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Cal ligu nay khéng phdi la tai lieu chinh thic cia Dién dan todn hoc
(VMF) nhung do ca nhan t6i la thanh vién cia trang dién dan thdo luén todn
hoc nay nén t3i xin mao mudi ghi xudt xi la VM mong qgudn tw cia trang
web bé gua yéu t&" trén.

Hang ndm mdi gido vién tung hoc phd théng déu lam mét sang kiégn
kinh nghiégm vé linh viec chuyén mén gidng day, tuy nhién luong kién thic ma
thdy (c8) day céng b ra nghién ciu da phdn bi b3 quén. Hém nay 8/ c&
gamg fomg /ldp lai cde samg kién kinh mg/llem dé" duwa véao Chmmg thanh mat tai
lié u //C;Z\C C?L/[/Il/C/\/ BC T@;Z\/\/ P?L/@ Tf‘/@/\/&w PéE tien cho viéc fomg
/lp’p va theo déi, t6i chia ra thanh nhiéu tap voi ds c/ay mai fap tam k/loamg
50 trang. Chi la viec t8ng hop ndi dung cdc sdng kién d&° cho cdc ban tham
khdo nén cé diéu gi sai sét mong cdc ban b3 gua.

Nogusi t8ng hop
cCD13

A /\\ Al
TEp ndy gdm cidc ndi dung:

+ Mot s8 sai ldm khi gidi todn nguyén ham — tich phén 1
+ Mot s8 sai ldm khi gidi todn nguyén ham — tich phén 2
+ Phuong phdp gidi mét s& bai todn xdc sudt

+ Sit dung vecto trong chitng minh bat ddng thitc

+ Mot s8 bai todn cuc ti hinh hoc toa ds

+ CHidi todn béng phuong phdp toa ds
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MOT SO SAI LAM KHI GIAI TOAN NGUYEN HAM VA TiCH PHAN 1

Trong qua trinh giang day ndi dung nguyén ham — tich phan t6i nhan thiy nhiéu
hoc sinh con mac nhing sai 1am khong dang c6. Qua bai viét nay thong qua nhitng vi du
t6i mubn cac em hoc sinh co thé ty minh diéu chinh k§ ning giai toan phan nguyén ham
— tich phan dé c6 két qua tbt nhat.

1. Phén tich nhitng sai IAm théng qua mdt s6 vi du minh hoa

1.1. Sai lam khi vian dung dinh nghia nguyén ham

a, Vi du I: chimg minh ring F(x)=—-(1+x)e™ 1a mot nguyén ham cia ham
f(x)=xe " trén R. Tu d6 hay tim nguyén ham ctia ham g(x)=(x—-1)e™"

*Mot hoc sinh da gidai nhw sau:

F’(x) = -¢ * + (1+x)e”* =f(x) v&i moi x =>F(x) 1a m6t nguyén ham cua ham f(x) trén R.
jg I X - l) dx = jxefxdx — J‘efxdx = [—(1 + x)efx + c] — [—efx + c}
=—(l+x)e " +e " =—xe " .

* Phdn tich: hoc sinh viét chung hang sé ¢ cho moi phép tinh nguyén ham.
* Loi gidi dung:

jg(x)dx = I(x —1)e "dx = jxe‘xdx—je_xdx = [—(1 +x)e" + cl]— [—e‘x + cz]
=—xe " +c voic=c|—C.
b, Vidu 2: Tinh j cot xdx

* Mot hoc sinh da gidai nhw sau:

1 —COSX
COSX o |u= du = — dx
1= jcot xdx :I —dx. bat sinx = sin’® x
sin x .
dv = cos xdx v =sinx
sinx.cos x
= [ =——sinx+ [—5——dr=1+1=0=172
sinx sin” x

* Phdn tich: hoc sinh viét chung hing s6 ¢ cho moi phép tinh nguyén ham.
* Loi gidi dung:
d (sinx
I = Icotxdx = J‘mdx = j(—) = 1n|sinx| +c.
sin x sinx

1.2.8ai lam khi van dung bang nguvén ham co bdn

Vidy 3: tinh T=[(2x+1)’ dx

* Mot hoc sinh da gidi nhw sau: 1= J.2x+1) dx w+c

4
* Nguyén nhin din dén sai lim:

n+l
Hoc sinh van dung cong thurc jx“dx ==X

+c voin# — 1.
n+1

* Loi gidi dung:

4
Dat2x+1—t:>dt—2dx:>dx——:>j2x+1 dx = t?=§+c=—+c
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1.3.8ai lam khi vdan dung dinh nghia tich phén

Vi du 4: tinh tich phan I:.z[ dx >
_2(X+1)
* Mot hoc sinh da gidai nhu sau:
—f J~d(x+1) -1 | 4
(x+1) x+1| 3 3

* Nguyén nhan din dén sai lam: ham s6 y =

(x . 1)2 khong xac dinh tai x =-1¢€ [_2;2]

* Loi gidi ding: Ham s6 y= khong xac dinh tai x =—1€[-2;2]suy ra ham

2
(X + 1)
khong lién tuc trén [-2;2], do do tich phén trén khong ton tai.

b r
* Chu y doi voi hoc sinh: khi tinh tich phan If(x)dx can chu y kiém tra xem ham so

y = f(x) c6 lién tyc trén doan [a, b] khong? Nél} c6 thi 4p dung cac phuong phap dugce
hoc dé tinh tich phan da cho, con néu khong thi két luan ngay tich phan dé khong ton tai.

1.4. Sai lam khi bién déi ham s6

4
Vi dy 5: Tinh tich phan 1= j Vx? —6x+9dx
* Mot hoc sinh da gidai nhu sau:

I=[Vx? —6x +9dx = [{(x=3)dx = [ (x=3)d(x ~3) = (X_23)2 -

0

1 9
22
* Nguyén nhan din dén sai lim:

Phép bién dbi /(x —3)* = x —3;x €[0,4] 1a khong tuong duong.

* Loi gidai dung:

I= jxlxz —6x +9dx = j‘«/(x ~3)*dx
0 0

=3[, (=3))
2 |, 2 | 2

=i|x—3|d(x—3) =j(3—x)d(x—3)+j(x—3)d(x—3) =

0
* Chii § déi véi hoc sinh: 2,“/[f(x)]2n = ‘f(x)‘ (n>1, n nguyén)
b b
— J'zn/[f(x) T Hf(x)‘ dx , ta phai xét ddu ham s f(x) trén doan [a, b] roi dung tinh

chét dé bo diu gia tri tuyét dbi.
1.5. Sai lam khi van dung phwong phdp doi bién

1
Vi du 6: Tinh tich phan I= j V1-x2dx
0

* Mot hoc sinh da gidai nhw sau:
bat x = sint suy ra dx = costdt
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:l+lsin2
2 4

1 | 1 | |
: 1 5 )

31=J 1—s1n2t.cost.dt:jcoszz_dtzj +6205 t'dt:(%+m; t)
0 0 q 0

* Nguyén nhan din dén sai lim: hoc sinh d6i bién nhung khong doi can.
* Loi gidi dung: Dat x = sint suy ra dx = cost.dt

e A 0
boi can: x:0:>t:0;x:1:>t:E
2
coszt.dt:j

0

1+ cos2¢ P :(éJr sin 2¢

O 0 | Y

3
:>I:J.\/l—sin2 t.cost.dt =
0

* Chii § déi véi hoc sinh:

b
Khi gap tich phan dang I:I\/cz —x2dx, néu tich phan ton tai thi thong thuong ta

tinh tich phan bang cach dit x = c.sint( hodc x = c.cost) ddi can, chuyén vé tinh tich phan
theo t.

1

Vi du 7: Tinh tich phan 1= I —dx

1%

* Mgt hoc sinh da gidai nhu sau:
< : 2. A 1 .1
bat x = sint suy ra dx = costdt . P6i can: x=0=t =0;X=Z =t :arcsmz

1 1 1
arcsin— arcsin— arcsmz

. 3 4
sin” t sin’ t .

=1= ——— — costdt= I = costdt= J. sin’ t.dt

0

o 1—cos’t

Dén day hoc sinh thudng rat lung tang vi s6 1é, do d6 cac em khong tim ra dugc dap s6.

|COS t|

* Nguyén nhan dén dén sai lam: khi gip tich phan ctia ham s c6 chira biéu thic v1-x>
thong thuong ta dat x = s{nt ( hoac x = cost); nhung do6i voi vi du 7, néu lam theo cach
nay s€ gap kho khan khi doi can. Cu the khi x = 1/4 ta khong tim chinh xac dugc t.
* Loi gidi dung:

bat t= t=v1-x> =t" =1-x" = 2tdt = 2xdx = xdx =—tdt

Déi can: x:O:>t:1;x:l >t=——
4 4

is Jis G
4 12y 4 3 ; )
! t 1 3 1

* Chii ¥ di véi hoc sinh: khi gap tich phan ctia ham sb c6 chira biéu thie v1-x2, néu
can cua tich phan 1a gia tri luong gidc ctia goc dac bié€t thi ta mdi tinh tich phan bang
cach dat x =sint( hoac x = cost) con néu khong thi ta phai tim phuong phép khéc.

_192 4 37 192

2
+_
3

1.6 Sai lam vi ding cong thire khéng cé trong sach gido khoa

Vi du 8: Tinh tich phan 1= I de
X +2x+

* Mot hoc sinh da gidi nhw sau:
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0

—J. J. dX:arctan(x+1)|0 :arctanO—arctan(—l):E
X +2x+2 1(x+1) - 4

* Nguyen nhén din dén sai lam: SGK hién hanh khéng cung cap cong thic

I 2d)(zarctanx+c
1+x

* Loi ididzing
0
1
et [
x +2x+2 (x+1) +1

batx + 1 =tant =>dx=— Poi can: x= O:>t—E =—1=t=0
cos 4’
g T[
== l+tan® t)dt = |dt=t[s ==
£1+tan t( ) I |

* Chit y déi véi hoc sinh: khi gip tich phan dang I= J.—dx thi ta tinh tich phan bang
"¢ +X

cach dit x = c.tant (hodc x = c.cott). Chu y cong thirc 1+tan’*t= —.
cos t sin’t

1.7. Hiéu sai ban chit cong thire

2
Vi du 9: Tinh tich phan 1= I xe"dx

0

u
*Mot hoc sinh da gidi nhw sau: Dat {
v

2 Z 2
:I:(xe")o —Ie"dx =2¢’ —(e") )
0
* Nguyén nhin ddn dén sai lam: hoc sinh hiéu sai ban chat cong thirc 13y tich phan timg
phan.

||— Il

a
i
< c

Il ||‘
®,

=2¢’ —e’ +1=¢+1

j—
dv=e"dx *

* Loi gidi dung: Dt {
v=e

2 2 2
()—_(')‘e"dX:2e2 —(e")o

1.8.5uw dung sai cong thurc

Vi du 10. q
Tinh dién tich hinh phang gio1 han boi cac duong y =9 — x5 y=0;x=1;x=4.
*Mpt hoc sinh da gidi nhw sau: dién tich hinh phang can tim la

3 4

4 ) ~ _X_
s_!(9—x =% =)

u=x {duzdx

:>Iz(xe") =2¢’ —¢’ +1=¢"+1

=6

1
* Nguyén nhdn dén dén sai lam: hoc sinh van dung sai cong thirc tinh dién tich hinh
phang.

