MOT SO KY THUAT GIAT
1 Phuong phap thé bién

Phuong phap thé bién c6 1& 1a phuong phap duge st dung nhiéu nhat khi gidi phuong trinh ham. Ta
c6 theé:

e Hoic cho cac bién z, vy, ... nhan cac gia tri bang s6. Thuong cac gia tri dic biet 14 0,41, £2, ...

e Hoic thé cac bién bing cac biéu thic dé lam xuét hien céc hing sb6 hodic cac biéu thic can thiét.
Chéng han, néu trong phuong trinh ham c6 mat f(z + y) ma mudn c6 f(0) thi ta thé y bdi —a,
muoén ¢6 f(z) thi cho y = 0, muén ¢6 f(nx) thi thé y béi (n — 1)x.

Vi du 1.1. (Ao 199?) Tim tét ca cdc ham s6 f : R — R théa man diéu kien
2 f(x) + f(1 —x) =2r — 2* Vz € R.
Gidi
Thay x béi 1 — x ta duge
(1—2)2f(1—2)+ f(x) =2(1 —2) — (1 —2)*, Vo € R.
Nhu vay ta c6 hé

{xzf(x)+f(1—x):2x—.9:4
if($)+(1—$)2f(1—$)22(1—55)—(1—90)4
Taco D= (2> —x—1) (2> —xz+1)vaD,=(1—2*) (2> —2—1) (2> — 2z +1). Vay D.f(z) = D,,Vx €

R. Tt d6 ta c6 nghiém cta bai toan la

Irl—x2 cx fFa,x b,
f(a:):{ceR Lx = a, (c 1a hang s6 tuy ),

k2a—a4—a26 cx =D,

v6i a, b 1a nghiém ctia phuong trinh 22 — 2 — 1 = 0.

Nhan xét: Bai toan trén dude dung mot lan nita trong ky thi VMO 2000, bang B.

Vi du 1.2. Tim tat ci cic ham s6 f : R — R théa man diéu kien

flx+y) + flr —y) =2f(x)cosy,Vz,y € R

Hint: 1. Thé y — &
2. Thé y — y + 5 hodc thé v = §
3. Thé z — 0
Dap s6: f(z) = acosz + bsinx(a,b € R)

Vidu 1.3. f: R — R théa man diéu kien f(xy +z +y) = f(zy) + f(z) + f(y), 7,y € R. Chiing minh
rang:

flx+y) = f(x)+ fy), Yo,y €R.
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Hint:
1. Tinh £(0)
2. Thé y = —1, chitng minh f 13 ham 18
3. Théy=1= f(2r+1)=2f(z) +1
4. Tinh f(2(u + v +uv) + 1) theo (3) va theo gia thiét dé suy ra f(2uv +u) = 2f (uv) + f(u)
5. Cho v = —%, 5T vau—y,2uv = dé suy ra diéu phai chiing minh

Vi du 1.4. Tim tat ca cdc ham s6 f : R — R dong thoi théa man cic diéu kién sau:
1
fla)=af (5) Ve £ 0
T

fx)+ fly) =1+ flz+y),Vr,y eR, (z,y) £ (00);24+y £0

Hint:
1. Tinh £(0), f(~1)
2. Tmha+1véia=f(1)=f (i—ﬁ) =f (ZE + 13#1) theo ca hai diéu kieén.
Dap s6: f(z) =2 +1

Nhan zét: Thii thuat nay dp dung cho mot lop cdc bai toan gan tuyén tinh

Vi du 1.5. Tim tat cd cac ham s6 f : R* — R thoa f(1) = 3 va

flay) = f(o)f (2) +1w)f (2) Yoy e ®
Hint:
1. Tinh f(3)
2. Thé y — 2

Dap s6: f(z) =3

Vi du 1.6. Tim tat ci cdc ham s6 f : R* — R théa man diéu kién:
1
flz)+2f () = 3x,Vr € R*
x

Hint: Thé 2 — 2
Dap s6: f(z) =2 -z

Vi du 1.7. Tim tat ca cac ham s6 f : R\{0,1} — R thoa man diéu kién:

xr —

f(x)+ f ( 1) — 22, Ve, € R\{0,1}

Hint:
Thé z — =1 » — =L
Z A ’ x_ll z—1
Dap s0: f(v) =2+ — — =

Luyén tap:
2. Tim tat ci cdc ham s6 f : Q* — QT théa man dieu kien:

flx+1)=f(z)+1,Vr € Q" va f(2*) = f3(2), Vo € QT
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Hint:
1. Quy nap f(x +n) = f(x) +n,Vr € Qt,Vn e N
2. V6i 2 € QF, timh £ ((2+ q2)3> theo hai céch.
Dap s6: f(x) = z,Vor € Q"
Vi du 1.8. (VMO 2002). Hay tim tat cd cdc ham s6 f(z) xac dinh trén tap s6 thuc R va théa man
hé thuc

fly— f(x) = f (2 —y) —200L.y.f(z),Vz,y € R. (1)
Giai
a) Thé y = f(z) vao (1) ta dugc

f(0) = f (2 — f(z)) — 2002. (f(x))*,Vz € R. (2)

b) Lai thay y = z2°%? vao (1) thi

£ (2% — f(x)) = f(0) — 2001.2%. f(z),Va € R. (3)

Lay (2) cong vdi (3) ta duge
f(@) (f(z) +22) = 0,Vz € R.

Tu day suy ra v6i mdi gia tri € R thi ta c6 hodc 1a f(z) = 0 hosic 1a f(x) = —2?%2. Ta sé chi ra ring
dé thoa méan yeéu cau bai toan thi bat buoc phai c6 dong nhat

f(r) =0,Vz € R hosic f(z) = -2 Vo € R.

That vay, vi f(0) = 0 trong c& hai ham s6 trén, nén khong mat tinh tdng quét ta c6 thé gid si ton tai
a /= 0sao cho f(a) =0, va ton tai b > 0 sao cho f(b) = —b*2(vi chi can thay x = 0 vao quan hé (1) ta
nhan dugc ham f la ham chdn). Khi d6 thé z = a vy = —b vao (1) ta duge
Vay ta nhan dugce day quan hé sau
f(=b) = f (a®?+1).

0 #_bQOOQ
= f(b)
= f(=b)
— f(

a2002 + b)

0(mau thuan vi 0 £ 0)
— (a2 4 p)*** (mau thudn vi — (a2°02 + )™ < —p2002) -

Béng cach thit lai quan hé ham ban dau ta két luan chi ¢6 ham s6 f(z) = 0,Vz € R thdéa man yéu cau
bai toan.
Vi du 1.9. (Han Qudc 2003) Tim tat ci cac ham s6 f : R — R théa méan

flo—f)=fl@)+azfy) +f(fly), Yr,yeR (4)
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Giai
Nhan thay ham f(z) = 0 thda méan yéu cau bai toan. Xét truong hop f(z) £0.
a) Thé z = f(y) vao (4) ta dugc

F0) = 24(x) 4 22 > @) = 4 4 1O,
hay ,
fifay =12 1O

b) Thé x = f(z), véi z 1a mot s6 thuoe R thi ta duge
f(f(z)=f(y)=F(f(2)+ f2)f(y) + f(fy)-

Véi luu ¢ 1a

Fre) = L0 IO ey = LSO
thay vao quan hé ham & trén ta dugc
) — ) = QIO g (5)

c¢) Tiép theo ta ching t6 tap {f(z) — f(y)|z,y € R} = R. Do f(x) £0 nén ton tai mot gia tri yo sao
cho f(yo) = a /A 0 Khi d6 tit quan hé (4) ta co

flx—a) = f(z)+za+ fla) = f(zr —a) — f(z) = ax + fa.

Vi vé phai 1a ham bac nhét ctia X nén za+ fa c6 tap gia tri 1a toan bo R. Do d6 hieu f(z —a) — f(x)
cling c6 tap gia tri la toan bo R, khi z € R. Ma

{f(z) = fWlz,y e R} D {f(x —a) - f(z)lz € R} =R,
do d6 {f(z) — f(y)|z,y € R} = R. Vay tit quan hé (5) ta thu dugc

2

flz) = —% + f(0),Vz € R.

Mat khac ta lai c6

.%'2

fla) = =5+ F(0), ¥x € T(f)

2
nén f(0) = 0. Thi lai thay ham s6 f(z) = —%,Vw € R théa man quan hé ham.

2
Két luan: C6 hai ham s6 théa man 1a f(z) = —%,Vw € R hoac f(z) = 0.

Nhan xét: Bai toan trén lay y tudng tit bai thi IMO 1996: Tim tat ca cdc ham s6 f : R — R théa
man

fle=fw) =r(fy)+afly) + flz) —1,Vr,y e R.

Dap s6 Ia f(z) = —% +1,Vz eR.



1 PHUONG PHAP THE BIEN

Vi du 1.10. (Iran 1999) X4c dinh cidc ham s6 f : R — R thoa man
F(f(@)+y) = f(2* —y) +4yf(2), Yo,y € R.
Gidi

a) Thé y = x? ta duge

b) Thé y = —f(z) ta dugc
F0) = f (f(z) +27) = 4(f(2))", V2 € R.

Cong hai phuong trinh trén ta duge
Af(z) (f(z) —2%) =0,Vz € R.

T day ta thay v6i mdi z € R thi hodc 1a f(x) = 0 hodc 1a f(z) = —2* Ta chiing minh néu ham
f théa man yeu cau bai toan thi f phai dong nhat v6i hai ham s6 tren. Nhan thay f(0) = 0, tu d6
thay * = 0 ta duge f(y) = f(—y),Vy € R, hay f 1a ham chin. Gi4 st ton tai a ~ Qb %~ 0sao cho
f(a) =0, f(b) = —b%, khi d6 thay = = a,y = —b ta dugc
f(=b) = f(a* +b) = f(b) = f(a® + D).
T dé6 ta c6 quan hé sau
0 A—b?

= f(b)

= f(=b)

=f (a2 + b)

o R 3 %mau thuan vi 0 £ 0
Do d6 xay ra dieu mau thaarn. lagzl_akl éﬁ%}éﬁf%&a {;1) 9 abhgabjngl X%u cau.
Nhan xét:

1. Ro rang bai toan VMO 2002 c¢6 ¥ tudng giong bai todn nay.
2. Ngoai phép thé nhu trén thi bai toan nay ta ciing c6 thé thyc hién nhitng phép thé khac nhu sau:

2* = f(2).
b) Thé y =0 dé co6 f (f(z)) = f (z?), sau d6 thé y = 2% — f(x).
c) Théy =x — f(x) visau d6 la y = 22 — z.
Vi du 1.11. Tim ham s6 f : R — R théa man diéu kién:
fz=fy) =2f(z) + o+ f(y), Yo,y € R. (6)
Giai
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Nhan thay ham f(z) = 0 khong théa méan yéu cau. Xét f(x) £0.
a) Thay = béi f(y) vao (6) ta duge

b) Lai thay x bdi f(x) ta dugce

FU@) = F) =2 () + 1) + )
=2 (=5 + L) + )+ )
=~ (/&) ~ F) + F(0).
Tuy nhién viéc ching minh tap {f(x) — f(y)|z,y € R} ¢6 tap gia tri la R chua thue hién dugc.
¢) Tt day ta c6

f(f(x)=2f(y) = f
((f(z) = f) — f(y))
=2f(f(z) = f(y)) + f(x) = fy) + f(v)
=—2(f(z) = f(y)) +2f(0) + f(z)

(f@) — 2f(y)) + 2/(0).

Ta sé& ching minh tap {f(x) — 2f(y)|x,y € R} bang v6i R. That vay ton tai gia tri yo € R sao cho
f(yo) = a £~ 0 Khi d6 thay y = yo vao (6) ta co

flx—a)—2f(x) =z +a,Vxr € R

Ma khi z € R thi  + a ¢6 tap gia tri 1a R. Ching t6 tap {f(z — a) — f(z)|]z € R} = R. Ma
{f(x) =2f()lz,y € R} D {f(z — a) = f(z)]z € R} nen {f(z) — 2f(y)|z,y € R} = R. Do d6 tit (c)
ta két luan f(z) = —x + 2f(0),Vx € R. Thay vao (6) ta duge f(0) = 0.

Két luan: Ham s6 f(r) = —z,Vz € R théa man yéu cau bai toan.
Vi du 1.12. (Belarus 1995) Tim tat ca cac ham s6 f : R — R thda méan
f(fz+y) = flz+y) + f@)fy) — vy, Yo,y €R.
Giai
R6 rang f khac hing sob.
a) y = 0 vao diéu kien bai toan ta duge
f(f(x)) = (14 f(0)) f(x), V& € R.
b) Trong déng thiic trén thay x bdi  + y thi
L+ fO) fle+y) = f(f@+y) = fla+y)+ f@)f(y) -2y,

don gian ta dugc
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c) Thay y =1 vao (7) thi
FO)f(z+1) = f(x)f(1) — .

d) Lai thay y = —1 va « b6i  + 1 vao (7) ta co
f0).f(x) = flx+1).f(-1) + o+ 1.
Két hop hai dang thitc trén ta duge

((£(0))* = F(OF(=1) f(z) = (f(0) = f(—=1)) =+ £(0).

Néu (f(0))* — f(1)f(—=1) = 0, thi thay z = 0 vao phuong trinh cubi cing ta duge f(0) = 0, nén theo
(7) thi f(z)f(y) = zy. Khi d6 f(z)f(1) = z,Vz € R, diéu nay dan dén (£(0))* — f(1)f(—=1) = —1, mau
thuan. Vay (f(0))2—f(1)f(=1) /A Qsuyra f(z) la mot da thitc bac nhat nén c6 dang f(z) = ax+b. Thay
vao quan he ham ban dau suy raa = 1,b = 0. Vay ham s6 théa man yéu cau bai toan la f(z) = z,Vz € R.

Nhan xét: Néu chiu khé tinh ta sé tinh dude £(0) = 0 bing céch thé cac bién z, y béi hai s 0 va 1.
Vi du 1.13. (VMO 2005) Hay xac dinh tat ca cdc ham s6 f : R — R théa méan diéu kien
f(fx—y) = f@)f(y) = fx)+ fly) — 2y, Vo,y € R. (8)
Gidi
a) Thé z =y = 0 vao (8) ta dugc
F(£(0)) = (f(0))".
b) Thé z =y vao (8) va sit dung két qua trén thi
(F(2)* = (f(0))° + 2%, ¥z €R.
Suy ra (f(2))* = (f(=2))* = [f(x)] = |f(=2)|, Yz € R.
¢) Thé y = 0 vao (8) duge
f(f(@) = fQ0)f(x) — flz) + f(0),Vz € R (%).
d) Thé x =0,y = —zx vao (8) duge
f(f(@)) = f0)f(=2) + f(-x) —a,Vz €R.
T hai ding thic trén ta co
FQO) (f (=) = f(x)) + f(=2) + f(z) = 2f(0), V& € R. (9)
Gid st ton tai zg £ Osao cho f (xg) = f (—x0), thi thé z = x4 vao (9) ta ¢6

f (900) = f(O)
— (f(20))* = (£(0))?
— (f(0))* + 25 = (£(0))* + 0?

—x0 = 0 mau thuan
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Vay f(z) = —f(z),Vz € R, tut diéu nay két hop véi (9) ta co
fO) (f(x) = 1) =0,V € R.

T day suy ra f(0) = 0, vi néu ngugc lai thi f(z) = 1,Vz £ Q trai v6i dicu kien f 1a ham 1é. Tu day ta
nhan dugc quan hé quen thuodc
(f(x))? = 22, Vz € R,

Gia st ton tai 29 € R sao cho f (z9) = o, khi d6 trong (*) ta co6
zo = [ (20) = —f (f(20)) = —f(20) = 20,

vo ly. Vay chiing t6 f(z) = —z,Vx € R. Thit lai thay ham nay théa man bai toan.
Nhan xét: Bai toan trén cho két qua la ham chin f(x) = —z. Néu van giita nguyén vé phai va dé
nhan duge ham 1é f(z) = x, ta sta lai dit kién trong vé trai nhu trong vi du sau

Vi du 1.14. Tim tat ca cac ham s6 f : R — R théa man diéu kién
ff@)—y) = f@) = fly) + f(@)f(y) — 2y, Yo,y € R.
Gidi
a) Thé y = 0 ta dugc
f(f(@)) = f(z) = f(0) + f(0).f(x),Vz € R. (10)
b) Thé y = f(x) va st dung két qua trén, ta dugc
)= f(x) = f(f(@) + f(@).f (f(2)) —=
= £(0) = 2f(0)-f () + (f())" + f(0). (f(2))" — xf(x).

hay
=2f(0).f(2) + (f(x))* + £(0). (f(x))* = xf(x) = 0,Vx € R.

¢) Thé x = 0 vao dang thiic trén ta dugc
(F(0))* = (£(0))* = 0= £(0) = 0 hodic f(0) = 1.

d) Néu f(0) = 0 thi thay vao (10) ta c6 f (f(z)) = f(z),Vx € R, thay két qua nay vao trong (*) ta c6
f) =z

e) Néu f(0) = 1 thay vao (10) ta c6 f (f(z)) = 2f(x) — 1, thay vao trong (*) ta c6 f(z) = ;x + 1.

Két luan: Thay vao ta thay chi ¢6 ham s6 f(z) = x,Vz € R 1a théa man yéu cau.
Vi du 1.15. (AMM,E2176). Tim tat cd cdc ham s6 f : Q — Q thoéa man dieu kién

x +y> _ fl@)+ f(y)

v—y) T f@) ) Y

fo) =2 f

Gidi
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Ta sé& chiing minh f(z) = x 14 nghiem duy nhat ctia bai toan dya vao mot chudi cac sy kién sau. Trude
tien nhan thay f khong thé 1a ham hing.

a) Tinh f(0), f(1). Thay y = 0 ta nhan dugc

f(x) + £(0)
f(x) = f(0)

Suy ra f(1) =1, f(0) = 0.
b) Ham f la ham 1é. Thay y = —z ta c6

0=7(0) = f(x) + f(=2) = [(=2) = = f(2),vVz € Q.

f(1) = = (f(1) =1 f(z) = f(0) (1 + (1)), Ve € Q.

c) Thay y = cx,c &=Lz /£~ Otacod

e (2 1

suy ra f(cz) = f(c).f(x), lay c = q,z = z thi ta duge f <§> = —p)

Vi du 1.16. Tim tat ci cac ham s6 f : R — R thoa man
f(@=)?) = (f(2))" = 22/ (y) +3° Y2,y €R.

Giai
Thay = =y = 0 thi (£(0)) = (f(0))* = f(0) = 0 hoac f(0) = 1.

1. Néu f(0) = 0, thi thay X X

= gy vao dieu kién ban dau ta dugc
£(0) = (f(2))* = 22f(2) +a° = (f(z) —x)° = f(z) = x,Vo € R,
Nhan thay ham s6 nay thoa méan.

2. Néu f(0) = 1 thi lai vAn thay 2 = y = 0 ta nhan dudc, v6i mdi x € R thi hoac 1a f(z) = x + 1
hosic f(x) = z — 1. Gia si ton tai gia tri a sao cho f(a) = a — 1. Khi d6 thay z = a,y = 0 ta dugc
a2) =a? —4a + 1.

7 (
Nhung ta lai ¢6 hodc la f(a®) = a® + 1 hodc la f(a®) = a® — 1. Do d6 ta phdi c6 hoac la

a’*—4a+1=a*+1hodica®>—4a+1=a*—1,tttca=0hodclaa= 9" Tuy nhien kiem tra deu
khong thoa.

Vay ham s6 théa man yéu cau 1a f(z) = z,Vor € R hoac la f(z) =z + 1,Vz € R.

Vidu 1.17. (THTT T9/361) Tim tat cd cac ham s6 f : R — R théa man diéu kien

Fa® =) +2y (3(f(2)* +¢°) = f(x + f(y)), Yo,y €R.
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Giai

a) Thay y = x® ta c6
£(0) +22° (3 (f(z))? +2%) = f(2* + f(z)) ,Vz € R,

b) Thay y = —f(z) ta dugc
f (2% + () = 2f(2) (3(F(2)" + (f(2))°) = f(0),Vz € R.
Tt hai ding thic tren ta dugc

22° (3 (f(x))* + 2%) =8 (f(x))®,Vz € R.

