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Lo7r ot deiee

Cailieu nay khéng phdi la tai lidu chinh thic cia Dién dan todn hoc (VMIF)
nhung do ca nhan 187 la thanh vién cia trang dién dan thdo luén todn hoc nay nén
130 xin mao mudi ghi xudt xi la VM mong qudn ti cia trang web bd qua yéu +&
trén,

Hang ndm mdi gido vién trung hoc phd théng déu lam mét sdng kiéh kinh
nghiém vé linh vic chuyén mén gidng day, tuy nhién luong kiéh thitc ma théy (cé)
day céng b3S ra nghién ciu da phdn bi bé gquén. +Hoém nay 16/ c& gdng tdng hop lai
cdc sdng kién kinh nghiém dé& duwa vao chung thanh mét tai ligu “CAC Cf'/l/ll/é/\/
Bé TOAN Pf'/é7 Tf'/é/\/ 7, P& tien cho viec téng hop va theo dsi, t5i chia ra
thanh nhiéu tap véi dé day mdi tap tam khodng 50 trang. Chila vidc t6ng hop ndi
dung cdc sdng kién d& cho cdc ban tham khdo nén cé diéu gi sai st mong cdc ban
bs gua.

Nogusi t8ng hop
cCD13

Tc?p 3 nay gdm cac ndi dung:

+ Thém mdt cach tiép can nita dé tinh tich /9/16?/4

+ Khai thdc mét BPT (1)

+ Khai thdc mét BPT (2)

+ Sut dung ticp tuyén dé ching minh bat déng thic

+ Mt 58 dinh hudng co bén gidi phuong trinh ham

+ Kff/mcﬁf g/'a’m bien trong bai todn thm gia tri I nhat gia tri nhd nhat.
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THEM MOQT CAC TIEP CAN NUA PE TiNH TiCH PHAN

Trong cac ky thi tuyen sinh vao cac truong dai hoc — cao dang thudng c6 bai toan vé tinh tich phan.
Bai viét ndy xin trao d01 v6i cac ban vé mot hudng t1ep can ( cach “trr duy”) dé tinh tich phan trong pham
vi phuong phép “ dit 4n phu” . TAc gia goi tén 1a “ @t an phu khong 1am thay ddi c4n ciia tich phan”.

+ Dinh nghia: Cho ham sé y = f(x) lién tuc trén [a;5] néu F (x) la mot nguyén ham cua f(x) thi

[ /@)dx = F(x0)[,= F(b) - F(a).

+ Dinh nghia trén khong phuy thudc vao ki hiéu bién s6 dudi dau tich phan.
+ Mot s tinh chat can chu y:

+ [ e =] £(od
+ ff(x)dx = jf(x)dx+jf(x)dx Vce [a;b]

5
Bai toan 1: Tinh tich phan 1= [(x* - 3x* +2) ax

Khi gip bai toan nay, chic chin ring tit ca cic ban déu nghi cach khai trién biéu thirc duéi
déu tich phan dé dua vé cac tich phan co ban dé tinh. D6 13 mot cach suy nghi thuong hay gip
phai. Nhung ban hiy thir 1am xem sao, va hiy thir thay (x’-3x*+2)’ bang (x’-3x*+3)’ , (x’-3x*+3)’

.. 10i tinh nhé!. Sau d6 moi cac ban nghién ciru 101 giai sau:

dx =—dt
Loi gidi: bat x=2-t =>J{x=-3:¢/=5
x=5:t=-3

:1:—]3((2—:)3 -32-1+2) di= i(—ﬁ +312 -2 dt:—j(f -3¢ +2) dr

-3
—j 3x%42) dx=-I=21=0&1=0

Khi d(_)c xong 101 gidi trén chic chin cdc ban s& dit cau hoi : Tai sao lai dat an phu nhu
vay?. Bé tim cau trd 161 xin moi cac ban nghién curu ti€p bai toan sau:
Bai toan 2: Cho f(x) 12 ham 1¢, lién tyuc trén [-a; a]. Chtrng minh rang J. f(x)dx=0

bay 1a mot bai tap kha quen thude voi cac ban khi hoc tich phan va nhiéu ban di biét cach
gidi. Xong cac ban hay xem k¥ 101 giai sau dé “ phat hién” ra van dé€ nhé!

dx =—dt
Loi1 gidi: Bat x=-t =><x=—a:t=a

X=a.t=-a

== j. f(x)dx = —f f(=t)dt = .T f(=t)dt . Do f(x) 1a ham 1¢ nén f(-x)=-f(x) do do

== j.f(—t)dt:—j.f(t)dtz—j.f(x)dxz—lzzl=0:I=0

Qua 2 bai toan trén, diém chung cta cach dit an phu 1a gi?