* Loi gidi dung: dién tich hinh phang can tim la
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S=ﬁ9—x2\dx:ﬁ9—x2\dx+ﬁ9—x2\dx=j(9—x2)dx+j(x2 —9)dx:(9x__J
1 1 3 1 ;

2.M¢t 56 bai tdp twong tw
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Jtan? x +cot? x—2.dx

\O
~

1 2x° +2X+3
11/'[ x> +1

13/]7 x'dx

0 \/1+X2

0

3 3 3
O
3), \3

1
5 2

Z/J‘x(x2 —1) dx

0

3/J‘ X e +X
6/ j J1—sin2xdx
0
3
8/J-\/X3—2X2+X.dx
0
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MOT SO SAI LAM KHI GIAI TOAN NGUYEN HAM VA TiCH PHAN 2

Mot s6 sai lam cta hoc sinh khi tinh tich phan

2
Bai 1: Tinh tich phan: 1= I dx 5
L(x+1)

de  tdx+1) 1 1 4
- BT R

2
* Sai lam thuong gap: [ = _J;(x+1)2 J @+ 1)’ 1

* Nguyén nhan sai lam :

Ham s6 y =

Gl khong xac dinh tai x= -1 [-2;2] suy ra ham s6 khong lién tuc trén
X+

[~ 2;2] nén khong st dung dugc cong thirc Newton — Leibnitz nhu cach giai trén.
* Lot gidl dang

Ham sb y = — khong xac dinh tai x=-1e [ 2:2] suy ra ham s6 khong lién tuc trén

(x+1)
[~ 2;2] do d6 tich phan trén khong ton tai.
* Chu y ddi véi hoc sinh:
b
Khi tinh J. f(x)dxcan chii y xem ham s y=f(x) c6 lién tuc trén [a;b] khong? Néu cé thi
ap dung phuong phap da hoc dé tinh tich phan d3 cho con néu khong thi két luan ngay
tich phan nay khong ton tai.

* Mot s6 bdi tdp tuong tu:
Tinh céc tich phan sau:

3 1

1/ 2/ X()Cz _I)de

J.(x 4 jz

5
3/J-de 4/J- x e +x

COS X
Bai 2 :Tinh tich phan: = | —%
o I +sinx

2dr 1 1+¢°
1+¢2 1+sinx  (1+17)°

* Sai lam thuong gip: Pit t = tg% thi dx =

| dx =| 24t —=[20+1)7 d(t+1)——%+c

l+sinx 7 (1+1¢)°
T -2 -2
o 1+sinx tg0+1

t E+1 t §+1
g2 g2

do tg%khéng xac dinh nén tich phan trén khong ton tai.
* Nguyén nhan sai lam:
batt= tg% xe[0;z] tai x = r thi tg% khong c6 nghia.

* Lot gidi dang:
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Todx T T [x_”) X
I=J-1+sinx=~[ _I 2 4)°
0 °1+cos(x—2j ¢ (2 4) [ )

T - 7T
2 tg( 1 j =2.
* Chu y ddi véi hoc sinh:
Déi véi phuong phap doi bién sé khi dit t = u(x) thi u(x) phai 14 mot ham s lién tuc va
c6 dao ham lién tuc trén [a;b].
*Mot sé bai tdp twong tu:
Tinh céc tich phan sau:

1/J- dx 2/]5 dx

sin x o 1+cosx
4
Bai 3: Tinh [ = j\/xz —6x+9 dx
0
* Sai lam thudng gip:

I= }sz —6x+9 dx ij/(x—3)2dx:j.(x—3)d(x—3):

* Nguyén nhén sai lam:
Phép bién ddi /(x—3) =x—3 véix e[0;4] 1a khong tuong duong.
* Lot gidi dang:
4
I= j\/xz —6x+9 dx

4

[l 3 de= [l 3l —3)= ] - (e~ (e~ 3)+
(x=3)

2
=_ : ‘3+(x—23) ‘4 9 1
* Chﬁ y d6i v6i hoc sinh:

2(f ()™ =|f x| (n=LneN)

b
J- [ DB J‘| f(x)dxta phai xét ddu ham sé f(x) trén[a; 5] rdi dung tinh chét tich

—~
(0]
N—
[\

(=N
| —
|

| ©
Il

|

AN

(x—3)d(x-3)

R T

(=]

phan tach I thanh tong cic phan khéng chira ddu gia tri tuyét dbi.
Mot so bai tap twong tu:

Vg 3
/1= J.«/l—sin2xdx ; 2/ 1= j\/x3—2x2+x dx
0 0

) 3
3/I=j (x2+iz—2j dx 4/I=J.\/tg2x+cotg2x—2dx
1 X 4
2 6
’ dx

Bai4: Tinh 1= [ ———
SXT+2x+2

* Sai lam thudng gap:
- | ( d(x+1)

L e R

= arctg(x + 11 ’ =arctgl — arctg0 =
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* Nguyén nhén sai 1am :

Hoc sinh khong hoc khai niém arctgx trong sach giao khoa hién thoi.
* Loi giai dang:

Dt x+1 = tgt = dv =1+ 1g )t

voix=-1thit=0

Vc'riXZOthitzg

OMN

Khi d6 T fl”g 2. f _Z
y g t+1 7 4
* Chu y ddi v6i hoc sinh:
Céc khai ni¢ém arcsinx, arctgx khong trinh bay trong sach gido khoa hién thoi. Hoc
sinh c6 thé doc théy mot s bai tap ap dung khai ni€ém nay trong mot sach tham khao, vi
cac sach nay viét theo sach gido khoa cii (trudc nim 2000). Tir ndm 2000 dén nay do cac
khai niém nay khong co6 trong sach gido khoa nén h(_)c sinh khong dugc ap dung phuong

—dx ta dung phuong phap d6i bién sd

phap nay nira. Vi vay khi gap tich phan dang I

1+ x?
dat t = tgx hodc t = cotgx ;
I \/l_zdx thi dat x = sint hoac x = cost
a l_x
* Mot s6 bdi tdp twong tur:
8 [ 2
— 2 2
1/1:jx—16dx 2/I=ILX+3dx
2 X y x +1
1
Boos
3/I:j xdx
o v1—x®
Bai 5:
1
Tinh :I= Y dx

V1-x?
* Suy luan sai lém' bat x=sint, dx = costdt
sin’ L
d.
I N J cos]

Poi can: voi x=0thit=0

. |
voix= — thit=7?
4
* Nguyén nhan sai lam:
Khi gip tich phan ctia ham sb c6 chira V1 - x? thi thuong dit x = sint nhung ddi véi tich

phan nay s& gip kho khin khi ddi cén cu thé véi x = % khong tim dugc chinh xac t=?

* Loi giai dang: Patt= +1-x* =dt= dx = tdt = xdx

X
V1=x?

Déicén:véix=0thit=l;V('yix=%thit=

LS‘
(V)]
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4 192

. -

3 3192 3

! s 5 -
4 3 4 2 4 3 15
I=£ LA ! (1= Jar _ ! (1—t2)dt=(t—t—]4=[‘/15 1515 j 2 3315 2

* Chu y d6i véi hoc sinh: Khi gap tich phan ctia ham s6 c¢6 chita V1—x? thi thudng dat x
= sint hodc gip tich phan ciia ham sb c6 chira 1+x* thi dat x = tgt nhung can chi y dén
can cua tich phan d6 néu can 1a gia tri lwong giac cia goc ddc biét thi méi lam duoc theo
phuong phap nay con néu khong thi phai nghi dénphuong phap khac.

*Mot 56 bai tdp twong tu:

J7 X 2 dx
1/tinh 1= j L 2/tinh I = j
1+ x2 L xvx? +1

1 2
Bai6: tinh 1= [~ g
S l+x

batt= X+l:>dt:[l—%jdx
X X

Doi can voi x = -1 thi t=-2 ; v6i x=1 thi t=2;

=J2‘t2dt J' \/_ \/_)dt (ll’l‘t-f‘\/_‘ ln‘t—\/_‘)‘ —In

n 2+\/_ 1| 2+\/_|_ 2442

[

B | N
1
5 X =1 I-— )
* Nguyén nhan sai lam: R X 1a sai vi trong [~ 1;1] chira x = 0 nén khong thé
+x
— + x2
X

chia ca tr ca mau cho x = 0 duoc
* Lot giai dang:
—xv/2 +1

2\/_ X2+ xy2 +1

x’ —xx/EJrl),_xz -1

xét ham s6 F(x) =

F(x)= n =
®) 2\/_ 2241 x4l
1 2_ _ _
Dodol—j ldx x X\/_Jrl‘ =Llnﬂ
4+ x* 2\/_ x2 4 xd2 +1 V2 2442

*Chuy d01 v6i hoc sinh: Khi tinh tich phan can chia ca tir c4 mau ctia ham sb cho x can
dé y rang trong doan lay tich phan phai khong chtra diém x = 0.
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PHUONG PHAP GIAI MOT SO BAI TOAN XAC SUAT

Dang 1: Cdc bdi todn tinh xdc sudt don giin

CAc bai toan tinh x4c suit don gian khong c6 nghia 1a bai toan dé. O day toi muon
dé cap dén cac bai toan chi s dung cong thirc dinh nghia xac suat ¢ dién ma khong can

dung dén quy tic cong, quy tic nhan xac suit
n(A)

T n(Q)

Bai todn 1. . ) )
Cho mot luc giac déu ABCDEF. Viét cac chit cai A, B, C, D, E, F vao 6 thé. Lay
ngau nhién hai thé. Tim x4c suat sao cho doan thang ma cac dau mut la cac diém duogc
ghi trén 2 thé do la:
a) Canh cua lyc giac.
b) Duong chéo cua luc giac.
¢) Duong chéo nbi 2 dinh dbi dién cua luc giac.
(Bai 8 — trang 77 sdch Pai s6 va gidi tich 11)
Phan tich
Pay co6 thé coi 1a mot bai todn dém: dém tong s6 canh va duong chéo ctia mdt luc
giac déu. Chung ta da biét tir 6 di€ém phan biét sao cho khong c6 3 diém nao thang hang
c6 thé tao ra duoc €2 = 15 doan thang.

Do d6 néu goi:

A: 1a bién co “Poan thang ma cac dau mut l1a cac diém dugc ghi trén hai thé 1a
canh cua luc giac”

B: 1a bién ¢6 “Poan thang ma cac dau mut 1a cac diém duogc ghi trén hai thé 1a
duong chéo cua luc giac”

C: 1a bién ¢6 “Poan thang ma cac dau mut 1a cac diém dugc ghi trén hai thé la
duong chéo ndi hai dinh doi di¢n cua luc giac”

Vatacon(fl) =15

(A) = 6 = P(A) n(A) 6 2

| = = | = — = — = —

HL ' n(Q) 15 5
B=A=P(B)=1-P(4)=1 —F ::;

nfC) 3 1

C)= P(()=—=—=—

n 6= PO n() 15 5

Bai todan 2.
Xép ngiu nhién ba ban nam va ba ban nir ngdi vao sau ghé ké theo hang ngang.
Tim xac suit sao cho:
a)  Nam nit ngdi xen k& nhau.
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b)  Ba ban nam ngdi canh nhau.
(Bdi 6 — trang 76 sdch Pai sé va gidi tich 11)

Phdn tich:

Diy tuy 12 mot bai toan xac suat nhung thuc chit n6 lai 13 mot bai toan dém trong to
hop. D6 14 tip hop clia cac bai toan to hop nhé quen thudc nhu sau:

(1) C6 bao nhiéu cach xép 3 ban nam va 3 ban nit vao 6 ghé ké theo hang ngang

( Dap s6: 6! = 720 cach).

(2) C6 bao nhiéu cach xép 3 ban nam va 3 ban nit va 6 ghé ké theo hang ngang, biét
réng nam nir ngéi canh nhau,

(Pap sd: 3!1.3'+ 3'.3" = 72 cach).

(3) C6 bao nhiéu cach xép 3 ban nam va 3 ban nit va 6 ghé ké theo hang ngang, biét
rang ba ban nam ngdi canh nhau.

.

(Pép sb: 4.3'.3! = 144 cach)
Nhu vay bai toan trén dugc giai nhu sau
Loi giai:
Goi 4 13 bién ¢b “Xép 3 hoc sinh nam va 3 hoc sinh nit vao 6 ghé ké theo hang ngang

ma nam va nir xen k& nhau”
Va B 1a bién ¢ “Xeép 3 hoc sinh nam va 3 hoc sinh nir vao 6 ghé ké theo hang ngang

ma 3 ban nam ngdi canh nhau”
Taco n(f)) =720 n(4) =72,n(B) = 144

Suy ra
. n(A) 72 1
P(A) = == —
n(n) 720 10
P(B) — n(B) B 144 B 1
7 n(Q) 720 5

Nhu vdy phan 16n cic bai toan dang 1 13 cac bai toan st dung cong thirc va ki thuat
ctia toan tO hop. Ddi voi cac bai toan nhu vay thi hoc sinh chi can phai nim viing cong
thirc vé t6 hop va dinh nghia xéc suét.

