @, |A; N Axl # @, |Ax N A # @ thi

ANA; NAL # 2.
Chitng minh rang m < 27! — 1.
Lo1 GrAr. Ta chiing minh quy nap theo n.

e VGi n = 2,3 thi két luan bai toan dung.

e V6i n > 4. Gia sit bai toan ding véi n — 1. Ta can chitng minh v6i n thi bai todn ding
diang. That vay, goi T 1a ho gom cac tap A;. Xét hai truong hop sau :
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— Truong hop 1. Ton tai tap A ma A va S A déu thuoe T .
Chia T thanh 3 ho gom: T 1a ho cac tap con cia A,T 1a ho cac tap con cla
S\AT; =T\ (T, UT).
Ta ¢6 nhan xét sau: V6i moi tap B € T3 thi [BNA| > 0,|BN (S \ A)| > 0. Do dé
v6i moi B,C € T3 thi |[BNC| = 0.
That vay, néu |[BNC|=0thi [ANBNC|>0va|(S\ A NBNC|> 0 (theo nhan
x6t trén), vo li.

Ta c6 |T5] < min{|A],|S \ A|}. Suy ra
T| = |Ty| + |To| + T3] < (29 = 1) + (2" 4Y) + min{|A],n — 4|} <2"' =1

— Truong hop 2. ViVA €T thi S\ A¢T.
Vi S ¢6 2" tap con nen |T| < 21
Gia st |T| = 2% Suy ra |T| = 2"
Giast X ={1;2;...;n—1} e T.
Chia T thanh 2 ho nhu sau: T 1a ho cic tap con cua X va T5 1a ho cac tap chia
phan ti n.
Ta c¢6 nhan xét sau : VB;, B; € T5 thi |B; N B;| > 1.
That vay, néu |B;NB;| < 1thl |[B;NB;NX| =0ma |B;NB;| > 0;|B;NX| >
0; |X N B;| >0 (Mau thuan)
Xét T = {B\ {n}|B € Ts}, moi tap 7% la 1 tap con cua {1;2;...;n— 1} va moi tap
C,D con cia T¢ thi [CND| > 1= |T5| = |Ti| < 272
Theo gia thiét quy nap thi
ITy| <272 —1=|T| = |Ty| +|T5| <22 —1+2"2 =271 —1 (Mau thuan véi gt).

Két hop ca hai truong hgp ta cé diéu can chiing minh.
0
Vi du 23. Cho ham f xac dinh trén cac tap con cia tap httu han S (S # &). Chiing minh

rang néu f (S\ A) = f(A) vamax{f (A);f(B)} = f (AU B) v6i moi tap con A, B ciia S thi
f nhan khong quéa |S| gié tri phan biét.

LOI GIAL Ta sé chitng minh bang quy nap theo sé phan tit ctia S.

o Véi |S| =1 va |S] = 2 s6 cic cap gom hai tap con bt nhau clia S tuong ting bang 1 va

2. Két luan bai toan ding.

e V6i |S| > 2. Gia st bai toan ding cho s6 phan tit bé hon.
Goi m 13 phan ti 16n nhat ctia Imf.

— Tru6c hét ta ching minh S ¢6 mot tap con ¢6 1 phan tit X = {z} théa man
flz) =m.
That vay, xét tap tat cd tap con nhan gia tri m qua anh xa f.
Vi f(S\ A) = f(A) nén trong cac tap con nay c6 it nhat mot tap con khac rong.
Goi X la tap con bé nhat théa man f(X) = m. Néu X c6 it nhat 2 phan ti
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thi X c6 thé viét thanh hop ctia hai tap phan biet : X = X; U X,. Suy ra
max {f (X1); f (X2)} 2 f (X1 UXp) = f(X) =m

Ma m 1a phan t1t 16n nhat trong tap gia tri cia f nén trong hai phan tit f (X;) ; f (X5)
c6 1t nhat mot phan t bang m (mau thuan). Do d6 S ¢6 mot tap con c¢6 1 phan ti
X = {z} théa man f(X)=m.

— Dat R = S5\X. Xét ham g : R — f (R) nhu sau : V6i VA C R thi

9(A) = min{f (A); f(AUX)} = min{f (A); f (R\ A)}
V6i VA C R thi

m=f(X)=Ff(S\X)=F(AU(R\A))
Smax{f (A);f(R\ A)} = max {f (A); f(S\ (R\ A))}
= max {f (4); f (AU X)}

Ta chitng minh bang quy nap gia thiét cling ding véi ham g, tiicla g (R\ A) = g (A)
va g (AU B) <max{g(A4);9(B)}

That vay,

g(R\ A) = g(A) ding theo céch xac dinh ham g.

Néu g(A) = m hoac g(B) =m thi g (AU B) < max{g(A);g(B)} (theo dinh nghia
s6 m).

Néu g(A),g(B) < m thi mot trong hai gia tri f(A); f (AU X) < m va mot trong
hai gia tri f (B); f(BUX) < m.

Néu f(A) <m dat C = A, néu f(AUX) <m dit C = AU X.

Néu f(B) <m dat D= B, néu f(BUX)<mdat D=BUX.

Suy ra f(C) = g(A); f(D) = g(B) va tap C U D hodc bang A U B hodc béang
AUBUX. Tu doé ta c6

max{g(A);¢(B)} =max{f(C); f(D)}
> f(CUD)Zzmin{f(AUB);f(AUBUX)}
=g(AUB)

Vay ¢ thoéa méan gia thiét.

Theo gia thiét quy nap thi g chi c6 thé nhan |S| — 1 gia tri khac nhau.

Vay VA C R, mot trong hai gia tri f(A) va f (R\ A)cé mot gia tri bang m va gia tri con lai
bang g(A).

Do d6 ham f chi c6 thé nhan nhiéu hon ham ¢ mot gia tri. Tit d6 ta c6 didu can chitng minh. [0

Vidu 24 (THTT 395). Cho X la tap con ctia {1;2;...;2011} thdéa man
(i) [X]=62;

(ii) V6i Vo € X déu 3a,b € X U{0;2011} (a;b # x) théa man x = 42

5
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Chiing minh réng c6 hai phan tit z,y ctia X thoa man |z —y| > 11, 5% ¢ X.