Cau tra 101 1a : Dat an phu nhung khong lam thay doéi cin cia tich phan.

Vay str dung suy nghi ndy vao bai toan thyc té nhu thé nao ? Cac ban hay chu y mdt s
diém sau:
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Bai todn 1, 2 ¢6 thé téng quat thanh : Chikng minh rang néu ham f (x) lién tuc va thod
man:  f(a+b-x) =-f(x) thi j- f(x)dx =0 . Viéc chung minh bai toan nay xin danh cho doc
gid (bang cdch ddt x=a+b-t i cich dat ma cdn khéng hé thay doil)

Tir d6 ta cé cdch ddt tong qudt khi gdp tich phdn j f(x)dx ma khéng thay doi can la dat

x=a+b-t.

Bdi todn 1 con cé cdch gidi khdc khd hay dé dan téi mét “ suy nghi” méi nhw sau:
dx =—dt B A

Datx=1-t = x=-3:1=4 = I=—[((1=1) =3(1-0)*+2) dr = [ (- +31) dr.
x=5:t=-4 4 -

Sir dung két qud chirmg minh ciia bai todn 2 ta dwoc I=0 ( do f(t)=-t +3t la ham s6 1é).

Vay “ suy nghi” méi & day 1a gi? Viéc dit an phu nhu vy ta d3 dan dén tich phan c6 can “déi

b
xing” . Trong trudng hop tong quat dé din dén can  ddi ximg” khi gdp tich phan J- S (x)dx

cdc ban hdy dit x = “—;b ¢ nhé!

Bay gio chiing ta cung van dung suy nghi d6 dé giai mot so bai toan sau:

7[

Bai toan 3: Tinh tich phan/ = I Wd (D8 thi dai hoc nim 2000).
+

4

dx =—dt

Loi giai: bat x=-t = x:—%:t:Z (cach dit nay da khong 1am thay ddi can cua tich

T T
x="it=-—
4 4
phan) .
7% < 60 6/ % - 6 6 % - 6 6
Khi do ]:_I sin”( t)jcos ( t)dt: J>6,.s1n tt+cos tdt: I6X.SIH X +cos X o
: 6" +1 - 6 +1 - 6" +1
n 4 4
4 sin®x+cos® x 4 sin® x +cos® x 4
=2]= jé)‘— I—dx j(sm X +cos x)dx
a - 6" +1 -
4 4 4
% % 3 % 3 % 5 3
= j(l—3sin2xcoszx)dxzj 1—=sin*2x |dx = J. 1—=sin*2x |dx :J. Z+Zcosdx |dx
- - 4 - 4 '\8 8
4 4 4 4

v

= 5—x+isin4x 4 :i.
g8 32

7 16

4
Chi y: Bai toan 3 c6 dang tong quat sau: Néu f(x) 12 ham sé lién tuc, chin thi

If(x)(j_j f() ]:%if(x)dx.

a+1
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Bai toan 4: Tinh tich phan I = j Y
cos” x—4
Thong thuong khi gap tlch phan trén, hau hét cac ban déu nghi dén phuong phép tinh tich
phan tirng phan. Xong cac ban hdy thtr lam nhu thé va so sanh voi 1oi giai sau:
dx =—dt
Loigidi: Pat x=r—-t=x=0:t=x

x=x:t=0

0 . T . T .
Khi do I:_J(n—t)sm(ﬂ—t) _J(n t)smt ”J. sin ¢ 4d _j tsint

2 4 2 2 4dt
° cos (mr—t)— 0 cos’t—4 cos ¢t — o COS™ 1 —
T sinx xsin x sin x
=g|—————dx—|—————dx=nx -1
;[coszx—4 J.cos x— J-cos x— 4
:2]_7[]5 sin x _E” sin x
0coszx—4 2% cos’ x— 4
sinxdx = —dt
bat cosx=t=x=0:1=1
x=m:t=-1
-1 1 N 1
]:_zj dt _7r dt 1 |t :_7rln3
(- 2)(t+2) M2l 4