Bén canh d6, c6 nhitng bai toan chi can dung phwong phép liét ké.

Bai todn 3.
Gieo mdt con stc xic, can ddi va dong nhat. Gia sir con suc xac suat hién mit b
cham. Xét phuong trinh x% + bx + 2 = 0

Tinh xé4c sudt sao cho phuong trinh c6 nghiém.
( Bai 4 trang 74 sach Pai so va giai tich 11)
Loi giai:

Ky hi¢u “con stic xac suat hi¢n mat b cham” 1a b:
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Khéng gian mau:() = {1,2,3,456} = n(()) =6
Goi A 1abién cb: “Phuong trinh c6 nghiém”
Ta da biét phwong trinh x? + bx + 2 = 0 c6 nghiém khi A=b? — 8 = 0

DodoA={hEQBZ—8=0}=1{3456}=n(4) =4
n(A) 4
n(n) 6

Tuy nhién, phuong phép liét ké chi c¢6 hiéu qué khi s6 phan tir ciia bién ¢6 12 nho. Néu s6
phan tr 16n thi viéc 1iét ké tré nén khé khan va d& xét thiéu phan tir
Bai todn 4.

Trén mot cai vong hinh tron dung de quay s6 80 ¢6 gin 36 con s6 tir 01 dén 36.
Xéc suit dé banh xe sau khi quay dung ¢ m01 sO deu nhu nhau. Tinh x4c suit dé khi quay
hai 1an lién tiép banh xe dimg lai & giira s6 1 va sb 6 (ké ca 1 va 6) trong lan quay dau va
ding lai & gitra s6 13 va 36 (ké ca 13 va 36) trong lan quay thir 2.

| a2

Phén tich: RS rang 13 trong bai toan ndy ta khong thé sir dung phuong phap liét ké vi s6
phan tir ciia bién ¢6 1a twong doi 1én. O day ta s€ biéu dién tap hop dudi dang tinh chat
dac trung dé tinh toan.

Goi A la bién c0 can tinh xac suat
= {1,2, ...136?} =n(0)

A={(,D]ie{1,2,..,6}je{13,14,..,36}]

Il
[
o
L
o
Il
'_'I.
[
w0
(a3

C6 6 cach chon i, ng v6i mdi cach chon i ¢6 25 cach chon j (tir13 dén36 c6 25 s6) do d6
theo quy tic nhan n(A) = 6.24 = 144
n(A) 144 1

P(A)=—— = S
YT n(n) 1296 9

Ta cung xét mot bai toan kha tha vi sau:
Bai todan 5 o \
Gieo mgt dong tién can doi dong chat lién tiép cho dén khi lan dau tién xuat hi¢n mat
ngua hodc ca 6 lan xuat hién mat sap thi dung lai.
a) Mo ta khong gian mau.
b) Tinh xac suét:
A: “S6 lan gieo khong vuogt qua ba”
B: “Sb lan gieo 12 ndm”
C: “Sb lan gieo 1a sau”
Phén tich: D01 voi bai toan nay rat nhiéu hoc sinh lung tung khong biét cach xac dinh
khong gian mau vi hoc sinh von quen voi cdc bai toan cho trude so lan gieo. Bai toan nay

truéc hét phai xac dinh duoc sd 1an gieo. Gido vién co thé goi y cho hoc sinh bang cac
cau hdi nhu:
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o Néu khong c6 gia thiét “ca 6 1an xuat hién mit sdp thi ding lai” thi ta phai gieo
ddng tién bao nhiéu 1an?

o Néu két hop véi gia thiét “ca 6 1an xuat hién mit sap thi dimg lai” thi ta phai gieo
ddng tién tbi da bao nhiéu 1an?

TAt nhién véi ciu hoi dau tién hoc sinh khong thé dua ra mot con sd cu thé vi néu
gieo 100 1an van co6 thé 1a ca 100 1an déu xuat hién mat sap do d6 van chua thé dimg lai
nhung hoc sinh dé hinh dung ra dang cac phan tir ddu tién. Vi ciu hoi thir hai hoc sinh
c6 thé tra 16i dugce sb 1an gieo ti da 1a 6. Tlr d6 hoc sinh c6 thé xac dinh duoc khong gian
mau.

Loi gidi
a) Khong gian mau £} = {N,SN,SSN,SSSN,SSSSN,5555N, S8585)

b) Ta co:

A={N,SN,SSN},n(A) =3 = P(A) ==

. 1
B ={S555N},n(B) = 1=P(B) = =

]

C = {SSSSSN, 5588588}, n(C) =2 =P(C) = 3

Sau ddy t6i xin trinh bay phuong phap giai mot sb bai toan bang cach sir dung cac quy
tac tinh xac suat da hoc.
Dang 2: Bién cé doi
Trong toan hoc, c6 nhimg bai toan khi tinh toan tryc tiép rat dai dong va phure tap.
Khi d6 phuong phap gian tiép lai rat hiéu qua va cho ta cach lam ngén gon. Phuong phap
str dung bién ¢ d6i 1a mot phuong phap nhu vay
Bai todan 6
Gieo dong tién xu can doi dong chat 3 lan. Tinh xac suat cua cac bién co:
a) Bién cb A: “Trong 3 1an gieo c6 it nhit mot 1an xuat hién mit ngtra”.
b) Bién cb B: “Trong 3 lan gieo c6 ca hai mat sip, ngia”.

Phdn tich: i ) ) . )

Hoc sinh c6 thé gidi quyét bai toan theo dinh hudng 1a: it nhat 1 1an xuat hién mat
ngua thi c6 3 kha nang c6 thé xay ra la: 1 lan xuat hi€n mat ngtra, hai lan xuat hi¢n mat
ngtra, ba lan xuat hi¢én mat ngua.

Do vay hoc sinh s€ giai bai todn nhu sau:

0 ={NNN,NNS5 N5S5, 555 SNN,SN5, 55N, SNS}
= {INSS, SNS, SSN, SNN,NNS, NSN, NNN}
Suy ra
peay 2 (A) 7
“Y  n(0) 8
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Tuy nhién lam nhu vay dai va rat dé bé quén truong hgp. Tuy nhién néu dé y rang
bién co doi cua bién co A 1a bien co A: “Khong c6 1an nao xuat hién mat ngtra”. Do do
bai toan nay s€ dugc gidi nhu sau:

Loi gidi
Khéng gian mau n({l) = 2.2.2 = 8
a) Ta cd bién c6 doi ctia bién co A 1a bién co:
A: “Khong ¢0 1an nao xuat hién mat ngua”

Vataco6 A=1{SSS} = n(A)=1=P(A) = é =P(A)=1- é _7

2

b) Tuong tu ta co:

o 7S

B = (555, NNN} = n(B) = 2 = P(B) = 1 = P(B) =
Baitodn 7. ’ o , ‘ ,
Gieo ngau nhién mot con suc sac can doi dong chat hai lan. Tinh xac suat cua cac
bién c6 sau:
a) Bién cb A: “Trong hai lan gieo it nhéat mot 1an xuét hién mit mot chim”
b) Bién cb B: “Trong hai lan gieo tong s cham trong hai lan gieo 1a mot s6 nho
hon 117

Phan tich: D01 v0i bai toan nay dung phuong phap str dung bién cb ddi 1a phuong phap
t6i wu boi 18 néu tinh truc tiép ta phai xét rat nhiéu trudng hop
o Ddi véi bién cd A

e  Mit mot chAm xuét hién 1an thi nhat
e Mit mot chdm xudt hién lan th hai
e Hai lan gieo déu xuit hién mit mot chdm (kha ning nay lai nim trong ca
hai kha nang trén)
o Dbi véi bién cd B. Tong sd trong hai 1an gieo 1a mot sé nhod hon 11 tirc 13 ¢ 10

kha nang xay ra: 1,2,...,10

Loi giai: _
Khong gian mau Q0 = {(i,N|i,j € {1,2,...,611 = n(0l) = 6.6 = 36

a) Tacobiéncddbi A = {{(i, /)i, €{2, ... 6}}=n(d) =25

[~2
L

A) 11
L) _ — = p(4)=1—P(4) =—

P(4) =—
n{_g} 36 16

b) Taco:
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R 1 11
=FPB)=1- 2= 12
Phuong phép sir dung bién ¢ d6i 1a mot phuwong phép hay, tuy nhién dé van dung
duoc phuwong phép nay hoc sinh cin nim dugc hai yéu to:
o Nhéan dang loai toan: Cac bai toan c6 cum tu “co it nhat”, “tdi thiéu”, “tat
ca”...hodc tinh chén, 1é, v nghiém, c6 nghiém,...néu tinh kiéu bu gon hon thi ta
dung bién cb ddi
o Xac dinh tot ménh d& phil dinh va phép toan 1ay phan bu ctia mot tap hop dé tranh
xé4c dinh sai bién cd dbi.
Dang 3: Cac bai toan sir sung quy tic cong, quy tic nhin
Bai toan 8. ’ )
Gieo dong thoi hai con stc sac. Tinh xac suat sao cho:
a) Hai con suc sac déu xuat hi¢én mat chan.
b) Tich sd chim trén 2 con suc sic 1a sb chén.

Phdn tich:
a) DPoi véi bai todn nay phan 16n hoc sinh déu gidi bang cach dém s6 phan tur cia

bién ¢b. hoc sinh trung binh thuong liét ké phan tir va dém tryc tiép. Tat nhién 1a cach
giai nay rat dai va c6 thé lam sot phan tir dan t6i giai sai. Hoc sinh khd hon thi st dung
tinh toan dé dém s phan tr nhu sau:

Taco n(f)) = 36

Chon A 12 bién ¢ “Hai con stc sic déu xuat hién mat chin”
Dodo A ={(i,)]i,] € {2,4,6})
C6 3 cach chon i € {2,4,6}, vdi mdi cach chon 1 ta c¢6 3 cach chon j. Do d6 co 9 cach
chon (i,j) € A= n(A)=9

.oona) 9 1

P =T " 36" 1

- Toi thdy rang day 1a mot 101 giai hop 1y, tuy nhién bai toan nay co thé duoc giai
quyét mot cach don gian hon khi ta st dung quy tac xac suat. Cho nén gido vién c6 thé

g01 mo, dan dat hoc sinh dé di tdi giai bai toan theo dinh hudng nay nhu sau:
Goi A 1a bién c0 “Con suc sac thir nhat xuat hién mat chan”

={:]_|

[~

5
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B 1a bién c0 “Con stc sac thir hai xuat hién mat chan”
X la bién ¢6 “Hai con suc sac déu xuat hién mat chan”

Thay rang A va B 1a hai bién cb doc lap va P(4) = P(B) =

[} |Lu
Fa | =

(Trong 6 mdt thi ¢6 3 mdt chan)
Do vay ta co:

i 11
P(X) = P(AB) = P(A).P(B) = 5.5 =

b) Goi ¥ 1a bién ¢6 “Tich s0 cham trén 2 con stc sac la so chan

!

29

C6 3 kha nang xay ra dé tich s6 cham trén con suc sac la so chan:
e Con suc sac thir nhat xuat hi€n mat chan, con suc sac thir hai xuat hién mat 1é.

e Con suc sac thr nhat xuat hi€n mat 1¢, con stc sac thur hai xuat hién mat chan.
e (4 hai con suc sac cung xuat hién mat chan.
Vataco ¥: “Tich so cham trén 2 con suc sac 1a so 1€” chi ¢ 1 kha nang 1a ca hai con

stic sic déu xuat hién mat 1é.
Nhu vay mét 1an nira ta lai thay uu thé ctia bién c6 dbi.
Taco Y = AB va A, B doc lap nén ta co:

_ o 1 1y 1
P(Y)=P(A).P(B)=[1-P(A)][1-P(B)] = (l --) ( 1 —7) )
Va do do

1 3

Bai toan trén ta da sir dung quy tac nhan xac suat. Muén sir dung duoc quy tic nhan phai
khang dinh duogc hai bién cb 1a doc 1ap. Vay hai bién cb thuong doc lap trong cac phép
thir nao? Tat nhién ¢ day t6i khong thé néu tit ca ma chi dua ra mot sd trudng hop quen
thudc

¢ Gieo hai dong tién hodc gieo dong tién hai 1an thi bién cb xdy ra trong

lan gieo nay doc 1ap vé6i bién cb xay ra trong lan gieo kia. Tuong tu d6i véi con
stic sac.

o Hai xa thu bin sung thi sy bin trung hay truot ctia ngudi nay khong
anh huong toi ngudi kia. Do d6 cac bién ¢ lién quan dén nguoi nay doc 1ap véi
bién cb lién quan dén ngudi kia. Twong tu d6i voi mot ngudi ban hai phét sung

o C6 hai cai hom dung bong. Lay tir mdi hom ra mot qua bong thi bién
b 1dy ra bong ctia hom nay s& doc 1ap voi bién ¢b 14y ra bong ¢ hom kia. Tuong
tu d6i v6i bai toan 14y bi, 14y cau...