LO1 GIAL. Gia st X 1a tap c6 62 phan ti c6 sap thit tuw 27 < 29 < -+ < 240

Ta sé chiing minh bai toan nay bang phan ching : Gia sit khong ton tai hai phan ti x,y cla
X théa man |z —y| > 11,2 ¢ X.

Ta chiing minh cdc phan tit ctia X cung tinh chén 1é. That vay : X C {1;2;...;2011}. Suy ra
Tiy1 = x; +1,Vi=1,61.

Do d6 wgs > a1, + 11,k = 1,51. Suy ra z; (k = 1,51) cling tinh chn 1& v6i g, néu khong thi
24262 ¢ X (mau thuén)

Tuong tu ta ¢6 z; (I = 12,62) cung tinh chén 1é v6i z;. Vi vay z; (i = 1,62) cung tinh chén 1é.
Tu gia thiét suy ra Ja;b € X U {0;2011} thoéa man zg = 42

Do zg2 > 21 nén 3z, (p = 1;2;...;61) théa man xg = I"+22011 hay z, 18.
Tuong tu do z; > x1 (i = 1;62) nén Jz, (¢ =2;3;...;61) théoa man z; = Iq;o chdn (mau
thudn). Vay ta c¢6 diéu can chiing minh. 0

3. M6t sb bai todn tim cuc tri té hop

Céc bai toan nay thuong dude chitng minh theo cac bude sau : Dé chiitng minh min k = 9 hay
max k = 0 ta sé chitng minh k > 0 (ho#c k < ) va chi xdy ra mot kha niang c¢6 dau bang hoic
1a chi ra k£ = 0 théa man roi chitng minh Vk < 0 (hodc Vk > 9) thi khong ding. Céi khé nhat
ctia nhitng bai toan dang nay chinh I tim duge O (thudng 1a khong ti nhién). Thyc té toan t6
hop c¢6 rat nhiéu ¥ tudng gidi nén khong c6 dieu gi that sy hitu hieu ngoai kinh nghiém va cam

giac c6 duge nha sy luyén tap mot cach thong minh ciia chiing ta.

Cac bai toan nay thuong roi vao mot trong hai dang sau :

e Dang 1 : Tim s6 nguyén duong n 16n nhat (bé nhat) dé ton tai tap hop gom n phan tit

théa man dieu kien (*).
e Dang 2 : Tim s6 nguyén duong n 16n nhat (bé nhat) dé moi tap hop gom n phan tit thoa
man diéu kien (*).
Cach giai hai dang toan nay da dugc trinh bay & trén.

Nhan xét : Trong nhiing bai toan c¢6 noi dung toi uu ma cac phan tit ¢6 quan hé chia hét hoac

nguyeén t6é ciing nhau, ta thuong quan tam dén nhitng diéu sau :
e Xét theo modulo 2 hoac luy thira cia 2.

e Néu viéc phan tich trén khong thanh cong thi chiing ta phai quan tam dén cac s6 nguyén

t6 va phan tich chinh tic ciia cac s6 tu nhién.

Vi du 25. Tim s6 nguyén duong k nhé nhat sao cho ta c6 thé t6 mau cac sé6 nguyen duong tit

1 dén 2011 bang k mau khéac nhau dé khong cé hai s6 nao cting mau la boi ciia nhau.
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LO1 GrA1. Véi bai nay ta st dung liy thia cua 2.

Vi cac s6 20;21;22: ... ;210 khong thé c6 hai s6 nao cling t6 mot mau nén k > 11.

V6i k = 11 ta c6 cach t6 mau nhu sau : dit A, = {Qi,Qi + 1., 20— 1} (z :(),_9) va
Ay = {219,219 4 1;.. 2011},

T6 mau cac so6 thuoc A; bdi mau thit ¢ + 1. Cach t6 mau nay théa man bai toan. Vay kpin =
11. 0

Nhan xét : Ta c6 thé thay 2011 bdi mot s6 nguyén n duong bat ki, khi d6 Ky, = [logyn] + 1.

Vi du 26. Cho S 1a tap hop gom 2011 s6 nguyén duong va chon ra n tap con ctia S sao cho
tong cac phan tit trong n tap con dé doi mot nguyen té ciing nhau. Tim gia tri 16n nhat c6 theé

co cua n.
LOI GIAI. Dap s6 1a 22019 4 1.

e Trudc hét ta ching minh n < 22919 4 1.

Trong 229! tap con ctia S thi nhiéu nhat trong mot nita trong s6 dé c6 tong cac phan tit
14 s6 1é. That vay, néu tat cac phan tit ciia S déu la s6 chén thi tat ca cac tap con cia S
déu c6 tong cac phan tit déu chin nén khong c6 tap con nao trong S c6 tong cac phan ti
la s6 18. Néu ton tai mot phan tit = ctia S 1a s6 16 thi ta c6 thé chia 22°™ tap con ctia S
thanh 22010 cap (T; T U {x}) v6i T la tap con ctia S ma x ¢ T. Trong mdi cap d6 c¢6 mot
tap c6 tong cac phan ti ctia né 1a 1é, tap con lai c6 tong cac phan t1i 1 chdn. Do do6 c6
t61 da 22910 cac tap con ciia S ¢6 tong cac phan tit 1 s6 18

Vi vay néu n > 22019 11 thi c6 it nhat hai tap c6 tong cic phan tit déu 1a s6 chin (trai
v6i gia thiét). Vayn < 22010 + 1.

e Ta sé xay dung mot vi du cho n = 22019 4 1.
Dat k= (229 va tap S = {k + 1;2k + 1;4k + 1;...; 2209 + 1}, Xét 22910 tap con clia
S va them mot tap {k}.
Céc tap con ctia S chita phan t1t 1 thi ¢6 tong cac phan tit ¢6 dang ak+1 v6i 0 < a < 22010
va hai tap khac nhau thi c6 tong cac phan tit khac nhau. Ta cé ged(k;ak + 1) = 1. Néu
ged(ak + 1;0k + 1) = p (a # b) thi p|k(a —b). Suy ra pla — b hodc p|lk, ma k > |a—b| > 0
nén p|k hay p = 1. Do d6 tong cac phan tii clia cac tap trén nguyén td ciing nhau.