)? + 2f)
)+ ((f(2))* .2 — 2°)
a3 15

= @) ) (@) + 2 (F) + oY) = (f@) =% <<2f @)+ 4)2 ’ 16x6> |

3\ 2
N 15 N
Cha § rang <2f(x) + $4> + 1—61:6 =0 thi z = 0, f(0) = 0. B6i vay trong moi trudng hgp ta deu c6

f(x) = 2. Thit lai thay ham s6 nay théa man bai toan.
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2 Phuong trinh ham Cauchy

PHUONG TRINH HAM COSI(HAM TUYEN TINH) Version 5.0 updated to 24 — 10 - 2008 I.Dinh
nghia: Mot ham s6 f : R — R goi 1a tuyén tinh néw: f(z +y) = f(x) + f(y), Vz,y € R (Ham s6 tuyén
tinh con duge goi 1a ham Cauchy) II. Mot s6 tinh chat Tinh chat 1. Him f tuyén tinh va théa man
x> 0 thi f(z) > 0, khi d6f 1a ham ddng bién. (Néu véi moi > 0 = f(z) < 0 thi ham nghich bién).
Ching minh Xétz <y =y—x>0= f(y—z) >0Tacod f(y) = fly—z+z) = fly—x)+ f(x) > f(z).
Vay f 1a ham tdng. Tinh chat 2. Ham tuyén tinh f 13 ham 1é. Chiing minh Ta ¢6 f(0) = f(0 4+ 0) =
2f(0) = f(0) = 0. T d6 f(0) = f(z+ (—=x)) = f(z) + f(-2) = 0 = f(—=z) = —f(z), Vo € R. Vay
f 1a ham 1é. Tinh chat 3. Ham tuyen tinh f lién tuc tai = 0 thi lién tuc trén toan tap so thuc R.
Chiing minh Xét 7y € R bat k¥, ta co: xlggo [f(z) — f(zo)] = xlgggl() [f(z) + f(—x0)] = IILIQO flz—x9) =
;l,iL% f(y) = f(0) = f(0) = 0 Vay ham s6 lien tuc tai xy € R. Do zy lay bat ky trén R nén chiing t6 ham
so lien tuc trén toan bo R. Tinh chat 4. Ham s6 f tuyén tinh va dong bién trén R thi lién tuc trén R.
Chiing minh Cho y = 0 = f(z) = f(z) + f(0) = f(0) =0 Choy = & = f(2z) = 2f(x), bang quy
nap ta dé dang ching minh duge: f(nz) = nf(x), ¥n € N, Vo € R(1) Mat khéc tit cong thite (1) suy
ra f(z) = nf (%) hay f(£) = Lf(z), Vo € R,Vn € N, do d6: f(2Z)z = 2f(z), Vo € R,Vm,n € N
hay f(qr) = qf(x), V¢ € Q,¥or € R Dén day ta c6 thé gidi quyét theo hai cach sau: Véi € > 0 bat
ky, chon § = m, khi d6 véi moi # € R, || < d theo tinh chat ctia tap s6 thyc thi ton tai
m,n € N sao cho [z] < ™ < §, tic la =™ < 2 < ™. Vi f la ham dong bién nén f(—%) < f(x) <
FR) = 0f(=1) < flz) < 2f1) = =2 A+ [FOI+ (D) < flo) < T A+ FQ)]+ f(=1)]) Vay
[f(x) = fO) = [f(@)] < 2@+ O+ [f(=D) < d@+[f(D)]+]f(=1)]) = &. Do d6 ham s6 lien
tuc tai # = 0 nén lién tuc tren R Hodc ta c¢6 thé 1a nhu sau: tit f(gz) = ¢f(z), Vg € Q,Vz € R nén
f(x) = xf(1), Vo € Q Hon nita v6i méi € R, ton tai hai day hitu t1 (u,), (v,) C Q : u, < T < v,
ma lim u, = lim v, = . Do ham dong bién nén f(u,) < f(z) < f(va) = uaf(1) < f(z) < vaf(1).
Chuyén qua gidi han ta duge f(z) = f(1)z Vo € R hay f(z) = az nén lién tuc trén R. Tinh chét 5.
Ham tuyén tinh f va lién tuc trén R c6 biéu dién 1a f(z) = ax, (a = f(1)). Chitng minh Theo céch thiét
lap trong tinh chat 3 ta c¢6 f(z) = 2 f(1), Yo € Q. Vi v6i mdi « € R, luon ton tai day {z,}, .y C Q sao
cho nh_>n010 Tn, =x. Vi f lién tuc nén

lim f(z,) = f(z) = lim z,f(1) = f(z) = f(x) = ax

n—oo n—oo
, V6i
a= f(1)

, thit lai thdy ham s6 nay théa méan yéu cau bai toan. Vay f(z) = ax, Vo € R. Tinh chat 6. Cho ¢ > 0.
Néu ham s6 f tuyén tinh va thoa man dieu kien |f(z)| < ¢ Vo € [—1,1] thi f(z) = ax véi |a| < ¢ Ching
minh TU tinh chat 3 ta ¢6 f(qz) = ¢f(z), Vg € Q, z € R Gia st (z,) la day s thuc A 0théa méan
lim z,, = 0. V6i mdi gia tri ctia x,, ta chon mot s6 hitu ti ¢, théa man: —— < ¢, < ——,n =1,2,...(c6
ity g 1 g : q \/m > Gn > W (
thé tir gia tri n = ng, ng+1, ... dé thdéa man diéu kien trén) thi ta co: nlgrg(} Gn = 00 VA Jgrgo (Tn.qn) = 0 Vay
|f(xn)| =1f (qinqnxn)‘ = qin\f(qnxn)], Vn €N, do lim (Zn.¢n) = 0 nén véi n du 16n thi g¢,x, € [—1,1]
nén |f(gnx,)| < ¢, véi n dia 16n. Do d6 |f(z,)| < qinc Do d6 lim f(z,) = 0= f(0) nén ham f lién tuc
tai 0, tit d6 lién tuc trén toan bo R do d6 c6 biéu dién f(z) = ax. Tit diéu kién bai toan ta duge ham can

tim 1a f(z) = ax véi |a| < ¢ Tinh chat 7. Néu ham s6 f tuyén tinh va théa man diéu kién ton tai hing
s6 M > 0 sao cho f(z) < M Vz € [0,1] thif(x) = ax Ching minh Tu f(¢x) = qf(z) Vg € Q,Vz € R



2 PHUONG TRINH HAM CAUCHY

hay f(r) = az Vo € Q Tu diéu kién bai toan ta c6: f(1) — f(z) = f(1 —z) < M Vz € [0,1], Suy ra
f(1)— M < f(x) < M Vz €[0,1] Vay ton tai hing s6 N > 0 ma |f(z)| < N Vz € [0,1] = |f(z)| <
N Vz € [—1,1](do f(—z) = —f(x)), dén day ta c6 thé la tiép theo nhu tinh chat 6. O day ta c6 thé ching
minh khéc nhu sau: V6i moi € R, khi d6 v6i r € Q* sao cho [z < r thi 121 < 1,dod6 If (£)] < N. Vi
Le@nuenif (%)= 1f(x)] < N=|f(z)] <r.N Cho r — |z| thi |f(z)| < N|z|. Suy ra ilg%f(x) =0
hay f lién tuc tai 0 nén lién tuc trén toan bo R. Do dé f(z) = axz Nhan xét 1. Cho tap A = R, [0, 00)
hay (0,00). Néu f : A — R théa man f(x +vy) = f(z) + f(y) v& f(zy) = f(x)f(y),Vz,y € A, thi
hosic 1a f(z) = 0,Vx € A hodc 1a f(x) = z,Vx € A Chiing minh Theo tinh chat ctia ham cong tinh thi
f(x) = f(1).z, Vo € Q. Néu f(1) = 0 thi f(z) = f(z.1) = f(z).f(1) =0, Vz € A. Néu f(1) ~ 0do
f)=fW)f1) = f1)=1= f(z) =2,Yo € ANQ Néuy > 0 thi f(y) = f(\/9) () = [*(Vy) =0
va do d6 f(z+vy) = f(x) + f(y) > f(x), hay ching t6 f 1a ham tang. Bay gio v6i moi x € A\Q, theo
tinh trit mat ctia tap s6 thuc, ton tai hai day p,,q, € Q sao cho p, < * < ¢u; pn S T VA ¢, \y 7,
khi n — co. Do f la ham tang, ta c6: p, = f(p.) < f(z) < f(¢n) = ¢, Chuyén qua gisi han ta c6
f(z) = x,Vo € A TIL. Céac he qua tryc tiép clia ham Cauchy Tit quan hé cho ham f lién tuc théa man
diéu kien f(z+y) = f(z)+ f(y) ta c6 bieu dién ctia ham 1 f(z) = az. Néu ta dit vao quan hé ham trén
qua phép logarit Nepe ttic la: In f(z4+y) = In f(z)+1In f(y) = In(f(z).f(y)), suy ra f(x+y) = f(x).f(y).
Vay néu f(z) > 0 v6i moi # € R thi quan hé ham f(z+y) = f(z).f(y) dé dang chuyén vé quan hé ham
Cauchy qua phép logarit. Tuy nhién tit quan hé ham dé dé dang thiay dugc bai toan van giai dugce véi
mien xac dinh trén R.
flz)=0

f(z) =a" (a>0)
Chitng minh Nhan thay ham dong nhat f(z) = 0 théa man quan hé dé. Xét ham khong dong nhat 0,
khi d6 ton tai zg :f(xg) £ O0thi: f(xg) = f((xo — ) + ) = f(xo — 2)f(x) £ 0= f(x) £0Vx € R Va
ciing thoa diéu kién luon duong, that vay: f(z) = f (% + %) = f? (%) > 0 Vz € R Do d6 dén day ta
chi can dat In f(z) = g(x) thi ta ¢6 quan he: g(x +y) = g(x) + g(y) Vay g(z) = bz, b € R tuy y. Vay
f(z) = e = a®(a > 0). Vay hai ham théa man quan he do6 la:

Bay gio lai tit ham Cauchy néu ta nang liiy thita cia bién lén tit  thanh e* ta dugc quan heé 1a
f(e*™¥) = f(e*) + f(e¥) = g(x +y) = g(x) + g(y) v6i g(x) = f(e*) va ham g thu duge lai chinh 1a ham
Cauchy. Mat khac tix f(e* V) = f(e*) + f(e¥) = f(e".e¥) = f(e®) + f(e¥), bay gio thay ngugc tré lai e®
béi x thi ta duge quan hé méi 1a f(xy) = f(x) + f(y). Quan hé nay véi quan hé Cauchy tuong téc véi
nhau bdi viéc nang lily thita clia bién. Tuy nhién viéc nang liiy thita cia bién lai c6 yéu cau bién phai
duong. Néu c6 mot bién bang 0 thi bai toan tré nen dé dang véi két qua 1a f(z) = 0, néu ca hai bién
cting duong thi bai toan chuyén vé phuong trinh ham Cauchy qua phép nang bién len lity thita. Néu ca
hai s6 ciing am thi tich zy 1a s6 duong nén lai quy vé truong hop hai bién cing duong.

Heé qué 2. Cac ham s6 f(z)lién tuc trén R\{0} thoa man diéu kien:f(zy) = f(z) + f(y) Vz,y € R
(2)1a: f(z) = bln|z| Vo € R\{0},b € R Chitng minh Néu z = y = 1 thi tu (3) ta duge f(1) = 0. Lai
cho x = y = —1 ta duge f(—1) = 0. Bay gio cho y = —1 thi ta duge f(z) = f(—x) Vo € R. Do d6 f la
ham chén. a) Xét x,y € RT, dat x = e,y = e’ f(e") = g(u) ta dugc g(u + v) = g(u) + g(v) Yu,v € R
& g(t) = bt = f(z) =alnx Vo € RT,a € Rb) Néu z,y € R~ thi zy € RT nén véi y = x ta duge:
f(x) =3f(2%) =ibIn(2?) =bln|z| Vo eR™,bER

Lai tiép tuc tit quan he ham f(z + y) = f(x).f(y) ta lai nang bién theo lity thita clia e thi ¢6 dang
f(e®tY) = f(e®) f(e¥) = f(e®.e¥) = f(e®)f(e¥) va ta duge quan hé ham: g(xy) = g(x)g(y) Hién nhien
bai toan c6 ngay 10i gidi néu mién xac dinh chita s6 0. Do d6 ta dat van dé d6 nhu sau:

He qua 3. Cac ham f(z) lién tuc tren R\{0} théa man diéu kién: f(zy) = f(z)f(y), Yo,y € R\{0}Ha:

Hé qua 1. Cac ham s6 lien tuc trén R thoa méan diéu kien: f(z+y) = f(z).f(y) (1) la:



Chung minh Thay y = 1 = f(x)(1 — f(1)) =

0. Vo € R\{0} (1) Néu f(1) A 1thi tit (1) suy ra f(z) = 6. %Hy%%ﬂﬂ%\tjflfﬁﬁu GAKIGTRY
L= f(1) = f(

: f (1), vz € R\{0}. Vay f(z) £~ Q 2 € R\{0}. a) Xét z,y € RF, dat
r=c“ y=c"vag(t) = f(e"). Khi do ta co: g(u +v) = g(u)g(v), Yu,v € R Vayg(t) = a' Vt € R(a >
0 tuy yu) va do d6: f(z) = f = g(u) = a* = a® = 2% = 22 Vx € RT trong déa = Ina b)
Bay gio ta xét truong hop = A~ 0,y /&~ 0bat ky thi cho va oz = y = —t ta nhan dugce f2(t) = f(t?) =
V() — 2 ( =f()—tc(hay0)
Fe0f-0 = pen = | 0T TO ST
s _on e _rxﬁ,VxERJr
) S0 =00 1) =l s =4 TS

Tl quan heé ham Cauchy f(z +y) = f(z) + f(y) ta thyc hién vé trai theo trung binh cong vé trai
theo bién va trung binh cong vé phai theo ham s6 thi ta nhan dugc:

Hé quéa 4(Ham Jensen). Céc ham f(z) hen tuc tren R thoa mén f (4 = x)ﬂc(y) (4) 1a:f(x) = ax+b
Chting minh Choy:0=>f(§) [@)+/(0) H Vay e (Hy) f(Hy H ) = flz+y)+ f(0) =

f(@) + fy) bat g(x) = f(z) — f(0) thi ta. o6 g(x + y) = g( )+ 9(y) hay g(x ) = ar= f(r) = ax+b
Lai trong quan he¢ ham Jensen ta thyc hién logarit Nepe noi tai clia bién(di nhién trong truong

hop cac bién duong, ta dudc: f (ln“lny) = (lanf(lny & f(ln/zy) = w Tt van de nay dat
ngudc lai ta duge hé qué sau: He qua 5. Cac ham f(z) xac dinh va lién tuc tren R* thoa man diéu kién:
f (\/x_y) = w Va,y € R (5) 1a f(x) = alnx + b Didu kien z,y € R* 1a dé cho ham s6 luon dugc
xac dinh. Ching minh Dit z = e,y = €, g(u) = f(e*). Khi d6 g(u) lién tuc trén R va thoéa man diéu
kien: g (432) = M Vu,v € R Suy ra g(u) = au+b = f(z) =alnz + b, Vo € RT.

Ciing lai tit quan he ham f (%¥) = % néu ta viét dude vao dusi dang clia bicu dién logarit
tic la: In f (L;ry) = M = Inf (IT“/) = In\/f(x)f(y) = f (%) = /f(x)f(y) Tic la ta
dugc quan hé ham: f (L;ry) = /f(z)f(y). Vay ta c6: He qua 6. Ham s6 f : R — R lien tuc thoa
o T f) =0
£ (25) = VI@IW) ©) { o) — e (0h e Y

Chiing minh T diéu kién bai todn cho x =y = f(z) = \/f2(x) > 0. Néu ton tai zo : f(zo) = 0 thi:
fo2t) =/ f(zo) fly) =0 Vy € R tide la f(x) =0 Néu f(z) > 0 thi thuc hién logarit Nepe hai vé dua
vé ham Jensen ta dugce: f(z) = e®®*° a,b tuy ¥ thuoc R. Tit d6 ta c6 diéu phai chiing minh.

Lai tit quan hé ham trong he quéd 5, thyc hien phép toan nghich ddo ham s6(gid st thuc hién
PR f<x> 7 1 A & oA CHa cmi .
dugce) ta co: iV , bang cach dat g(z) = 7y ta nhan duge he qua sau: He qua 7. Cac

ham f(z) xac dinh va hen tuc tren R* théa man diéu kien:f(\/zy) = + e Ve,y € RT (7) 1a
7@

Vay trong truong hop tong quat ta cé cac nghiem

_l’_

T

|| w\

ham hing f(z) = b € R\{0} Ching minh Tu gi4 thiét bai toan suy ra f(z ) /= 0Vz € R*. Ta
) +# 2
co f(\}@) = “2”) :>g(w/ y):g(iVﬂ:yERJr v01g():f()Theo he qué 5 thi g(z) =

alnzx +b= f(x) = alnﬁb Dé f(x) lien tuc tren R* thi: alnz +b A~ QVer € Rt nén a = 0,b A~ O Vay

f(x) = b e R\{0}(dpcm).
T quan he ham Jensen néu ta thyc hien nghich dido(véi ham s6) thi ta co: f(zlﬂ) _ TG >;ﬁ

2

W hay f ("”y) = 2{ (;)r f(é)) Tuy nhién dé dam bao cho phép nghich ddo ham ludn thyc hien dugce

thi ta chi can gi6i han gia tri ham trong R™. Do d6 ta nhan duge két qua: He qua 8. Ham s6 f : R — R*
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lién tuc thoa manf(”y) = ;{()Jrf ( )la f(z) =4, b>0

Chitng minh Chi can dat g(x) =
cx +d. Do d6 f(x) = C$+d
cx+d>OVx€R$C—O b > 0, vay ham thu duge la f(z) = ¢, b > 0 tuy ¥.

Lai van trong quan hé ham Jensen néu ta thiic hién phép blnh phuong vao ham s6 thi ta nhan ngay
duge hé qua sau:

Heé qua 9. Ham s6 f(z)lién tuc trén R thoa f (’%y) = M (9) 1a f(x) = ¢ v6i ¢ > 0. Chiing
minh Ti quan hé ham s6 suy ra f(z) > 0,Vz € R. Ta c6: (f (’”—;y)) = w Dat g(z) = [f ()]’
thi ta nhan duge quan hé ham Jensen cho ham g(x)nén g(z) = ax +b. Do d6 f(x) = vax + b. Ma theo
diéu kien thi vax +b > 0,Yo € R = a = 0,b > 0 Ta dugc ham f(x) = b,b > 0.

Tl quan he ham trong he qua 6, néu ta thyc hién phép nang liy thita lén co s6 e(d6i v6i bién) thi
ta co: f (emTﬂ) = /f(e®)f(e¥) = f(Ve*.e¥) = \/f(e®)f(e¥) Thay ngugc lai bién da ng binh thudng ta
nhan duge két qua:

Heé qua 10. Ham s6 f(z) xéac dinh va lien tuc tréen RT thoéa f(\/zy) =/ f ), Vo, y € RT (10) la:

flz)=0
[f(x) =cx’;acR,c>0

f( 7. ta nhan duge quan he ham Jensen theo ham g(x) néng(x) =

Tuy nhién ham s6 nay can phal thoa man diéu kien f(x) € RT nen:

Chiing minh Dat = = e*,y = €, f(e") = g(u) thi ta nhan duge: ¢ (“TJ”’) =

o e =0 =0
v g(u)g(v), theo hé qua 6 thi: . V& . Trong quan
9(w)g(v) 4 lg(u):e“”ij Y [f(x):ealnx+b:c.x“,c>0,a€R &4
hé ham clia hé qua 5, néu ta thyc hién theo quan he ham binh phuong, tiic 1a f2(,/zy) = W,
thyc hién cin bac hai hai vé ta dugc hé qua 11. He qua 11. Ham s6 f(x) x4c dinh va lién tuc trén

R* thoa f(\/ry) = \/W,V:ﬂ,y € R (11) 1a f(z) = ¢,¢ > 0 Chiing minh Tu gi& thiét cta
ham dé thdy f(z) > 0,Vz € Rt. Diat z = e*,y = €, [f(e")]* = g(u). Khi d6 g(u) > 0, va ta co:
g (v = MVU’U € R Vay g(u) = au + b. Dé g(u) > 0,Vu € Rthi a = 0,b > 0. Do do6
flz)=¢,ec>0.