Chii y: Bai toan 4 c6 thé tong quat nhu’ sau:

b
Cho ham s6 f(x) lién tuc va thod mén: fa+b-x) = f(x) . Khi 6 [xf()dx = b j F()dx (

dé chimg minh két qua trén cac ban hﬁy dat x=atb-t).

2
Bai toan S: Tinh tich phan 1= I \/_ ( Dé thi khdi A nim 2004)
x —

Vi bai toan trén, cach dat nhu thé nao dé khong thay ddi can cia tich phan.
dx =2(t-1)dt
Loi giai: Pat t=1++/x-1. Khi d6 x-1=(t-1)> hay x=(t-1’ +1=>{x=1:¢=1 (cach dat

x=2:t=2
nay dam bao can khong ddi )

2(t=D| (t=1*+1 2.3 .2 _ 2
:>2J'( )[( ) ].dt=2jw.dt=2j(t2—3t+4—1j.dt
1 t 1 1 t

t
3 2 2
2| L 3L f4r—mns]
372 1

b
Chii y: Bai todn 5 c6 thé (ong quét dang | %dx v6i p(x) 12 da thirc chira bién x;
" Nmx+n+c

m,n,c l1a cac hang s6 . Ta co6 thé dat 1 =vmx+n +c¢ hodc t =+mx+n déu giai dugc.

=§—2ln2.
3

3 sin’ x
Bai toan 6: Tinh tich phan I= J. —dx
. sinx +cosx
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dx = —dt
Lo giai: Dz_“ltxzz—t: x=0:1=2
2 2
x:Z:t:O
2
o sin3(72[—tj z : z X
1=—| dr=| oSty j,cos Y dx=J
S (m s ., sint +cost , Sin x +cos x
7sin| =——t |+cos| ——t
2 2 2
2 sin’x 2 cos 2sin’ x+cos’ x 3
2>1+sz - I dx = J- dx .[(1 sin x.cos x)dx
0smx+cosx 5 Sin X +Cos X ¢ Sinx+cosx o
z 7 I1=J
7 1 . 1 — 1 n -1
=I(l——s1n2x)dx=(x+—cos2xj 2 =£——.Va 7;_1:>I=”—
D) 4 2 2 I+J=2"" 4

0

2

Chu y: Bai toan 6 c6 thé téng quat thanh cac dang sau:

\/ sin™ax

dx

b -k
J- sin” mx
/ sin mx + cos mx

j\/sm

ax + %/ cos"ax

Cuoi cung moi cac ban van dung vao mot so bai tap sau:

Tinh cac tich phan:
4x -3

h= J'\/3x+1+2

-1

2004 5
I (x3—6x2+16) dx

-2000

dx

T
jﬁ sin x.sin 2x.cos 3x
2% +1

3
1, I x(tgx + cot gx)dx
G

- [| e 1000 +2) -2

1

L= [—25—
Sl E D+

xsinx

[, =|—dx
1 !coszx+l

I, = ji/lg(m+x)dx

COS X. 1n(x+\/x +1)d

3
=

=

5
Lo=[e 7 (x ~6x+16) " dx

1

sin x.sin 2x.cos5x
e +1

dx

o~
Il

v/sin x
\sinx ++/cos x

dx

HN
¥}
Il

O — 0|y .\,"N'—‘wm
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KHAI THAC MQT BAT PANG THUC 1

Trong chuong trinh toan T.H.C.S c6 mot bat ddng thirc quen thudc ma viée ung dung cta
n6 trong khi giai cac bai tdp dai s6 va hinh hoc rat c6 hiéu qua. Ta thuong goi do 1a “bat dang
thire kép”. Do 1a bat dang thuc sau :

+b)’
Véi moia,btalubneco: a” +b> > % 2 2ab (%)
2(@* +b*)=(a+b)....(1)
Nhan thdy (¥) < (a+b)> >4ab................ (2)
a’+b* > 2ab........... 3)