Chu ¥ rang: Néu A va B doc 1ap thi Ava B; AvaB; AvaB ciing doc 1ap
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Ciing gidng nhu quy tic cong va quy tic nhan trong toan to hop, dbi véi bién cb
xay ra kha ning nay hodc kha ning kia thi ta st dung quy tic cong xac suit. Con
v6i bién cd thyc hién lien tiép hai hanh dong thi ta dung quy tic nhan
Bai todn 9. , , o , N
Trong hom c¢6 10 chi ti€t, trong d6 c6 2 chi tiét hong. Tim xac suat d€ khi lay ngau
nhién 6 chi tiét thi c6 khong qué 1 chi tiét hong.
Phdn tich: Trong 6 chi tiét thi c6 khong qua 1 chi tiét hong nghia la khong c6 chi tiét nao
hong hodc c6 mot chi tiét hong. Bai toan nay khong thé giai theo dang 1 ma phai str dung

phép tinh x4c suat. Pay 14 bai toan ding quy tic cong xac suit
Loi gidi

Goi A4 1a bién ¢ “Trong 6 chi tiét 1ay ra khong c6 chi tiét nao hong”
A, 12 bién cb “trong 6 chi tiét 1y ra c6 1 chi tiét hong”
A 14 bién c6 “Trong 6 chi tiét ldy ra c6 khong qua 1 chi tiét hong”
Khido 4 =A, UA, Do A, va A, xung khic nhau nén
P(A) =P(A,) + P(A,)
Sb cach 14y ra 6 chi tiét tir 10 chi tiét 1a C5y
=n(0) =C:, =21C

C6 8 chi tiét khang bi hong nén
n(d,)=C5 =28

S6 cach 14y 5 chi tiét tir 8 chi tiét bj hong 1a C3
S6 cach lay 1 chi tiét tir 2 chi tiét hong 1a €2

Theo quy tic nhan ta co

n(A,) = C3.C1 =112

Do vay ta co:
n(A;) 28 2

Pla,) = n(Q) 210 15
P(A.) = I"lﬁtjigﬂ _ 112 _ E
207 n(n) 210 15
2 8 2
= P(A) = P(A)) + P(A)) = =+ —== 3

Bai toan 10
C6 hai hop cung chira cac qua cau. Hop thir nhat c6 7 qua cau dd, 5 qua cau xanh.
Hop thtr hai ¢6 6 qua cau d6, 4 qua cau xanh. Ttr mdi hop 14y ra ngau nhién 1 qua
cau.

a) Tinh xac suat dé 2 qua cau lay ra cung mau do.

Diendantoanhoc.net



b) Tinh x4c suat dé 2 qua cau lay ra cing mau.

Phén tich: Bai toan nay van c6 thé giai theo dang 1, tuy nhién viéc giai rat dai dong va
phirc tap. Néu sir dung phéi hop quy tac cong va quy tic nhan thi viéc giai quyét bai toan
tré nén don gian hon rat nhiéu.
Loi giai
a) Goi:

A 1a bién cé ‘Qua céu léy ra tir hop thir nhit mau do”

B la bién co “Qua cau lay ra tu hop thir hai mau do”

X 14 bién ¢6 “Hai qua cau lay ra ciing mau do”

7 & 3
Taco X ZABJID{;% = .ED{BB=_:_
12° 1 S
Mait khac A va B doc lap nén
7 3 7
P(X)=P(A)B)=—.—=—
o (A 125 20
b) Goi:
Y l1a bién cg “Hai qua cau lay ra cung mau Xanh”
Z 1a bién cb “Hai qua cau lay ra ciing mau”
TacoY = AB
Mit khac A va B doc 1ap nén
. . — . \ Y 3 1
P(Y) = P(A).P(B) = [1— P(A)][1— P(B’ H1-2) =2
1274 5/ 6
Thiyrang Z = X U Y, XNY = O nén
P(Z)=P(X)+P(Y) ! - L3
= | A ) ) = — - = —
7 o 20 6 60

Nhing bai toan s dung quy tic cong xac suit va quy téc nhan xac suét la cac bai toan
ludn tinh duge xac sut cta bién ¢b co SO (cac bién c6 can tinh x4c suét biéu dién qua cac
bién c¢6 nay). Chung ta dé y ¥y cac xac suét sau:

o Khi gieo mot dong tién xu cin ddi, dong chét thi

. . , 1
e X4c suat xuat hién mat sap 1a —

[

e X4c suat xuat hién mat ngua la S

o Khi gieo mdt con suc sac can déi dong chat thi

‘ Lo 1
e X4c suat xuat hién tirng mat 1a -

e X4c suit xuat hién mat co s6 cham 14 chén:

IH_J|I—l
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| SO S

e X4c suat xuat hién mat so0 cham la 1é:

e Xac suat xuat hién mat s6 cham la so chia hét cho 3:

[

Déi vai cac phép thir khac thi tuy theo ting bai toan ta s& tinh dugc xac suit
nay. Va ciing c6 nhiéu bai toan cho truc tiép xac suat. Bai toan sau 1a mét vi du
Bai todan 11
C6 2 16 hang. Nguoi ta lay ngau nhién tir moi 16 hang mot san pham. Xac suat dé dugc
san pham chat lugng tot & ting 16 hang lan luot 1a 0,7; 0, 8. Hay tinh x4c suat dé:
a) Trong 2 san pham ldy ra c6 it nhit mot san pham c6 chat luong tot.
b) Trong 2 san pham lay ra c6 ding 1 san pham c6 chét luong tbt.
Phén tich: Day 1a bai toan cho trudc xac suit nén chic chin ta phai str dung phép toan
tinh x4c suat dé gidi quyét. Bién co co so s€ 1a “Lay dugc san pham tot tir 16 hang thu
nhat” va “Lay dugc san pham tot tir 16 hang thur hai”
Loi giai:
Goi A: “Lay dugc san pham tot tir 16 hang thir nhat”
B: “Liy duoc san pham t6t tir 16 hang thir hai”
Khi d6 ta co:
P(A)=07=PA)=1-07=0,3
P(B)=08=P(B)=1-0,7=0,2
a) Goi X 1a bién cb “Trong 2 san pham lay ra c6 it nhat mot san phim c6 chit luong
tot”.
Suyra X = AB
Do ba bién ¢6 A, B 1a doc l1ap nén ta co
P(X) = P(A)P(B) = 0,06
=PX)=1-PX)=0,94
b) Goi Y 1a bién cb “Trong 2 san pham 1ay ra c6 dung mot san pham co chat lugng
tot”.
SuyraY = ABUAB
Do AB, AB Xung khic va bién ¢ A va B; A va B doc 1ap nén ta co

P(Y) = P(ABU AB) = P(AB) + P(AB)
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= P(A)P(B)+P(AP(B)=0,7.02+0,8.0,3= 0,38

Bai todan 12

Mot phong duge lap hai hé thong chudng bao dong phong chay, mot hé théng bao
khi thdy khoi va mot hé thong bao khi thay lira xuat hién. Qua thyc nghiém thiy rang xac
suat chudng bao khoi 1a 0,95, chudng bao lira 1a 0,91 va ca 2 chuéng bao 1a 0,88. Tinh

xéc suat dé khi c6 hoa hoan it nhit mot trong 2 chudng sé& bao.
Phén tich: Bién c6 can tinh x4c suat 1a chudng bao khoi bao hoa hoan hoic chudng bao
lira bao lira s& bao hoa hoan. Do d6 bai toan niy chic chan 1a dung quy tic cong. Tuy
nhién hai bién c¢6 co s& lai khong xung khic. Trong trudng hop ndy ta phai st dung quy
tic cong mo rong
Loi gidi

Goi A 13 bién c¢b “Chudng bao khi thdy khéi”

B 13 bién ¢ “Chudng béo khi thiy lira”
C 1a bién c6 “ft nhat mot trong hai chong bao khi hoa hoan”
Theo gia thiét bai toan ta c6 P(A) = 0,95,P(B)= 0,91, P(AB) = 0,88

Do d6 ta co:
P(C)=P(AUB)=P(A)+ P(B)—P(AB)=0,95+091—-10,88 =0,98

BAI TAP PE NGHI

1/ Tir ¢6 bai 52 con, rat ngau nhién 3 con. Tinh x4c suit dé

a/ C6 it nhat mot con at

b/ C6 dung mot con K

¢/ Ca 3 con c6 s6 khac nhau déu thudc tap hop {2,3,...10}

2/ Trong mot chlec hop co 5 bong tring, 6 bong xanh 7 béng d6 1ay ngiu nhién 4
qua bong. Tim xac sudt dé c6 4 qua bong c6 du 3 mau.

3/Gieo ngau nhién con stc sic can d6i dong chit 2 1an: Tinh x4c suét cua cac bién

a/ A: * C6 it nhat mot mat 1¢”

b/ B: “ C6 mot mit chan va mot mat 16”

c/ C:“ Téng s6 chAm hai mat 1a mot s6 chan”

4/ Gieo ngau nhién mot con suc sic can ddi ddng chit 3 1an, tinh xac suét dé:

a/ C6 it nhat mot 1an xuét hién mat 6 cham

b/ Toéng cac sd chim trén 3 mat 14 s6 1

5/ Trong mot hop c6 10 chiée thé duoc danh sb 0,1,2,....9. Ly ngau nhién lien
tiép 4 thé va xép canh nhau theo thir tu tir trai sang phai tim xac suat dé 4 thé xép thanh 1
sO tu nhién sao cho trong d6 chi mot chir s 1

6/ Mot may bay c¢6 5 dong co, trong d6 c6 3 dong co & canh phai va 2 dong co &
canh trai. Mdi dong co & canh phai c6 xac suit bj hong 1a 0,1, con mdi déng co & canh
trai c6 xac suét hong 1a 0,05. Cac dong co hoat dong doc 1ap vdi nhau. Tinh xéc suat dé
may bay thuc hién chuyén bau an toan trong cac trudng hop sau:

a/ May bay bay duoc néu co it nhat hai dong co lam viéc

b/ May bay bay dugc néu c6 it nhat mdi dong co trén mdi canh lam viéc
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7/ Mot bai thi tric nghiém gdm 12 ciu hoi. Mdi cau héi co 5 cau tra 10i, trong d6
chi c6 mot cau ding. Mdi cau tra 10i dung dugc 4 diém, mdi cau tra 16i sai bi trir 1 diém
Mot hoc sinh kém 1am bai bang cach chon hi hoa mét cau tra 1i. Tinh xé4c suét dé:

a/ Hoc sinh d6 duoc 13 diém

b/ Hoc sinh d6 dugc diém am

8/ Trong mot 16p hoc ¢ 6 bong den, moi bong xac suit bj chay 1a 0,25. Lép hoc
c¢6 du anh sang néu co it nhit 5 bong den. Tinh xac suat dé 16p hoc khong du anh sang

9/ Mot doan tau co 4 toa do 0 mot san ga. C6 4 hanh khach tur san ga Ién tau, mdi
ngudi doc 14p véi nhau va chon ngiu nhién 1 toa. Tinh xac sudt dé 1 toa c6 3 ngudi, 1 toa
c6 mdt nguoi va2 toa con lai khong co ai.

