CAC BAI TOAN PHUGNG TRINH HAM TRONG CA C PE THI QUOC GIA - VMO

VYMO 1985 A:

Bai 2: Goi M 1a tap hop tat cd cdc ham s6 f x4c dinh v6i moi s6 nguyén nhan nhitng gid tri thuc
thda man cic tinh chat sau:

a/ V6i moi s6 nguyén x va y thi f(x).f(y) = f(x +y) + f(x - y)

b/ £(0) =0

¢ ?2 2 N ~ 5
Tim tat ca cic ham s6 f € M sao cho f(1) ZE

VMO 1991 A:
Bai 1: Hiy xdc dinh tit cd cic hAim s6 f:R——>R sao cho bit ding thic sau ding véi cic s6

. 1 1 1
thuc x, y, z bat ki: Ef(xy)+5f(xz)—f(x).f(xy)ZZ
. 1 N .
b4p so bai todn la: f(x) = 3 Ta lan lugt thuc hién cac budc chon an nhu sau:

a/ Cho x =y =z =0 ta nhdn dugc f(O)—fz(O)Z% hay f(0)=%

1
b/ Cho y = z =0 ta nhan dugc f(x)SE VOl moi x
1
¢/ Cho x =y =z=1 ta nhan dugc f(l)=§
1
d/ Choy =z=1 ta nhan dugc f(x)ZE VOl moi x

1 x .
Viay: f(x) EE’ va dé thi lai, d6 1a ddp so bai toan.

VMO 1993 A:

Bai 3: Hay x4c dinh tit cd cdc ham f(n) x4c dinh trén tip cdc s6 nguyén duong vdi cdc gid tri
nguyén duong thda man: f(f(n))=1993.n"* VneZ"

VMO 1996 A:

Bai 4: Hay x4c dinh tat cd cdc ham f(n) x4c dinh trén tap cdc s6 nguyén dudng vdi cdc gia tri
nguyén duong théa man: f(n)+ f(n+1)=f(n+2)f(n+3)—1996, Vne Z"

VMO 1997 A: - THTT thang 2/1998 tr22

Bai 3: C6 bao nhiéu ham f(n) x4c dinh trén tap cdc s6 nguyén duong vdi cdc gid tri nguyén duong
théa man: f(1) = 1 va f(n).f(n+2) = f(n+1)* + 1997, Ve N’

Goi D 1a tip tAt ¢4 cdc ham s& f c6 tinh chat dd néu. PE cho gon, ki hiéu: a, = f(n)

Tacé:aa, B =a  +1997 (2)

n+l

_ 2
an+lan+3 - an+2 + 1997
a +a a . +a a +a
..n n+2 __ " n+l n+3 Al _ 2,0 h A " 1
Suy ra: = Vay:a ,=ca,  —a  (3),vdic hdng s6, (c= )
n+l1 an+2 az
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=gq.a

Ta CM c € N'. Thit vdy, néu c =£v0”i (p,q)=11thi tiw (3) ta c6:q(a, , +a )= pa -
q

n+2 n+l

Vil997=aa ,
bat f(2)=a. 1t (2),(3) ta c6:ca,—a, =a, =aa, = c122 +1997 < ca-1=a*+1997 = a /1998

Nghia 1a f(2) 1a udc duong clia 1998 néu f thudc D. Po lai, véi mdi u6c duong a clia 1998
xay dung ham f: N' ——>R nhu sau:

—a, *iq’, nén q=1(do 1997 la nguyén 16)

1998 .«

fH=1.f20=a.f(n+2)=(a+b)f(n+1)— f(n), 6 do b= eN.

Ta chitng minh f € D

Dé thdy f(n)eN" va f(n+2)f(n)— f>(n+1) khéng phu thudc n, vdy:

fm+2)f(n) - (n+)=fBR) - f*2)=(a+b)a-1-a>=1997 < f e D
Tuong tung f--> f(2) 1a 1 song dnh gitta D va tip cdc uc duong cia 1998. Vay:
\D\ =(1+D1+3)1+1) =16