Lai tit quan hé ham Jensen f (i) H(y) , ta xét phép gan ham f(z) = ( ) thi ta nhan duge
1

Quanhéhams():g(( 1 ): 9(2) L

2 =
1 1 1
pEEYD ; (y) &g (Hy) = w, thay ngugc trd lai bién binh thuong
ta duge: He qua 12. Ham s6 f(z) lién tuc tréen R\{0} théa man

S <1 & ) = f(x)Jrf(y),Vx,y,ery ~0

1
1+l 2

(12) 1a ham s6 f(z) = 2 4+ b; a,b € R tuy y. Gidi V6i cach thiét lap nhw trén thi ta c6 g(z) = az + b,
véi g(z) = f (1), khi d6 thi f( ) =2 +10b; a,b€R. Lai tit quan hé ham Jensen f (%) = w, ta
x6t phép gan ham f(x) = g(l

thi ta nhan dugc quan hé ham:

~—|

1 1

T OREe) MD+9@)@9<2 >_2ﬂ99@) 2
= = I I

g (=) 2 29 (%) g (%) v, g +e(3)  q e

Thay ngugc lai bién ta duge: He qua 13. Ham s6 f(z) x4c dinh lién tuc tren R\{0} thoa f (li ) =

[f@)="Ta 0

——(13) 1a | 1 . Bang céach thuc hién cic phép toan khai cin, nang liy thira, logarit
=—-bEF0
b 9
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Nepe nhu trong cic phan trude ta thu duge cac két qua tuong ti sau: He qua 14. Ham s6 f(z) xac dinh

flx)=0

lien tuc tren R\{0} thoa f ( 2¢) = x Ve, y,x + 14) la: [ . Heé qua
o trem R\(0} théa f (ghg) = VI@FG). Yooty A e | (007 o HEO
15. Ham s6 f(x) xac dinh lien tuc tren R\{0} thoa f <$) = w,v:c,y,x +y A 0(15) la:

f(z) = ¢,c > 0 tuy y. Hé qua 16. Cac ham f(z) > 0 xac dinh lien tuc tréen R thoéa f < v a:;—i-y?) —

\/w,‘v’z,y € RT(16) 1a: f(z) = Vax? + b véi a,b > 0 tuy y. He qua 17. Cac ham s6 f(x) xac
dinh, lien tuc tren R va théa f (VIZ”Q) = 1@ yr y e R (17) a: f(x) = az® + b;Va,b € R He

qua 18. Cac ham sb6 f(x) xac dinh, lién tuc trén R thoa f ( Y xz+y2> =/ f(x)f(y),Vz,y € R (18) la:

{f(x) =0

Lf(x) = by b e R

@t 7w )
IV. Céac bai tap van dung Bai toan 1. Tim tat cd cdc ham f(x) lién tuc trén R thoa: f(x +y) =

f(x)+ f(y)+ f(x) f(y) Gidi: T bai toan ta c6: f(z+y)+1 = (f(z)+1)(f(y)+1) nén dit g(x) = f(z)+1

thi ta c6 g(z+vy) = g(x).g9(y) = g(z) = a* vay f(z) = a®—1. Bai toan 2. Tim tat ca cdc ham s6 f(z) lien

tuc tréen R théa man didu kien: f(z)+ f(y) — f(z+y) = 2y, Va,y € R Giai Ta c6 thé viét lai phuong trinh

F@) + £) = Fo+ ) = 3l + ) — @+ ?)

He qud 19. Cac ham s6 f(z) xdc dinh, lien tuc tren R thoa f (W) -

Lo v6iab>0,b £ Oty .

ham dudi dang: Diat g(x) = f(x) + 32* thi ta c6

1 1 1
& f(@) + 52"+ ) + 5° = fle +y) + 5@ +9)°
g(z) 1a ham lién tuc trén R thoa man diéu kien: g(z) +g(y) = g(x+y) Vay g(x) = ax, Vo € R, a 1a mot
héng s0 thuc, nen f(z) = —12? + ax. Thit lai thy ham nay thoa méan yeu cau bai toan. Bai toan 3. Cho

a € R, tim tat ca cdc ham lien tuc f : R — R sao cho: f(x—vy) = f(z)— f(y) +axy, Vo,y € R Giai Cho
r=1y=
0= f(1)=f(1)— f(0) nén f(0) =0.Laichox=y=1= f(0)= f(1)— f(1)+a=a=0.
Vay véi a
/ 0thi khong ton tai ham s6. Ta viét lai quan hé ham f(z —y) = f(z) — f(y), Vo,y € R
Tir day & dupge) o) (5) Foryray R uidi Dt £ 19— (v)=ryfaay- wlo=+a i) (1) @)f (yy < fRyVax
o N - N P ' N % P, . AN N + 2 ~ N
ﬂfg)—: cba(,t)‘v’_g ]E(é%‘ %&t?fwﬁt Tip pag,ca ﬁ@,g’ylaaglﬂép f(z) xac dinh lién tuc trén RT théa man dieu
kiérBfLi(toén 5. Cho a,b € R\{0}, tim cdc ham f(x) xac dinh lién tuc trén R va théa méan diéu kien:
flax + by) = af(x) + bf(y) Vo,y € R(1) Giadi Cho z = y = 0 vao (1) ta duge: f(0)(a+b—1) =0
Néu a +b £ 1thi f(0) = 0. Vay diéu kien Cauchy duge thoéa méan, nén khi d6 thi f(ax) = af(z)
va f(bx) = bf(z), va ta ¢6 quan he f(ax + by) = f(ax) + f(by), Vz,y € R. Vay f(z) = z. Néu
a+ b = 1 thi nhan gia tri tuy ¥, vay ta phai dit mot ham méi dé dude quan hé Cauchy la g(x) =
f(x) — f(0) thi g(0) = 0 va tuong tu nhu phan trinh bay trén ta c¢6 f(z) = cx + d Vay: f(az + by) =
CJa+b=1= f(z)=cr,ceR
af(@) +bfly) Voy € R la: a+b=1= f(x)=cr+d, ¢c,deR
cho quan hé¢ f(ax + by) = af(z) + bf(y) Bai toan 6. Xac dinh cac ham s6 f lien tuc trén R thoa
man diéu kien:f(2x — y) = 2f(z) — f(y), Va,y € R Giai Dat g(x) = f(x) — f(0) thi g(0) = 0, tu
phuong trinh trén ta thu duge: ¢g(2z — y) = 29(z) — g(y), Vz,y € R Cho y = 0 = ¢(2z) = 2¢(z)
va cho z = 0 = g(—y) = —g(y). Thay vao trén ta duge: g(2z — y) = g(2x) — g(y), Vz,y € R Vay
glz+y) =g (2% - 1_%) =g(z)—g(—y) = g(x)+9(y), Yo,y € R. Do do6: g(z) = ax, x € R, alasd thuc

Nhan xét: V6i cach lam tuong tu
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tuy y. Vay f(z) = ax+0b, thii lai thiy ham nay théa man yéu cau bai toan. Bai toan 8(Dé nghi IMO 1979).
Chitng minh rang moi ham f : R — R théa man diéu kien: f(zy+z+y) = f(zy)+f(x)+ f(y), Vz,y € R
khi va chi khi f(z +vy) = f(z) + f(y), Vo,y € R Giai D& thay néu f tuyén tinh thi f thoa man he
thite dau tien. Gia st f(xy + 2 +y) = f(ay) + f(x) + f(y), Vo,y € R dat y = u + v + uv ta dugc:
flx+utv+autzv+uw+zuw) = f(x)+ f(u+v+uww)+ f(ru+zv+zuv) Hodn doi vai tro clia z va u
ta duge: f(u+z+v+uz +uv +zv+urv) = f(u) + f(x +v+2v) + f(ur +uv+uzv) So sanh hai dang
thic trén ta duge: f(x) + f(u+v +wv) + f(zu + 2v + zuv)= f(u) + f(z + v+ 2v) + f(ux + wo + uzv)
Hay f(uwv) + f(zu + zv + zuv) = f(zv) + f(ou + wo + zuww) LAy © = 1 ta c6 f(u) + 2f(uwv) =
f(u+ 2uv), theo vi du 4 ta c¢6 diéu phai chiing minh. Bai toan 9. Tim tat ci cdc ham sd f(x) lien
tuc trén R théa man dieu kien: f(z)f(y) — f(z +y) = sinz.siny, Vo,y € R Giadi Thay y = 0 ta c6
f(x)[f(0) —1] =0 = f(0) =1, vi dé dang nhan thay f(z) =0, Vz € R khong la nghiém ctia phuong
trinh. Thay y = —z ta nhan dugce: f(z)f(—2z) — f(0) = —sin’z, Vo € R = f(z)f(—2) = 1 —sin’z =
cos’z, Vz € R(1). Thay 2 = Z vao (1) ta duge nen: f(%).f (—%) = 0 Hoac f(Z) = 0 thay vao

ham ta duge: —f (z+ %) = sinz = f(z+7%) = —sinz — f(z) = —sin(z— %) = cosz, Vo € R

Hoac f(—g) = 0 thay vao ham ta dugc: f(x— g) = sinz = f(z) =sin v +5 = cosz, Vo € R
Dé& dang kiém tra lai thay f(r) = cosx la ham théa man yéu cau bai toan. Bai toan 10. Tim tat ca
cac ham s6 f : R — R théa man f(x +y — zy) + f(zy) = f(z) + f(y) (1) v6i moi x,y € R. Giai Ta
chiing minh néu f 1 ham s6 théa man diéu kién bai toan thi ham s6 F(z) = f(x + 1) — f(x) sé thoa
man diéu kien ham Cauchy F(u + v) = F(u) + F(v) v6i moi (u,v) € A = {(u,v) : u + v > Ohodc
v =v = 0 hodc u+v < —4} That vay, gid st fla ham s6 théa man diéu kien (1). Ta dinh nghia
ham s6 f*(z,y) béi: f*(z,y) = f(x) + f(y) — f(xy) D& thay rang ham f* théa man phuong trinh ham:
@y, 2)+ f*(z,y) = f*(x,y2) + f*(y, 2) (1) Mat khac ta c6 f*(z,y) = f(z+y—2y)(2) Thay (2) vao (1)
ta duge: f (my—i— i —x) + fle+y—ay) = f()+ f (y—l— i — 1), v6i moi x,y ~ 0Dat xy+i—a7 =u+1
va z +y— 2y = v+ 1(3) ta nhan duge: f(u+ 1)+ f(v+1) = f(1) + f(u+ v+ 1), v6i moi u,v thoa
man diéu kién trén. Bing viéc cong hai dang thitc clia (3) ta ¢ y + i =u+ v+ 2, dé c6 nghiem y ~ 0
chi trong truong hop D = {(u+v+2)* —4 = (u+ v)(u+ v +4) > 0}. Diéu kien nay xéy ra khi va
chi khi hosic 1a v + v > 0 hoidc v + v = 0 hodc u + v + 4 < 0. Bing viéc kiém tra diéu kién ta thay bai
toan dugce théa. Néu f 1a mot nghiem clia bai toan thi f phéi ¢6 dang f(z) = F(x — 1) + f(1)(1) vé6i
moi z, trong d6 F' théa man phuong trinh ham Cauchy F(z + y) = F(x) + F(y) v6i moi x,y. Chiing
minh Theo ching minh trén, thi fc6 dang v6i F' théa man phuong trinh Cauchy v6i moi (u,v) € A.
Ta sé chiing minh réng Fthéa man phuong trinh Cauchy véi moi (u,v) bat ky. Gid st , khi d6 ton tai
mot s6 thie sao cho cac diem (z,u), (z + u, v), (z,u + v) nidm trong A véi viec xac dinh x la: ¢d dinh
(u,v) € A thi tit cac bat dang thitc 2 +u > 0,2 +u +v > 0 ta tim duge didu kién ctia x. Nhung khi dé:
F(u)=F(z+u) — F(x)

F(v) = F(x 4+ u+v) — F(x + u) Suy ra tit cdc phuong trinh nay ta c6 F(u) + F(v) = F(u+v). Va bai
Flu+v)=F(x+u+v)— F(x)

toan dugc chiing minh.

Bai toan 14(VMO 1992 bang B). Cho ham s6 f : R — R théa man f(z + 2zy) = f(z) + 2f(zy),
Vao,y € R. Biét f(1991) = a, hay tinh £(1992) Giai Thay x = 0 ta duge f(0) = 0. Thay y = —1 ta
nhan duge f(z) = —f(—=x). Thay y = —% ta duge f(z) = 2f (%) Xét x A Ova s6 thuc t bat ky, dit
y = 5= ta nhan duge: f(x +1t) = f(z) + 2f (%) = f(x) + f(t) Vay f la ham Cauchy nén f(z) = kz,
v6i k la hing s6 nao do. T f(1991) = a = £.1991 = a = k = &;. Do d6 f(1992) = 122a Bai todn
15. Tim tat ca cac ham s f(z) xac dinh trén (0,400), ¢6 dao ham tai = 1 va thda man diéu kien

flzy) = Vaf(y) + Vyf(x),Va,y € RT Giai Xét cac ham s6 sau g(z) = fT(/?' T gid thiét ciia bai toan

ta c6: \/2y.g(zry) = \/2y.9(x) + /TY.9(y) < g(zy) = g(z) + g(y), Va,y € RT Vay g(z) = log,z, = > 0.
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T d6 ta c6 két qua ham s6 f(x) = k.y/z.log,r v6i k € R. Lai tit (1) néutadit 2=z +ythiy=2—=x
va quan hé (1) tré thanh f(z) = f(x).f(z — x), néu véi gia thiét f(x) A 0Vx € R thi ta cé thé viét lai
nhu sau: f(z —2) = L2 va ta dé xudt duge bai toan sau day: Bai toan 18. Xéc dinh céc ham sb f(x)

f() (
e —y) = M, Ve,y € R

lien tuc tréen R théa man diéu kién: 4 f(y)
L f(z) A0Vz eR
nén chi ¢6 ham s6 f(z) = a”(a > 0) théa man yéu cau bai toan.
To be continued

(2) Vi gia thiét 1a f(z) ~0Vx € R
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3 Phuong phap quy nap

Phuong phap nay yéu cau ta trude hét tinh £(0), f(1) roi dya vao dé tinh f(n) véi n € N. Sau d6
tinh f(n) v6i n € Z. Tinh tiép f( ), tit d6 suy ra bicu thiic ctia f(r) v6i r € Q. Phuong phap nay

1
n

thuong sit dung khi can tim ham sé x4c dinh tréen N, Z, Q.
Vi du 3.1. Tim tat cd cdc ham s6 f : Q — Q thoéa man diéu kien:
F) =2, flzy) = f(x)f(y) — fle+y)+1LVe,y €Q (11)
Giai
Cho y = 1 va st dung gia thiét f(1) = 2 ta duge
flx+1) = f(z)+1,Vx € Q. (12)
Bang phuong phap quy nap ta ching minh duge
flx+m) = f(z)+m,Vr € Q,Vm e N. (13)
Tiép theo ta sé lan lugt ching minh:
a) f(n) = n+ 1,¥n € N. That vay trong (12) cho z = 0 ta tim dugc f(0) = 1. Gid st ta da c6
F(k) =k +1 thi
fE+1)=fR)+1=k+1+1=k+2.

b) Tiép theo ta ching minh f(m) = m+1,Vm € Z. That vay, trong (12) cho z = —1 ta duge f(—1) = 0.
Trong (11) cho y = —1 thi ta ¢6

f(=x)=—=f(x—1)+ 1,Vzr € Q.

Khi d6 v6i m € Z,m < 0 thi dat n = —m, khi d6 n € N nén st dung két qua trén va phan (a) ta
dugc
fm)=f(-n)=—-f(n—-1)+1=-n+1=m+1L

. 1 s
c¢) Tiép theo ta ching minh f(z) =z 4+ 1,Vz € Q. Trudc tién ta tinh f (n) ,n € N, bang cach trong

1
(11) cho z =n,y = — ta co
n

Lai theo (13) thi
1 1
f n+> :f(>+n
n n

thay vao phuong trinh trén ta dugc
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> . x Iy m ’
Tu day thi véi € Q thi z ludn dude biéu dién dudi dang x = —,m € Z,n € N*, do d6
n

@) =f (%)

n

(n2)

= f(m )f<1> f(m+1 +1

e (Een) (Y e

:m—i-l( >——1—m—|—1

= + l=2+1
n
Thit lai thay ham s6 f(x) = z + 1,Vz € Q thda man yéu cau bai toan.

Nhan xét: Bai toan trén két qua khong thay doi néu ta lam trén tap R va khong can cho trude
f(1). Viec cho trude f(1) gitip qué trinh quy nap thuan lgi hon. T 101 gidi trén chi can sit 1y trén tap
s6 vo ti. Tham khdo thém vé bai nay trong bai 8.11.

Vi du 3.2. Tim tat ci cidc ham s6 lien tuc f : R — R théa man
fle+y)+ fle—y)=2(f(z) + f(y) . Vz,y e R.
Gidi
a) f(0) =0, that vay chi can thay x = y = 0 ta c6 dugc két qua.
b) f la ham chan. Di vai tro gitta x,y trong diéu kién ta cé
fa+y)+fly—2)=2(f(2) + f(y), Yo,y € R.
Va nhu vay thi f(x —y) = f(y—2),Vz,y € R. Do d6 f 1a ham ch&n nén ta chi can lam viéc trén RY.

¢) f(nz) =nf(x),VYn € N,Vz € R*. That vay, cho x = y ta dudc

f(2x) = Af(x), Yo € RT.

d x T € V GQJF That vay tu (c) thi
)fq)° ()o f(n ) Zf(x), VnGNV:UyER )Khldéthayy:m:taduqe

} i LBPL T (L = 1)) = 2 () + fna)
hay
F (0 + 1)) = 2 (F(x) + n2 () = (n — D2 (2) = (n + D2 F ).

1
— ) = 55 f(x),¥n € N,¥z € R*.

n n?

m
Véi g € QF thi g = — v6i m,n € N,n /£ Onén
n

X

flaa) = f(m.2) =mf (%) = 55 f(2) = ¢*f(a).
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e) Do f lien tuc tren R* nén f(z) = az? Vo € R (véi a = f(1)).

Thit lai thay ham s6 f(x) = az? Vo € R théoa man yéu cau bai toan.
Nhan xét: Quan he bai toan trén chinh la ding thic hinh binh hanh quen thuoc. D6 1a néu @, ¥

1a hai vector thi ta c6
7+ TP+ - TP =2(2f + )

Ban chat clia 10i giai 1a chiing minh néu ham f lién tuc va théa man hing dang thic hinh binh hanh
thi bat buoc phai c6 dang f(r) = f(1)z%. Ciing can luu y la diéu kién lién tuc c6 thé thay bang diéu
kien don diéu ctia ham sé.

Vi du 3.3. Tim tat cd cdc ham s6 f : [0,00) — R sao cho f don di¢u va théa man diéu kien

(f(x)+ ()" = f(2® = %) + f(2zy),Vz >y > 0.

Giai
1
Cho x =y = 0 ta dugc f(0) = 0 hoac f(0) = 3
R L. . 1. 1
a) Truong hop f(0) = 2 hi thay x = 1,y = 0 ta lai duge f(1) = —5 hodc f(1) = 3

(i) Néu f(1) = —; thi thay = — y — 1 ta duge £(2) — ; Khi d6 ta thay £(0) > £(1), f(1) < £(2),

mau thuan vé6i tinh chat don diéu ctia ham sb.

1
ii) Vay f(1) = =. Khi d6 thay z = y ta dugc
2

1
4@ = £ (27) + 5.
Xét day s6 1y = 1,21 = 23:,%, thay vao quan hé trén ta dugc

(@) = () + 5

Béng quy nap ta duce f(z,) = ; v6i moi n € Z*. Vi z,, — oo va f don diéu nén suy ra
f(z) = ; v6i moi x > 0.
b) Trusng hop f(0) = 0. Khi d6 thay y = 0 ta dugc
f(z%) = (f(x))*,Vz >0 — f(z) >0,Vz > 0.
Ngoai ra thay = = y ta duge 4 (f(x))* = f(2z2). Két hop véi déng thic tren ta duge
Af(z) = f(2z),Yx > 0.
Trong phuong trinh ham ban dau, dit o = u + v,y = v — v thi ta dudc

[f(u+v) = flu—v)]* = fduww) + f (2(e® = v*))
A[f(2uv) + f(u® —v?)]
4(f(u) + f(0))*.
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Tu day lay can bac hai ta duge
flutv)+ flu—v) =2(f(u) + f(v),Yu=v=>0.

Phuong trinh ham nay c6 nghiem 1a f(z) = f(1)z? Vx > 0. Ngoai ra dé dang tinh duge f(1) =0
hoac f(1) = 1.