Vay maxn = 22010 4 1, U

Nhan xét : Ciing giéng nhu bai toan trén ta c6 thé thay 2011 béi mot sé nguyen duong k bat
ki, cach giai hoan toan tuong tiu, khi dé maxn = 281 4 1.

Vi du 27 (Ba Lan 2001, Trung Qudc 2001). Cho tap X = {1;2;...;2001}. Tim s6 n bé nhat
sao cho néu A la tap con gom n phan tit ctia X thi ta luon c¢6 thé tim duge mot phan tit 1 lity

thita ctia 2 hosic hai phan ti ¢6 tong la liy thira ctia 2.

LO1 GIALI. Dap s6 1a 999.

Gia sit A 1a mot tap con ctia X khong chita bat ki mot Ity thita nao ciia 2 va khong c6 2 phan
tt ndo co tong la lity thita ctia 2. Do dé A khong chita cac phan ti 1;2;22;...;2' va it nhat
mot phan ti trong 992 cap sau day ciing bi loai:
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17 cap (47;2001);
63 cap (65;1983);

48;2000);. .. ; (63;1985)

66;1982);...;(127;1921)

127 cap (129;1919); (130;1918);. .. ; (255; 1793)

255 cap (257;1981);(258;1980); . ..;(511;1537)

511 cap (513;1535); (514;1534); .. .;(1023;1025)

(Céc cap nay c6 tong la 2M)

14 cap (18;46); (19;45);...;(31;33) (Cac cap nay cb tong la 26)

1 cap (15;17) (Céap nay co tong la 2°)

4 cap (3;13);...;(7;19) (Céc cap nay c6 tong la 2%)

Vay A chi chita nhiéu nhat 998 phan ti.

Xét tap c6 998 phan ti sau:

977 phan ti: 1025;1026; . ..;2001 (nhém 1)

14 phan tit: 33;34;...;46 (nhém 2)

7 phan tit: 9,10,11,12,13,14,17 (nhém 3)

Dé thay tap trén khong c6 phan tit ndo 1a liiy thita cta 2.

Téng 2 phan bat ki trong nhém 1 nam gitta 2 - 1025 = 2050 va 2 - 2001 = 4002

Téng 2 phan bat ki trong nhém 2 nam gitta 2 - 33 = 66 va 2 - 46 = 92

Téng 2 phan bat ki trong nhém 3 nim gitta 2-9 = 18 va 2 - 17 = 34

Téng 2 phan bat ki trong nhém 1 va nhém 2 nam gitta 33 + 1025 = 1058 va 46 + 2001 = 2047
Tong 2 phan bat ki trong nhém 2 va nhém 3 ndm gitta 33 + 9 = 42 va 46 + 17 = 63

Téng 2 phan bat ki trong nhém 1va nhém 3 nam gitta 1025 + 9 = 1034 va 2001 4 17 = 2018
Vay trong céc tap con ctia S khong c6 tap nao chita hai phan tit ¢6 tong la mot liy thita ctia
2. Do d6 minn = 999. U

— ~—

Vi du 28 (IMO 1991). Xét tap S = {1;2;...;280}. Tim s6 nguyén duong n nh6 nhat sao cho

n s6 bat ki 1ay ra tit S ¢6 5 s6 nguyén t6 cliing nhau.
LO1 GIAL. Dap s6 1a 217.

e Xét tap hop A={k € S|k chia hét cho 2,3,5 hodic 7}. Ta c¢6
=Pl )15 [7 )1 - ol - ) - 5
2 3 ) 7 6 10 14 15
280 280 280 280 280 280 280
o)L (5] L+ [ + [ie] - Lo
=216

va trong 5 phan tit bat ki ctia A luon c6 hai s6 ¢6 uéc chung 16n hon 1. Do d6 n > 216.

e Xét tap con T C S;|T| = 217. Ta sé chiing minh 7' chita 5 phan tt nguyén t6 v6i nhau
timg doi mot. Dat
By = A\{2;3;5;7}

By = {11%,11 -13;11-17;11-19; 11 - 23;13 - 17;13 - 19}
P =5\ (B UB,)
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Khi d6 ta c6 |P| = |S| — |By| — |B2| = 60 va P 1a hop clia 1 va tat ca cic so6 nguyén to
trong S.

Néu |T'N P| > 5 thi ta c6 diéu can chiing minh.

Néu [TNP| <5, taco |TN(S\P)| =217—4=213.

Do d6 tap hop céac sé nguyeén to6 trong S c¢6 nhiéu nhat 280 — 213 — 60 = 7 s6 khong thuoc
T. Xét cac tap hop My = {2-23;3-19;5-17;7-13; 11 - 17}

My =1{2-29,3-23:5-19;7-17;11 - 13}

My =1{2-31;3.29:5-23;7-19;11 - 17}

My={2-37,3-31;5-23;7-19; 11 - 17}

Ms = {2-41;3-37;5-29:7- 2911 - 23}

Mg ={2-43;3-41;5-37;7-31;13- 17}

M; ={2-47;3-43;5-41;7-37;13 - 19}

Mg = {22;32;52; 7%; 13%}

Ta c6 M; C S\ P va cdc phan ti cia M; nguyén t6 cung nhau. Ton tai j dé M; C T.

Vay minn = 217. O

Vidu 29. Tim s6 nguyén duong k nhé nhét sao cho moi tap con k phan ti ctia tap {1;2;...;50}
déu c6 chita 2 phan tit phan biét a va b sao cho a? + b? 1a s6 chinh phuong.

PHAN TicH. Goi (a,b) 1a mot cip Pythagore néu a? + b? 1a s6 chinh phuong. Biéu dién s6 trong
tap {1;2;...;50} trén mot graph, cac s6 trong mot cap Pythagore thi duge ndi véi nhau bang
mot doan thang, cac sé khong ciing ndm trong mot cap Pythagore nao thi khong duge ndi véi
nhau.