Ca ba bt dang thirc trén déu trong duong v6i hing bt dang thue (a — b)z >0 va do d6 ching
xay ra dang thirc khia =b.
Y nghia cua bt dang thirc (*) 1a néu nén quan hé giita tong hai s voi tich hai s6 va véi téng cac
binh phuong cua hai s6 d6.
Sau day la mot s6 vi du minh hoa viéc van dungva khai thac bat dflng thure (*).
Bai toan 1:
Cho a + b =1 . Ching minh rang:
Qb >t . at+b* >1 - a®+b° > L
2 8 128
* Gidi : Ap dung bt dang thuc (1) va gia thiéta + b= 1 ta co:

1
(a+b)> 1 (a® +b%)? o)’ 1
=t bt > 2

a’+b* > :
2 2 2 8
1.
Y+bY)? () ,
a®+b° > (a 5 ) > 82 ~ 128 .Dang thtrc xdy rakhi a=b=1/2.

* Khai thdc bai todn ) ) )
Nhdn xét 1: Néu ti€p tuc &p dung bdt (1) va tang s6 mii cia bién ta thu dugc cac két qua nhu:

Ly
TRATING Clk 0 S V1 S B
2 2 213

Tong quat ta c¢6 bai todn sau:
Bai toan 1.1:
on - on 1
+b- 2
7201
Cach giai bai toan 1.1 ta ap dung phuong phap quy nap toan hoc va lam tuong tu bai toan 1.
Nhan xét 2: Ti€p tuc khai quat bai toan 1.1 khi thay gia thiét a + b =1 boi gia thiet a + b =k, lam
n
2 L p2n k
n21-1

Cho a + b =1 . Ching minh ring: a

tuong tu nhu trén ta cd a

Vay c6 bai todn 1.2 nhu sau:
Bai toan 1.2:

n
Choa+b=k.Chimg minh: 2" +52" > K
7211
Nhdn xét 3: Tl bai toan 1.2 néu ta thay gia thiéta + b=k bdi b=k - a ta dugc
Bai toan 1.3:

Diendantoanhoc.net



n
Chung minh : a2 +(k—a)2n > kn vGi moi k .
5211
* Khai thac sau bai toan ) . )
Nhan xét 1: Néu ap dung bat dang thuc (1) lién tiép 2 1an ta c6 két qua:

2
{(a +b) }
2 2N\2 2 4
g s @b :(a+3b)
q 2 2 2
Tong quat ta co bai toan sau:
Bai toanl.4:
Chting minh :
b)4 n n ( + b)zn

a*+b* > (a+ 2 p2t s ato)
a) K b) a© +b° = 5211
Nhan xeét 2:

Néu ap dung bat dang thirc (1) lién tiép nhiéu lan va ting s6 bién ta c6:

]

(@ +b*)’ +(c* +d*)’ l 2 2

at+bt+ct+dt >

2 2
_(a+b) ' +(c+d)' (a+b+c+d)
8 B 8.2°
a*+b*+ct+d* _(a+b+c+d) (a+b+c+d)4
= > =
4 4.8.2° 4 '

Vay c6 bai toan 1.5:
4 4 4 4 4
o a +tb +c" +d S a+b+c+d
Chung minh: 4 < 4
Ct tiép tuc suy luan sau hon nira ta thu dugc nhiéu bai toan téng quat hon.
Bai toan 2:
Cho a, b, ¢ > 0.Chiémg minh rang: (a +b).(b +¢).(c +a) = 8abc.
(a+b)* >4ab
(c+b)*> >4ch

(a+c)* >4ac

* Gidgi: ap dung bat dang thirc (2) ta c6 :