. . 1
Két luan: Cac ham s6 thoa man la f(z) =0, f(z) = 5 va f(z) = 2, Vx > 0.

Nhan xét: Bai toan trén xuat phat tit mot hiing ding thic quen thuoc 1a (22 + 32)° = (22 — 42)* +
(2z)2. Va diém mau chét clia bai toan 1a tinh chat f (22) = (f(z))?, dé suy ra f(x) > 0 khi z > 0.

Vi du 3.4. (China 1996) Cho ham s6 f : R — R thoa man diéu kien:

f@ +9%) = (@ +y)(f(2) = f@) f(y) + f*(y)), Y,y € R.
Chiing minh rang f(1996x) = 1996 f(x),Vx € R.
Giai

a) Tinh f(0) va thiét lap cho f(x).
Cho z =y = 0 ta dugc f(0) = 0. Cho y = 0 ta dugc

Nhan xét: f(x) va z luon cing dau. Tu day ta c6
fla) = f2(ah).

b) Thiét lap tap hop tat ca cac gia tri @ ma f(ax) = af(z).
bat S ={a>0: f(ax) = af(x),Vx € R}.

e Rorang 1 € S.
e Ta ching té néu a € S thi as € S. That vay

e Néua,be Sthia+beS. That vay

[ ((a+ b)) = f ((@5a3) + (b32)’)
= (a3 +0%) fladed) = f(afad). fbias) + b))

2 1

)
— (a5 +b3) [af — asbd + 03] 2d f2(a3) = (a + 1) f(2).

Bang quy nap ta chiing té moi n € N déu thuoc S. Va bai toan ra la truong hop dac biet véi n = 1996.
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Nhan xét: 1. Néu chi don thuan chiing minh két qua ctia bai toan thi c¢6 thé quy nap truc tiép. Bing
cach khdo sat nhu trén ta sé thay hét duge tat ca cac gia tri cia a > 0 ma f(ax) = af(z).

2. Do yéu cau “dac biet” ciia bai toan, nén ty nhién ta sé nghi ngay la c6 thé ching minh diéu do6
ding v6i moi s6 tu nhién, va qua do6, sé nghi ngay dén huéng quy nap.

3. Viéc suy ra dau ctia f(x) cing dau véi x 13 quan trong, né gitp ta triet tiéu binh phuong ma
khong can xét dau, day ciing 1a mot diéu dang Iuu ¥ trong rat nhiéu bai tap khac.
4. Bai toan trén rat c6 thé xuat phat tit hing dang thic 23 + ¢* = (v + y) (22 — 2y + 9?).

Vi du 3.5. Tim tat ca cic ham f : Z — Z théa man:
f@® + 9y’ +2°) = Pla) + fPly) + fP(2), Vo, y,2 € Z
Hint:
1. Tinh f(0) v chiing minh f la ham 1é.
2. Ching t6 f(2) = 2f(1), f(3) = 3f(1). Chiing minh bang quy nap f(n) = nf(1),Vn € Z 3. Trong
chitng minh chuyén tit n = k > 0 sang n = k+ 1, ta st dung hing dang thtic sau: Néu k chin thi k = 2t,

ta co:
(2t +1P°+5°+1° = (2t —1)° + (t +4)> + (4 — t)® khi k = 2¢

va néu k 18 thi k = 2t — 1 khi d6 n = 2t luon duge viét dudi dang 2t = 27(2i + 1), va dang thitc trén chi
can nhan cho 2%

Vi du 3.6. Tim tat ca cic ham f : N — N théa man cac diéu kién:
f(1) > 0va f(m*+n?) = f2(m) + f*(n),¥m,n € N

Hint:

L. Tinh f(0) = f(m?+n?) = f(m?) + f(n?)
2. Ching minh f(n ) n,V¥n < 10. V6i n > 10 ta st dung cac dang thitc sau:

(5k + 1) +2% = (4k +2)* + (3k — 1)?

(5k +2)* + 12 = (4k + 1)* + (3k + 2)?
(5k +3)2 + 12 = (4k +3)? + (3k + 1)
(5k +4)? + 22 = (4k +2)* + (3k + 4)?

(5k +5)* = (4k +4)* + (3k + 3)?
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4 Khai thac tinh chit don anh, toan anh, song anh, chin 1é
cua ham sé
Trude tién ta nhac lai cac khai niem co ban nay.
a) Néu f : R — R 1a don anh thi ttt f(z) = f(y) ta suy ra dugec = = y.
b) Néu f : R — R la toan anh thi v6i méi y € R, ton tai # € R dé f(x) = y.
c) Néu f : R — R la song anh thi ta ¢6 cd hai dic trung tren.

Néu mot ham s6 ma don dnh chiing ta rat hay dung thi thuat tac dong f vao cd hai vé, néu mot ham
f toan anh ta hay dung: Ton tai mot s6 b sao cho f(b) =0, sau dé tim b. Néu quan hé ham la ham bdc
nhat ciia bién ¢ vé phdi thi cé thé nghi tdi hai quan hé nay.

Vi du 4.1. Tim tat ci cdc ham s6 f : Q — Q théa man
f(f@)+y) =x+ f(y),Vz,y € Q.

Giai

Nhan xét, ham dong nhat 0 khong thdéa man bai toan. Xét f(x) £0.

a) f don anh, that vay, néu f(z;) = f(z3) thi

f(f (@) +y)=f(f(z2) +y) =21+ fly) =22+ fy) = 21 = 20.

b) f
toan anh, that vay, vi ton tai yo sao cho f(yo) A 0 Do d6 vé phai ctia diéu kien 13 mot ham s6 bac
nhat clia x nén c6 tap gia tri 1a Q.

¢) Tinh f(0), cho x =y = 0 va st dung tinh don anh ta dugc
f(f(0)) = £(0) = f(0) = 0.
f(f(2) =2, Ve e Q.
d) Thay z béi f(x) va st dung két qua trén(va dieu nay ding cho vdi moi x € Q vi f la toan anh) thi

flx+y) = f(z)+ fly),Vr,y € Q.

Tu do6 thay y = 0 ta dudc

Tu day ta duge f(x) = ax thay vao bai toan ta nhan f(x) = z hodc f(x) = —z trén Q.

Nhan xét: Néu yeu cau bai toan trén tap R thi can thém tinh chat don dieu hoic lien tuc. Cu the,
cac ban co thé giai lai bai toan sau (THTT, 2010): Tim tat ci cdc ham s6 lién tuc f : R — R thoa
man diéu kién

flz+ f(y) =2y + f(z),Vz,y €R.

Vi du 4.2. Tim tat cd cdc ham s6 f : R — R théa man

fxf(y) +x) =2y + f(x), Yo,y € R.
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Giai
Thay z = 1 vao diéu kien ham ta dugc
fUfy)+1)=y+ f(1),Vy € R.
T day suy ra f la mot song anh. Lay 2 = 1,y = 0 ta dudc
f(f(0)+1) = f(1) = f(0) =0 do fdon éanh.

Bay gio véi & A (O dat y = _f@) thay vao diéu kien ham ta dugc
T

f (@) +2=0=f(0) = 2f(y) =z do fdon anh,
hay f(y) = —1, tic la
f (—f“) — fy) = —1 = f(b),

X

v6i b 1a mot s6 thuc nao dé(do f 1a mot toan anh). Vay f(x) = —bx,Vo A 0. Két hop vé6i f(0) = 0
thi viét gop thanh f(x) = —bz,Vz € R. Thay vao diéu kién ham s6 ta c6 dugc hai ham théa mén la

flx)=xva f(z) = —u.

Nhan xét: Bai toan nay c6 thé gidi bang cach thé bién nhu sau ma khong can diing dén tinh song
anh ctia ham s6. Thay x = 1 ta dudc

FUfy)+1) =y+ f(1),vy €R.
Vi du 4.3. (Dé nghi IMO 1988) X4c dinh ham s6 f : N — N thoa man diéu kién sau:
f(f(n)+ f(m)) =m+n,Ym,n € N. (14)
Gidi
a) Trudc tien ta kiém tra f don anh. That vay gia st f(n) = f(m), khi d6
f2f(n)) = f(f(n)+ f(n)) = 2n,

f2f(n)) = f(f(m)+ f(m)) =2m.

Do d6 m = n, nén f don anh.

b) Ta tinh f (f(n)) theo cac bude sau: cho m = n = 0 trong (14) thi ta duge f(2f(0)) = 0, lai cho
m = 2f(0) vao trong (14) thi ta duge

f(f(n)) =n+2f(0).
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c) Tac dong f vao ca hai vé ctia (14) va st dung két qua trén, ta dugc
FF(f(n) + f(m))) = f(n) + f(m) +2/(0).
Ngoai ra theo quan hé dé bai thi
FU )+ f(m))) = f(n+m).

Tu day ta c6
fn+m) = f(n)+ f(m)+2f(0).
Cho m =n =0 thi f(0) =0, do d6 quan hé trén trd thanh ham cong tinh. Vay f(n) = an. Thay

vao quan hé bai toan ta duge

f(n) =n,¥n € N.

- Nhan zét: Quan hé don anh ciia bai toan nay khong can thiét trong 15i gidi. Va bai toan nay c6 thé
chting minh bang quy nap trén N.

Cdch 2. Néu xét trén Z* thi ta c6 thé chiing minh bang quy nap f(z) = x,Ve € N. Tiec la, dung
phuong phép, ta chiing minh khong con ton tai ham s6 nao khac. Trude tién ta tinh f(1). Gid st
f(1)=t>1,dat s = f(t — 1) > 0. Nhan thay rang néu f(m) = n thi

f2n) = f (f(m) + f(m)) = 2m.

Nhu vay
f(2t) =2, f(2s) =2t — 2.

Nhung khi d6 thi
925+ 2t = f(f(25) + f(20)) = f(2t) =2 >t < 1,

diéu nay vo ly. Vay f(1) = 1. Gid st ta c¢6 f(n) = n thi
fin+1) = f(f(n) + f(1)) =n+1.
Vay f(n) =n,Vn € Z*.
Vi du 4.4. (Balkan 2000) Tim tat ca cac ham s6 f : R — R thoa man diéu kien:
f@f(@) + fy) = (f(2))" +y, Yo,y € R. (15)
Gidi
a) Ta tih f(f(y)) bing cach cho z = 0 vao (15) ta duge
F(f@) = (f(0)* +y. ¥y €R.
b) Chiing t6 f don anh. That vay néu f(y1) = f(y2) thi f (f(v1)) = f (f(y2)). T day theo phan (a) thi

F20) + 31 = (£(0)° + 12 = y1 = 1.

¢) Chitng t6 f toan anh vi vé phéai ctia (15) 1a mot ham bac nhét clia y nén co6 tap gia tri bang R. Két
hop hai diéu trén ta thu duge f 14 mot song anh tit R vao R.
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d) Tinh f(0). Dua vao tinh toan anh thi phai ton tai a € R dé f(a) = 0. Thay z = y = a vao (15) ta
dugc
f(af(a) + f(a)) = (f(a))® +a= f(0) = a.
Do f la mot song d&nh nén a = 0, titc f(0) = 0. T day theo (a) thi
F(f(z) = 2,Vz € R

Trong (15) cho y = 0 ta dugc
f(@f(z)) = (f(2))*,Vz €R. (16)

Trong quan hé trén, thay = béi f(x) ta dugc(thay duoc ding vdi moi x € R vi f la song dnh)

FU@).f(f@) =f (f(@)]*,Vz e R
s f(f(x)-z)=2°VzeR

& (f(x))? =23 vz e R
T day suy ra véi moi « € R thi hodc 1a f(z) = 2 hodc la f(z) = —z. Ching ta ching t6 1a phéi ¢6 su

dong nhat f(x) = x, Vo € R hoic 1a f(x) = —z,Vz € R chit khong thé xay ra sy dan xen gitta hai gia tri.

That vay, gid st ton tai a £~ Qn A& Osao cho f(a) = —a, f(b) = b thi khi d6 trong quan hée (15) thay
xr =a,y = b ta dugc
f(=a*+0b) =a’ +b.
Nhung vi gia tri ctia f(—a® +b) chi c6 thé 1a —a? + b hodic 1a a®> — b. Nhung nhan thay a® + b khong the
bang v6i mot gid tri ndo trong hai gia tri trén. Vay diéu gia sit 1 sai.

Kiém tra lai thiy hai ham s6 f(r) = z,Vz € R hodcla f(z) = —z,Vz € R thdéa man yéu cau bai toan.

Vi du 4.5. (IMO 1992) Tim tit ca cdc ham s6 f : R — R théa man diéu kien
@+ f(y) = (f(2)* +y, Yo,y € R (17)
Gidi
a) f don anh, that vay néu f (y1) = f (y2) thi
FE+ 1) =F @+ F () = (F@) + = (F@) + v = 11 = v

b) f toan anh, vi vé trai lam ham bac nhat theo y nén f c¢6 tap gia tri la toan bo R. Két hop hai diéu
trén suy ra f la mot song anh.

¢) Tinh f(0). Do f song anh nén ton tai duy nhat a € R sao cho f(a) = 0. Thay = 0 ta dugc
F () = (FO)° +.
Thay x = y = a vao (17) va st dung két qua trén, ta duge

f(aQ) =a
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Tt day thi néu z > 0 thi f(x) > 0, ngoai ra f(z) = 0 khi va chi khi x = 0. Bay gio lay z > 0,y € R thi
Tu dz% ta thu duge quan fh(é 21@11 thlgléc /@) yeie Y

flz+y) :fj((f%)) =z,Vz € Rva f (2?)

Va) + F (@) = (F (VD) + f) = £ ((Va)°) + F(y).

hay
flety)=fx)+ f(y). Vo >0,y €R.
Thay y = —x ta duge f(—z) = —f(x) hay f 1a ham 1é. Do d6 néu x < 0 thi

fle+y)=f(-(-2—-y)=—f(-z—y)=—f(—2) = f(~y) = f(z) + f(y),Vy € R,Vx <0.
Két hop hai diéu trén ta thu duge quan hé cong tinh ctia ham f

flx+y) = f(z)+ fy), Yo,y € R.

Ngoai ra sit dung tinh chat f(z) = 0 khi va chi khi = 0 ta con ¢6 them f don diéu tang. That vay, véi
x>ythiz—y>0nén f(x —y) >0, do do

flx)=f((z—y)+y)=flx—y)+ fly) > fy)

Ham f cong tinh va don diéu nén c6 dang f(x) = ax, thay vao ta dugc a = 1. Vay f(z) = z,Vz € R
thoa man bai toan.

Vi du 4.6. Tim tat cd cdc ham s6 f : R — R théa man
fla+f) =2+ fy) +2f(y),Ve,y €R.
Gidi
Ta c6 thé viét lai quan hé ham duéi dang
[+ f(y) = (fy) + D+ fy),Vr,y € R, (18)
a) Néu f(r) = —1, d& dang kiém tra ham nay théa man.

b) Xét f(x) khong dong nhat —1. Khi d6 phai ton tai yo € R dé f (yo) ~—1. Khi d6 vé phai clia (18)
l1a ham bac nhat cia z nén c6 tap gia tri 1a R. Diéu nay ching t6 f 14 toan anh.

Cho x = 0 ta thu thém dugc mot quan hé nita la

f(f(z) = f(z),Vz € R.

Khi d6 v6i moi x € R, do f toan dnh nén sé ton tai y(phu thudc vao z) sao cho z = f(y), khi d6

Tuy nhién, thay ham nay vao (18) thi khong théa man.
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Két luan: Ham s6 thdéa man yéu cau bai toan 1a f(z) = —1.

Vi du 4.7. (Viét Nam TST 2004) Tim tat ci cac gia tri ctia a, sao cho ton tai duy nhat mot ham
sO f : R — R théa man diéu kien

F(@+y+f) = (fx)? +ay, Yo,y €R. (19)

Giai
Nhan thiy néu a = 0 thi ¢6 hai ham s6 théa man 1a f(z) = 0 va f(z) = 1. Do d6 ta xét truong hop
a ~0

a) Ham f toan anh. That vay do vé phai la ham bac nhat clia y nén c¢6 tap gia tri 1a R. Do d6 f toan
anh, khi d6 ton tai b € R sao cho f(b) = 0.

b) f(z) = 0 khi va chi khi z = 0. Thay y = b vao (19) ta dugc

I
22 +b) = (f(x))* + ab. (20)

T phuong trinh trén ta thay
f (22 +b) = (f(—2))* + ab.

Do d6 ta duge (f(z))* = (f(—z))* hay |f(z)| = |f(=z)|,Vz € R. Tir diéu nay ta thu dugc them
f(=b) = 0. Lai thay y = —b vao (19) ta dugc

f(2* =b) = (f(x))* — ab. (21)
T (20) va (21) ta nhan duge = 2ab,Vx € R.

Thay x = 0 vao dang thiic trénftgméﬁb@ba_bf:@z(bj b) f(=b)=0—=0b=0. Vay f(z) =0+ = =0.
c) a = 2. Trong (19)
(F(1)* = £(1) = X
Thay = = 0 vao dang thiic trénft(ﬂi a = f(2). Do vay
o+ 2 (PN a = f (%) + .
= f(2%) = f(4)
— f(

cho y = 0 thi f(2?) = (f(z))*,Vz € R. Tir day cho = = 1 ta duge f(1) =
vi f(1) £ 0do phan (b)). Lai trong (19) cho y = 1 thi duge

(V2)? +2)
= f(2) +a = 2a.

Vaya=2via ~#0
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Bay gio ta giai phuong trinh ham

f(@®+y+ fy) = (f(2)) +2y, Yo,y €R. (22)

vao (22) ta duge

P (f(rc))2> Y _<f<x>>2> CovreR

(f(@)?
2

2 2
Vi tinh chét ctia f 1a f(x) = 0 khi va chi khi z = 0 nén

(f(w)>2) 2 U e

==

Lai trong (22) va stt dung két qua trén ta dugc

F(a?—=v?) = (f(2)" = (f()* = f(2?) — f(y?),Yz,y € R.

Tit dang thitc nay cho z = 0 thi f(—y?) = —f(y?) tic f 1a ham 18. Nén quan hé trén c6 thé viét lai
duéi dang
fle+y)=flx)+ f(y),Vo,y € R.

Lai stt dung (f(z))* = f (22) thi (f(z +))* = f ((z +y)?), khai trién va sit dung tinh cong tinh ta duge

f(@)f(y),Vz,y € R.

)
Ham f vita cong tinh, vita nhan tinh nén f(x) = z. Thit lai thay ham s6 nay thoa man dé bai.

f(zy

Nhan xét: Mot phan ciia bai toan trén xuat hién dau tién trén tap chi AMM, dugc dé xuat bdi
Wu Wei Chao, va dude chon 1a mot bai toan chon doi tuyén Bungari nam 2003 va chon doi tuyéen Iran
2007, trong d6 chi gidi quyét cho truong hop a = 2.

Vi du 4.8. (D& nghi IMO 2002) Tim tat c cac ham s6 f : R — R théa méan
f(f@)+y) =22+ f(fly) —2),Yo,y €R.
Giai
a) f toan anh, that vay thay y = —f(z) ta duge
FUf(—f(x) —2) = f(0) — 22,Yz € R.
Do vé phai 14 ham bac nhat ctia z nén c6 tap gia tri 1a R.
b) Vi f toan 4nh nén ton tai a sao cho f(a) = 0. Thay = = a vao dé bai thi
fy) —a=f(fly) —a)+a
Vi f toan 4nh nén quan hé trén cé theé viét lai

f(z) =z — a v6i a 1a hing s6.
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Tht lai thay ham s6 nay thoa méan.
Vi du 4.9. (THTT T8/360). Tim tat ca cac ham s6 f : RT — RT thoa méan
f@).f(y) = f(x +yf(z)), Yo,y € RT. (23)
Giai
Gia st f 1a ham s6 théa man bai toan.

a) Néu f(z) € (0,1),Vz € R* thi khi thay y = vao (23) ta duge

1= f(x)

f(z)f <1_xm> =f (1—If(;c)> Yz € RY,

suy ra f(x) = 1, trai véi gid thiét f(z) € (0,1). Vay gié tri ctia ham s6 f luon 16n hon hoiic bang 1.
b) Néu ton tai gid tri @ € RT sao cho f(a) = 1, thi khi d6 thay = = a ta dugc

fly+a)= f(y),Yy € R.