Dau tien ta xay dung tap B gom {t phan t1it nhat sao cho trong tap C' = S\ B khong c6 bo
Pythagore ndo. Mudn vay trén graph B phai 1a cidc dinh sao cho khi x6a cac dinh nay va tat
cd cac dinh duge ndi tit noé thi graph khong con canh nao nita. Ta chon cac diém thuoc B
nhu sau: (3;4); (33;44) 1a 2 doan thang riéng ré nén ta chon B D {3;33} (hoiic B D {3;44}
hoacB D {20;28} hodc B D {4;44} déu dugce) va xda cac doan do di.

Cac doan thang c6 mot dau la dinh don thi dinh kia (khong don) phai thuoc B nén B D
{8;12;24; 36; 40; 48}. Xoa ching va cac canh noi v6i ching. Cap (16;30) rieng 1 nén ta chon
B D {16} (hoac B D {30}). Cudi cung B D {20, 28}. Luc nay graph da bi x6a hét.

Vay ta c6 B = {3;33; 12; 24; 8; 36; 40; 48; 16; 20; 28}.

Tiép theo ta sé chi ra 11 bo Pythagore roi nhau, trong graph cic ciap nay chinh la cidc doan
thing roi nhau.

Muébn chon dit 11 cap ta phai chon duge nhiéu doan nhat.

Trude hét ta chon 2 cap (3;4) va (33;44).

Tiép dén ta chon cac cap sau (5;12); (7;24); (6; 8); (27; 36); (40; 42); (48; 14); (16; 30) va chon hai
trong 4 cap (42;58); (28;21); (21;20); (20; 15). Nhu vay 11 cap Pythagore rdi nhau da duge xac
dinh.

LOI GIAL. Trude hét ta liet ke tat ca cac cap Pythagore:
(3;4); (658); (9;12); (125 16); (155 20); (18; 24); (21; 28); (24; 32); (27; 36);
(305 40); (33;44); (36;48); (8; 15); (165 30); (24; 45); (125 35); (55 12);
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(10;24); (15; 36); (20; 48); (20; 21); (40; 42); (28; 45); (7; 24); (14; 48); (9; 40)

Xét B = {3;8;12;16; 20; 24; 28; 33; 36; 40; 48 }.

Dé thiy moéi cap Pythagore déu c6 it nhat mot phan tit thuoc tap B nén C' = S\ B la tap
khong chiia bat ki 1 cap Pythagore nao. Vay k > |C| = 39.

Xét 11 cap s6 Pythagore roi nhau sau:

(3;4); (33;44); (5;12); (7;24); (6; 8); (27; 36); (40; 42); (48; 14); (16; 30); (45; 28); (21;20). Vi moi tap
con chita k phan tit ctia S phai chita it nhat mot cap Pythagore ¢ trén nén min k = 40.Vay
min k = 40. U

Nhan xét : T bai toan nay ta nghi dén mot bai toan khac c6 § tudng tuong tu nhung viec
tim tap B va cac bo roi nhau sé kho khan hon. O

Vi du 30. Tim s6 nguyén duong k nho nhat sao cho trong k phan tit tuy ¥ ctia tap {1;2;...;50}

luon chita 3 s6 1a do dai 3 canh clia mot tam gidc vuong.

Mot bo 3 s6 thuoc tap {1;2;...;50} duge goi 1a b 3 s6 Pythagore néu 3 s6 d6 1a do dai 3 canh
tam giac vuong.

C6 15 bo 3 s6 Pythagore sau:

{3;4;5},{6;8;10},{9; 12; 15}, {12; 16; 20}, {15; 20; 25},

{18;24; 30}, {21;28; 35}, {24; 32; 40}, {27; 36; 45}, {8; 15; 17}

{16;30; 34}, {5; 12; 13}, {10; 24; 26}, {15; 36; 39}, {30; 40; 50}

Xét tap B = {5;8;9; 16; 20; 24; 35; 36; 50}

D@é thay moi bo 3 s6 Pythagore déu c6 it nhat mot sd thuoc tap B nén C' = A\ B khong chita
bo 3 s6 Pythagore nao. Do d6 k > |C| = 41.

Xét 9 bo 3 s6 Pythagore roi nhau sau:

{3;4;5},{6;8;10},{12; 35;37},{27; 36;45},{9; 40; 41}

120;21; 29}, {14;48; 50}, {16; 30; 34}, {7; 24; 25}

Bat cit tap con 42 phan tit ndo clia A cling phai chita it nhat mot bo 3 s6 Pythagore trong 9
bo trén. Vay min k = 42. O

Vidu 31. Cho X = {1;2;...;15}. M la tap con ctia X sao cho tich ctia 3 phan tit khac nhau
ctia M déu khong 14 s6 chinh phuong. Tim max | M.

LO1 GIAL. Goi bo 3 s6 thuoc X ¢6 tich 14 s6 chinh phuong 13 mot bo tot.

Ta chitng minh v6i moi tap con T ctia X ma |T| = 11 thi trong 7 luon ton tai mot bo tot.
That vay:

Cac bo tot gom:

Loai 1 (chwa 2): (2;1;8);(2;3;6). ..

Loai 2 (chtta 3, khong chia 2)

Loai 3 (chta 8, khong chita 2, 3)

Loai 4 (chtta 15, khong chita 2, 3, 8)

Loai 5 (cac bo con lai)

Truong hop xau nhat dé T khong chita bo t6t nao 1a 4 s6 khong thudc T phai tham gia vao
nhiéu bo t6t nhat.

Dé truong hop xau nhét xay ra, ta chon 4 sé khong thudc T 1a 2;3;4; 15 nhung vaAn con mot
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tap loai 5. Do d6 |M| < 11. Khi |M| = 10 ta ¢6 tap sau : M = {1;5;6;7;9;10;11;13; 14; 15}.
Vay max | M| = 10. 0

Vidu 32 (THTT, Hello IMO 2007). Mot 16p ¢6 15 hoc sinh nam va 15 hoc sinh nit. Vao ngay
8/3 c6 mot sd nam sinh goi dién dén chiic mitng mot s6 nit sinh. Biét rang ta c6 thé phan chia
tat cd hoc sinh ctia 16p mot cach duy nhat thanh 15 cip sao cho méi cip déu gom mot nit sinh
va mot nam sinh ma nam sinh d6 da goi dién thoai chiic ming.

Hoi ¢6 t6i da bao nhiéu cudc dién thoai da duge goi?