= [(@+b)b+c)c+a) =64a’b*c® (via,b,c>0)
= (a+b)(b+c)(c+a)=8abc (vi (a+b)(b+c)(c+a) > 0 va 8abce > 0).
Pang thirc xdy rakhia=b=c .
* Khai thac bai todn
Nhan xet 1: Néeuchoa,b,c>0vaa+tb+c=1.Khidotacodl -a,,l-b,
l-¢c>0 vacol+c=1+1-a-b=(1-a)+(1-Db). Ap dung bai toan 2 ta duoc :
(1+a)d+b)A+c)=28(1—-a)1-b)1-c)
Vay c6 bai toan 2.1:
Choa,b,c>0vaa+b+c=1.
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Chung minh: (1+a)(1+D0)(1+c)=28(1-a)1-b)1-c)
Nhdn xét 2: Ta tiép tuc khai thac sau hon bai todn bang cach choa + b+ ¢ =n> 0. Khi d6 twong
tu nhu bai toan 2.1 ta co

Bai toan 2.2:
Choa,b,c>0vaa+b+c=n>0.
Chtng minh : (n+a)(n+b)(n+c)=28(n—a)(n—>b)(n—c)
Bai toan 3:
Chimg minh ring véi moia, b, ctacd: a° +b> +¢> > ab+bc +ca

* Gidi :

a’ +b*>>2ab

7 2 2 2
4p dung bat dang thuc (3)taco: 1€ T b~ >2chb
a’ +c’ >2ac

= 2(a’ +b* +c¢?)=2ab + bc + ca) = d.p.cm
C6 ding thirc khia=b =c.
* Khai thdc bai todan ) )
Nhan xét 1 : Néu ap dung bai toan 3 va ting sO mil lén, gitt nguyén sO bién ta co
a* +b* +c* 2a’h’ +b’c® +c’a’ (*) lai ap dung bai toan 3 14n nita ta co
a’b* +b*c* +c*a’ Zabc(a+b+c) (**) . Tu (*) va (**) ta thu duoc két qua la
a* +b* +c* >abc(a+b+c).
Vay c6 bai toan 3.1:
Chimg minh ring véi moi a, b, ctaco: a* +b* +c* >abc(a+b+c).
Nhdn xét 2: Néu tang s bién va gitt nguyén s6 mil cta bién v6i cach 1am nhu bai toan 3 ta co
Bai toan 3.2:
’ . N 2 2 2
Chtng minh rang: a,” +a, +..+a, 2aa, ta,a,+...+a,,a, +a,q,
Véimoi a;,a,;....a,
Bai toan 4 :
Chting minh rang véi moi a, b, ¢, d ta c6 a* +b* +c* +d* >4abced
* Gidi :
Ap dung bat dang thure (3) ta ¢ :
4 4 4 4 212 2 72 _ 272 2 72
a +b"+c"+d >22a"b”+2c°d” =2(a’b” +c°d”)=4abcd dp.cm
C6 dang thac khia=b=c=d
* Khai thdc bai todan
Nhdn xét 1: Néuthayb=c=d=1tacobdt a* +3>4a = a* —4a > -3
Vay c6 bai toan 4.1:
Tim gi4 trj nho nhit cia A = a* —4a
Nhdn xét 2: Néu khai thac bai toan 4 theo hudng tang s6 bién, s6 mil 1én, ta
C¢ bai toan tong quat sau:
Bai toan 4.2:
Chitng minh ring v6i moi s a15ay5a35.-585n VOI N E N’ ta cé:
2n 2n 2n 2n S oM
Cll +a2 +a3 +...+a2n = a1a2a3...a2n .
Bai toan S :
Choa+b+c+d=2.Chingminh: a’ +b> +c* +d’* >1

Diendantoanhoc.net



* Khai thdc bai todan
2
Nhén xét 1: Néu thay hing s 2 & gia thiét boi sb k ta duge két qua @’ +b° +c* +d* 2 7

Vay c6 bai toan tong quat hon nhu sau:
Bai toan 5.1:
2
Choa+b+c+d=k .Ching minh: a” +b’ +c? +d? 27

Nhdén xét 2: Ta con c6 thé tong quat bai toan 5.1 & murc d6 cao hon bang cach ting sb bién cua bai
toan . Khi do6 bai todn 5.1 chi 1a truong hop riéng cta bai toan sau:
Bai toan 5.2:
2

, . 2 2 2 , . *

Cho a, +a, +...+a,=k . Chimg minh: @, +a, +..+a, 2— véine N
n
D¢ giai bai todn nay thi c4 hai cadch 1am cua bai todn 5 ¢ trén dua vao 4p dung khong hop ly, ta sé
lam nhu sau:
2 2 2