Ngoai ra, ttng v6i méi 2 € RT ¢6 dinh vi h € RT cho trudc, luon ton tai y € R dé yf(z) = h. Do d6

fl+h)=f(z+yfr) =f2)fy) = f(z).
Két hop hai didu trén bat budce phai ¢6 f(z) = 1. Kiém tra lai thiy ham s6 nay théa man.

c) Néu f(z) > 1,Vxr € R" thi f don anh. That vay, khi d6

fla+h)=f(z+yf(z) =f(@)f(y) > f(x),Vz,h € RT.

Chimg té f 1a ham dong bién ngit tren RT, do d6 n6 1a mot don 4nh trén R, Doi vai tro clia  va
y trong (23) ta co
fly+af(x)=f(x+yf(r)),Vo,y eR".

Vi f don anh nén
y+af(y) =z +yf(e), Yo,y € R
Tu day ta co
1
f(flf) _l_ f(y) _*7vx,yER+,

xr x Yy
hay
1
f=) ——=a,VzeR" - f(z)=azx +1,a > 0.
X xr

Thit lai thay hai ham s6 f(z) =1 hodc f(z) = ax + 1,a > 0,Vx € RT théa man bai toan.
Vi du 4.10. (USA 2002) Tim tat ci cdc ham s6 f : R — R thoéa man
f ($2 - yQ) = $f(33) - yf(y>7vx7y eR.

Gidi
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a) f(0) =0 (thay x =y =0).
b) f

la ham 1é, that vay

—of -yt =1
(=) =) = f(@®=y*) = af (x)—yf(y),Vo,y € R — f(x) = —f(—x), V& A0

Tu day ta chi tinh toan véi x,y > 0.
c) f(x)=f(xr—y)+ fly) (1). Chox =0 ta dugc f (z*) = xf(x), thay vao quan he ham ta dugc

f (x2) = f(:v2 —yz) —|—f(y2) — f(u) = flu—v)+ f(v),Yu,v > 0.

d) f(2t) = 2f(t), chi can thay z = 2t,y =t vao (1).
e) Tinh f(2t + 1) theo hai cach, trudc tien v6i z =t + 1,y = 1 thé vao (1) ta dugc
ft+1) = f(t)+ f(1).
Thay x =t + 1,y = t vao diéu kién ban dau ciing véi sit dung két qua trén, ta dugc
JRt+1) =+ f(t+1)=tf(t)=f(t)+ (+1)f(1).
Ngoai ra, thay 2t + 1,y = 1 vao trong (1) ta dugc
f@2E+1) = f2t) + f(1) = 2f(t) + f(1).

Két hop hai két qua trén ta ducc
2f(0) + f(1) = f(&) + (E+ 1) f(1) = f(t) = tf(1),Vt = 0.
Vay f(z) = ax,Vz € R, a la hing s6. Kiém tra lai thiy ham s6 nay théa man.

Nhan xét: 1. Quan hé (1) 1a quan hé cong tinh. Tuy nhién néu ta dung tinh cong tinh ¢ day thi chi
thu duge két qua tren Q. Va gid thiét clia bai toan khong thé khai thac them duge tinh chat lien tuc
hodc don diéu nén khong thé c6 dude két qua ham f(z) = ax. Cach tinh f(2t + 1) theo hai cach trén
la mot ¥ tudng hay, mang tu tudéng ctia cach tinh sai phan.

2. Néu bai todn c6 theém gia thiét (f(z))” = f (2%) thi bing cac khai trién (f(z + 1)) = (f(z + 1))
theo tinh chat cong tinh, ta thu dudc quan hé nhan tinh, tit d6 bai toan dé dang giai hon.

Vi du 4.11. Tim tat ca cac ham s6 f : R — R théa man diéu kién:
F((A+2)f(y) =uf (f(z) +1), Y,y eR.
Giai

RO rang nhin tit quan hé ham ta thay néu ham s6 f 1a don anh thi bai toan tré nén rat dé dang. That
vay néu ham f don anh thi thay y = 1 ta dugc

f(A4+2)f(1) = f(f(z)+1),Vz eR.
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Tu day do f don anh nén (1 + z)f(1) = f(z) + 1, hay f(z) c6 dang ham s6 bac nhat f(z) = az + b.
Thay lai vao quan hé ham ta duge a = 1,b = 0. Vay trong truong hop nay c¢6 ham s6 f(z) = z,Vr € R
thoa man bai toan.

Van dé con lai 1a néu ham f khong don anh. Ttc 1a ton tai y; Aye ma f (y1) = f (y2). Khi d6 ta c6

D f (F@)+1) = (4207 () F((1+2)f () = o (f(@) +1) Vi, € R

T diéu trén thi phai ¢6 f (f(z) + 1) = 0,Vz € R. Thay vao quan hé ham ta phai c6 f ((1+z)f(y)) =
0,Vz,y € R. Néu ton tai yo sao cho f(yo) A 0thi ta c6 f((1+x)f (yo)) =0,Vx € R hay f(x) = 0(
thuin). Vay chitng t6 khong ton tai yo dé f(yo) /A Q tic f(y) = 0. Tit day ta c6 ham dong nhat f(x) =0
théa man bai toan.

Nhan xét: Quan hé don anh trong bai toan nay chinh la diém mau chét clia 11 giai.
Vi du 4.12. Xac dinh tat ca cac ham s6 f : N — N, dong thoi théa man hai diéu kién:

£(2) =2 va f(mn) = f(m)f(n), Ym.n € N
Vi du 4.13. Tim tat ci cac ham s6 lien tuc f : R — R théa man dieu kién:
Fef () = uf () Yo,y € R

Hint:
1. Nhan thay f(x) = 0 théa man. Xét f(z) ~0
2. Kiém tra f don anh, ciing v6i f lien tuc, f(1) > f(0) nén f tang ngit.
3. Tac dong f vao hai vé, so anh f(xf(y)) va xf(y).
Dap s6: f(z) = z,Vx € R.

Nhan zét: Bai todn nay cing c¢é thé dung phép thé thich hop dé dua vé ham nhan tinh
Vi du 4.14. Tim tat ci cac ham s6 f : Z* — Z* théa man:

f(f(n)+m)=n+ f(m+2003),Ym,n € Z".

Giai
a) Trudc tién ta ching minh f don dnh. That vay néu f (ny) = f (ng) thi

f(f(n) +m) = f(f(n2) +m)
—ny + f(m+2003) = ny + f(m + 2003) — ny = ny

b) Thay m = f(1) ta c6

—
=
E
_l’_
—
—~
=
Il

o= 4 3

F(1) +2003)

+ =+ =

£(2003 + 2003) =
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5 Khai thac tinh don diéu ctia ham sé

Trong muc nay, ta xét mot sé6 bai toan giai phuong trinh ham c6 sit dung dén tinh don diéu ctia ham
s6. Mot so diéu can luu y:

a) Néu f cong tinh va don di¢u tren R (hoic RY) thi f(z) = kz.
b) Néu f don dieu thyc sy thi f 1a don anh.

¢) Trong mot vai trusng hgp, néu ta di doan duge cong thiic ctia ham s chang han f(z) = g(z) thi c6
thé xét f(x) > g(z) va f(x) < g(z), sau d6 sit dung tinh don digu ctia ham f dé dan téi didu vo ly.

d) Néu ham f don diéu va ta da c6 cong thiic clia f trén tap s6 hitu ti Q thi dung k¥ thuat chon hai
day hitu ti don diéu nguge nhau, r6i sau d6 chuyén qua giéi han.

Vi du 5.1. Tim tat ca cdc ham don diéu f : R — R théa méan
fle+fly)) = flz) +y,Vo,y e R
Giai

a) Ta ching minh f don anh.
That vay gid st f(z1) = f(z2), khi d6 v6i moi z € R ta ¢

f@+f(21) = fle+ f(22)) = f(z) + 21 = f(2) + 32 = 71 = 22,

b) Lai thay x = 0 thi
f(f(y) = f(0) +y hay f(f(z)) =z + fO)Vz € R.

c) Bay gio thay x = f(z) vao quan hé ham thi
FU@)+fW) =F(f@) +y=a+y+ f(0)=fO0+ flz+y)).

Do f don anh nén f(x+y) = f(x)+ f(y),Vz,y € R. Vi f don diéu va cong tinh trén R nén f(z) = kx.
Thay vao quan hé ham ta tim duge k = +1. Vay f(x) = z hay f(x) = —x 1a nhitng ham s6 can tim.

Vi du 5.2. Tim tat ca cdc ham tang nghiém ngat f : R — R théa mén
f(f@)+y) = fle+y) +1Vr,y eR.
Giai

a) Tinh f(f(z)).
Cho y = 0 ta dugc
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b) Stt dung tinh don di¢u ctia ham s6.
Thay x bdi f(z) va sit dung két qua trén ta co6

FUf@)+y)=f(fx)+y)+1= f(f(x) +1+y) = flo+y)+1+1

Thay y béi f(y) ta duge

fU@)+fw) =fe+fy)+1=flz+y)+1+1L

T (24) va (25) ta duge
fUf @) +y+1) = f(f(2) + f(y).

Vi f 1a ham don diéu nén
fle)+y+1=f(x)+ fy) = f(z) =x+1,Vr R
Thit lai thdy ham s6 f(z) = z + 1,Vz € R théa man yeéu cau dé bai.
Vi du 5.3. (Hy lap 1997) Gia stt f : (0,00) — R théa méan ba diéu kien:
(a) f

tang nghiém ngat.

) %Véimoix>0Va
(Z) + 1) =1 v6i moi = > 0.
)

(24)

(25)

Dt ¢ = f(1). Thé 2 =1 vao (c), ta dugc tf(t+1) =1. Do d6 ¢ £~ Ova f(t+1) =1 Lai dat o =t + 1

vao trong (c) ta duge

f(t+1)f(f(t+1)+1> ~1.

t+1
Khi dé
f(1+1> =t = f(1).
t t+1
Do f la ham tang nghiém ngat nén , .
[T

Giai ra ta dugc t = %\/g Néu t = 1+27\/5 > 0, thi

1<t:f(1)<f(1+t):1<1

mau thudn. Do d6 f(1) =t = 155, Cha ¥ 1a ham s6

14 mot ham théa man yéu cau bai toan.
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Vi du 5.4. Tim tat ca cadc ham s6 f : [1;+00) — [1;+00) théa man
f@f(y)) =yf(z), Vo € [L;+o0).
Gidi
a) f1a ham don anh. That vay néu f(y;1) = f(yo) thi
Ff(n)) = f(2f(y2) &y f(20) = y2f (22), Ve € [1;400) & 11 = .

(diéu trén ding vi mién gid tri cia ham s6 nam trong [1; 4+00), tiic 1a khac 0).

b) Tinh f(1).
Choz=y=1thi f(f(1)) = f(1), do f don anh nén f(1) = 1.

¢) Choz =1¢thi f(f(y)) =y.
d) V6iy > 1thi f(y) > 1(do f don anh). V6i z > y > 1 thi

Suy ra f dong bién trén [1; 400).

e) Ta chiing minh f(x) = z,Vx € [1;+00). That vay, gia st ¢c6 zy € [1; +00) sao cho f(xg) £ O Néu
f(l’()) > xqo thi
f(f(x0)) > f(x0) = w0 > f(z0)

vo ly. Tuong tur cho truong hop ngugce lai. Vay f(x) = z,Va € [1;+00) théa man yéu cau bai toan.
Vi du 5.5. (Iran 1997) Cho f: R — R 1a ham gidm théa man
fa+y)+ F(f(@)+ fy) = fIf @+ fw) + fly + f(2))], Ve € R.
Chiing minh rang f (f(z)) = z,Vz € R.
Gidi

a) Lam xuat hien f (f(z)).
Cho y = x ta dugc

fQx)+ f2f(2) = f2f(z + f(z))). (26)
Thay = = f(z) trong vao trong (26) ta dugc
F@I@) + F2f(f(2) = F Cf(f(z) + [(f(2)))) . (27)

Lay (27) tru cho (26) ta dugc

F@F(f(@) = fQRr) = fCF (f(2) + f(f(2) = F2F (2 + f(2))) (28)
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b) St dung tinh chat ham f 13 ham gidm. Gia st ton tai xg sao cho f (f(xg)) > xo, khi d6 2f (f(xo)) >
2z9. Do f 1a ham gidm nén f (2f (f(x0))) < f(2x0). Do d6 vé trai clia (28) nhé hon 0. Vay

f2f(f(xo) + f(f(x0))) — [ (2f (w0 + f(w0))) <O
= f2f (f(zo) + f (f(x0)))) < f (2f (xo+ f(20)))-

Lai do f 1a ham giam nén
2f (f(@o) + f (f(x0))) > 2f (zo + f(x0)) = f(x0) + f (f(20)) <m0+ f(20) = [ (f(20)) < .

Diéu nay dan dén mau thuan.
Néu ton tai g sao cho f (f(xg)) < zo thi 1ap luan tuong ty nhu trén ta cling dan dén diéu vo ly. Vay
f(f(z)) =z,Vz eR.
Vi du 5.6. (Italy 2000)
a) Tim tat ca cac ham don di¢u ngit f : R — R thda méan
fle+fy) =fz)+yVr,y eR.
b) Chiing minh ring v6i moi s6 nguyén n > 1, khong ton tai ham don di¢u ngit f : R — R sao cho
fle+fy) = flz)+y",Vo,y eR.
Giai

Ham don diéu ngat thi don anh. Ngoai ra dé thay f 1a mot song anh.

a) Thé z =y = 0 ta duge f (f(0)) = £(0). Do f don &nh nén f(0) = 0. Tt d6 ta dugc quan he
f(f(zx)) =z,Vo eR.
Khi dé6 v6i moi z € R, thay y = f(z) vao quan hé ham ta duge
flx+2) = f(x) + f(2),Vz,z € R.

Tu tinh chat cong tinh ctia ham f va tinh don di¢u ngét cta f, suy ra f c6 dang f(z) = ax. Thay
vao ham ban dau ta duge f(z) = x hodic f(x) = —z 13 hai ham théa méan yéu cau bai toan.

Cach khdc: Ta c6 thé kiém tra tryc tiép hai ham sé nay nhu sau. Xét truong hop f 1a ham tang, gia
st ton tai 2o € R sao cho f(zg) > x¢, thi do f la ham ting nén

f(f(x0)) > f(z0) — w0 > f(0),

vo 1y, tuong tu cho truong hop f(zg) < xo. Vay f(x) = z. Tuong ty cho ham gidam.



5 KHAI THAC TINH DON DIEU CUA HAM SO

b) Trudc tién ta khang dinh n phai 1a s6 1. That vay vi f don 4nh nén véi y A~ Othi f(y) Af(—y) dan
dén

[+ fWw) Af(x+ f(=y) = fx) +y" Af(@) +(=y)" = y" £ )™

Néu n chén thi déng thic trén vo 1y, vay n phai 1a s6 nguyen 18.

Lap luan tuong ti nhu phan (a) ta van thu dugce

f(0)=0,f(f(x)) =a™, Ve €R.

Tac dong f vao ca hai vé clia déng thic cudi ta duge

") = (fWw)=fW").

Do d6 ta thu dugce quan hé dudi day

fla+y") =1
(@ +f(f(W))
= f(@)+ " (y) (29)
= f(@)+ ("), Yo,y €R
Vi do n 1é nén ta thu duge tinh cong tinh f(z +y) = f(x) + f(y),Vz,y € R. Vi f don diéu nén c6

dang f(x) = aw, thay vao ta thay khong théa man. Vay khong ton tai ham s6 théa man yéu cau bai
toan.

Ta c6 thé tiép can cich khac ma khong qua tinh cong tinh ctia ham s6 nhu sau. Ta c6 f (f(1)) = 1.
Néu f la ham tang, thi 1ap luan gidng nhu phan (a) ta duge f(1) = 1. Khi d6

fQ) =0+ f(1) =f1)+1" =2,

2" =f(f(2) = f(2) =2,

mau thuan. Néu f 1a ham gidm thi lap luan tuong ti.
Vi du 5.7. (APMO 1989) X4c dinh tat ci cdc ham s6 f : R — R thoa man ba diéu kien dudi day:
(i) Ham f ¢6 tap gia tri la R.
(ii) Ham f tang ngat trén R.
(iii) f(x)+ f~1(z) = 22,Vx € R, trong d6 f~! 1a ham ngugc cta f.
Giai
Ta dé thay rang:
a) Sy ton tai ham nguge f~! cia ham s6 f va f~': R — R.

b) Ham s6 f~! 1a ham téang.
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Véi diéu kien (iii) ctia bai toan ta c6 thé kiém tra dé dang cac ham s6 c¢6 dang f(z) = = + ¢, trong d6
¢ 1d mot hing s6 tly ¥, déu théa man tat ca cic diéu kién clia bai toan, vi khi d6 ham ngudc ciia f ¢
dang f~!(z) = x — ¢. Nhu vay bai toan luon c6 nghiem. Muc dich ctia sy trinh bay dudi day 1a chiing

t6 rang bai toan khong ¢6 nghiem nao khac ngoai nghiém f(z) =z + c.

Budc 1. V6i mdi s6 thuc a € R, ta xay dung tap S(a) = {z € R|f(z) = 4+ a}. Mdi s6 thuc z € R

déu phai thude mot tap S(a) ndo dé, béi vi lay 2y € R, thi nhién nhién zy € S(a) v6i a = f(xg) — 0.
Do vay ta thay rang ton tai it nhat mot sé thuc a sao cho S(a) ~0.

Budc 2. Ta chitng minh rang zy € S(a) & x¢+ ka € S(a) véi moi k € Z. Nhd quy nap, ta thay rang
chi can chiing minh xy € S(a) < 2o + a € S(a). That vay

e Néu zg € S(a) = f(xo) =x0+a— [ (zo+a) =z Do d6 theo diéu kién (iii) thi
2 (xo+a) = f(ro+a)+ [ (v +a) = f(xo+a) + o,

suy ra
flzo+a)=20+2a=(xg+a)+a—x9+acS(a).

e Ngugc lai, néu 2o +a € S(a) = f (xo + a) = o + 2a nén
2(xo+0a) = flzo+a)+ f " (zo+a) =x0+2a+ [ (zg+a) = [ (xo+ a) = o,

Do do6
f(x0) =20 +a— xo € S(a).

Budc 3. Ta chiing minh rang néu S(a) A0 thi S(b) = () v6i moi b fa.
o Gidstt b < avaxzge S(a). Véiy € R tuy ¥, luon ton tai k € Z sao cho
o+ kla—b) <y<zo+(k+1)(a—0) (1),

suy ra
zo+ ka <y+kb < (xo+ ka) + (a —b).

Theo diéu kien (ii) ctia bai toan ta c6
fy+kb) > f(xo+ka) =x0+ (k+ 1)a.
Do d6, néu y + kb € S(b) — f (y + kb) =y + (k + 1)b, suy ra
y+k+Db>zo+(k+1)a—y>zo+ (k+1)(a—Db)
trai v6i dieu kien (1). Vay y + kb £S(b), do d6 theo buée 2, ta c¢6 y £S(b). Chimg t6 S(b) = 0.
e Néu b > a thi S(b) A0, thi theo phan trén ta lai suy ra S(a) = 0, trai v6i gia thiét.

Két lugn: Néu S(a) A0 thi véi mdi z € R déu phai thuoc mot tap S(b) nao d6, ma ta c6 S(b) = @) néu
b fa, do vay v6i moi x € R déu phai cing thuoc mot tap S(a), tic la ta c6 S(a) = z + a,Vx € R.
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6

Khai thac tinh chat diem bat dong ctia ham sb

Cho ham s6 f : X — R. Diém a € X goi la diém c6 dinh(diém bat dong, diém kép) ctia ham s6 f

néu f(a) = a.
Viéc nghién cttu céc diém bat dong ciia mot ham sb ciing cho ta mot sé thong tin vé ham sé d6. Diém
bat dong a ctia ham sb6 f chinh 1 chu trinh bac 1 ctia diém a qua anh xa f

Vi du 6.1. (IMO 1983) Tim céc ham s6 f : RT — RT théa méan hai diéu kién:

lim f(z) =0va f(zf(y)) = yf(z),Va,y € R

T—r00

Giai

a)

Tinh f(1).
Cho z =y =1, ta dudc f (f(1)) = f(1). Lai cho y = f(1) ta dugc
flaf (F(1) = FOf(x) = f(2f(Q)) = fF(1)f(2).

Mat khéac f (zf(1)) = f(x) nén ta duge
f(@) = f(x)f(1) = f(1) = 1(do f(z) > 0).