LO1 G1A1. Gia st 15 ban nam 1a aq,as,...,a;5 va 15 ban nit 1a by, bo, ..., b5, cach ghép cap
duy nhat 1a (a;; b;), (1 <@ < 15).

V6i moi cuoe goi (a;;b;), (i # j; 1 <4, 7) ta cho ing v6i mot tap con gom hai phan tit {4; 5}
Dé thay ting véi moi tap con hai phan tit {i; 7} nay ¢6 hai cuoc goi (a;;b;) va (aj;b;) thi ta co
cach ghép cap tha 2 {(ax; bx) | k # i,k # j} U{(a:;b)); (a;;b;)} (mau thuan).

Do d6 s6 cudc goi khong vugt qua 15 + C% = 120. Cach goi thod méan diéu kién bai todn 1a
nguoi a; chi goi cho dung i ngudi by, by, ..., b;. Vay c6 toi da 120 cudc goi. O

Tai liéu tham khao

[1] Nguyén Van Nho, Tuyén chon cic bai toan tit nhimg cudc thi thi tai mot s6 nudc Dong
Au - 2 tap, NXB Giso duc, 2005.

[2] Vit Duong Thuy, Nguyén Van Nho, 40 nam Olympic todin hoc quoc té, NXB Gido duc,
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MOT SO BAI TOAN TO HOP DIEN HINH
VE BAN CO

Nguyén Viét Diing'

T6 hop ban ¢d bao gom céac bai toan hay va khé. Bai viét nay thong qua mot s6 bai toan dién
hinh nhim gitp cho ban doc ¢6 nhin téng quan va phuong huéng giai quyét khi gip céc bai

toan ban co dang nay.
Bai toan 1.

(a) Tim sb 16n nhat cac quan xe c¢6 thé dit trén ban cd n x n dé sao cho khong c6 hai quan

nao tan cong lan nhau? Va c6 bao nhiéu cach dit thdéa man véi sd luong quan xe d6?

(b) Tim s6 nhé nhat cac quan xe c6 thé sdp xép trén mot ban c¢d n X n sao cho bat ki 6 vuong
nao trén ban cd déu bi khéng ché béi it nhat mot quan xe trong s6 chiing? C6 bao nhiéu

cach xép théa man véi s6 luong quan xe d6?

LO1 GIAL (a) Do khong ¢6 quan xe nao trén ban ¢ tan cong quan khéac nén diéu kién can va
di 1a khong c6 hai quan nao nam trén ciing hang hoiic ciing cot. Do do tong sb6 cic quan xe
khong vuot qua n. Ta chi ra cach dit n quan théa méan dieu kién bai toan 1a dit n quan xe
trén duong chéo chinh ctia ban co.

Chung ta sé xac dinh s6 cach sap xép n quan xe thoa man diéu kién bai toan. Trude hét ching
ta goi quan xe & cot dau tién 1a quan xe dau tién, quan xe § cot thit 2 1a quan xe thit 2,...va
quan xe & cot thit n 1a quan xe thi n. Quan xe dau tién c6 thé di chuyén trong n 6. V6i bat ki
cach dit quan xe dau tién ¢ hang nao thi con lai n — 1 hang dé cac quan xe con lai ¢6 thé di
chuyéen. Hay quan xe thit 2 c6 thé di chuyén trong n — 1 hang. Va cac quan xe con lai c6 kha
nang di chuyén trong n — 2 hang. .. Cudi ciing chi c6 duy nhat mot hang cho quan xe thi n c6
thé dat. Theo quy tic nhan, s6 cach dat n quan xe théa man bairalan(n—1)(n—2)---1 = n!
cach dat khac nhau.

(b) Ro rang khong thé dung it hon n quan xe dé dat lén ban cd n x n thda man bai ra vi trai
lai dung it hon n quan thi sé ¢c6 mot c¢ot va mot hang khong chita quan xe nao, khi d6 6 giao
nhau ctia cot va hang dé khong bi kiém soat bdi bat ki quan xe nao. Mat khéc, ro rang c¢é thé
dat n quan xe trén ban cd thdéa man bai toan nén n 1a s6 nho nhat théa man bai ra.

Néu n quan xe trén ban cd n x n kiém soat moi 6 vuong trén ban ¢ thi c6 hoic mot quan xe
trén moi cot hodc mot quan xe trén moéi hang. Ngudc lai néu c6 mot quan xe trén moéi hang
hodc mot quan xe trén médi cot thi chiing sé kiém soat ca ban ¢d. S6 cac cach sip xép n quan xe

trén moi cot 14 n® (mdi quan c6 thé dit trén n hang). Tuong tut c6 n™ cach sip xép cic quan

L6p 12A1, THPT chuyen DHKHTN - DHQGHN.
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xe dé mdi hang chita mot quan xe. Mat khéc & hai cach xép trén bi triing nhau n! cach (xem

cau a) nén dap sb 1a 2n™ — nl. 0

Bai toan 2.

(a) Tim s6 16n nhat cic quan tugng c6 thé sip xép trén ban cd 8 x 8 sao cho khong c6 quan

nao tan cong quan khac? Giai bai toan véi ban cd n x n?

(b) Tim s6 nhé nhit cac quan tugng c6 thé sip xép trén mot ban ¢ 8 x 8 sao cho bat ki
0 vuong nao trén ban cd déu bi khong ché béi it nhat mot quan tuong trong s6 chiing?

Giai bai toan vd6i ban ¢ n x n?

LOI GIAL (a) Xét cac duong chéo di tit goc dudi bén trai len goc trén bén phai (dé gon hon
ta goi cac duong chéo nay la cac dudng chéo duong). Co tat ca 15 dudng chéo nhu vay (hinh
minh hoa). Néu khong c6 hai quan tugng nio tan cong lan nhau thi khong thé c6 hon mot
quan ciing ndm trén mot dudsng chéo. Do d6 tdng s6 quan tuong khong thé 16n hon 15. Nhung
khong thé dat tat ca 15 quan trén ban c¢d vi quan dau tién va quan cudi cling ciing nam trén
mot hang. Do d6, nhiéu nhat 14 quan tugng c6 thé xép trén ban cd thoa man. Ta chi ra cach

xép thoa man trong truong hop 14 quan tuong nhu hinh sau

Tong quéat cho ban cd n x n, véi cach lap luan tuong tu ta nhan dude s6 16n nhat cac quan
tugng c6 thé dat 1a 2n — 2.