VMO 1999: - Bang A: - THTT thang 2/2000 tr
Bai 6: Hiy x4c dinh t4t c& cdc ham f(t) x4c dinh trén tap cdc s6 nguyén khong Am vdi cdc gid tri
trong T={0,1,2,...,1999} thda man cc dk sau:
a/ f(t) =tvéi 0<¢r <1999
b/ f( m + n) = f(f(m) + f(n)) , Vm,ne N
Gia st f1a ham s6 can tim. Pit f(2000) = a; b= 2000 - a. Ta ¢6: 1< b <2000
Ta c6 cdc nhian xét sau (d€ chitng minh biing quy nap)
Nhdn xét 1: Véimoirma 0<r<b taco: f(2000+r)=a+r
Nhdn xét 2: V6imoikeN ma 0<r<b ta cé: f(2000+kb+r)=a+r
TU 2 nhan xét trén ta suy ra néu f 12 him cin tim thi:
f@)=t
(*)4 f(2000) = a vdi r =m (mod(2000—-a)); 0<r<2000—a
f(2000+m)=a+r
Ngugc lai, cho a € T. Xét ham s6 f x4c dinh trén N thda min (*). D& thdy f(n)eT,VneN.Ta
can ki€m tra: f( m + n) = f{f(m) + f(n)) ,Vm,ne N (1)
Viéc ki€m tra ndy dua trén cdc nhan xét sau: (dé chitng minh)

Nhgn xét 3: f(n+b)= f(n),Vn>a,b=2000—a
Nhdn xét 4: n= f(n) (mod b),VneN
Bay git chi cAin CM (1) cho trudng hgp c6 it nhat mot trong hai s6 m, n khong thudc T.
Gia st m >2000. Khi dé m+n>2000>a va f(m)+ f(n) >a (do f(m)=a).
Mam+n= f(n)+ f(m) (mod b) (theo nhan xét4).
Thanh thit do nhin xét 3 => f( m + n) = f(f(m) + f(n))
K&t luan: TAt ci cdc ham s& thda min diu bai dugc xdc dinh theo congthitc (*) vdi mbi a thudc T
cho tru6c. Thanh thir ¢6 2000 ham sd nhu vay.

VMO 2000: - Bang B:
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Bai 6: Tim tit c4 cdc ham s6 f(x) thda mian diéu kién: x*>.f(x)+ f1-x)=2x—x*VxeR
(cting 1a bai ctia Ko 199?)

Thay x bdi 1 - x ta dugc: (1-x)>.f(1—-x)+ f(x)=201-x)—(1-x)*,VxeR

2 f(x)+ fl-x)=2x—x"

FO+A-x).fA-x)=2(1-x)-(1-x)"

Ta c6:D=(x*—x-Dx*—x+1) va D =(1-x)(x*—x-Dx*—x+1)

Vay D.f(x)=D_,VxeR

Nhu vay ta c6 hé: {

l-x>:x#a,x#b
Tw d6 ta ¢6 nghiém ctia bai todn la: f(x)=<ceR:x=a (c tiy y)
2a—a‘*—a*c:x=b

vdi a,b la nghiém pt:x* —x—-1=0
VMO 2001: - Bang B: - Khong ¢6 Phudng trinh ham.

VMO 2001: - Bang A: - THTT thdang 11/2001 tr 11

Hiy tim tAt cd cdc ham s& f(x) xdc dinh, lién tuc trén khodng

2"

. 2
Bai 5: Cho ham s8 g(x) = ——
1+x

(-1; 1) va théa man hé thic: (1-x).f(g(x)) = (1+x>)2.f(x), Vx € (=1;1)

282
Viét lai hé thifc clia dé€ bai dudi dang: (i x2;2 S(g(x) =(1-x%).f(x), Vx e (-11) (6)

+Xx
Pit: o(x) = (1-x7).f(x),x €(=1;1), khi d6, f(x) lién tuc trén (-1; 1) va théa man (6) khi va chi khi
@(x) lién tuc trén (-1; 1) va thda méan hé thic: o(g(x)) =@(x),Vx e (-1;1) 7

~ v 1_ e 2 o« A7 .
Dé thay: u(x) =1—x,x € (0;+0) 1a mdt song anh tur (0;+00) dén (-1; 1). Do vay c6 thé viétlai (7)
+ X