Diém ¢6 dinh ctia ham s6
Cho x = y vao quan hé ham ta dugc

f(xf(x)) = zf(x),Vor € RT.
Suy ra zf(z) la diém bat dong ctia ham sb f.
Mot s6 dac diém ctia tap diém cb dinh.

AL N N . - 2 £ . o N Z N
Néu x va y la hai diem co dinh cia ham so, thi

flzy) = f(xf(y) = yf(z) = zy.

Chiing t6 zy cling la diém bat dong ciia ham s6. Nhu vay tap cac diém bat dong déng véi phép nhan.
Hon nita néu x 1a diém bat dong thi

1 1 1 1
1= =1 (55@) =af (3) =7 () =5
x x x T
1 2 2z P Z 2 Z
Nghia la — ciing la diém bat dong ctia ham so. Nhu vay tap cac diem bat dong dong véi phép nghich
x
dao.
Nhu vay ngoai 1 1a diém bat dong ra, néu c6 diém bat dong nao khac thi hodc diém bat dong nay
16n hon 1, hodc nghich dao ctia n6 16n hon 1. Do dé lity thita nhiéu lan ctia diém nay 16n hon 1 ciing
sé 1a diém bat dong. Diéu nay trai véi diéu kién thi 2 trong quan hé ham.
Vay 1 la diém bat dong duy nhat ctia ham 6, do 2 f(r) 1a diém bat dong ctia ham s6 v6i moi > 0
. 1
nén tr tinh duy nhat ta suy ra f(z) = —.
x

Dé thay ham s6 nay théa man yéu cau bai toan.
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Vidu 6.2. (IMO 1994) Gia sit S 1a tap hop céc s6 thic 16n hon —1. Tim tat ca cdc hams6 f: S — S
sao cho céac diéu kien sau duge théa man

a) fle+f) +afW)]=y+fl)+yflzr) Ve,yes

f(z)

X

b) 1& ham thuc sy tang véi —1 <x <0 va véiz >0 .

Guai

a) Tim diém bat dong.
Tit didu kién (b) ta nhan thiy phuong trinh diém bat dong f(z) = 2 ¢6 nhidu nhat 1a 3 nghiem(néu
¢6): mot nghiém nam trong khoang (—1;0), mot nghiém bang 0, mot nghiem ndm trong khoang
(0; +00).

b) Nghién cttu diém bat dong ctia ham s6.
Gia st u € (—1;0) 1a mot diém bat dong ctia f. Trong dieu kién (a) cho z = y = u ta duge

fu+u?) = 2u + u®.

Hon nita 2u + u? € (—1;0) v 2u + u? 13 mot diém bat dong nita clia ham s6 trong khoang (—1;0).
Theo nhan xét trén thi phai co

2u+u? =u=u=—u®€ (-1;0).

Hoan toan tuong tu, khong cé diém bat dong nao nim trong khodng (0; +00). Nhu thé 0 1a diém bat
dong duy nhét ctia ham sd(néu co).

¢) Két luan ham
Cho z =y vao (a) ta dugc

flx+ flz)+af(x) =+ f(z)+af(x), Vrels.

Nhu vay v6i moi # € S thi z + (1 + ) f(x) 1a diém bat dong ctia ham s6. Theo nhan xét trén thi

2+ (1+2)f(z) =0, vxes:f@):—l%, Vz € 8.

Thit lai thay ham nay théa man yéu cau bai toan.
Vi du 6.3. (IMO 1996) Tim tat ci cdc ham s6 f: N — N sao cho:
fm+ f(n) = f(f(m)) + f(n), VYm,neN.
Giai

a) Tinh f(0).
Cho m =n =0 thi ta ¢c6

(F(m+ f(n)) = f(m) + f(n) (1)
if<o> —0 2)
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b)
)

Nhan thay ham f(0) = 0 thdéa man yéu cau bai toan.

Tim diém c¢b dinh ctia ham sb.
Néu f khong dong nhat 0. Thi tit quan he f (f(m)) = f(m),¥m € N suy ra véi moi m € N thi f(m)
1a diém ¢6 dinh ctia ham s v6i m € N.

Tinh chat ciia cac diém bat dong.
Néu a va b 1a hai diém bat dong ctia ham s6 f thi

fla+b)=f(a+ f(b) = f(f(a))+ f(b) = f(a) + f(b) =a+b.
Vay tap cac diém bat dong bat bién qua phép cong.

Tap hop cac diém bat dong clia f. Goi a la diém bat dong khac 0 bé nhat ctia ham s6 f.

- Néu a = 1, tiic 1a f(1) = 1, thi dé thay rang f(2) = 2 (bang cach cho m = n = 1). Va 4p dung
phuong phap quy nap ta suy ra f(n) = nVn € N.

-Néua > 1, tiic1a f(a) = a. Bang phuong phap quy nap ta ciing ching t6 duge 1a f(ka) = ka,Vk > 1.
Ta chiing minh tap céc diém bat dong dong déu c6 dang ka, Yk > 1(luu ¥ 1 a 1a diém bat dong nhd
nhat ctia ham s6). That vay néu n 1a diém bat dong khac thi n = ka +r(0 < r < a), khi dé theo (1)
va tinh chat diém béat dong cta ka, ta co

n=f(n)=f(ka+r)=f(r+ f(ka)) = f(r)+ f(ka) = f(r)+ ka= f(r)=n—ka=r.

Vir < a ma r lai la diém bat dong, a 1a diém bat dong nhé nhét, nén r = 0. Ching té cac diém bat
dong déu c¢6 dang ka,Vk > 1 (¥).

Xay dyng ham f.

Vi {f(n) : n € N} la tap cac diém bat dong ctia ham f. Vay thi v6i i < a thi do (*) nén ta c6
f(i) = nja v6i ng = 0,n; € N.

Lay s6 nguyén duong n bat ky thi ta c6 the viét n = ka +i(0 < i < a). Theo quan hé dau bai thi

f(n)=fli+ka)=f(i+ f(ka)) = f(i) + ka = nja+ ka = (n; + k)a.
Ta kiém ching ham f nhu vay théa man yéu cau bai toan. That vay, véi m = ka+i,n =la+j ,0 <

i,7 < a thi
fm+fn)=f(a+j+f(ka+i)=ka+i+ f(f(la+1i)).
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Vi du 6.4. (AMM, E984) Tim tat cd cdc ham s6 f : R — R sao cho
f(f(x)) =2* —2,Vz € R.
Giai

Ta ching minh mot két qua tong quat hon: Cho S 1a mot tap hop va ¢ - S — S 1a mot ham s ¢6 chinh
xac 2 diém c6 dinh {a,b} vA g o g c6 chinh xac 4 diém cb dinh {a,b,c,d}. Thi khong ton tai ham so
f:S—=Sdég=folf.

Chiing minh

Gia st g(c) = y. Thi ¢ = g(g(c)) = g(y), nén y = g(c) = g (9(y)). Do vay y la mot diem c¢d dinh ctia
gog. Néuy =a thia = g(a) = g(y) = ¢, dan dén mau thuan. Tuong ty cho y = b sé dan dén mau
thuan la ¢ = b. Néu y = c thi ¢ = g(y) = g(c), tiic ¢ la diém c6 dinh clia g, mau thuan. Tit d6 suy ra
y = d, tic la g(c) = d, va tuong tu thi g(d) = c.

Gia st ton tai f : S — Ssaocho fof =g . Thi fog= fofof =gof. Khidé f(a) =
f(g(a)) = g(f(a)), nén f(a)la mot diém co dinh ctia g. Bing viec kiém tra titng truong hop ta két luan
fla,b} ={a,b}, fla,b,c,d} ={a,b,c,d}.

Xét f(c). Néu f(c) = a, thi f(a) = f (f(c)) = g(¢) = d, mau thudn do f(a) nam trong {a,b}. Tuong
tu ciing khong thé xay ra f(c) = b. Ngoai ra ciing khong thé c¢6 f(c) = ¢ vi ¢ khong la diém ¢6 dinh ctia
g. Do vay chi ¢6 khéa nang 1a f(c¢) = d. Nhung khi d6 thi

fld) = f(f(e) = g(c) = d,

mau thuan, vi didu nay khong thé x4y ra do d khong phai la diém c¢b dinh ctia g. Do vay khong thé ton
tai ham f théa yéu cau bai toan.

Quay tré lai bai toan, bai toan la truong hop dac biét ctia ham g(x) = 2 — 2, ¢6 hai diém cb dinh

—-1+v5  —1V5
2 T

1 —1va 2, va g (g(x)) = (22 — 2)* — 2 ¢6 cac diém ¢6 dinh 1a —1,2, . Ap dung két

qua trén ta hoan thanh 1oi giai cho bai toan.



7 PHUONG PHAP DUA VE PHUONG TRINH SAI PHAN

7 Phuong phap dua vé phuong trinh sai phan

Khi can xac dinh cédc ham s6 f(n) tit N vao R thi ta c¢6 thé dat y, = f(n) vi dua phuong trinh ham
da cho vé phuong trinh sai phan va st dung kién thitc ctia If thuyét phuong trinh sai phan.

Vi du 7.1. Tim tat ca cic ham s6 f : N — R théa man diéu kién:
f(n)f(m)=f(n+m)+ f(n—m),Yn,m € Nyn >m

Hint:
1. Tinh f(0). Néu f(0) = 0= f(n) =0. Néu f(0) =2
2. Dat m = 1, khi d6 dat a = f(1), 2, = f(n) dua vé phuong trinh:

o = 2,T1 = G, Tpio — ATpi1 + ap = 0,(n > 1)

Ngay ca khi can tim ham s6 f : X — X v6i X C R nhung trong phuong trinh ham da cho 13 ham
hop ta ciing c6 thé si dung 1y thuyét phuong trinh sai phan.
Xét ham s6 f: X — X. Xét day cac ham s6 (f,), véin € N, f,, : X — X dugc xac dinh nhu sau:

Vidu 7.2. Cho a,b € R*. Tim tat ca cac ham s6 f: Rt — RT thda man diéu kien:
f(f(z)) +af(xz) =bla+b)z,Vz € RY

Hint:
1. V6i méi x € RT, ta xay dung day s6 x,, nhu sau:

To=T,T1 = f(x);fnJrl = f(fn)>vn € N(zn > O)

ta dugc phuong trinh sai phan:
Tpio+axn —bla+b)x, =0
2. Giai phuong trinh dic trung tim z,, = Ab" + u(—1)"(a + b)™, visao p =0
Dap s6: f(z) ==
Vi du 7.3. Tim tat ca cac ham s6 f : [0,1] — [0, 1] théa méan diéu kién:
fQ2x — f(x)) =z,Vx € [0,1]

Hint:
Khai thac ham g(x) = 2z — f(z) thi g,(z) = n(g(x) —2) + =z
Dap s6: f(z) ==

Vi du 7.4. Xac dinh cac ham s6 f : N — R théa méan diéu kién:

F(0) =1, F(1) = 2, f(n + 1) f*(n — 1) = f*(n),¥n € N

Hint:
1. Nhan xét rang f(n) > 0,Vn € N.
2. Lay In hai vé
Dap s6: f(n) =22" —1



Vi du 7.5. X4ac dinh ham s6 f : N — R thoa man phuong trinh ham:

F0)=2,f(n+1)=3f(n)++/

8f2(n) + 1,¥n € N

Hint:
Chuyén vé 16i binh phuong.

Dap s6: f(n) = (8‘*‘\/@)6534-\/5)" + (8—\/@)653_\@)71

Nhan zét: Cdc bai todn trén cé nguon goc ti day so, § tudng la tuyén tinh héa day sé chuyén qua
thanh tuyén tinh héa day ham. Vi thuc chat thi day so la mot logi ham dic biét

Vi du 7.6. Tim cac ham s6 f : N — N* thoa man:

fn+3)-f(n+1)=f(n)+ fn+2),Vn>1

Hint:
1. Dét Qp = f(n) de suy ra: Gp44 — Qp = an+3(an+5 - anJrl)
2. Tinh a4 — ag theo a3, as, ..., a,

3. Dé y rang bon s6 hang lién tiép cta a, khong thé tat ca déu biang 1(mau thuin véi gia thiét). Suy ra
day tuan hoan véi chu ky 4.

4. Qi hé{ do 02 =005 b 6 (ag, ar, a, a5) = (2,2,2,2) = (3,1,2,5) = (2,1,3,5) = (2,5,3,1) =
a1 + az = apasg
(3,5,2,1)

Vi du 7.7. Tim tat ca cic ham s6 f : N* — N théa man:

f(n)+ f(n+1)= f(n+2)f(n+3)—2000,Vn € N*
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8 Phuong phap st dung tinh lién tuc ctia ham sb

D61 v6i ham s6 lien tuc ching ta thuong st dung tinh chat: Néu (z,,) — @, f 1a ham lién tuc thi
f(an) = f(z)
Néu f : [a,b] — R thi f bi chén trén doan [a, D]
Néu f liéen tuc va don anh thi f 1a ham don diéu.
Ham s6 f: R — R lién tuc thi ta ky hieu f € C[R] tap cac ham lien tuc trén R.
Trong loai toan nay ciing hay ap dung tu tuéng: néu ta can chiing minh ham dé 1a ham hang thi chiing
té n6 1a ham hing trén mot day s6, roi st dung tinh lien tuc dé suy ra né la hing sé trén toan bo tap
hop.

Vi du 8.1. Tim tat ci cdc ham s6 f € C[R] thda man

2*f(y) +yf (2%) = fzy) +a,Y2,y €R.
Giai
Cho y = 0 ta dugc

2?f(0) = £(0) + a,Vz € R,

Diéu nay chi c6 thé x4y ra khi f(0) = a = 0. Vay néu a /4 0thi bai toan vo nghiém. Xét a = 0, khi do
thi
2’ f(y) +yf (2°) = f(ay), Yo,y € R.

Thay r =y = 1 ta duge f(1) = 1. Lai thay y = 1 va st dung f(1) ta dugc f (2?) = f(x),Vr € R. Dén
day cho x = y thi co
(2 + 2 —1)f(z) =0,Vz € R,

Vay phéi c6 f(x) = 0,Vx /&%‘/g Nhung vi f lien tuc trén toan bo R nén phéi ¢6 f(z) = 0. Dé thay
ham s6 nay thoéa man dé bai.

Vi du 8.2. Tim cac ham f € C[R] thoa man diéu kien:
f(4z) + f(9z) = 2f(6x),Vx € R
Giai
a) Dua vé dang dé stt dung tinh lién tyc.
Datt:6x:>x:é. Ta co

f @s) i @t) _ (1), VtER & f @) ) = f(t)—f @t)

hay
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b) St dung tinh lién tuc.
Bing quy nap dé dang chitng minh dugc
2 n
g(t)=g (<3> t> ,Vt € R,Vn € N*.

Do f(z) lién tuc suy ra g(x) cang lién tuc, cho n — oo ta duge
: 2\"
o) = lim g ( 3) t) =9(0) = F0) - fO) =0.

n—o0

2
> ,Vt € R hay f (331:) = f(z),Vzx € R. Tuong tu ta c6

f (<2>ngg> s F(0)(n —> o0).

Tit d6 f(t) = f @

s =1 ((2
Vay f(x) = C, vé6i C 1a hang s6 théa man deé bai.
Vi du 8.3. (Dé nghi IMO??) Tim tat ca cdc ham f € C[R] théa man diéu kién:
f@) + fx)=2>+z,Vr €R

Giai
a) Dua vé dang dé stt dung tinh lién tyc.
Dat g(z) = f(x) — x va ta ching minh g 1a ham hing. That vay, g(z) lién tuc trén R va

g(2?) + g(x) = 0,Vx € R.

Thay z
= —g(2*) = g(x).

0
ta duge g(0) = 0. gl(~2)?] + g(~2) = 0 = g(~a)
Do d6 g 1a ham chén nén ta chi can xét trén mién > 0. Tt quan hé ham trén ta suy ra g(z)

g(z*) = g(z*) hay véi z > 0 thi
g(z) =g (z7).

b) St dung tinh lién tuyc.
Lay a > 0 tuy ¥, xét day sb (z,,) duge xac dinh nhu sau

1
To=0Q,Tpy1 = Tn,n =0,1,2

Khi dé6 thi nh_}ngo z, =1 vataco
1
9(rnin) = g (w) = glea) = glwn 1) = -+ = g(x0) = g(a).

Vay ¢ 1a ham héng treén day (z,). Theo tinh lién tuc clia ham ¢ thi
o(0) = i oa) = (Ji ) = 1) =0

Vay g(z) = 0,Vz € R. Nhu vay f(z) = z,Vx € R thoa man dé bai.



8 PHUONG PHAP SU DUNG TINH LIEN TUC CUA HAM SO

Vi du 8.4. (Dé nghi IMO 1992) Tim tat ca cdc ham s6 f : Rt — R* thoa man, véi a,b € R
f(f(@) +af(z) =bla+b)x, Vo e R".
Giai
Day 14 mot vi du co dién ciia loai bai toan giai dugc bang sit dung quan hé hoi quy. Véi méi xy € R,
dat
Up = To, U1 = f(UO)aun—‘rl = f(un)an: 1a2737"'
Tit quan hé bai toan ta duge quan hé hoi quy ctia day nhu sau
Upto = —QUpy1 + b(a + b)uy,
Xét phuong trinh dac trung

X?*+aX —bla+b)=0— X, =bva Xy = —(a+b).

Do do6 )
b
w = b+ ca(—1)"(a + b)" = (a+ b)" 1)y
Up = 10" 4+ co(—1)"(a + b) (a+b) [Cl<a—|—b> + ( )02]
\ﬁlim( —i—b> = 0 nén néu ¢, > 0 thi u, < 0 v6i n 1& da 16n, con néu ¢, < 0 thi u, < 0 véi n
a

chén du 16n. Trong cd hai truong hop déu dan dén mau thuan. Vay ¢, = 0. Do d6 u, = ¢,b", cuing v6i
ug = o = ¢1. Do d6 ta duge uy = f(xg) = bxg. Do xg bat ky nén két luan f(z) = bz, Vr € RT théa man
bai toan.

Vi du 8.5. (Bulgari 1997) Tim cidc ham s6 lién tuc f : R — R thoa man
fz) = f@:+ )vxeR
Giai

Ta chitng minh chi ¢6 ham hang théa man yéu cau bai toan. Trudc tién ta dé dang nhan thay f 1a ham
s6 chdn nén ta chi can xét trén mién x > 0. Lay a > 0 bat k¥, xét hai truong hop

(
1
a) Néu 0 < a < -, thi xét day s6 (z,) thi

2’ Ln+l =

9 1
fan) = f (2204 4) = (o) = = £ (@) = f(@)
. Lo ~ R 9 1 5 1 1 1 | . .
Day (x,) bi chan trén, vi 1 = z§ + 1= + 1 < 1 + 1-3 " dung phuong phap quy nap ta cling

1
chiing minh duge x,, < 3

Day (z,) la day tang, vi

1 1\2
$n+1—$n:$i+4—xn:<xn—2> > 0= Tpy1 > Ty
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T dé day (x,) c6 gi6i han hitu han, dat lim z,, = b, khi d6
1 1 1
im 44 1m<ajn+4 — b b+4—>b 5

Vi ham s6 f lién tuc nén

f(a) = lim f(a) = lim f(,) = f (lima) = f (;) _ const.

b) Né L hi xét day s6 Jm=a khi d6 2, — 22 + — v

) eua > o thixé ayso(xn).ixnﬂz e i oxn—xnﬂ—l—zva
|

F i) = (a2 ) = (@) =+ = f (o) = fla).

f
- : P 1 11 1 .. ) )
Day (x,) bi chan dudi, vi x1 = \/xg — 1°\Vg =W bang phuong phép quy nap ta ching

1
minh duvge z,, > 5
Day (z,) don diéu gidm, vi

2
T4l — Ty = Tyyl — Tpyy — 1 (xn+1 - 2) < 0= Zpi1 < T
Tu d6 day (x,,) c6 giéi han hitu han, dat limz,, = b, ta ¢6

1 1 1
lim z, = I (2 ) b=t - b=
mx 1m xn+1+4 — —|—4—> 5

Vi ham f lién tuc nén

f(a) =lim f(a) = lim f(z,) = f (limz,) = f (;) = const.

) 1 .
Trong ca hai truong hop, ta thay f(a) = f <2> = const, Va > 0 hay f 1a ham hang trén z > 0. Vi f 1a
ham chin nén f(z) = const 13 ham s6 duy nhat thoa man diéu kién nay.
Nhan xét: Diém mau chét trong 15i giai tren 1a: dé chiing minh f(a) khong doi, véi moi a > 0, phdi

zay dung day so6 cé lien quan dén a, cé gidi han hitw han, va ham sé phdi khong thay doi tren day nay.
Bai toan tong quat hon bai toan trén dugce cho & dudi day.