(b) Chiing ta sé chitng t6 rang can it nhat 8 quan tugng dé sip xép trén ban cd 8 x 8 thoa
man. Dé lam diéu nay chiing ta t6 mau xen ké cac 6 ban c& va chiing t6 phai c6 it nhat 4 quan
tuong trén mdi mau. Quy udc quan tuong chiém gitt 6 den 14 quan tugng den vd quan tugng
chiém gitt 6 trang 14 quan tuong trang. Néu cac hinh vuong den dugc quay mot goc 45° theo

chiéu nguge chiéu kim dong ho nhu hinh sau
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Dé thuan tién, ta thay doi thanh hinh sau

Khi dé cac quan tugng c6 thé di chuyén ngang va doc nhu cac quan xe. Bay gio ching ta thay
rang can it nhat 4 quan xe dé dit vao cac hinh vuong trong hinh trén vi né chia hinh vuong
4 x 4 (in dam). Do d6 chiing ta can it nhat 4 quan tugng den, va tuong tu can it nhat 4 quan
tuong trang. Mit khac, ching ta chi ra cach xép théa man cho 8 quan tugng nhu trong hinh

Ssau

Giai bai toan v6i ban ¢ n X n.

Téng quéat hon, véi n = 2k thi ching ta c6 thé ching minh ring can it nhat n quan tugng dé
dat vao ban ¢ n x n. Bing cich quay mot goc 45° cac 6 vuong mau den va chuyén cac quan
tugng thanh cac quan xe, khi d6 sé ¢6 mot 6 vuong k x k chita trong hinh mdéi.

Tt d6 can it nhat k quan tuong den, va tuong tu can it nhat k& quan tuong tring. Tong sé quan
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tuong it nhat 1a &+ &k = n.

Mat khéc n quan tugng dé xép trén ban cd théa man bai ra vi ching ta c¢6 thé dat trén cung
mot cot. Khi dé mdi 6 vuong bi khéng ché bdi it nhat mot quan tuong.

Trong trudng hop n 1é, vi trf cdc quan co dude dit khac mot chit vi s6 6 den khac vdi s6 6
trang. Tuy nhién ta van cé thé giai tuong tu nhu trong truong hgp ban c¢o 8 x 8. Mot cach dat
théa man la dit cac quan co trén cuing mot cot ctia ban co.

Tuong tu nhu trén, quay ban cd mot goc 45°, ta thu duge hai hinh tuong ting véi cac 6 mau
den va cac 6 mau trang. Trong d6 hinh tuong tng véi cac 6 den chita hinh vuong 4 x 4 va hinh
tuong ing véi cac 6 trang chita hinh vuong 5 x 5. Do d6 chiung ta can it nhat 4 +5 = 9 quan
tugng dé dit 1én ban cd. V6i s6 quan nay c6 cach xép théa man nhu trén.

Téng quat, néu n = 2k + 1 1a s6 1& bat ki thi v6i cach chiing minh tuong tuy thi c6 tong s6
k+ (k+1) = n quan tugng can dimg, bdi vi c6 thé bién doi cac 6 trang thanh hinh chita bang
(k+1) x (k+1) (do 0 tring ndm & goc nén sé nhiéu hon 6 den) va hinh chita bang k X k 0
den. Ta c6 thé chi ra trudng hop nhu vay bing cach dat cac quan tugng vao dudng chéo chinh
gitta. 0

Bai toan 3. Chiing minh ring véi n chin, cac s6 sau 1a cac s6 chinh phuong

(a) S6 cac cach sap xép khac nhau cic quan tugng trén ban cd n x n dé khong c6 quan tugng

nao tan cong quan khac va sé 16n nhat cac quan tuong cé thé duge sit dung.

(b) S6 cic cach siap xép khac nhau cac quan tugng trén ban cd n x n dé méi 6 vuong déu bi

kiém soat bdi it nhat mot quan tuong va s6 nhé nhat cac quan tuong duge sit dung.

LOI GIAL (a) Béi vi cac quan tugng chi kiém soat hoic cdc 6 mau trang hodic cac 6 mau den.
Bai toan vé viéc xay dung cach xép 1én nhat cac quan tugng dé khong cé hai quan nao tan
cong 1an nhau c¢6 thé phan hoach ban c thanh hai phan khong phu thuoc vio nhau; xay dung
cach xép nhiéu nhat cdc quan tugng trang (den) dé khong c6 hai quan nao tan cong lan nhau.
Theo gi thiét thi n chin nén cac 6 den trén ban cd c6 thé chuyén thanh cac 6 trang bdi phép
quay 90°. Do d6 sb6 cac quan tugng trang trong cach xép 16n nhat biang s6 quan tuong den
trong cach xép 16n nhat va ching tuong duong nhau vé cach xép.

Bdi vi tong s6 quan tugng 1a 2n — 2 (theo bai 2) nén mdi mau c6 n — 1 quan. Ching ta nhan
duge s6 cach xép théa man ciia 2n — 2 quan tugng trén bang béi s6 cach xép thoa man cla
n — 1 quan tugng den va cach xép théa man ctia n — 1 quan tuong trang. Theo quy tic nhan

suy ra tong so cach xép théa man 1a binh phuong s6 cach xép clia n — 1 quan tugng mdi mau.
(b) Ldi giai tuong tu phan a. O

Bai toan 4. Chitng minh riang trong cach siap xép cac quan tugng théa man gia thiét bai 3a,

tat ca cac quan tuong déu nam & cdc hang ngoai cling va cic cot ngoai cling clia ban cdo.

LO1 GIAL. Trude hét theo bai 3a ta c6 cach sip xép dé 2n — 2 quan tuong trén bang n X n ma
khong c6 2 quan nao tan cong 1an nhau.

Trén mdi 6 vuong cia bang ta viét sé cac quan tugng kiem soat né. Mot 6 vuong bi kiém soat
bdi mot quan tugng duge danh dau bdi s6 1 (quy wéc mdi quan tugng kiém soat chinh no).