2

=) = o5 x € (0:400) (8)
1+x

1—
1+x

. 1-x 1-x
d dang: p(g(——)) =p(——),x €(0;+00)  hay  ¢(
1+x 1+x

. 1-
Xétham s8: h(x) = p(—2), x € (0;400)
1+x
Khi d6, ¢(x) lién tuc trén (-1; 1) va thda man (8) khi va chi khi h(x) lién tuc trén (0;+) va thda
mién hé thic: h(x?) = h(x), x € (0;+0) )
T (9), biing PP quy nap theo ne N dé dang chitng minh dugc: h(x)= h(zxn/;), Vx € (0;+0),Vne N
T d6, do lim (2\"/;) =1 va do h(x) lién tuc trén (0;+o0) suy ra h(x) = h(1), Vx € (0;+o0)

n—>+0
K e A a p N
Dan t6i ¢(x)=const Vx e (—L;1). Vivay: f(x)= 1—2 Vxe(-1;1) trong do a e R tuy y
—x
Dé thdy cdc hsd f(x) xdc dinh & trén thda min tit cd cdc yéu cau cda dé bai, va vi thé chiing 13 tat

2 z N A N
ca cac ham s6 can tim.

VMO 2002: - Bang B: - THTT thdng 10/2002 tr10
Bai 2: Hiy tim tit cA cdc ham s6 f(x) x4c dinh trén tAp hgp s6 thuc R va théa min hé thic:
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fO=f(0)=f(x* =y)=2001y.f(x),Vx,y e R

Gi4 st f(x) 12 hsd thda yéu cau dé bai

Lin lugt th€ y = f(x) vi y = x*%2 vao hé thirc cia bai, ta dugc:

f(0) = f(x™? = f(x))-2001.(f(x))>,VxeR

™ Z £(x)) = £(0)=2001.6" f(x),Vx e R

Congvé theo vé 2 ddng thicc trén, ta dugc :

fO).(f(x)+x7?)=0,VxeR

Tur d6 suy ra néu f 12 ham s6 théa man yéu cau dé bai thi:

f(0)=0 (1) va f(x)=-x""(2),Vx ma f(x)#0

Dé thay, hai ham s6 fi(x)=0va f,(x)= —x* Vx eR théa man (1) va (2)

Ta s& CM néu tdn tai hsd f(x) théa man yéu cau dé bai ma khdc f; va f, thi din d&€n mau thuin
Khi d6, theo cac 1ap luan & trén, f phai thda min (1) va (2). Hon nita, do f khic f, nén tén

tai x, # 0 sao cho f(xo) = 0. Lai do f khéc f; nén ton tai yo = 0 sao cho f(yg) #0

Thay x = 0 vao hé thiic cia bai, véi luu ¥ tdi (1), ta dudc: f(y) = f(-y), Vy e R. Do d6 c6 thé gia sit

yo > 0.

Vi f(yo) # 0 nén theo (2), phai c6 f(yo) = -y, (*)

Mit khéc, thay x = xg va y = -yo vao hé thic clia bai, ta dugc: f(-yo) = f(x,” +y,) (**%)

Tu (*) va (**) va (2) ta c6:

0#=y,"" = f(0) = f(=9,) = F(x," +y,) = ~(x," + 3™ <=y, (do y,>0)

=> Mau thuéin. Vay chi c6 thé f {f;f,}.

Phép thit tric ti€p cho thay f(x) = 0 12 ham s duy nhAt cAn tim.

VMO 2002: - Bang A: - Khong ¢6 Phuong Trinh Ham

VMO 2003: - Bang B: - THTT thdang 1/2004 tr18
Bai 5: Hay tim tit cd cdc da thitc P(x) vdi hé sd thuc, thda mén hé thifc:
(x> +3x° +3x+2)P(x—1) = (x* =3x* +3x —2)P(x), Vx e R
Ta cé: (x° +3x +3x+2)P(x—1) =(x’ =3x* +3x -2)P(x), Vx e R ()
S+ +x+DP(x - =(x-2)(x* —x+DP(x), VxeR 3)
Thay x =-2 vao (3) ta dugc: 0 =-28.P(-2) =>P(-2) =0
Thay x =2 vao (3) ta dugc: 0 =28.P(1)=>P(1)=0
Tu do:

+ Thay x = -1 vao (2) ta dugc: 0 =-9.P(-1) =>P(-1) =0

+ Thay x = 1 vao (2) ta dugc: 0 =9.P(0) =>P(0)=0
T cdc k&t qua trén, suy ra: P(x) = (x-1)x(x+1)(x+2).Q(x) , Vx e R 4)
Trong d6 Q(x) 1a da thitc véi hé s6 thuc clia bi€n x. Din téi:
P(x - 1) =(x-2)x-D)x)(x+1).Q(x-1), VxeR (5)
Tu (3), (4), (5) ta dugc:
(x=2)(x=Dx(x +D(x+2)(x* +x+D.0(x - = (x=2)(x = Dx(x + D(x +2)(x* —=x +1).0(x),Vx e R
Suy ra: (x> +x+1).0(x —1)= (x> —x +1).0(x), Vx # 0; £1;+2
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Do mdi v€ clia ding thifc trén 12 mot da thitc cla bi€n x nén:

(P +x+DOx -1 =(x*—x+1).0(x),Vx e R (6)

T d6,do (x> +x+1Lx* —x+1)=1,suyra Q(x) =(x* +x+1).R(x),VxeR (7)
trong d6 R(x) 1a da thitc véi hé sd thuc cla bién x

Din t6i: Q(x —1)=(x*—x+1).R(x-1),VxeR (8)

Tw (6), (7), (8) ta dugc: (x> +x+1).(x* —x+1).R(x—1)=(x* = x+1).(x* + x +1).R(x),Vx € R
T d6, do(x* + x +1)(x* —x+1) 2 0,Vx e R ta dugc R(x -1)= R(x), Vx € R. Suy ra R(x) 12 da thitc
hiing. T day va (7), (4) ta dudc:

P(x)=c(x—Dx(x+1D(x+2)(x> +x+1),Vx e R, trong d6 c 12 hiing s& thuc tiy .

Phép thit trire ti€p cho thay cdc da thitc P(x) vira tim dudce & trén thda min cic hé thic clia
dé bai, va do d6 chiing 13 tat cd cdc da thifc cAn tim.
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VMO 2003: - Bang A: - THTT thang 2/2004 tr4

Cho tap hgp F gébm tit cd cic ham s6 f:R"——R" thdamin f(3x)> f(f(2x))+x,VxeR"
Hiy tim s6 thuc « 16n nhat sao cho vdi moi hsd f thudc tip F, ta déu c6: f(x)>ax, VxeR'
Bai nay nghién vé diy s6.

VMO 2004: - Bang A, B: - Khong ¢6 Phuong Trinh Ham
VMO 2005: - Bang A va B: - THTT thang 11/2005 trl1

Bai 4: Hiy x4c dinh tdt cd cdc hAim s§ f:R——R théa min cic diéu kién:

Jfx=y)=fx).f) =)+ f(y)—xy, Vx,yeR

Gi4 stt f:R——R 13 ham s& thda min hé thifc clia dé€ bai, nghia 1a:
FU&=y)=Ff).f - f(x)+f(y)—xy, Vx,yeR (1)
bitf(0)=a

Thé x =y =0 vao (1), ta dugc f(a) = a’ ()
Thé x =y vao (1), v6i lu y t6i (2), ta dugc: (f(x))’ =x>+a’,VxeR 3)

Suy (f(x))* =(f(—x))*,Vx e R hay (f(x)+ f(=))(f(x)— f(-x))=0,VxeR (4
Gié st ton tai x, # 0sao cho f(x,) = f(-x,)

Th€ y =0 vao (1), dude: f(f(x))=af(x)— f(x)+a,VxeR (5)
Thé x=0;y=—x vao (1), ta duoc: f(f(x))=af (—x)+ f(-x)—a,VxeR (6)

Tie (5) va (6) suy ra:a.(f(—x)—f(x)+ f(x)— f(x)=2a,VxeR (7

Thé x = xo vao (7), ta dugc: f(x,)=a *)

Mit khdéc, tir (3) suy ra n€u f(x;) = f(x) thi x> =x,>. Vi th&, tif (*) suy ra xo = 0 trdi v4i gia thi€t
x, #0.Mau thuidn ching t8 f(x)# f(-x), Vx #0.
Do d6 tit (4) suyra f(x)=—f(-x),Vx#0 (8)
Thé (8) vao (7) ta dudc: a.(f(x)—1)=0, Vx #0.
Suy ra a = 0, vi néu ngugc lai @ # 0thi f(x) = 1, Vx =0, trdi v6i (8)
Do dé tir (3) c6: (f(x))> =x*VxeR 9)
Gia st ton tai Vx, #0 sao cho f(x,)=x,.Khidé theo (5) ta phdi c6:
x, = f(x)==f(f(x,)==f(x,)=—x,. Mau thudn ching 3 f(x) #x,Vx#0
Vi vay, tif (9) ta dugc f(x) = - X, Vx € R. Ngudc lai, kiém tra tryc ti€p, ta thdy hsd tim dudc & trén
thda min cic yéu cau cla dé bai.
Vay ham s6 f(x) = - x, Vx € R 12 ham s duy nhat cAn tim.