10/ C6 30 tdm thé danh s6 tir 1 dén 30 chon ngau nhién ra 10 tAm thé tinh x4c suét
dé:

a/ Tt ca 10 tAm thé déu mang s chin

b/ C6 ding 5 s6 chia hét cho 3

¢/ C6 5 thm thé mang s6 1&, 5 tAm thé mang s chin trong d6 chi mot tim thé
mang s chia hét cho 10.

11/ Ttr mot hop ¢d 7 qua cau xanh, 6 qua cdu d6. Lay ngiu nhién 5 qua. Tinh xéc

suét ciia cac bién co:
a) A:“Trong 5 qua ldy ra c6 ca hai mau”

b) B: “Trong 5 qua lay ra c6 it nhat 2 qua mau do”

12/ Xac suat d¢ mot xa tha ban bia trang diém 10 1a 0,1; trang diém 9 1a 0,2;
trang diém 8 12 0,25 va it hon diém 8 1a 0,45. Xa tha 4y bin mét vién dan. Tim

xac suat dé xa thu duoc it nhat 9 diem.
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SU DUNG VECTO TRONG CHUNG MINH BAT PANG THUC

I. Nhic lai cac tinh chit ciia vecto.

, - —|2 ) - =
1. Tinh chét 1: (a)* = ‘a‘ > 0. Déng thirc xay ra khi va chi khi a =0

2. Tinh chit 2: ‘; +|b| > ‘; +b|. Pang thirc xay ra khi va chi khi ava b cung chiéu.
3. Tinh chét 3: |ab| < ‘;5 . Pang thtc xay ra khi va chi khi ava b cung phuong.

II. Sir dung cac tinh chit ciia vecto' dé chirng minh bat dang thirc.
1. Sir dung tinh chat 1.
Vidul.
Cho tam giac ABC, chirg minh rang: cos2A + cos2B + cos2C > —%.

* Huwéng gidi quyét ciia bai toan: Dé st dung dugc cac tinh chét cta vécto vao bai toan
nay thi cong thirc ndo c6 chtra vecto va c6 chtra ca cosin. Vay do sé 1a tich vo hudng cua
hai vecto, do la:
0A.0F - |0/ |0F| cos (04,08 ), OB.0C |0F||0C| o5 (0B, 0C)
0A.0C = ‘QHR" cos(@,m’) va khi d6 néu ta goi R 13 ban kinh cta dudng

tron ngoai tiép tam giac ABC thi R :‘@‘ = ‘@‘ :‘R" . Tur do, ta nghi td1 vi¢e dung tinh
chat 1 dé chirmg minh. Cy thé nhu sau:
* Gidi: . )

Goi O, R lan luot 1a tam va ban kinh duong tron ngoai tiép tam giac ABC.

Ta co:

(OA+0B+0C) =04 +0B +0C +2(04.0B +0B.OC + OC.04) >0
3R? 3

2R? 2

< 3R> +2R*(c0s2A+cos2B+¢c0s2C) >0 < cos2A+cos2B +cos2C > —

Suy ra diéu phai chimg minh.
Vidu 2.
Cho tam giac ABC. Chtrng minh ring:
6cosA.cosB.cosC < cos’A + cos’B + cos’C (1).
* Huéng gidi quyét bai toan. Ta thiy trong biéu thirc can chimg minh xuat hén tong
céc binh phuong. Vi thé c¢6 thé sir dung duoc tinh chat 1. Nhung ¢ bai toan trén chung ta
can luu ¥, phai xét cac truong hop cua tam gidc ABC. Vi & bai toan trén khong noi d6 1a
tam giac nhu thé ndo. Cu thé, ta 1am bai toan nay nhu sau:
* Gidi:
Néu tam gidc ABC la tam giac t (c6 mot goc i) thi (1) hién nhién dung vi khi d6
vé trai 4m, con vé phai duong.
Néu tam gidc ABC khong phai 13 tam gidc tu thi trén mat phang ta dit cac vecto

_— s

OM ,ON,OP sao cho:
‘W‘ =cos 4; 5]\7‘ =cos B;

5]3‘ =cosC va

(OM,ON) =7 -C; (ON,OP) = — 4; (OP,OM)= - B
Ap dung tinh chét (1), ta co:
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(OM + ON +OP)* >0

—2 —2 —2 _— —_— _ —
< OM +ON +0OP +20M.ON +20N.OP+20P.OM =20
&> cos® A+cos® B+cos® C —2(cos A.cos B.cos C + cos A.cos B.cos C + cos A.cos B.cos C) > 0
& 08’ A+ cos> B+ cos*C = 6cos Acos Beos C . Didu phai chimg minh.

2. Str dung tinh chat 2.

d+

—

b

Ta thuong st dung phuong phap nay khi gip cac bai toan ching minh bit dang
thirc ¢6 chira téng clia cic cdn bac hai ma biéu thirc trong d4u can bac hai co thé dua vé
tong cua cac binh phuong.

Vi dy I: Ching minh rang:
Va® +a+1+va’ —a+122 (1) véi moi a thudc R.
* Hwéng gidi quyét bai toan:

Bai toan nay néu don thuan chi sir dung viéc chimg minh BDT thong thuong thi sé
rat khé dbi véi hs, vi bai toan c6 hai cdn bac hai nén viéc bién dbi sé rat kho. Nhung néu
chu y cac ddi twong trong bai toan va biét khai thac tinh chat 2 néu trén thi bai toan tré
nén dé dang hon. Cu thé, gv chi cho hs huéng suy nghi sau:

Hai biéu thtrc trong cin bac hai c6 thé bién d6i thanh tong cac binh phuong.

2 2 2 2
a2+a+1=(a+lj +(?J va a2_a+1:(l_aj j{?] Tt d6, ta c6 thé dat:

2 2

* . Déang thtrc xay ra khi va chi khi ava b cung chiéu

2‘a+b

ﬁz(a +l;£]; ;:(l—a;g], dén day sir dung tinh chat 2 ta duoc didu phai ching

minh. Cu thé nhu sau:

V3

1 A3
Q)+

* Gigi: BPT (1) < \/(a+%)2 +(§)2 +\/(5—
Trong mat phéng toa do Oxy dait:

13, . 1 B

_’_): v :(__a;_)

2 2 2 2

Ap dung tinh chat 2, ta co: ‘ﬁ‘-k‘;‘ —\/(a +%)2 +(§J2 +\/(%—aj2 +(?J2 2‘;+;‘ =2

o ~Na +a+1+a’ —a+1>2. Diéu phai chung minh.
Vidy 2. Ching minh rang :

) =2

u=(a+

\/x2 +xy+y° +\/y2 +yz+ 27 2% 2+ Z\/g(x+y+z) voi X,y,z > 0.
* Huéng giai quyét bai todn: Bai toan nay vé co ban khong khac gi nhiéu so véi bai
toan trudc. Nén ta lam nhu sau:
Gidi: Trong mit phiang toa do Oxy ta dat:
V3o z 3 x 3
u—(x+2, 5 y),v-(y+2, 5 z); w—(z+2, 5 X);
Tur tinh chat [ +[v]+[#] 2 [ +7 + %] ta co:

R TR ARESR I ARSI
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‘; +;+W‘ = \/%(x+y+z)2 +%(X+y+2)2 = \/§(x+y+z) — diéu phai chirng minh
Theo cach nay ta c6 thé chtng minh rat nhanh duoc cac bai toan sau day:
Vi du 3: Ching minh rang v&i moi x ta co:
\2sin® x +4 +\/2sin2x—2\/§sinx+5 >17
Vidu 4: Cho a, b, ¢ >0 va ab + bc + ca = abc. Chiing minh rang:
\/b2 +2a’ _’_\/c2 +2b° +\/a2 +2c?
ab bc ca
3. Sir dung tinh chét 3.
Vidu I. CMR v6imoi a, b, ¢, d tacod bat dfmg thure:
lab+cd| < (@ +)B* +d*)  (3)
Gidi: Dt ii = (a,c); v = (b,d).
Ap dung tinh chét 3, ta co:
W=+ b +d? = \/(a2 +c*)(b? +d*) = diéu phai chimg minh

>3.

‘;\7‘ =|ab+cd| <|u

, ‘rap+yt =3 ,
Vidu?2. Giasa| 077 co nghiém. CMR: xy+yz+zx <8
Y +yz+2z> =16
Gidi:
x f V3
2

=(y X X), ( : 2)
Ap dyng tinh chat (3), ta c6 diéu phai chung minh.

Vidy 3. Cho tam giac ABC. Piém M thudc mp(ABC). Ching minh:
m, MA + my MB + m, MC > % @+ b+ ).

Gidi: Goi G 1a trong tdm tam gidc ABC.

Ta c6 GAMA > GAMA = GAMG + GA>
Tuong tu  GB.MB > GB.MG + GB*
GC.MC > GCMG + GC?

= GAMA + GB.MB + GC.MC > MG(GA + GB + GC) + GA> + GB*> + GC* = GA*> + GB*> + GC”

& my.MA + my, MB + m, MC 2%((12 + 5 + ) (Bpem)

4. St dung tinh chit ciia vecto don vi

Vidu 1: Xétvidu 1 ¢ phan 1, ta co thé chimg minh bat ding thirc bang cach khac nhu
sau.:

Trén mit phing ta dung cac vecto OM,ON,OP thoa man:
OM‘:l (OM,ON) =2C
O_N" -1 va {(ON,0P)=24
@;‘ 1 (OP,OM) =28
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Ap dung tinh chét (1), ta co:
(OM +ON +OP)*> >0
< 1+1+1+2c0s(2C) +2cos(24) + 2cos(2B) = 0
<> c0s2A4+cos2B+cos2C > —% (dpcm).
Vi du 2. Cho tam giac ABC va cic sb thuc x, y, z. Ching minh ring:
y2c082A + xz¢cos2B + xy cos2C > —%(x2 +y°+2%)
Gidgi: Gia sir duong tron ngoai tiép tam giac ABC ¢6 tam O, ban kinh bang 1.
Ta co:
(xOA + yOB +z0C)? = (x> + y* +2°) + 2(xy c0s 2C + xz c0s 2B + yzcos 24) > 0
Suy ra diéu phai chimg minh.
Vi du 3.Cho tam giac ABC. Chung minh rang:
V3 cos A+2cos B+2+/3cosC <4
Gidi: Goi é,;¢,;¢, theo thir tw 14 vecto don vi cua cac canh BC, CA, AB.
Ta co:
(28, +~/36, +8,)> =4+3+1-2(3cos 4 +2cos B+2+/3cosC) >0
=> \3cosA+2cosB+2\3cosC<4 (Ppcm).

Theo cach nay ta c6 thé chirng minh cac bai toan sau:
Vidu 4. Cho tam gidc ABC. Ching minh rang:

cos A+cosB+cosC S%
Vidu 5. Cho tam giac ABC va s6 thyc x. Ching minh rang;

2
cos A+ x(cos B+ cos() S%+1.
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MOT SO BAI TOAN CUC TRI HINH HQC TOA PO

1 Bai toan 1:
i q x=t
Cho hai diém A(1;2), B(0;-1) va duong thang (d) : y=20+1
Tim M e (d) sao cho: ,
a) (MA+MB) nho nhat.
b) | MA-MB| 16n nhat.
Trong hinh hoc phang ta biét:
+/ Néu A, B nam ve hai phia doi véi (d) thi:
(MA + MB)min <~ M= (AB) N(d).
+/ Néu A, B ndm vé mdt phia di véi (d) va B’ 1a diém d6i xtimg cua B qua (d) thi:
(MA + MB)min < M= (AB”) N(d).
+/ Néu A, B ndm vé mdt phia di véi (d) ma (AB) cat (d) thi:
IMA - MB| max <> M= (AB) N(d).
+/ Néu A, B nam vé hai phia d6i véi (d) va B” 1a diém d6i xtng cta B qua (d) ma
(AB”) cit (d) thi: |[MA - MB| max < M= (AB”)N(d).
Duya vao két qua di biét trong hinh hoc phang ta c6 thé giai dugc bai toan 1. Tuy nhién
viéc tinh toan kha phtrc tap. Cu thé la:
+ Neu phuong trinh cua (d) duoc cho dudi dang tham s6 thi ta budc phai chuyén vé
dang tong quat dé c6 thé kiém tra dugc A va B naim mot phia hay hai phia d6i voi (d).
+ Néu phai tim toa d6 diém B’ (trong cu a) hodc B”(trong cau b) thi viéc tinh toan con
kho khin hon nita. Dé khéc phuc tinh trang trén, xin dua ra mot 101 giai khac nhu sau:
a) ViMe (d)nén M(t;2t+1).Khidotacé:
MA+MB = J(1=1)> + (2 =1)° ++/1> + (2 +2)* =[5> =61 +2 +/5> +8t +4

3y, L o 4
_ﬁ[\/(t_? +25+\/(t+5) +25}

3.1 —4 2
XétA'(Z:-=) , B(—:=2),M(¢:0
G5 B :9),M(:0)

Khi d6 MA + MB =+/5 (M’A’+M’B”).
Vi M’ chay trén truc hoanh va A’,B’ nam vé hai phia ddi véi truc Ox nén
(MA+MB)min <(M’A’+M’B’)min <& M’= (A’B’)n Ox.