Khong c6 hinh vudng nao dude danh dau bdéi 0, bdi vi néu c¢6 hinh vuong nhu thé ching ta c¢6
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the dat mot quan tugng méi vao né ma khong tan cong quan khac, diéu nay mau thuin véi
tinh 16n nhat ctia cach xép da cho.
Cac 0 vuong 6 goc duge danh dau bdi 1 bdi vi chi ¢6 mot duong chéo di qua nén chi c6 mot
quan tuong kiém soat né. Cac 6 khong ¢ géc duge danh dau béi hosic 1 hodc 2, béi vi mbi 6
chi ¢6 hai duong chéo di qua va c6 nhiéu nhat mot quan tugng trén moéi duong chéo nay. Trén
4 goc ctia ban co, it nhat hai 6 khong duge dit quan tugng ndo vi néu cé nhieu hon hai 6 duge
dat thi sé c6 hai quan tuong cling nam trén mot duong chéo va chiing tan cong 1an nhau.
Do d6 c6 it nhat 2n 6 vuong duge danh dau béi 1 (2n 6 vuong nay gom cac 6 duge dat tugng
va cac goc khong duge dat tugng). Dat S 1a tong tat ci cac sd duge viét trén ban cd. Bdi vi
c6 it nhat 2n phan ti cong thém vao S 1 don vi va n? — 2n phan tt cong them vao S it nhat
2 don vi nén ta co

S < 2n+2(n* - 2n) = n(2n — 2) (1)

Bay gio gia sit rang trong cach xép da cho c6 B quan tugng trén bién va I quan tuong & phia
bén trong ctia bang (do d6 B + I = 2n — 2). Mot quan tugng trén bién luon kiém soat chinh
xac n 6 vuong (bao gom ca chinh né). Vi dy, néu mot quan tugng ndm trén mot 6 vuong trén
hang dau tien hodic hang cudi ciing, né sé kiém soat chinh xac mot 6 vuong trén mot cot. Mat
khéc, mot quan tugng trén mot 6 vudng nim phia trong sé kiém soét it nhat n + 1 6 vuong.
Nhung khi mot quan tuong kiém soat mot 6 vuong thi né them mot don vi vao s6 dude viét

trén 6 vudng dé. Khi do, ching ta co:
S2nB+(n+10)I=nB+I1)+1=n2n—-2)+1

Két hop véi (1) suy ra n(2n — 2) + I < n(2n — 2).
Suy ra I < 0. Ma ta luon c¢6 I > 0. Vay I = 0 chitng t6 tat ca cdc quan tugng & bien. 0

Bai toan 5. C6 bao nhiéu cich xép 8 con xe lén ban c¢d vua sao cho khong c6 con xe nao nam
tren duong chéo chinh (dudng chéo ndi goc trén bén trai va goc dudi bén phai) va khong c¢6

con nao an con nao?

Lo1 GIAL 2 Ki hiéu u, 1a s6 cach xép cac quan xe thdéa dé bai ting v6i ban ¢ n x n. Goi con
xe G hang thit 7 la X.
Xét ban ¢ n x n.Khong gidm tong quat, c6 thé gid st X; nam & 6 Bl (sau cling sé nhan

n — 1lén).

e Néu X, nam & A2 : Ta c6 thé x6a di (khong quan tam dén) hang 1, 2 va cot A, B. Phan

con lai ctia bang c6 s6 cach xép quan xe 13 u,_o.

e Néu X, nam & cac 6 con lai (tic 1a khac A2, B2), ta c6 thé x6a di hang 1 va cot B, sau
do tinh tién cot A lai tao thanh mot ban c¢d méi véi yéu cau xép cac quan xe van nhu cii.

Vay s6 cach xép 1a u,_1.

RO rang, véi cach gidi quyét bai toan bang tinh tién ban cd nhu vay thi du X; ndm 6 dau ta

ciing chi c¢6 hai trudng hop ciia cac quan xe nhu trén, va két qua ciing tuong tu. Do dé co thé

2Ctia ban Nguyén Hung, Trudng THPT Nguyén Thugng Hién, TP.HCM.
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gia st nhu trén.

Vay u, = (n — Dup_1 + (n — 1)uy,_o v6i uy =0, ug = 1. Ta can tinh ug.

Ta tinh dugc ug = 2, ug = 3(2+1) = 9, us = 4(ug + u3z) = 44, ug = 5(us + uyg) = 265,
u7 = 6(ug + us) = 1854, ug = 7(uy + ug) = 14833. ad

Dé hiéu 16 hon, sau day 14 mot s6 bai tap cac ban tu luyeén.

Bai tap 1. X4c dinh s6 cac cach sip xép cac quan tugng va sdé nhé nhat cidc quan tuong duge

stt dung dé bat ki 6 vuéng nao déu bi kiem soat béi it nhat mot con tugng
(a) Trén ban cd 8 x 8.
(b) Trén ban ¢ 9 x 9.
(c) Trén ban c¢d 10 x 10.
(d) Trén ban ¢ n X n.

Bai tap 2. Tim s6 16n nhat cac quan vua cé thé sip xép dé khong c6 hai quan nao tan cong

lan nhau
(a) Trén ban co 8 x 8.
(b) Trén ban ¢ n X n.

Bai tap 3. Tim s6 nhd nhat cac quan vua c6 thé sdp xép dé bat ki 6 vuong nao déu bi kiém

soat bdi it nhat mot quan vua
(a) Trén ban co 8 x 8.
(b) Trén ban ¢ n X n.

Bai tap 4. Tim s6 16n nhat cac quan hau c6 thé sip xép dé khong c6 hai quan nao tan cong

lan nhau
(a) Trén ban co 8 x 8.
(b) Trén ban ¢ n X n.
Bai tap 5.

(a) Tim s6 16n nhat cac quan mé cé thé sip xép trén ban cd 8 x 8 dé khong c6 hai quan nao

tan cong lan nhau.

(b) Xac dinh s6 cac cach siap xép cdc quan ma trén ban cd 8 x 8 dé khong c6 hai quan nao

tan cong 1an nhau va s6 16n nhat céc quan ma co thé duge sit dung..
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e Dién dan Toan hoc VMF
http://diendantoanhoc.net/forum


http://www.artofproblemsolving.com/Forum/index.php
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SO STIRLING LOAI HAI

Hoang Minh Quan'

Cac ki hiéu st dung trong chuyén dé

[]
[]

1. [z]
2. [z]

=z(z—1)(z—2)---(x—n+1) véi n=1,2,3,...