, i 2 k k 2 k k 2 k
Ap dungbdt 3)taco: a,” +—=2a,.— ; a,” +—52=2a,.—; ...;a, +—>2a,.—

n n n n n n

2

ta) +4a +n—=>2=(a, +a, +..+ i =k
=a, +a, +..+a, nn2 > n(al a,+..+a,) (via, +a,+..+a, =k)
2 2 2
2 2 2 2 2 2
=a, +a, +..+a, +—22— =a, +a, +..+a,” 2— (d.p.c.m).
n n n

T désuyra:

2
2 2 » _la,+a,+...+a ,
a,” +a, +..+a, 2(1 : ) voine N’ (1.1)|

n

Vay c6 bai toan 5.3:
(a,+a,+a,+..+a,)

Chimng minh: a," +a," +..+a,” > n véine N .
Pac bi¢t hod véi n = 5, n = 7, ta dugc nhiing bai todn nhu : Ching minh
a12 +a22 +...+a52 > (al +a, +a; +"'+a5)2
5
a12 +a22 +...+a72 > (al ta, +a73 +...+a7)2

R rang nhirng bdt nay néu sir dung phuwong phap dung dinh nghia hodc bién ddi trong duong thi
rat kho giai quyét . hoctoancap ba.com

* Khai thdc sdu bai todan
Néu tiép tuc nang s6 mii 1én cao hon theo cach khai thac cua bai toan 1.4 ta thu duoc két qua
téng quat hon nita chang han:

Bai toan 5.4:
Chung minh:
(a, +a,+a,+..+a,)

3
n

4 4 4
a) a, +a, +..+ta, 2

*
voi ne N

8

s s s (@, +a,+a,+..+a,)
b) a, +a, +..+a, 2 ~ “— véine N’
n
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27’1
21’1 21’l 21’1 (al +a2 +a3 +...+a2n)
C) al +a2 ++a2n i 2”1_1
9

R3 rang cac bat dang thirc nay con chit hon ca bdt C6 Si va ciing khong can diéu kién gi cia
bién.
Tiéu két 1:
Trén day ta da khai thac va phat trién tir nhitng bai toan don gian dé thu duoc nhiing bai toan méi,
nhimng két qua méi tong quat hon.
Bit dang thic (1.1) 13 truong hop tong quat ciia bat dang thirc (1) khi ta khai
thac theo hudng tang sé bién cia bai toan.
Bit dang thuc (1.2) 1a trudng hop tong quat cua bat ding thire (1) khi ta khai thac theo huéng
ting ca s mi va s bién.
Tiéu két 2:
Pé khai thac, phat trién mot bai toan vé bat dang thirc ta c6 thé di theo mot s6 huéng nhu sau:
Huwéng thir nhdt : Tong quat hoa cac hing sb co trong bai toan, vi du nhu cac bai toan 1.2;
2.2;5.1;6.1;8.1;9.1; 10.2; 12.1
Huwéng thir hai : Giit nguyén sb bién va ting sé mil ciia cac bién dan dén tong quat hoa sd
mii, vi du cac bai toan 1.1; 1.4
Huwéng thir ba : Giit nguyén sd mii va ting sd bién cua cac bién din dén tong quat hoa sd
bién, vi du céc bai toan 1.5; 3.1; 6.3; 9.2; 10.3
Huwong thir tw - Téng quat hoa ca vé s6 mil va sb bién, vi du nhu céc bai toan 4.2; 5.2; 5.4
Huwéng thir ndm - D61 bién, dic biét hoa tir bai toan téng quat, vi du nhu cac bai toan 2.1;
4.1;5.3;6.2
Trén day 1a cac vi du van dung bdt (*) vao viéc giai cac bai toan dai s6 va mot sé phuong hudng
dé khai thac mot bai toan.