VMO 2006: - Bang B: - THTT thang 11/2006 tr 8
Bai 5: Hiy tim tit cA cdc ham s6 f(x) x4c dinh, lién tuc trén tp s6 thuc R, 14y gid tri trong R va
thda min diéu kién: f(x - y). f(y - z). f(z- x) + 8 = 0, Vx,y,zeR

Cho x =é Ly = %t va z=0, thu duoc f(1). f(_?t)2 +8=0, do d6 f(t) < 0, véi moi t. Vay c6 thé dat

f(x) = -2 . Th€ vao pt ham di cho, nhin dudc:
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gx—-y)+g(y—2)+g(z—x)=3.Pitu=x-y;v=y-zthiz-x=- (u+v)

bat h(x) = g(x) - 1, PT ham trén trd thanh: h(u) + h(v) =-h(-u-v) (*)

Dé thdy h(0) =0, (v6iu =v =0) va h(x) = -h(-x) (véiu =x va v = -x).

PT (*) dudc vi€t lai thanh h(u)+h(v) = h(u+v).

PT ham nay chinh 1a PT ham Cauchy. Nghiém ctia n6 1a h(t) = at, v6i a 1a hiing s6 thuc ty ¥ nao
dé6. Thé nguoc lai, ta thu dugc nghiém ctia PT ham ban dau la: f(x)=-2“",aeR

Thit lai thd'y ham s& nay nghiém ding PT da cho.

VMO 2006 - Bang A: - THTT thdang 11/2006 tr 10
Bai 5: Hay x4c dinh tat cd cdc da thitc P(x) véi hé s6 thuc théa man hé thic sau:
P(x*)+x(3P(x)+ P(—=x))=(P(x))* +2x* (1), VxeR (1)
Gia st P(x) 1a da thitc cAn tim, d& thdy deg P >0
1/ XétdegP =1
P(x)=ax+b,a#0, thé vao (1), ta dugc:(a* —3a+2)x* +2b(a—2b)x+b*-b=0 (2)
T (2)tatimdugc (a=1,b=0),(a=2,b=0),(a=2,b=1)
Ta dudc cac da thic: P(x)=x; P(x)=2x; P(x)=2x+1;

2/ XétdegP=n>1
Dbdt P(x)=ax" +S(x),a#0 (3), vdi S(x) la da thiic, degS =k <n
Thé (3) vao (1), ta dudc:
(@ —a)x™" +(S(x))* =S(x*)+2ax".S(x) = B+ (=1)")ax"" +(3S(x) + S(—x))x —2x” (4)
Vi béc clia da thitc nim & v€ phdi cia (4) bingn+1va n+ 1 <2nnén tix (4) ta dugca’-a =0,
hay a = 1. Do @6, tir (4) ta c6:
2x"S(x)+(S(x))* = S(x”) =B+ (=1)")x"" +(3S(x) + S(—x))x — 2x° 5)
Vi bac cia da thifc nim & vé€ trai ciia (5) bing n + k va bic clia da thitfc nim & v€ trdi ctia (%0
bing n + 1 nén tir (5) ta suy ra phai c6 k = 1. Hon nita, trong (5) thay x = 0 ta dudc
(S(0))> =S(0)=0, hay S(0)=0 hodc S0)=1. Nhu vdy, S(x) cé dang: S(x) = px hodc S(x)= px+1

Truong hop 1: S(x)= px . Th€ vao (5) ta dudc:
G+ (=Dn=2p)x"™" —(p*-3p+2)x* =0
{32”_1)"_2” =0 = Ln=1(mod2) hode p=2.n=0(mod2)
p —3p+2=0
Tir d6 ta dugc cac da thite: P(x)=x"""+x va P(x)=x>"+2x
Phép thit trure ti€p cho thay cdc da thitc nay thda (1)

Truong hop 2: S(x)= px+1. Th& vao (5) ta dugc:

G+ (=Dn-2p)x" +1-2x"—(p* =3p+2).x>*—2(p—2)x=0. Suy ra 2 = 0. V6 ly. Chitng té khong
tdn tai da thiic thda (5), do d6 khong tdn tai da thitc thda (1) trong trudng hop nay.