0
0 =z(z+1)(z+2)---(x+n+1) véi n=1,23,...

n
n

L,
1,

1. Dinh nghia

Truée khi dén dinh nghia ching ta bat dau véi vi du sau:

Vi du 1. Hay chi ra rang ¢6 7 cach phan hoach tap hop {1,2,3,4} ¢om 4 phan tit thanh hai

tap con khac rong.

LO1 G1AL. Ching ta sé chi ra ¢6 7 cach phan hoach théa man dé bai:
{13U{2,3,4}, {27 U{1,3,4}, {3y U{1,2,4}, {4} U{1,2,3} {1, 2} U{3, 4}, {1,3} U{2,4},{1,4} U
{2,3}. 0

Dinh nghia 1. S6 phan hoach tap hgp n phan tit thanh k khoi khong rong (partittions in k
blocks) goi 1a s6 Stirling loai IT, ki hi¢u {Z}
N6i cach khac, sd Stirling loai 2 14 s6 cach phan phdi n qua béng phan biét vao k hop giong

nhau ma khong ¢6 hop nao rong.

Diéu khé khan déi véi ching ta la di tim cong thic tong quat cho sé Stirling loai 2. Bai viét

sau sé chi ra mot s6 cach chting minh va cac van de lien quan dén s Stirling loai 2.
Meénh dé 1. 56 toan dnh t tap n phan ti vao tap k phan ti bang k!{}}.

CHUNG MINH. Lay cac tap hop X = {z1, 2o, ..., 2x} VA Y = {y1, 92, ..., ya}-

Ta biét rang moi cich phan hoach mot tap hgp tuong tng 1-1 v6i mot quan hé tuong duong
trén tap hop d6. Co k! toan anh 1-1 nhu vay va theo dinh nghia c¢6 {Z} cach phan chia tap X.
Do d6 ta c6 sO toan anh tir tap n phan tit vao tap k phan ti bang k!{}}. O

2. Céng thic tinh sb Stirling

Dinh 1y 1. So Stirling logi 2 dugc tinh theo cong thitc sau :

(i =a e ()

1Gio vien truong THPT Ngoc To, Ha Noi.
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CHUNG MINH. (i) Cdch 1. Goi N va K 1a hai tap hop v6i |[N| = n, |K| = k. H 1a tap con cia
K va f(H) la sd anh xa tu N t61 K \ H.
Thay ¢ = k — j va ap dung nguyén 1i bu tri, ta co:

k'{Z} = #{f: N — K | f la toan anh}
=D MELNE

HCK

- ko 17 () o=y

J

=30 () o

(ii) Cdch 2. Ap dung ham sinh liiy thita cho s6 Stirling loai 2:

a _+°O n x”_(ex—l)kk_ | 9
k(x)—z (= =0,1,2,...

= |l

Ta co

Mot sb gia tri cta sb Stirling loai 2

1
11
1 3 1
n_1761
{kz}_ 1 15 25 10 1

3. Mot s6 bai toan vé sb Stirling loai 2

1 REAP AR

Bai toan 1. Chiing minh ring
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LO1 GIAL K{ hieu [n] 1a tap gom n phan tit.
V6i mdi cach phan hoach [n] thanh k& khéi ta déu thu duge tit mot phan hoach [n — 1] thanh &
khéi bang cach bd sung phan tit n vio mot trong k khéi (diéu nay cé k cach thiyc hién) hodc
thu dugc tit mot phan hoach [n — 1] thanh k — 1 khéi bang cach bd sung mot khéi méi {n}.
T dé taco {{} =k{"'}+{i 1} O
Bai toan 2. Chiing minh ring
" (n
Z{k}fﬂ(fﬁ—l)(w—?)---(r—kH)=:c”
k=1

L3I GIAL
at=#{f: N> X}

= ST RN 5 X [F(V)] = k)

> (D))

Chang han véi n = 3 ta c6

:I’3

Bai toan 3. Chiing minh ring véi n > 2, ta c6

o}r e
2

LOI GIAL Y tudng : Day 1a mot ddng thic chia bién n. Déi v6i nhung bai toan chita mot bién
n ching ta thudng chiing minh bang phuong phap quy nap. Cu thé bai nay ta lam nhu sau:
Véin=2taco: {3} =1,2' =1 =1vay {3} =2' — 1 (ding)

Gia st dang thic ding véi n = k > 2, tic la {’;} = 2F=1 _ 1, ta chtng minh déng thic ding
v6in =k + 1, that vay:

E+1 k k ce s
{ N }—{1}4—2{2} (theo bai toén 1)

=1+202"'-1)
=1+2F—2=20k"1_1

Vay bai toan dudc ching minh. 0

Bai toan 4. Chiting minh ding thiic vé ham sinh liiy thita cho s6 Stirling loai 2 :

_+OO n u”_(e“—l)kk_ L9
fk(u)—z k E—Ta —07 g Ly et

n=~k
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LO1 GIAL. Tu tinh chat " = kz—o {Z}[t]k,n =0,1,2..., ap dung cong thic nhi thic Newton ta

xay dung dugc ham sinh
Ta co

Mat khac ta co
pew =l - =3 (e - 0= 30

Tu (1) va (2) ta suy ra

Bai toan 5. Chiing minh rang s6 Stirling loai 2 véi k = 0,1,2,...,n = 0,1,2,.

(=208

Lot crAr. Tit cong thie t" = > {P}tle,n =0,1,2,... (x) vatit {"}'} =0 taco
k=0

dién dudi dang sau:

- 1
> {”+ }[t + U = (¢ 4+ 1)
 \k+1

Mat khac lai ¢6 [t + 1]x+1 = (¢ + 1)[t]x

Do do6 ta ¢6
" (n+1
§ - 1)™
{k—l—l}[t]k (t+1)

k=0

Ap dung cong thitc nhi thitc Newton va tit (%) ta c6:

S (==

k=0

Vay

U

.. dugc biéu
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