\%

voine N (1.2)|

Két qua thu dwoc sau khi khai thac bdt (1) 1a bdt :

2
., (@, +a, +..+a,)
a +a, +..+ta, =z " voine N© (L1)
Va bdt:
n

ap  tay +..tay >

(2n )2n_1 véine N~ (1.2)

Hoan toan tuong ty nhu trén ( Chirmg minh bang quy nap toan hoc )
ta cling co két qua khi khai thac bdt (2) nhu sau:

n
(a1+a2+a3+...+a2n) o *
Mm_| =< Qa4 vsine N© (2.1)

") ’

Tir bdt (1.2) va bdt (2.1) ta co bdt tong quat cta bdt (*) nhu sau:
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n
al +a2 +..+a >

n
n = ] 22 a4 \si ne N (*.1)
) ’
2
Nhur vay khi lam xong mdt bai toan du 1a bai toan dé , ngudi 1am toan khong nén thoa man
ngay voi 101 gidi cua minh ma can ti€p tuc suy xét nhitng van dé xung quanh bai toan, tim ra cac
bai todn mdi1 hay hon, tong quat hon, sau do dac biét hoa bai todn tong quat dé c6 dugc nhitng bai
toan doc dao hon, tht vi hon. Piéu doé lam cho nguoi hoc todn ngay cang say mé bo mon, dong
thoi cling 1a cach rén luyén tu duy, nghién ctru dé chiém linh kho tang tri thirc cua nhan loai.
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KHAI THAC MQT BAT PANG THUC 2

1. Li thuyét:
1.1 Mot vai BDT thong dung:
+ A*>0.
+ Cho a, b khong am a+b>2Jab .

+Ch0a,bdu’0’ngl+12 4 :
a b a+b

+Voéimoia,b,ctacd ab+bc+ca<a’ +b*+c’.
1.2 Bt ddng thicc CBS: ©
Cho céc so thuc duong a, b, ¢, x, y, z ta [uoén co

a b

(x+y+z)| —+—+— 2(a+b+c)2 (1)
xX y z
Ta s& ching minh bit dang thirc nay, that vay:
2 2 2 2 2 2 2 2 2
b b b
(x+y+2z) R T S A L L
x y z h% z X z X y
s . o [xb® ya’ yc*  zb® xc*  za’ sy o
=a +b +c + + + + + + >a” +b"+c" +2ab+2bc+2ca
y X z b% z X
=(a+b+c)2

Tuy nhién ca nhan t6i van thuong hay str dung BPT (1) dudi hinh thuc
2 2 2 b 2
a_+b_+c_2—(a+ +e) 1)
x y z X+y+z
Xét riéng cac truong hop:
+Néux=y=z=1thi(/)trdthanh (a+b+c) <3(a*+b*+c*). ()
1 1 9

T Néua=b=c=1thi(Il)trothanh ~+1+is— 2 (p
X y z Xx+y+z

(*): Thuc ra BDT (I), (II) chi Ia hé qua cuaa BDT: Cho 2n sb thuc a,a,,..,a, V& b.,b,,..,b khi do

(2404t @) (B2 452+ B2) > (afy +ash, + ot ah, ) Bat dang thuc nay dugc nha toan hoc nguoi Phap Cauchy d€ cép vao nam

n

1821, nha toan hoc nguoi Nga Buniakowski dé cdp nam 1895, con nha toan hoc nguoi Pic Schwartz dé cdp nam 1884. Do ca
ba nha toan hoc doc 1ap nghién ctru nén bit déng thirc trén duge mang tén ba nha toan hoc Cauchy — Buniakowski — Schwartz.
Trong sang kién kinh nghiém nay t6i tam goi 1a CBS (d6i khi mot sé sach goi Cauchy — Schwart hodc ta thuong 1am goi 1a
Buniakowski).

Sau déy 1a mét vai bai toan minh hoc ng dung cua CBS
Vidu 1: [BDT Nesbit] Véi a, b, ¢ 1a cac s6 duong ta co:
a b c 3
+ + > =
b+c c+a a+b 2

Loi gidi
Dbi v6i BPT kinh dién nay thi ta chi can st dung truc tiép ( 11 ) va voi dé y BDT don gian
(a+b+c)2 23(ab+bc+ca)

2 2 2
e ., a b c a b c
Khi 3¢ ta co: + + = + +
b+c c+a a+b ab+ac bc+ab ac+bc

(a+b+c)2 S 3(ab+bc+ca) 3

B 2(ab+bc+ca) B 2(ab+bc+ca) 2
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Nhu vay ta c6 duoc diéu phai chimg minh.