Tém lai, tit cd cdc da thitc thda d@é 1a: P(x)=x; P(x)=x>""+x va P(x)=x""+2x,neN tiy ¥.
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VMO 2007: - THTT théang 11/2007 tr 14
Céu 5: (3 d). Cho b 1a mdt s6 thyc duong. Hay xédc dinh tit cd cdc ham s6 f x4c dinh trén
tap cdc s6 thyc R, 14y gia tri trong R va théa min phuong trinh:
fx+y)=f(x)3" O 4 p7 3O _pY) Vx,y e R
Phuong trinh da cho tuong dudng véi: f(x+y)+b"™ =(f(x)+b%).3" 7O vy yeR (1)
bit g(x) = f(x) + b*. Khi d6 (1) c6 dang: g(x +y) = g(x).3*"",Vx,ye R (2)
Thay y =0 vao pt (2) ta dugc
gx)=0,VxeR
g(0)=1
*Voi g(x)=0, VxeR thi f(x)=-b"
*Voi g(0)=1, th¢ x =0 vao pt(2) ta dugc
g(y)=g(0).3*"" & g(y) =3*"" & 3 —g(y) =0,Vy e R (3)
Xét hsé h(t)=3"—=t c6 h'(t)=3".1n3-1
h'(1)=0 < 1 =log,(log, ¢) +1<1

g(x)=g(x).3* """ VxeR <

Ta c6 bang bién thién sau, véi a= log, e—log,(log,e)—1<0

t -—oa - Iu:ugS(IDgSej +1 1 R =]

b I
|

- L + +

+ =0

hit) \Q
D\a /

Tir bang bi€n thién ta thdy pt h(t) = 0 ¢6 2 nghiém t; = 1 va t, = ¢, v6i O<c<l, (vi h(0) = 1/3).

Ttic Ia: g(y) = 340 o | $O) =1 VyeR (4)
gy)=c,0<c<l1

|
I
i
| + oo
|
|

1]

Gié st ton tai y, € R sao cho g(yo)= c. Khi dé:

@) L ® 1 R I
1=g(0) = (¥, —,) = 8(=y,)-3*"" = g(=y,)-8(y,) = c.8(~y,) . Suy ra g(-y,) = —#c¢, mau thudn v6i
4).

=>Loai TH g(y)=c
Vay g(y)=1, VyeR ,suyraf(x)=1-b"
Viy c¢6 2 ham sd thda min dé bai 1a: f(x) = -b* va f(x)=1-b".

VMO 2008, 2009, 2010: - Khong c¢6 Phuong Trinh Ham.

VMO 2013 - Bai 5 (7 diém): HSG QG 2013
Tim tdt cd cic ham s f:R = R théa f(0)=0; f(1)=2013 va:

C=(FF D=L ON)=(F D)= FON(F )= £ ()

diing vdi moi x,y € R, trongdé f*(x)=(f(x))’
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Cho x# 0,y =0 ta thu dugc pt:x.f(f*(x)) = f(x)

£ (X)

= f(f*(x0))= Vx#0

Thay vao pt dau ta dvugc:
o o
X y

(x=). =(fO=FON(F D)= F (), ¥,y #0 (%)

Cho y=1,x<0vao (*) ta co:

. {f @ 20133}:(f(x)—2013).(f2(x)—20132)

< (f(x)=2013x).(f*(x)—2013?x)=0
Ma: f?(x)=2013*x>0 vdi x<0

= f(x)=2013x,Vx < 0= f(-1)=-2013
Cho x>0,y =—-1vao (*) ta lai co:

(x+l){&+20133} :(f(x)+2013).(f2(x)—20132)
X

o (f(x)—2013x).(f2(x)+20132x) =0

= f(x)=2013x. Thit lai ta thdy diing.
Vay f(x)=2013x.
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