-1
& g:i:_—le' chia doan _—4,2 theo ti s6 - nén M’ (3;0) => (3 2)
M'B" 2 2 55 2 15 1515

5

b/ Tuong tu nhu cau a) ta co:

——\/(r +2)

Xét A” (3 lj,B ( 4 2) M"(t;0)
5’5 5°5

Khi @6 |MA - MB| = J5(M”A”-M”B”).
Vi M” chay trén truc Ox va A”;B” ndm vé mot phia di véi truc Ox nén :
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IMA-MB|max < [M”A” - M”B”| max

M'4'

SOM” = (A”B”) ﬂOX @M—: M"(2,0):>M(2,5)

1
2

Y tudng cua 10i giai trén van dua vao két qua da biét trong hinh hoc phéng Tuy nhién
khi thay duong thang (d) bang truc Ox khi xét vi tri tuong dbi ciia cac diém da lam cho

d6 phurc tap trong tinh toan giam di rat nhiéu.
2 Bai toan 2:

Trong khong gian cho diém A(1;0:1), B(g;%z;%lj va duong thang (d) c6 phuong

trinh tham sb: X=t
(d): y=t ,teR
z=1-t

Tim M e (d) sao cho: a) (MA+MB) nho nhat.
b) [MA-MB] I6n nhét.

Cach gmt trong hinh hoc khong gian:

+ Pé gidi cau(a) ta tim diém biéu dién B’ 13 anh cta B qua phep quay quanh truc (d)
voi gée quay thich hop sao cho A;B’;(d) dong phang va A, B’ nam vé hai phia véi (d) khi
do: (MA+MB)m1n & M= (AB’ ) N(d).

+bé giai cau (b) ta tim diém B” 14 4nh cta B qua phep quay quanh truc (d) voi goc
quay thich hcrp sao cho A;B’;d dong phang va A;B” nam v€é mot phia ddi vai (d). Khi do
néu (AB”) cit (d) thi : IMA-MB|max &> M= (AB”) N(d).

Duya vao két qua da biét trong hinh hoc khong gian, ta ciing c6 thé giai duoc bai toan2.
Tuy nhién viéc tim toa do diém B’(trong cdu a) hoic B”(trong ciu b) budc ta phai thuc
hién nhung phép tinh phuc tap.

Pé khic phuc tinh trang nay, ta lai tiép tuc y tuong da co trong 1oi giai cta bai tap 1.
a) ViMe(d) Nén M c6 toa do (t;t;1-t) khi do:

MA + MB:\/(t—l)z+t2+(—t)2+\/(t—§)2+(t+§)2+(g—t)2 =32 =2+ 2432 —dr + 4

A yA
e 2 o 2,8 1 .
_‘/5(\/0_5) 9 +\/(t 3 J 52 ’
£ ]
wew a2, G2 ) P

KhldoMA+MB— \/_(M AH+M’B).
Vi M’ chay trén truc Ox va A’; B’ —2+/2
nam vé hai phia d6i véi truc Ox nén: 3
(MA+MB)min & (M’A’+M’B’)min & M’=(A’B’) nOx

. Q
M'B' —2\/_ 9°9°9
3
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b) Tuong tu cau (a) co : |MA—MB|_\/§[\/(I_§)2+§ _\/(t_§)2+§ J
f 2 2f

Dit A"( B'(S; M"(t; 0)Khi d6 : |MA—MB|=+3 |M"4"-M"B"|.

ViM” chay tren Ox va A”,B” nam vé mot phia vo1 truc Ox nén:
IMA-MB|max ¢ [M”A” -M”B”max < M”=(A"B”) n 0x

2
o MA_ 3 1o 400 e M©0:0:)
M"B" 2\/5 2

Trong 101 giai trén ta khong nhung thay duong thang (d) bang tryc Ox khi biét vi tri
tuong ddi cia cac diém ma con chuyen h¢ thong khong dong phang gom hai diém A;B va
duong thang (d) thanh hé thong dong phang gdm hai diém A’ va B’ va truc Ox (trong ciu
a) hoic hé théng dong phang gém hai diém A” va B” va tryc Ox (trong cau b) do 1a
nhiing nguyén nhan co ban gitp ta c6 mot 161 giai don gian.

3 Baitoan 3 :

Trong khéng gian cho hai diém A,B va dwong thing (d). Tim diém M trén (d) sao
cho tam gidc MAB cé di¢n tich nhé nhit.
Phwong phap gidi :
- V6i M thude (d) ké MH vudng goc véi AB .Canh AB khong ddi .Khi d6 dién tich tam
gidc ABM c6 gid tri nho nhét khi 6 dai doan MH nho nhét.
- Trong trudng hop néu (AB) vudng goc véi (d) => M 1a giao cta (d) va mit phang chta
(AB) va vudng goc voi (d).
- Neu (AB) va (d) chéo nhau => MH la doan vuong géc chung cua (AB) va (d) . Bai toan
quy vé tim diém M 14 chan dudng vudng goc chung caa (AB) va (d).
Vay bai toan phdai thwc hién theo cac budc sau:

- Piém M chinh 13 chan dudng vudng goc chung cua dudng thing (d) va (AB), trong
d6 M 1a diém thudc (d).

- Tim véc to chi phuong cta (A) 1a dudong vudng géc chung cua (AB) va (d).

- Lap phuong trinh mp(P) di qua (AB) va chirta duong vuong goc chung do.

- Tim giao diém M cua (P) va (d).
Vi du 1 : Trong khong gian cho hai diém A(1;-1;0), B(1;0;1) va dudng thang (d) ¢
phuong trinh : X =-1+t

(d) y= 1+t
z=-2
Tim diém M trén (d) sao~cho tam giac MAB c6 dién tich nho nhat.
Loi gidi
Taco: Me(d) .Gidsu N(-1;1;-2)e(d). ké MH 1L AB A
1 d

S.anc =~ ABMH

i, = (1,0) ;AB=(0;1;1) = ii,.AB=1#0
[@,uj]ﬂ\f =—6#0= AB,u,, AN khong ddng phing

=> (AB) va (d) chéo nhau .
Goi (A) la duong vudng goc chung cua (AB) va (d)

o=

B
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= i, =| 4Bii, | =(-11;-1) =i, =(L-1]1)
Goi (P) 12 mit phang chira (AB) va (A) = ii, = [AB ”A] (2;1;-1).
Do 4 e(P) nén mp(P) c6 phuong trinh (P) : 2x+y-z=1.
Laico M =(P)n(d)=> M e(d)=> M(-1+t;1+1;,-2).

Do M e (P) nén thay toa do cua M vao phuong trinh ctia (P) ta co t=0=>M(-1;1;-2).
Vay M (-1;1;-2) thao man yéu cau cua bai toan .

4 Bai toan 4:

Trong khong gian, cho mdt phing (P) va hai diém A,B c6 toa dé cho truée. Tim
diém M trén mat phing (P) sao cho : MA + MB dat gid tri nhé nhit.
Phwong phap gidi :
Pé tim diém M thoa man tinh chat trén ta thuc hién theo cac budc sau:
BuGc 1 : Xét vi tri twong ddi cua A,B d6i véi mat phang (P) bang cach tinh :
ta=ax, + bystcza+d ; tg=axp + byg+czg +d
* Néu ta.tg >0 < A,B cung phia d6i véi (P). Thuc hién buée 2.
* Néu ta.tg <0 < A,B khong cung phia d6i véi (P). Thuc hién budc 3.
Buéc 2 : Tim toa do diém A, doi xing véi A qua (P) .
- Viét phuong trinh tham sé cta dudng thing (A,B).
- Tim toa d6 giao diém N cua (AB) va (P).Thyc hién budc 4.
Burée 3: Viét phuong trinh tham sb ctia duong thang (AB).
Tim toa do giao diém N ctia (AB) va (P).Thuc hién budc 5.
Buéc 4: Ta di chimg minh MA+MB nho nhét khi va chi khi M=N:
That vay: Liy diém M bét ky thudc (P) ta co :
MA+ MB = MA, + MB > A.B = NA + NB . Dau “=" xay ra khi va chi khi M=N.
Buéc 5: Ta di ching minh MA+MB nho nhat khi va chi khi M=N.
That vay : Lay diém M bat ky thudc (P) ta c6 :
MA+MB > AB = NA+ NB . Diu “=" xay ra khi va chi khi M=N.
* Chi y: Phuong phap trén ciing duoc st dung dé tim M e (P)sao cho: [MA-MB] 16n
nhat.
Vi du 2: Cho hai diém A(-7;4;4),B(-6;2;2) va mit phang (P):3x-y-2z+19=0. Tim M e (P)
sao cho:
a) MA+MB dat gi4 tri nho nhat.
b) | MA-MB| dat gi4 tri 16n nhat.
Loi Gidi
a) MA+MB dgt gid tri nhé nhit.
- Xéc dinh vi tri tuong ddi cua hai diém cua A,B doi v6i mat phéng (P),taco:
ta.tg = (3.(-7)-4-2.4+19).(3.(-6)-2-2.3+19) =98 > 0=> A,B cuing phia ddi v&i (P).
Goi A, 1a diém d6i xtng véi A qua (P) .
Mit phang (P) ¢6 :7i (3;-1;-2). Puong thang (AA,) duoc xac dinh boi

Qua A(-7;4;4) X = -7+3t
(AA)): & (AA) { y=4-t (teR)
Vtep 7i(3;-1;-2) z=4-2t

* Goi H 14 hinh chiéu vuéng géc clia A 1én (P). Ta c6 H =(44,)n(P). Thay x,y,z tir
phuong trinh tham s6 ctia (AA;) vao (P), ta duoc :t =1 < H(-4;3;2).

Vi H la trung diém c1:121 AA|nén ta (5(') : A(-1;2;0).
* Phuong trinh tham s6 ctia duong thang (A;B):
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Qua A(-1;2;0) x =-1-5t
(AB): &S (AB): <y=2 (teR)
Vtcp 4,B(-5;0;3) z=3t

* Goi N 1a giao diém cua (A,B) va (P). Dé tim toa d6 cta N ta thay x,y,z tir phuwong trinh
. 2 13
tham s0 ctia (A;B) vao pt ctia (P) ta dugc : ¢ = 3 = N| - Yy ;2,2

Ta di chirng minh MA+MB nh6 nhat khi va chi khi M=N.
That vay : Lay diém M bat ky thudce (P) ta co:
MA+MB = MA +MB > AB = NA, + NB . Ddu “=" xay ra khi va chi khi M=N.

Vay diém M (-5; 2 zj thod man didu kién bai ra.
b) | MA-MB| dat gid tri Ién nhit .
Ta c6: A,B cung phia dbi véi (P).