Vi du 8.6. (Putnam 1996) Cho ¢ 1a s6 thyc duong. Tim tat ci cac ham s6 f : R — R thoéa man dicu
kién
flz) = f(w2+c) Vo € R.

2z L, p . .
;- Hay tim tat ca cac ham so f(x) xac dinh va lién

Vi du 8.7. (VMO 2001) Cho ham s6 g(z) = Tr a2
T

tuc trén khoang (—1,1) va théa méan hé thic

(1=22) f (9(2)) = (1 +2%)° f(2),Vz,y € (=1,1).
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Glias
Viét lai hée thic da cho dudi dang

(1—a?)° _ 2
Top! ) = (=) f@) ¥oy € (L1,

Dat p(x) = (1 — 2?) f(z),Vz,y € (=1,1). Khi d6 f(x) lién tuc trén (—1,1) va théa man dé bai khi va
chi khi ¢(z) lién tuc trén (—1,1) va thda méan hé thic

v (9(2)) = ¢(x), Yo,y € (=1,1). (30)

I 1— . . s
Dé thay u(z) = T m,x € (0,400) la mot song anh ti(0, +00) dén (—1,1). Do d6, c¢6 the viet lai he
x

(o (152) o (52) w0

2 <1 —x2> = <1—:r) ,Va,y € (0,400).

thitc trén nhu sau

hay

14 22 142

) 1-—
Xét ham s6 (+—
ét ham s6 h(z) = ¢ T2

lien tuc tren (0,+o00) va théa man he thic h (z?) = h(z),Vz € (0,+00). Bing phuong phap quy nap,
dé dang ching minh dugc

) Khi d6 ¢(z) lién tuc trén (—1,1) va thoa man (30) khi va chi khi h(z)

h(z) = h (%/z) Yz € (0,+00),Vn € N.

Do lim ¥/x = 1 va h 1a ham lién tuc nén h(x) = h(1). T d6 px = const va f(z) = Vo e (—1,1),

a
z 2 z 1 - mQ,

véi a 13 hiang s6. Kiem tra lai thay ham s6 nay théa méan.

Vi du 8.8. Tim tat ca cdc ham s6 f : R — R théa méan dong thoi hai tinh chat sau

a) f lién tuc trén R.

b) f(x+ m) (f(:zc) +vm+ 1) = —(m+ 2),Vz € R, v6i m la s6 nguyén duong.

Gidi

Gia st ton tai ham s6 f lien tuc trén R va thoéa man di—éuJA(l@q:le 2),Vz € R.

Khi d6 f(z) £ O0va f ﬁf%@ {ft(r%}ﬂﬁ%vm ¥ 1 1)én tuc tren R neén chi c¢6 thé x4y ra mot trong 3
truong hop déi véi mién gla tri ctia_f(ky hiéu la Imf) nhu sau:

a) Néu Imf C (—oo, —v/m + 1) thi
fz+m)(
fl@)+vVm+1)>0>—(m+2),Vz eR.
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b) Néu Imf C (—vm +1,0) thi —/m +1 < f(z +m) < 0 nén
|[f(z+m)| < vVm+1

va

0< f(x)+vVm+1<vVm+1.

Do do6
1f(@4+m) (f(z)+Vm+1)j<m+1<m+2VzeR.

¢) Néu Imf C (0,+00) thi
fla+m)(f(z)+vVm+1)>0>—(m+2),Vz R
Xét ca ba truong hop ta thay khong ton tai ham s6 théa man yéu cau bai toan.

Nhan xét: Gan day, trong tap chi THTT thang 9 nam 2009 gidi quyét bai toan nay trong trudng
hop dac biet m = 2008.

Vidu 8.9. Cho t € (0,1). Tim tat ca cdc ham f € C[R] théa man diéu kién:
f(z) —2f(tx) + f(t*r) = 2>, Vo € R

Hint:
Dat g(z) = f(x) — f(tx). Thay bién x — tz nhidu lan dé tim ham g(xz).
Dap s6: f(x) = 1;2—|—CVOlC’lahamgso

Vi du 8.10. Tim tat cd cac ham s6 f € C[R] thdéa méan diéu kien:
2f(2z) = f(x) + z,Vz € R

Hint:
1. Tim nghiém rieng f(z) = ax = a = 3
2. Dat f(x) = ( ) + s, dung tinh lién tuc tim ham g.
Dap s6: f(z) =

Vi du 8.11. Tim tat cd cac ham s6 f € C[R] thdéa man diéu kien:
3f2z+1) = f(z) + 5z,Vzx € R

Hint:
Tim ham riéng du6i dang f(z) = ax + b
Dap s6: f(z) =2 — 3 ? /
Bai toan nay cung co thé giai truc tiep bang cach the r — xT_l

Vi du 8.12. Tim ham s6 f : R — R théa man cac diéu kién sau:

= flr+y),Vr,y e R
1,Vo A0

HM—‘KH —

(1:
+ f(y)
igf:
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Hint:
Diéu kién thit 8 dé cho ta chiing minh ham lién tuc
1. Nhan xét f(z) va f (2) cting dau.
2. Chiing minh néu |y| > 2 thi [f(y)] > 2 va |y| < 5 thi [f(y)| < 5
3. Ching minh |y| < 5 thi |f(y)| < 5=, tit d6 ham lien tuc tai 0.
Dap s6: f(z) =x

Vi du 8.13. Tim cic ham s6 f € C[R*] thoa méan diéu kien:
3 2 1 .
fa®) - 22 f(@) = &~ vry € R

Hint: \
1. Viét lai quan he ham thanh /&2 — 1 — /@ 1

3 T 2

2. Dat g(z) = flo) x%, dung tinh lién tuc tim ham g.

T

Dap sb: f(z) = ax + L,Va € R*
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9 ﬁng dung phuong trinh ham co ban

Vi du 9.1. Tim tat ca cac ham s6 lien tuc f : [0,1] — R théa man diéu kién
fle+y)=fz)+ fy),Vz,y €[0,1].

Giai

Lap luan tuong ty gidong nhu phuong trinh ham Cauchy ta duge f(0) = 0 va

f(nz) =nf(x),VYn € N,Vz € {O, H :

Tu day ta duge

1 1
£(5) = s,
Bay gio v6i s6 hitu ti r € [0, 1] luon c6 thé viét dusi dang r = P 6 p,q 1a cac s6 nguyen duong p < g,
ta co !
107 =1 (B) =1 (n0) =1 (2) = o) = rf).
q q q q

Do vay f(z) = kx v6i moi x € [0,1] N Q. Bay gio véi s6 thue a € [0,1], ton tai mot day s6 hitu ti
{z,} €0,1] sao cho limz, = a. Theo tinh lién tuc ta co:

fla) =lim f(z,) = limkz, = klimz, = ka.
Vay f(z) = kx,Vz € [0,1] v6i k 1a s6 thuc bat ky.
Vi du 9.2. (VMO 2006) Hay tim tat ca cac ham s6 lien tuc f : R — R thoéa man diéu kien
fle—y)fly—2)f(z—x)+8=0,Vz,y,z € R.
Giai
t

y = ——, 2z =0 vao quan hé ham ta dugc

t
Th ==
ay T =, 5

£(t) (f (—2))2 +8=0,Vt€R.

Tit d6 chitng t6 f(z) < 0,Vz € R. Vay ta c6 thé dit
f(z) = =299 Vo € R, véi g(z) lam mot ham sb lien tuc trén R.
Thay vao ta dugc mdi quan hé ciia ham g
gx—y)+g9ly—2)+g(z—2)+3=0,Vz,y,z € R.
Dén day ta dat h(x) = g(x) — 1 thi
h(u) + h(v) = —h(—u — v),Yu,v € R.

Dé thay h(0) = 0 va h(—u) = —h(u) nén ta nhan dugc

h(u+v) = h(u) + h(v),Yu,v € R.

Ham A lien tuc théa man tinh cong tinh nén h(z) = az,Vr € R, tit d6 g(r) = ax + 1 vA ham s
f(r) = =29+ ¥x € R, a la hing s6. Kiém tra lai thay ham s6 nay thoa man bai toan.
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Vi du 9.3. Tim tat ca cdc ham s6 f : R — (0, 400) lién tuc va thdéa méan diéu kien:

fl@® +y*) = f(2® = y*) + f(22y), Y2,y € R

Hint:
Nhan xét ham 1&4 ham chén.
1. Dat a = 22 — y*,b = 2zy thi v6i a,b > 0 ¢6 ton tai z,y?? dua ve: f(a) + f(b) = f(Va® + b?)

2. Dat g(x) = F()
Dap s6: f(z) = ka?

Vi du 9.4. Tim tat ci cic ham s6 f : RT™ — R lién tuc thoa:

flxy) = af(y) +yf(x), Yo,y € RT

Hint:
bat g(z) =
Dap s6: f(x)

Vi du 9.5. Tim tat ca cac ham s6 f € C[R] théa man diéu kien:

fle+y)+ f(2) = flz)+ fly+2),Vz,y,z € R

~

—
8

NG

8
I

Czlnzx

Hint:
1. Chuyen f(x +y) — f(z) = f(y + 2) — f(2), vé phai khong chita = nén vé trai khong phu thudc vao x.
Vay f(z+y) — f(z) = g(y)

2. Ta c6 g(z +vy) = g(x) + g(y)
Dap sb: f(z) =Cz+a

Vi du 9.6. Tim tat ca cic ham lién tuc f : RT — R* théa man:

f(f(xy) —zy) +2f(y) +yf(z) = flzy) + f(2)f(y),Vo,y € R

Hint:

L Choy = 1= [[f(x) — ] = F(1)[f(z) — 1]
2. Thay két qua tren vao bai toan, lai dat g(z) = f(x) — z dugc:

g(Vg(xy) = g(z)g(y)

Dap s6: f(x) =z + Cx® v6i C > 0 va a tuy §.

Vi du 9.7. Tim tat ci cic ham s6 f : R — R théa man diéu kién:

[f (@) + fNf ) + F@)] = flay — 2t) + f(at +y2), V2, y,2,t €R

Hint:
1. Xét truong hop f 1 ham hang.
2. Truong hgp f khong la ham hing, cho z = z = 0, lap luan dé thu dugc: f(z)f(y) = f(zy), Vo, y € R
3. Dat g(x) = f(\/x) thi duge: g(zy) = g(z)g(y) va g(z +y) = g(x) + g(y)
Dap so6: f(z) =23, Vr € R
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Vi du 9.8. (APMO 2003) Tim tat ci cdc ham s6 f : R — R thoa man hai tinh chat sau:
(i) Phuong trinh f(z) = 0 chi ¢6 httu han nghiém.
(i) f(a*+y)=a2"f(x)+ f(f(y), Yo,y €R.

Gidi

a) Tinh f (f(y)). Thé z = 0 ta dugc

f(fy) = fly),Yy € R.

Tu day ta duge quan hé ham

flat +y) =2 f(2) + f(y). (31)
b) Tinh f(0). Thé 2 = 1,5 = 0 vao (31) ta dugc £(0) = 0.
c¢) Lai thay y = 0 vao (31) ta duge f (z*) = 23 f(x). Tt day (31) trd thanh
fla*+y) = f@*) + f(y), Yo,y €R

hay
flx+y) = f@)+ f(y),Vz >0,y € R.

d) Thé y = —x vao quan hé trén ta duge f(—x) = —f(x) hay f 1a ham 1é&. Do d6 v6i z < 0,y € R thi
fl@ety)=—f(—z—y)=—f(-2) = f(-y) = f(2) + f().

Do vay ta da ching to
fle+y) = flz)+ fly),Vo,y e R.

Tit dac diém ham cong tinh, ta d& thay néu f(z) la nghiem thi phai Ia f(x) = x. That vay, tit tinh chat
cong tinh va quan hé f(z) = f(f(x)) ta suy ra

f(f(zx)—z)=0,Vz e R.

Do phuong trinh f(x) = 0 ¢6 hitu han nghiém, ma tit trén thi f(x) — x luoén la nghiém cta phuong
trinh. Do vay tap {f(z) — z|x € R} phai la hitu han.

Bay gio ta ching minh f(z) phai bang v6i x. Gia st ton tai mot 2o € R ma f(z0) — zo A Q Thi khi
do6 véi k nguyén duong ta ludn co

f(kxo) — kg = kf(x0) — kxo = k (f(20) — x0) A~ OVE € Z7.

Ma k (f(xg) — xo), k € ZT chita vo han gia tri, nén f(kxg) — kzo cing chita vo han gia tri, mau thuan.
Vay ham s6 f(z) = z,Vx € R thoa méan yéu cau bai toan.

Nhan zét: Tit quan hé f(z*) = 23f(z), dung phuong phép sai phan ching ta c6 thé tim dugc
cong thitc tudng minh ctia f(x). Trude tien ta ky hicu A)(z) = g(z), Aj(z) = Az + 1) — AY(x),
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A\g(m) = A} (z+1)—A}(x), ... Bay gio ta s¢ khai trién A?(z) va A3(z), véir(z) = f (z*) vas(z) = 2* f(x)
bang cach st dung tinh cong tinh cua ham f.
Ap=f(@+DY) - f ()
=f o' +42° + 622 + 42+ 1 —f(x4)

A= F (s 1) — £ (o) +6(F (o1 17) — £ () 44+ 1) — £
Azﬁ“@fi}f{ ety &”% (2f(x) + ¢) + 4e
:%3 —1—2395—1—1; (a:)+cx+1{3,
= 2£(f )%(24 x) + 10¢,
R - ) s ) - )

3x+1)°+3x+1)+1) +c(z+2)°
= (62 + 6) f(x) + c(62% + 18z + 14),
A= (6(x+1)+6)flx+1)+c(6(z+1)*+18(x+1) + 14)
=6f(x) + 18xc + 36¢.

Vi ta c6 A2 = A2 Vx € R béi vi r(x) = s(x). Tu day ta c6 24f(x) + 36c = 6f(x) + 18zc + 36¢, suy ra
18f(z) = 18zc hay f(x) = cx. Thay vao quan he f(f(y)) = f(y) suy ra ¢ = 0 hoic¢c = 1. Néu ¢ = 1
thi f(z) = z, néu ¢ = 0 thi f(z) = 0 khong thoa diéu kien (i). Vay f(z) = z,Vx € R 1a ham can tim.

Vi du 9.9. (Mathematics Magazine) Tim tat ca cac ham s6 f : R — R théa méan

f@+yf(x) = flx) +xf(y), Yo,y €R. (32)
Giai
Nhan xét: f(x) = 0 théa man bai toan. Xét truong hop ham f khong dong nhat bang 0.

a) Tinh f(0). Thay y = 0,z = 1 ta dugc f(0) = 0. Ngoai ra néu f(x) =0 thi zf(y) = 0,Vy € R, suy ra
x = 0. Vay
f(z) =04 x=0.

b) Quan he f(y +1) = f(y) + f(1),Vy € R. Thay x = 1 vao (32) ta dugc
fA+yf(1)=f1)+ fy),Vy e R.

Néu f(1) £~ 1 thi thay y = 1 _lf(1> vao phuong trinh trén thi
1 1
Hi=rm) =10+ (=) 1w =0

mau thuin véi phan (a). Vay f(1) = 1. Do d6 ta duge quan hé¢ ham

fA+y) =1+ f(y),Vy e R.

T quan hé nay ta c6 f(n) =n,Vn € Z.
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c) Tinh f(nz),n € Z,x € R. Thay v =n,y = z — 1 ta dugc
fnz) = f(n+(z=1Df(n)) =n+nf(z=1) =nf(2)

d) f cong tinh. Néu a = —b thi f(a) = f(=b) = —f(b) suy ra f(a) + f(b) =0 = f(a+0b). Néua ~A—b
thia+b £ Ova f(a+b) / (theo phin (a)). Thay = a;b,y:ia;bf <a+b

a+b a-b a+b a+b\ a+b a—b
fla)=1 = +2f(“2“’)f< 2 >>:f< 2 >+ 2 7 2f(“§”))’

a+b+ b—a f a+b s a+b +a+bf b—a
2 of o 2 a 2 2 2f ot

ta dudge

f)=f

Cong hai dang thitc trén, ta dudc

a-+b
2

fla)+ f(b) = 2f< > = f(a + b)(theo budc (c)).

e) f c6 tinh chét nhan tinh. Ap dung tinh cong tinh vao phuong trinh ham ban dau ta duge

@)+ ff(@) = f@+yf(e) = flz)+xfly) = Fyf(2) =2f(y), Y2,y € R.

Thay y = 1 ta duge f (f(x)) = x, chiing t6 f 14 mot song anh. Do d6 lai thé z = f(x) vho quan hé
trén ta duge

fyz)=xf(y) = f(2)f(y),Vy,z € R.

f) Thay z = y ta duge f (v*) = f2(y) > 0 va z = —y ta dugc f(—y?) = —f2(y) < 0. Do d6 f(a) > 0
khi va chi khi a > 0.

g) Thay y = —1 vao phuong trinh ham (32) ta dugc
fle = flx) = flz) -z

Do f(z) —x va x — f(z) d6i nhau, do d6 theo budc (f) thi x — f(x) = 0,Vz € R hay f(z) = x,Vz € R.
Thtt lai thay ham s6 nay théa man yéu cau.

Vi du 9.10. (THTT T7/231) Tim tat ci cac ham s6 f : R — R théa man
fe+1)fy) =y (f(@)+1),Ve,y € R.
Gidi
a) Tinh f(0) va f(—1). Thay z = —1,y = 0 vao diéu kién ham ta dugc
fO) =y (f(-=1)+1),Vy eR— f(0) =0, f(-1) = —L
T day cho z = 0 ta nhan duge quan hé

f(f(zx)) =z,Vz eR.
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b) Tinh f(1). Thay y = f(1) va sit dung két qua trén ta dugc
flz+1)=f(1)(f(x)+1),Vz e R.
Tu day thé o = —2 va stt dung f(—1) ta dugc
—1=f1)(f(=2)+1).
Mit khac, thay © = —2,y = —1 vao diéu kién ban dau thi
f)==(f(=2)+1).

Két hop hai d&ing thiic nay thi (£(1))> =1, do d6 f(1) = 1, vinéu f(1) = —1 thi f(—=1) = f(f(1)) —=
—1=1(vo ly). Tt két qua cia f(1), bang cach cho y = 1 ta nhan dugc quan hée

fle+1)= f(z)+1,Vz e R.

c) f la ham nhan tinh, that vay

flay) =f
(z.f (f(y)))

=/

([(z =D+ 10 ()

TRV = P =18 9

F@z) £0 2 = [ (f(2) = f(0) = 0.
d) f 1a ham cong tinh, that vay, v6i y /A Othi

it day ta nhan duge

fao+y) =1 §+1).y)
—r( 241 s0e)

— o) (£(2+1))

= f(y).f <§) + f(y) = f(z) + f(y) do fnhan tinh.

Ham f vita cong tinh, vita nhan tinh nén f(z) = ax, thay vao ta ¢6 a = 1. Vay ham s6 thda man bai
toan la f(x) = z,Vz € R.
Vi du 9.11. (Belarus 1997) Tim tat ca cac ham s6 f : R — R thoa man diéu kien

fl+y)+ f@)f(y) = flay) + (@) + f(y), Yo,y € R. (33)
Giai

Néu f(z) = c thi tit dieu kien bai toan ta ¢6 f(x) = 0 hoac f(z) = 2. Xét f(z) khong phai 1a ham hang.
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a) Tih f(0). Thay y = 0 vao (33) ta c6
f(x).f(0) = 2f(0),Vz € R — f(0) =0,
do f(z) khac ham hing 2.
b) Tinh f(z + 2) theo hai cach. Trudc tien thay y = 1 vao (33) ta c6
fla+1) =2 f(1) fx) + f(1) = f(2) = (3 - f(1)) F(1).
Thay  bdi z + 1 va y = 1 ta dugc

fla+2)=(2—fQ1)) flz+1)+ f(1)
= (2= f(1))* f(z) + (3= (1)) £(2)
= (2— f(1)* f(z) + f(2).

Ngoai ra thay y = 2 vao (33) ta duge
flz+2) = f(22) + (1 = f(2) f(z) + f(2).