* Phuong trinh tham s cua dudng thang (AB):

Qua B(-6;2;3) X = -6+t
(AB) : & (AB): |y=2-2t  (teR)
Vtep ﬂ?(l;—2;—l) z=23-t

* Goi N 1a giaoldiém cua (AB) va (P). Dé tim toa d6 cta N ta thay x,y,z tit phuong trinh
tham s ciia (AB) vao pt cua (P) ta duge : 1 =1= N (-5;0;2).
* Ta di chirng minh [MA-MB| 16n nhét khi va chi khi M=N.
That vy : Lay diém M bt ky thudc (P)tacé : | MA—MB|< AB =| NA— NB|
Dau “=" xay ra khi va chi khi M=N.
Vay diém M (-5;0;2) thoa man diéu kién bai ra.
Vidu 3:
Cho hai diém A(1;1;2), B(2;1;-3) va mit phang (P) ¢6 phuong trinh :2x+y-3z-5=0. Tim
M trén mit phang (P) sao cho :
a) MA+MB dat gié tri nho nhat.
b) [MA-MB] dat gia tri 16n nhat.
Loi gidi:
a) MA+MB dat gid tri nhé nhit
- Xac dinh vi tri tuong ddi cua hai diém cia A,B dbi véi mat phfmg (P), ta co :
ta.tg= (2.141-3.2-5).(2.2+1-3.(-3)-5) =-72 < 0 => A,B khong cung phia ddi véi (P) .
Puong thing (AB) duoc xac dinh béi :

Qua A(1;1;2) x=t
(AB) : & (AA): < y=1 (teR)
Vtcp ZE(I;O; -5) z=2-5t

Goi N 14 giao diém ciia (AB) va (P). Dé tim toa do ctia N ta thay x,y,z tir phuong trinh

ham s6 AB P)tad t SSN(2516
t ) 30 pt ct t ct=—
am sO cua (AB) vao pt cua (P) ta dugc 17 17717
* Ta di chirmg minh MA+MB nho nhat khi va chi khi M=N.
That vay : Lay diém M bat ky thugc (P) ta co : MA+MB > AB = NA+ NB
Dau “=" x4y ra khi va chi khi M=N.

Vay didm M(f—j;l;%) thod man didu kién bai ra.
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b) IMA-MB| dat gid tri Ion nhit o
Ta c6 : A,B khéc phia doi voi (P). Goi A, 1a diém doi xung voi A qua (P) .
Mit phing (P) c6 :7i(2;1;-3) . Duong thing (AA,) dwoc x4c dinh b :

Qua A(1;1;2) X = 1+2t
(AAl) . & (AAl) < Y= 1+t (t GR)
z=2-3t
* Goi H 1a hinh chig Po cuagA 1én (P). Ta c6 H =(44,)n(P). Thay x,y,z tir
phuong trinh tham sb \ g (P), ta dugc it = 4 < H (E,H,gj .
7 777
Vi H 1a trung diém c y 10 ¢ (2,1—5,_710)

x =2 +9t
& (AB): ] y=1+8t (teR)
9 11
—;7;7j hay Vtep i(9;8;11)

( Vtcp BA{7 z=-3+11t

* Goi N 1a giao diém cua (A,B) va (P). Dé tim toa d6 cta N ta thay x,y,z tir phwong trinh
. 9 95 79 78
tham s0 cua (A;B) vao pt cua (P) ta dugc : = 5 =N 7;7;7 :
Ta di chimg minh [MA-MB]| 16n nhit khi va chi khi M=N.
That vay : Lay diem M bat ky thudc (P) ta c6 :
| MA—MB |=| MA, — MB |< A B=| NA— NB|

Dau “=" xay ra khi va chi khi M=N.

Vay diém M [9—75779778j thod man didu kién bai ra.

S Bai toan 5:

Trong khéng gian cho mdt phéing (P) va hai diém A,B c6 toa dé cho truée .Tim
diém M trén mdt phing (P) sao cho hé thirc : P.MA* + OQ.MB® dat gid tri nhé nhdt (Véi
tong cdc hé sé P+Q la mét so6 dwong ).

Phwong phap gidi :
- Tim I thoa mén hé thitc : P14+ Q.IB=0.
- Biéu thirc : P.MA> + Q.MB* =(P+Q)IM* +C (C 1a hang sd, P+Q 13 mot s6 duong).
Khi d6 tdng P.MA> +Q.MB* dat gia tri nhé nhit khi d¢ dai MI nhé nhit<> M 1L (p).
Bai toan quy vé : - Tim toa do diém I thod man hé :[hl:l’C vécto .
- Tim toa d§ diém M 1a hinh chi€u vuong gbc cua I trén (P)
Vidu4:
Cho hai diém A(1;7;1), B(5;5;-3) va mit phing (P) : x+2y-2z+1=0. Tim M nam trén
(P) sao cho M4’ + MB* dat gia tri nho nhét.
Loi gidi
Gia st I thoa min 4+ IB =0 =>I 14 trung diém cia AB =>1(3;6;-1).
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2
= MA* + MB* =2MI* + AB

+MB*),, < M1, (do AB cb dinh) < M 1L (p).

min min

=1, =(L,2,-2) =, .

X =3+t
Khi d6 IM ¢ phuong trinh tham s61a:  (MI) y = 6+2t
z=-1-2t

Ma M nim trén mit phang (P) : x+2y-2z+1=0 nén MMa giao diém cua (P) va dudng
thang IM. Khi d6 toa do cua M 1a nghiém cua h¢ phuong trinh sau:

X =3+t

= 6+2t
z=-1-2t =>t=-2=>M(1;2;3).
x+2y-2z+1=0

Vay M(1;2;3) 1a diém thoa mén yéu ciu baira .

2.6 Bai tap - Pap an
Bai1: (Pé97-Va)

Tim trén tryc hoanh diém P sao cho tong cac khoang cach tir P dén hai diém
A(1;2) va B(3;4) 1a nho nht.
Bai 2 : Trong mit phing v&i hé toa do Dé cac vudng goc Oxy,cho dudng thang (d) c6
phuong trinh 2x — 3y + 18 = 0 va cac diém A(2;3) ,B(-6;0). Tim diém M trén duong
thang (d) sao cho MA+MB nho nhit .
Bai 3 : Trong mit phiang voi hé toa do Dé cac vudng gbc Oxy ,cho duong thing (d) c6
phuong trinh : x-2y+2=0 va hai diém A(0;6),B(2;5). Tim trén duong thing (d) diém M
sao cho:

a) (MA-+MB) nho nhit.
b) | MA-MB| 16n nht.
Bai 4. (CP NONG LAM - 2000)
Trong mit phang voi hé toa dd Pé cac vudng goc Oxy, cho hai diém A(1;0) ,B(2;1)
va duong thang (d) co phuong trinh 2x —y + 3 = 0. Tim diém M trén duong thang (d)
sao cho MA+MB la nho nhét so véi moi diém con lai trén (d). Viét toa d6 diém M.

Bai 5. Cho hai diém A(1;2;-1), B(2-+2;2 ;-3 ) va duong thang (d) c6 phwong trinh :

x+y+z-3=0
(d) {
y+z-5=0

Tim diém M trén duong thang (d) sao cho MA+MB nho nhét .hoctoancapba.com
Bai 6. (PHQY-96)
x+1 y-1 z+2

Cho hai diém A(1;1;0) ;B(3;-1;4 ) va duong thang (d) : i . Tim diém
M trén duong thang (d) sao cho tong cac d6 dai MA+MB nho nhit .
Bai 7. (CD SP KONTUM ( KA- 2003))
2x+3y—-4=0
Cho duong thang (d) : { va 2 diém A(1,2,-1) ; B(7:-2;3)
ytz—4=0

Trén (d), tim diém I sao cho d6 dai dudong gap khic IAB ngén nhat.
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GIAI TOAN BANG PHUONG PHAP TOA PO

1. X4y dung h¢ toa dg.

Xay dung hé toa do hop 1y 1a diéu rat can thiét cho viéc u’ng dung cua phuong
phép toa do trong viéc gidi toan. Pay la budc dau tién cia bai giai. Nguoi gido vién can
huéng dan khéo 1éo giup hoc sinh nhdn ra cc tinh chat dic biét cua bai toan, & ddy chu
yéu la str dung tinh vuong goc, dé xay dung mdt h¢ toa d§ ma trén dé cac tham sb duoc
giam mot cach tdi uru nhat.

O day, ta xem xét mot sd truong hop ap dung tét phuwong phéap nay.

Di v6i cac bai todn c6 mot trong cac tir giac nhu: hinh vudng, hinh chit nhat, tam
gidc vudng. Doi voi cac hinh nhu vay ta co thé chon hé truc toa do c6 gbc nam tai mot
dinh vuéng, co6 hai truc Ox va Oy chira 2 canh tuong Ung cua goc vudng do. Va chon don
vi trén cdc truc bang do dai cua mot trong hai canh goc vuong. Bing cach chon nhu vy,
cac tham sb dugc giam tdi da co thé. Va dang hinh ndy ciing 14 dang ap dung thuan loi
nhat phuong phap toa do trong mit phang nay.

A A A
y y y

BO;1)  ca;1) B(0;b) C(1;b) 1€0;0)

> > o=
A D(1;0) x A D1;0) x A4 B(1;0) «x

Dbi voi cac bai toan c6 chia tam giac déu, tam gidc cin, tam giac thudng. Ta co
thé xay dung mot hé truc bang cach dua vao duong cao. Cu thé, ta dung duong cao tu
mot dinh bat ky (doi voi tam giac can ta nén dung dudng cao tir dinh can). Chan duong
cao khi d6 chinh la goc toa dg, canh day va duong cao vira dyng nam trén hai truc toa do.

B(0;/3)
C(0;h)
(-1; H ~C(1;0) 4 —>
AC1;0) X A(1-a;0) |0 B(10)

Dbi v6i cac bai toan co chira cac dudng tron thi ta ¢é thé chon goc toa do nam tai
tam cua duong tron va don vi cia hé toa do b?mg ban kinh duong tron, mot hodc hai truc
chtra ban kinh, duong kinh cia dudong tron.

Tuy nhién, khi 4p dung thi khong ctng nhic trong viéc chon hé truc toa do. Nén
dé hoc sinh linh hoat va tim ra cach chon t6i wu cho bai toan.

Mot sd bai toan c6 thé c6 nhiéu ddi twong hinh hoc trén do, thi tuy vao gia thuyét
ta chon hé truc toa do cho phu hop.
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2. Mt s6 bai toan ap dung phwong phap toa dd trong mit phing.
a. Chtrng minh c4c tinh chat hinh hoc.

Phuong phép toa d6 duoc ap dung tot nhit cho cac bai toan ma trén d6 c6 quan hé
vuong goc xuat hién. Néu bai toan c6 cac doi tuong nhu la: hinh vuong, hinh chir nhat,
tam gidc vudng.

Bai toan 1: Cho hai hinh vuéng ABCD va AB'C'D' cing chiéu. Chirng minh
rang cac duong thang BB',CC',DD' dong quy.

Bai toan nay néu str dung phuwong phap tong hop thi kha rac réi. Tuy nhién, néu sir
dung phuong phap toa do thi kha don gian.

bé ap dung phuong phap toa do, dau B(0,1) c(1.1)
tién ta giup hoc sinh xay dung mot hé tao do
Oxy cho bai toan. O bai toan nay, viéc xdy
dung hé toa do kha don gian. Ta cé thé chon g @0
h¢ truc Oxy sao cho hinh vuéng ABCD ¢6 2 A
canh nam trén 2 tryc nay. / ”

Lo1 giai: 1% AT
Chon hé truc toa dd sao cho \*\ /

A(O;O), B(O;l), D(I;O). Suy ra C(l;l). \D.
~ Goi B(a;b) vi hai hinh vudng cung
chiéu nén ta suy ra D’(b,;-a), C’(a+b,;b-a).
Khi do: 7
Duong thang BB’ c6 phuong trinh:
(1—b)x+a(y—1)=0 hay (1—b)x+ay:a (D)
Puong thang CC’ ¢6 phuong trinh:
(1+a—b)(x—1)+(a+b—1)(y—l)=0 hay (a+1—b)x+(a+b—l)y:2a(2)
DPuong thang DD’ ¢6 phuong trinh:
a(x—l)+(b—1)y:O hay ax+(b—1)y=a 3)
Ta co (1) + (3) dugc phuong trinh (2). Do d6 BB’ va DD’ cit nhau tai (x,;,) thi
(x,,y,) cting thoa phuong trinh cua duong thang CC".
Vay 3 duong thang BB’, CC’ va DD’ dong quy.
, Céach chon do dai hinh vudng biang 1 giup giam thiéu cac tham sé khong can thiét,
rat co loi cho viéc tinh toan.
Bai toan 2: Cho duong tron (O) tam O, dwong kinh AB. C la mét diém thay doi trén
duong tron (O) sao cho tam giac ABC khong cdn tai C. Goi H la chan dwong cao cua
tam giac ABC ha tw C. Ha HE, HF vuong goc voi AC, BC tuwong itng. Cdc duwong thang
EF va AB cat nhau tai K . Goi D la giao diém cua (O) va dwong tron duong kinh CH, D
# C. Chung minh rang K, D, C thang hang.
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B{1+a)

Bai nay hinh v& khé ric rdi va c6 thé it khi nao cac ban nghi t61 phuong phap toa
d6 ma nghi t61 cac phuong phap khac. Tuy nhién, néu biét cach chon tryc mot cach kheo
1éo thi dung phuong phap toa dd ta giai bai todn nay ma khong phai tinh todn qua nhicu.