T hai ding thic tren ta dugce

f(22) = 3= f(1)) f(2),
hay f(2z) = af(x) (v6i a = 3 — f(1) /A~ (vi néu khong ham f 13 ham hang 0), ngoai ra a A~ Inéu
khong ham dong nhat 2)) va f(4x) = a®f(x).

c) Thay x bdi 2z va y bdi 2y va stt dung két qua trén ta dugc
af(x+y) +af(2)f(y) = a’f(zy) + af(z) + af(y), Yo,y €R.
Ngoai ra, nhan ca hai vé ctia (33) vé6i a? ta duge
a’f(z+y)+a’f(2)f(y) = a’fay) + a*f(z) + a’f(y).
Tt hai déing thic nay ta thu duge
ala —1)f(z+y) =ala—1)(f(z) + f(y)) ,Vo,y €R.

Via ~Qa £~ 1nén ta duse f(z+y) = f(x) + f(y), thay vao ta lai duge f(zy) = f(z)f(y). T hai
quan hé nay ta duge f(z) = x.

Két luan: C6 ba ham sb thda man bai toan 1a f(z) =0, f(z) =2, f(z) = z,Vz € R.
Nhan xét: 1. Phuong trinh ham & trén 13 tong ctia hai phuong trinh cong tinh f(z+y) = f(z)+ f(y)

va ham nhan tinh f(zy) = f(z)f(y). V6i phép thé hop 1y nhu trén ta da dua phuong trinh ham dé vé
lai ham théa méan hai tinh chat tren.

2. Bai toan trén dugc sit dung lai trong Indian 2003 va trong rat nhiéu ky thi chon doi tuyén cta
cac tinh nude ta. Néu trong (33) thay f(z) = g(x) — 1 thi ta c6 bai toan duéi day:

flx+y) + floy) = f(x)f(y) + 1,Vz,y € R.

Va d6i chiéu véi trén ta c6 hai ham s6 théa man la f(z) =1 va f(z) =1+ z,Vz € R.
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10 Bat dang thidc ham

Vi du 10.1. (VMO 1994). Hay xac dinh cac ham s6 f : R — R thoa man

avx)yvze]R‘

N

SF) + 5 (w2) — f(@).fy2) 2

Guai

a) Tinh f(0). Thay z =y = z = 0 ta dugc

SO+ 3700 = ) 2 ;= (J0) - 3) <0 f0) =5

b) Tinh f(1). Tuong tu nhu trén bang cach thay z =y = z = 1 ta dugce f(1) = 3
, 1 , 1
¢) Ching té f(x) < 3 Thay y = z = 0 va sit dung f(0) = 3 ta dugc

1

1 1
d) Ching té f(x) > 5 Thay y = z = 1 va st dung f(1) = 5 ta duge

f(z) > 1VIER

l\')

Vay ta c6 f(z) = ;,‘v’x € R. Kiém tra lai thay ham nay théa man yéu cau.
Vi du 10.2. (Russian 2000) Tim tat ca cac ham s6 f : R — R thoéa méan diéu kién
fle+y)+fly+z2)+ f(z+x) >3f(x+2y+32),Vz,y,z € R.
Giai
Thay y = z = 0 ta dugc
2f(x)+ f(0) > 3f(x),Vr € R — f(z) < f(0),Vz € R.

Lai thay x = y = = —g ta dugc

27
f(@) +2f(0) =2 3f(0) = f(z) = £(0),Vz € R.

Tit hai két qua trén suy ra f(z) = f(x),Vz € R hay f(x) = c(c 1a hing s6). Kiém tra lai thay ham s
nay théa man.

Vi du 10.3. (THTT T8/230) Tim tat ci cac ham s6 f : R — R théa man diéu kien

|f(z) = f(9)] <5(x—q)>,Vz € R,Vg € Q.
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Giai

V6i moi z, 79 € R(z < 1), chon sb hitu ti ¢ ndm gitta x va o thi

[f (@) = f (xo)| = |f(x) = f(@) + fq) = [ (o)
<|f(z) = f(@)] + |f(q) — f (x0)| (Pat dang thiic tri tuyet d6i)
<5(x—q)>+5(q—z0)° (gid thiét ciia bai todn)
<5
(2 —20)* + 5 (x — 20)° =10 (z — x0)>.

Vay nen lim |f(z) — f (2)| = 0 hay lim f(z) = f (o). Suy ra f(z) la ham s6 lien tuc tai moi zy € R.
T—T0 T—x0

Mat khac, tit danh gia trén ta nhan dugc
f(x) = £ (20)

T — Zo

| < 10|z — 20| = lim J@) = F ), =0,
| Tr—xTQ x_xo

hay f'(xg) = 0 v6i moi xg € R. Do f(x) lién tuc va ¢6 f'(x) = 0,Vz € R, ta suy ra f(zx) = ¢,Vx € R.
Tht lai thay ham s6 nay thoéa man.

Vi du 10.4. (Nhan Ban 2007). Tim tat ca cdc ham s6 f : R™ — R thoa man hai diéu kién duéi day:

0) F@) + 1) < O va g e
(i) f() N fy) > f(w+y)7vxjy c R+
x Y r+vy

Giai

Ta lan lugt khing dinh céc dit kien duéi day lien quan dén ham sbé nay. Trude tien ta dit ham s

f(z)

g(r) = —% thi tir dicu kién (ii) ta c6
x

g(x) +g(y) > g(x +y), Y,y € R

a) g(nr) < ng(z),Vn € N,z € R". Diéu nay dé dang chiing minh bang quy nap dya vao tinh chat clia
ham ¢. T day ta co
f(nx) <n’f(z),Vn € N,z € RT.

b) f(2"z) = 4" f(x). That vay, trong (i) cho y = z ta dugc
4f(x) < f(2z).
Tuy nhién theo phan (a) thi f(2z) < 4f(z). Do d6 f(2x) = 4f(x),Vx € RT. T day ta thu dugc mot

dac diém ctia g(7) 1a
g(2"x) =2"g(x),Vn € N,z € R*.
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¢) g(nz) = ng(z),¥n € N,z € R*. That vay gid st ton tai mot ng € N,zy € R* sao cho g(ngzg) <
nog (o). Khi d6 chon r € N sao cho 2" > ng thi

2"g(x0) = g (2"

9
9

<2TLZ'0 + NoTy — noxo)
9
(noo)

n
< nog (o) + g (2" — no) o)
)+
)

IN

g ((2" — ng) zp) (tinh chat ctia ham g)

< ngg (zo) + (2" — ng) g(xo) (tinh chat ctia ham g trong phan (a))

= 2"g (x0) (mau thuan).

d) f(z) <0,Vx € RT. That vay,

10f(x) =2 (f (= )+f(296))§0f(

)g f(z)texttheophn(a).
g(z) <0,Vz € R,

€) g
la ham don diéu giam, vi g(z +y) < g(z) + g(y) < g(z), Yo,y € R*.

f) g(z) = ax, vi két hop phan (c) thi c¢6 ngay g(q) = g(1).¢, Vg € Q" v g la ham don diéu gidm nén c6
g(x) = ax, Vo € RT.

T d6 ta suy ra f(x) = ax? Vo € RT. Thit lai ham s6 nay thay thoa man.

Vi du 10.5. (Eotvos - Kurschak 1979). Cho ham s6 f : R — R théa man
va f(z+y) < flx)+ f(y), Yo,y €R.

Chitng minh rang f(z) = z,Vx
Giai
Ta c6 f(0+0) < f(0)+ f(0) — f(0) > 0. Ngoai ra f(0) <0 nén ta c6 f(0) = 0. V6i moi = € R thi

0=f(z+(-2) < fl@)+ f(-2) <x+(-2) =0,

do do
F(@) + f(=2) =0 —f(~2) = f(2), ¥z €R.
Mit khac f(—z) < —z nén x < —f(—z) = f(x) < x. Khi d6 f(z) = z,Vz € R.

Vi du 10.6. (Crux 2003). Tim tat ci cac ham s6 f: R — R théa man
f(2®+x) <z <(f(2)) + f(z), Ve e R.

Giai
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Xét ham s6 g(z) = 23 + x, thi ham g lién tuc va tdng ngit trén R, ngoai ra g(R) = R, do d6 g 1a mot
song anh trén R. Vi vay ton tai ham nguge ¢g~! ciing lién tuc va tang ngit trén R. T diéu kien bai
toan, c6 thé viét lai dusi dang

f(g(x)) <

r<g(f(x)),VreR.
Thay = bdi g~*(z) vao bat dang thic f (g(z)) < 't

a dudc
f(z) < g7 (), ¥z € R

! vao bat dang thitc z < g (f(z)), v6i chi ¥ 1a g~ dong bién

Téac dong ham g~
9~ (x) < f(x),Vz € R.

Két hop hai bat déng thic trén ta dugc

Dé dang kiém tra ham nay théa man bai toan.
Vi du 10.7. Tim ham s6 f : R — R théa man diéu kién:
flz+y) > flz)f(y) > 2002"", Ve, y € R.
Glidi
a) Tinh f(0), thay x =y =0 ta c6
F(0) > (£(0))* >1— f(0) =1.
b) Thé y = —x va st dung f(0) ta dugdc

1> f(2).f(—2) > 1> f(2)f(~2) = 1,Vz € R.

¢) Thay y = 0 ta dugc
f(x) > 2002°,Vz € R.

Nhung khi d6 thi
fz).f(—z) > 2002°.2002* > 1,

d6i chiéu véi f(z).f(—x) = 1,Vz € R ta phai ¢6 f(x) = 2002, Vz € R.
Thi lai thay f(z) = 2002%,Vz € R théa man bai toan.
Vi du 10.8. (Bulgarian 1997) Tim ham s6 f : (0, +00) — (0, +00) théa méan bat ding thiic ham
(F(2)" = flz+9)f (f(z) +y) Yo,y > 0.

Gidi
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Ta chiing minh f la ham giam.
That vay, v6i z >y > 0 thi ton tai s6 ¢t > 0 sao cho z = y +t. Khi d6

(f())?
fly) +t

fly+1) <

Do dé

f)—flx)=fly) = fly+t) > fly) — ;{y(jy)lt B fg)(gﬁt

hay f(z) < f(y). Vay f la ham gidm. C6 dinh = > 0, va ta chon s6 n € N sao nf(z +1) > 1. Theo (34)
va két hop v6i f 1a ham gidm ta c6

k E+1\ _ Af(e+k)  f(a+ k) Lo
f<x+n>_f<x+ . >Zf(erZ)Jr}l_nf(IJr:)Jrl>2n(k:_0,1,2,...,n—1).

>0 (34)

Cong cac bat dang thiic trén ta dugc
1 1
flz)— flx+1) > 5 hay f(z +1) < f(z) — 3"
T day bang quy nap ta dugc
flz+2m) < f(x) —m,Vm e N.
Lay m > f(z)(z ¢6 dinh) thi f(z 4+ 2m) < 0, mau thuan véi gia thiét f(x) > 0,Vz > 0. Vay khong ton

tai ham s6 f théa man yéu cau bai toan.

Nhan xét: Y tudng clia bai toan loai nay la ¢ géng ching minh f(y) < 0 véi mot gia tri y > 0, dé
dan dén mau thuan. Ro rang ching ta chi can chiing minh 1a f(z) — f(z + 1) > ¢ > 0 v6i moi z bdi vi
n6 sé dan dén f(x) — f(z +m) > me. Khi d6 véi m dt 16n thi f(z +m) < 0. Loi gidi tren trinh bay cu
the tu tudng nay.

Vi du 10.9. (VMO 2003) Goi F la tap hgp tat cd cac ham f : R — R* théa man bat dang thiic
f(3x) > f(f(22)) + x,Vz € RY.

Tim s6 thyc a 16n nhéat sao cho véi moi f € F thi f(z) > a.z,Vr € R,

Giai
) 1 .
Ro6 dang ham s6 f(x) = g € F,dodoa< 5 Hon nita v6i moi ham f € F ta ¢6 f(x) > % Y tudng
) 1 ) . .
gidi quyéet nhu sau: Ky hiéu 3= @ va tao mot day {«,} dé f(z) > a,x va mong muon day nay tién

téi ; Diéu nay sé suy ra o > ;, va do d6 a = ; Bay gio chung ta sé xay dung quan hé hoi quy cho
ay. Gia st rang f(z) > agx, Vo € RT. Thi tit diéu kién bat dang thic

fBz) > f(f(2x)) +a> arf(2x) + & > ap.ap. 20 + & = gyq.32.
202 + 1

R ; 1

Diéu nay c6 nghia la a1 = . Bay gio ching ta phai ching minh lim o, = 5 Nhung day la bai
. . 1

toan dé dang, vi dé dang chiing minh duge day «; 1a day tang va bi chan trén bai 3 Do do6 phai hoi tu

20° + 1

1
va giéi han thoa man o = tic o = 5 (via<1).
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11 Ham tuan hoan
Vi du 11.1. Tim tat ca cac gia tri a € R sao cho ton tai duy nhat ham s6 f : R — R théa man
fe=f) =a(f(x) —x) = fly), Yo,y € R.
Giai
Dit g(x) = f(x) — x. Gi& thiét ctia bai toan viét theo ham g la
gx—y—g(y)) = ag(x) —z,Vr,y € R.

Gia st f(y) = g(y) + y khong phai 13 ham hang. Lay 7, s 1a hai phan t phan bi¢t trong mién gia tri
cia f(y) =y + g(y). Khi d6 véi moi x,y € R thi

glo =) =ag(x) —x = g(r —s).
Diéu nay suy ra g(z) 1a ham tuan hoan véi chu ky 7' = |r — s| > 0. Khi d6

ag(z) —x =g (xr —y—g(y))

(+T -y —gy)
—ag(s+T)— (2 +T)
=ag(x)—x-T

Tu diéu nay suy ra T = 0, mau thuan. Do vay f 1a ham hang. Tic 1a f(y) = ¢, Ve € R. Thay vao quan
hé ham ta ducc
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12 Mot sb6 chuyén dé phuong trinh ham

12.1 Phuong trinh ham gidi nhd tinh gia tri ham s6 theo hai cach khac
nhau

Vidu 12.1. (THTT 11/394) Tim tat ci cdc ham s6 f : R — R théa man
FU@) +y) = fle+y) +afly) —zy —w+ 1.
Gidi
Thay y = 0 vao quan hé ham ta dugc
f(f(@) = f(x)+2f(0) —z+1,Vz €R.

Va thay z = 0 vho dang thiic trén ta duge

Thay y béi f(y) vao quan hé ham ban dau ta dugc

fUf@)+fly)=1f
(x+fy) +af (fy) —2f(y) —x+1

=[flz+y) tyflz)—zy—y+1+z[f(y) +yf(0) —y+1] —zf(y) —z+1
= flx +y) +yf(x) + 2y f(0) — 22y —y + 2.

Hoan chuyén vai tro z va y trong két qua trén ta dugc

f(f@)+ f(y) = flx+y) +xf(y) +2yf(0) — 22y — 2z + 2.

T day ta nhan dugc
yf(x) —y=axf(y) —z,Vo,y €R.
Thay = = 0,y = 1 ta duge f(0) = 1, do d6 f(f(0)) = 2. Lai thay y = 1 va st dung két qua
J(f(0)) =2, f(0) =1 ta dugc
f(z) =z +1,Vz eR.

Thit lai thay ham s6 nay thoéa man yéu cau.

Vi du 12.2. Tim tat ca cac ham s6 f : Q7 — Q7T théa méan hai diéu kién:
L flz4+1)=f(z)+1,Vz € QT
2. f(z3) = f3(x),Vr € QF

Giai
Quy nap ta ching minh duge f(x +n) = f(x) +n,Ve € Qt,Vn € N (*).
Vé6i moéi s6 thie r = g e Q.
- Tinh theo cach (*) duoe: f(r +¢*)% = f3(r) + 3p* + 3pg® + ¢°
- Tinh theo di¢u kien (b) duge: f(r +¢*)® = f3(r) + 3f2(r)¢*> + 3f(r)q¢* + ¢°
T hai diéu kién trén ta duge:

() +q* f(r) — (0° +pg*) = 0
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Giai phuong trinh nay ta tim duge: f(r) =r,Vr € QF
Nhung tit két qua ctia ham s6 f(z) = z, Vo € Q% thi ta thay dicu kien (b) cho hai an:

f(zy)
f(x)

va diéu kién ciing dude mé rong tit QF thanh R* vay ta dude bai toan:
Bai tap tuong tu: Tim tat cid cac ham f : RT — R théa man:

f(@®+y) :f3($)+J;(EZ/)),Vx,yGR+

Van dé gian nan nhat ciia mé rong nay la tinh duge f(1).
Cho y =1 ta dugc:

f@@+y) =2 +y=fa)+

flx+1) = fz) +1(1)
Cho =z =1 ta dudgc:
fly+1) = fP(1)+ 75(2)

bat f(1) = a thi st dung (1) ta tinh duge:
f@)=a*+1,f9) =(a®>+1)*+1
St dung (2) ta tinh duge:

f9)=d®+a*+ TS N L
=a +a +a -+ =+—=+—+t—=
1 a®> a® ot d
Giai phuong trinh:
1 1 1 1 1
3 3 3 2
1)* +1 I+ -+ +=+—+—=
(@ +1)°+1la°+a° +a+ tit gttt

ta duge: a=1. Vay ta dugc:

fla+1) = f(z) +1va f(z°) = f*(z)

Ttc 1a ta c6 dude bai toan ban dau. Con van dé s Iy tren R ta st dung tinh trit mat ciia tap sé thuc
v6i cht y f la ham tang.
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13 Giai phuong trinh ham bang cach thém bién

Vi du 13.1. (Indian TST 2004) Tim tat ca cac ham s6 f : R — R thoa man
flx+y) = f(z)f(y) — csinzsiny,Vr,y € R,

trong do6 c 1a hang s6 16n hon 1.

Giai

Bing cach thém bién mdi 2 ta co

fl@+y+2)=[f(x)f(y+2z) - csinwsin(y + 2)
= f(x) [f(y)f(2) — csinysin z] — ¢sin z[siny cos z + sin z cos |
= f(@)f(y) I(

Nhung 16 rang f(x +y+2) = f(y + x + z), do d6 ta c6

z) — cf (z)sinysin z — csin x siny cos z — ¢sin x cos y sin 2.

s

sin z [f(z)siny — f(y)sinx] = sin z [cos x siny — cos y sin x] .
Thé z = 7 ta nhan dugc

f(z)siny — f(y)sinx = coszsiny — cos y sin z.

V6i 2 = 7 va y khong phéai 1a boi nguyén ciia 7, ta nhan duge siny [f(7) + 1] =0, va do d6 f(7) = —1.

Lai thay # = y = § vao diéu kién ban dau ta c6

=17 (3)] -

dan dén f (%) = £v/c — 1. Lai thé y = 7 vao didu kien ban dau ta duge f(z + m) = — f(x). Khi d6 thi

—f<$>:f($+ﬂ)=f($+ﬁ>f(z>—ccosx

2 2
— f<§) {f(:c)f 5) —csinx} — ccosuz,
suy ra
f(x) Kf <g> — 1] =cf <g> sinz — ccos .

Tut didu nay suy ra f(z) = f (%) sinz + cos z. D& dang thit lai hai ham sau théa man diéu kien bai toan

f(x) =+vc—1sinz+cosz va f(xr)=—+c— lsinx+ cosz.
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14 LUYEN TAP PHUONG TRINH HAM

14.1 Phuong phap thé bién
Vi du 14.1. Giai cac phuong trinh ham sau

a) f:R—Rthéa f(x+1)=2*+2x+3, VzreR

b) f:R—>Rth6af($+D:x+3, Ve A1

xr —

¢) f:R— R théa f(cosx) =sinz +2, VreR.

1 1
d) f:R—Rthéa f 2+ - =2+, Vo AQ
T x

37

¢) f:R—>Rth6af(x;1)+2f<i>:x, Vo A0z A1

f) f:R—Rthéa f > +f(3”>=x, Vo Al
r+1 1—=zx

14.2 BAat dang thiic ham
Vi du 14.2. Giai cdc bat phuong trinh ham sau
a) f:R—Rthéa [f(z) - f(y)]? < |z —y]’, VryeR
b) f:R— R théa f(z® +2) <z < [f(z)?+ f(z), VzeR.
¢) f:[0,1] = R thda man hai didu kien sau
(i) f(0)=f(1)=0.
(i) £ (7)< f@) + fly), Voye o)

Vi du 14.3. Ky hieu X = R*J{0}, cho ham s6 f : X — X va bi chan trén doan [0,1] va théa man
bat déng thic

fla)fly) <a*f (%) + 2 f (g) . Vao,ye X.

Chiing minh rang f(z) > 2%, Vzre X.
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