O day ta chon géc toa dJ tai chan duong cao cua tam giéc’ABC (loi dung qdu’(yc
tinh vuong gbc) va dat AB=2, khoang cach tur chan duong cao H dén tam O thay doi tuy
theo vi tri cua C va ta dat HO=a. Goi HC=b. Ttr d6 chling ta xay dung dugc mot hé truc
kha thuan lo1 cho bai toan.

Loi giai cy thé cho bai toan nhu sau:

Dung hé truc Oxy sao cho: H(0,;0), O(0;a), A(-1+a), B(0;1+a) va C(0,b).

Khi d6 b° 2‘(—1+a)(1+a)‘ =1-a°

2
Phuong trinh duong tron (I;1C): x° + ( Y- g) =

Phuong trinh duong tron (O; 1): (x - a)2 + y2 =1
Puong thang CD 1a truc dang phuong cua hai dudng tron (Z;/C) va (O;1) nén cb

phuong trinh la:
2 2

—2ax+a2+by—?=1—?<:>2ax—by+b2=0

Phuong trinh dudng thing AC: Ll +% =1< bx+ (a — l)y = b(a — 1)
a p—
Phuong trinh dudng thing HE: (a — l)x —by=0

—b* b(1 - a)]

Suy ra toa do diém E ( >

2
b
‘ : 2 — ")
Suy ra phuong trinh duong thang EF: e :b(l—a) b
2 2 2
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e -b’
Suy ra toa d¢ giao diém K cua EF va AB1a K (2—;0j
a
D@ thay toa d6 diém K thoa phwong trinh duong thang CD, suy ra K thuoc CD.

Viy 3 diém K, C, D thing hang.

Nhén xét: Bdi todn trén la bai todn kha hay va c6 nhiéu cdch gidi. Trong cdch gidi
bing phu’(mg phdp toa do nhw trén, nhdn xét CD la truc ding phwong cia hai du’ong
tron (O) va (I) la kha quan trong, giup ta giam nhiéu trong viéc tinh todn. Y tuong ndy
cing thuong hay dwoc sir dung dé viét phirong trinh dwong thang qua giao diém cua hai
dwong tron hay la dwong thang di qua hai tiép diém.

Bai toan 3: Cho tam glac ABC, duong tron duong kinh BC cit 43, AC 1an luot tai E va D.
Goi F, H 1a hinh chiu cua D va E trén BC. Goi M 1a giao diém cua EF va DG. Ching
minh rang AM L BC.

A (0,1)

'C (0,c)

B (0,b) G F

Nhin vao dé bai c6 nhiéu yéu t vudng goc va hinh v& thi thdy bai toan nay rat
thuan loi trong viéc ap dung phuong phap toa do.
Loi giai )

Ta chon h¢ truc nhu sau: chan duong cao ha tir 4 1a H lam goc toa do, A(0;1),
B(0;b) va C(0;c) 7

Khi d6 phuong trinh duong thang AC:x +cy—c =0

Phuong trinh dudng thang 4B: x —by —b=0

Phuong trinh duwong cao BD: cx—y—bc=0

Phuong trinh duong cao CE: bx—y —bc =0

2 2 2 2
Toa do diém D(bc2 +c c —bcj v E(cb2 +b;b 2—bcj
b*+1 b +1

A+17 41
2 2
Suy ra toa d6 diém F(H;OJ,G[#;OJ

c’+1 b +
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ch® +b
b+l Y
bcz+c_cb2+b ¢’ —bc
q A+l b+l P+l
Suy ra giao di€m cia DG véi tryc tung 1a M c6 tung d6 1a:

—bc(bc+1)(c—b) bc
Yu = 2 2 =
(bc+1)(cb +c—bc —b) bc—1

Phuong trinh dudng thing DG:

Ta thiy biéu thirc trén dbi xtng voi b, ¢ néu goi M’ 1a giao diém cua EF véi truc
tung thi M” ciing c6 tung d6 nhu trén. Do d6 EF, DG cat nhau tai mdt di€m trén tryc tung,
hay AM 1BC.

b. Chirng minh duong thang di qua diém cé dinh.

Bai toan 4: Cho tam gidac ABC vuong tai A khong phai vuong can, trén canh AB va AC
lay M, N sao cho BM=CN. Chirng minh rang dwong trung truc cua MN luon di qua mot
diem co dinh.

B (0,b)

c(1,0)

A(0,0) /

Loi giai.
Chon h¢ truc toa d6 Oxy sao cho: A4(0;0), B(0;b) va C(1,0).
Goi M(0;m) 1a diém thay doi trén canh AB voi 0<m<b+#1.
Ta c6 BM=CN, suy ra: N(1+m-b,0)

. 1 _

Suy ra trung di€ém P cua MN c6 toa do: P(%b,%j

Va: m:(1+m—b;—m)

Suy ra phuong trinh dudng trung truc cua MN la:

1 _
(1+m—b)(x—ibj—m£y—ﬂJ:O
2 2
1
<::>m(x—y—1+b)+(1—b)x—5(1—b)2 =0
1-b b-1
Tir ddy ta thdy duong thiang nay lubn di qua diém c6 dinh / T,T

Bai toan 5. Cho duong trinh duong kinh AB, duong thang d vuong goc voi AB tai C co
dinh. H la diém thay doi trén d. AH ba BH cat dwong tron tai D va E. Chirng minh rang
DE [uén di qua mot diém cé dinh.
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H(0;m)

A(-1-¢;0) ) 5(0;0) B(1-c;0) P

Loi giai

Chon hé truc toa d6 Oxy sao cho C tring vé6i gdc toa do, B(I—c;0) va A(I-c;0), d trung
voi Oy.

Duong tron duong kinh 4B c6 phuong trinh: (x + 0)2 +y* =1

Gia st H(0;m) (m thay doi).

Goi I 1a giao cua BD va (d).

Y
+—=1lomx—(l+c)y+m(l+c)=0
e (Lhe)y+m(1+e)
Phuong trinh duong thang BD (qua B va vuong goc AH):
(1+c)(x—1+c)+my:O

Phuong trinh dudng thang 4H:

, 1-¢?
Suy ra toa d diém [ (O; ¢ ]
m

Phuong trinh duong tron duong kinh HI ¢6 phuong trinh:

N _l—cz+m2 2_ 1-c* —m? ’
4 2m 2m

Khi d6 phuong trinh duong thang DE 13 tryc dang phuong cua dudng tron duong kinh 7H
va duong tron dudng kinh 48 nén c¢é phuong trinh:

- +m’ 5 [l—cz—mzl2 [l—cz+m2j2
2cx+————y=1-c"— +

m 2m 2m
1-c*+m’
S22+ ————y=2-2¢"
m
. A A 4 e : 1-¢°
Phuong trinh trén luén dung véi moi gia tri cua m khi: x = ;=0
c

v 1-¢?
Vay DFE di qua diém co0 dinh P [ ¢ ;Oj
c

c. Bai toan quy tich.
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Bai toan 6: Cho tam gidc ABC khéng cdn ¢6 hai dinh B va C ¢6 dinh va dinh A di déng.
QOua B dung dwong thiang d vuéng géc véi BC, d cdt trung tuyén Al cia tam gidc ABC tai
K. Goi H la tryc tdm cia tam gidc ABC. Chirng minh rdang néu IH song song véi KC thi
diéem A di dong trén mot duong o dinh.

A(x;y)

B(-1;0) 1(0;0) ¢(1;0)

Chon h¢ truc toa Oxy c6 sao cho C(1,;0) va B(-1;0). I trung O.
Giasu A(x; y) voi x#0;y#0
Toa d6 truc tam H(x,, y,) 1a nghi¢m ctia hé¢ phuong trinh:

AHBC =0 {%=X [ 1—ﬁ]
- = < H| x;
BHAC=0 |(x-1)(x+1)+y,y=0 y

Goi K(x,, y,) la giao diém cta d va AI khi d6 toa d6 K 1a nghiém cua h¢ phuong

trinh:
x,=-1
Lo
Yo =% X
X
Theo gia thiét thi IH/KC suy ra E,E cung phuong, do do:
2 2
RINIPY bk SO IR S
X h% 1
2 2

Vay A di dong trén (E) :XT+)/7 =1 ¢b dinh.

Sau ddy chung ta xét mot bai toan ma rat it ban c6 thé nghi ti phuwong phép toa do
khi bat dau giai bai toan nay.
Bai toan 7: Cho géc Ixy va diém P nam bén trong géc. Puong tron thay doi qua I va P
cat hai tia Ix, Iy lan luot tai A, B. Tim quy tich trong tdm G cua tam gidc IAB.

Véi bai toan nay, khong kho dé dy doan quy tich 1a mot duong thang, ma néu la
quy tich 1a mot dudng thang thi hoan toan c6 thé ty tin dé giai bang phuong phap toa do.
Viéc con lai 1a dam lam va lam téi cung.

Loi giai
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Ta dung hé truc toa Oxy voi Oy la dudng trung tryc cua [P va I(-1; 0), P(1;0).
C(0;a) va D(0;b) (b <0) la giao di€ém cua duong trung truc /P va hai tia
Ix, Iy. q
Goi K(0;m) 1a tam dudng tron thay doi qua / va P.
Phuong trinh duong (IC): il +Y=loy=ax+a
-1 a
Phuong trinh dudng thang (ID): y =bx +b
Phuong trinh duong tron (K,K1):
x’ +(y—m)2 =m’+lex +y" —2my—-1=0
Toa dd giao diém A cua IC va (K,KI) 1a nghiém ctia hé
{ y=ax+a

. va x#-1
X +y =2my-1=0

: —a® a(2ma+2
Suy ra toa do diém A 2ma+12 a ;a( ma2 )
l+a I+a

: —b* b(2ma+2
Tuong tu ta c6 toa do diém B(Zmb+1 b, ( ma )}

1+6>  ~  1+D°

Tir d6 ta c6 toa diém G trong tam cua tam giac I4B 1a

x-_lﬁ( 1, 1 jz( a_, b jm
“ 3 3\a*+1 B*+1) 3\1+d® 1+4°

20,1 2ab( 11
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Tir d6 ta thiy G ludn chay trén duong thing co phuong trinh tham sb 13 phuong
trinh (*).
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Do d6 quy tich G 1a doan thang thudc duong thang co6 phuong trinh (*) véi

1 1
me|——;——
a b

Bai toan 8: Cho géc Oxy vudng tai O. M la diém bén trong géc sao cho khoang cdch tir
M dén Ox, Oy lan luot la 3 va 4. Tim diém A trén Ox, B trén Oy sao cho AB qua M va OA

+ OB la nhé nhat.

NS

Loi giai

Xét hé truc toa do Oxy voi O 1a géc toa dg; Ox, Oy la truc hoanh va truc tung. Khi
do: M(3,4).

Gia su: A(a,;0) va B(0;b).
Khi d6 phuong trinh dudng thing AB: X +% =1
a

3 4
AB qua M(3;4) nén ta co6: —+ 3 =1
a

Ta c6: OA+OB:a+b:(a+b)(i+%j2(\/§+2)2
a

Dau “=" xdy ra khi va chi khi:

e

a=—= {a=3+4\/§
—

2
3,4, [(b=23+4

=1
a b
Vay A4, B la hai diém thudc Ox, Oy sao cho O4 =3+ 4\/§ va OB = 2\/§ +4.
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