Vi du 2: [Hungary 1996] Cho a, b > 0 thoa man a + b = 1. Chirng minh:

a’ b’ 1
+ >—
a+l b+1 3

Léi gidi
a’ b* S (aer)2

Ap dung ( IT), dé dang ta c6:

Vi du 3: [Romania 1997] Cho a, b, ¢ 1a cic sb thuc duong. Chimg minh ring:

a+1 b+l a+b+l+l 3

a’ b* c’ bc
5 +— +— >12>
a +2bc b +2ca c¢ +2ab
Loi giai
Str dung ( /7') ta co:

a’ b? c? (a+b+c)2

2 + 2 + 2
a - +2bc b +2ca c¢ +2ab

>

2 + 2 + 2 - 2 2 2 =L
a +2bc b "+2ca c¢ +2ab a +2bc+b”+2ca+c” +2ab

Mit khéc ta str dung hing ddng thirc

+ + =
a’+2bc b*+2ca c*+2ab 2 2

Nhu vay bai toan da dugc chimg minh xong.

bc ca ab 3 1( a’

2 + 2 + 2
a +2bc b"+2ca ¢ +2ab

Vi du 4: [Dy tuyén Olympic 30.04] Cho tam giac ABC va diém M nim trong tam gidc. Goi

x,y,z lan luot 1 khoang cach tir M dén BC, AC, AB. Ching minh rang:

(a2 +b’ +cz)ZS

abc

\/; +4Jy + \/; < \/
Loi giai:
Vi gia thiét bai toan thi ax + by + cz = 28.
Ta co:

(«/;+ y +\/Z)2 S(ax+by+cz)(l+l+lj

a b c

(ax+by+cz)(ab+bc+ca) - ZS(aZ +b’ +cz)

abc abc

Vi du 5: [Vietnam 1996] Cho a, b, ¢ > 0 thoa man diéu kién a® + 5> +¢* =9.Tim gia tri nho nhat

cua biéu thuc

Loi gidi:

5
Theo Cauchy, ta c6: —
b
duoc 2P+2\/§(a2 +b° +c2)+9«/§25\/§(a2 +b° +c2)

—» P>9/3. Ddu “="xayrakhi a=b=c=+/3.
Céch khac:

as bs CS (a3 +b3 +C3)2
Theo (I]) ta c6: — +— 22— 5 >
a ab” +bc” +ca

P2

5
a +Z_2+\/§[32 +3b% +343 > 534%. Xay dung cac BPT tuong tu ta nhén
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2,22, 2\
Lai cO: ab® +bc® +ca’ < \/(a2 +b +cz)(azb2 +b°c? +cza2) < \/(a—kb%c) =9./3.
(a3+b3+c3)2 N (a2 +b° +02)3 :9\/5

N3 273
Vi du 6: [TSPH KA 2005] Cho x, y, z 14 céc s6 thuc duong théa ~+- -+ =4. Chimg minh

X y z

—> P>

3 1 1 1
rang: + + <1l.
2x+y+z x+2y+z x+y+2z

Loi gidi

. 1 1 {1 1 12 1 1
Ta co = <— + < | Z4+—+=
2x+y+z (x+y)+(x+z) 4\x+y x+z) 16\x y =z
Xay dyng hai bat dang thirc tuong ty ta dugc:
1 1 1 1({4 4 4
+ + S—|—+—+—|=1
2x+y+z x+2y+z x+y+2z 16\x y =z

Vidu 7: [THTT 2009] Cho a, b > 0 théa mén 3a + b <1. Tim gié tri nho nhat cta biéu thuc:

S:l+ 1

a Jab

Loi giai:

1 1 2 (\/5+\/§)2_

. 1
Tacd: S2—+—=2>2—+ >

a /a(1_3a)_a 1-2a a+1-2a

Nén gié tri nho nhat ctia S bang 8 khi a=b = %

Vi du 8: [THTT 2009] Cho a, b, ¢ 1a cac s6 thuc khong 4m va c6 tong bang 1. Chirng minh rang:
a b c

+ + >1.

3/a+2b 3/b+2c 3/c+2a

Loi giai:
a+2b+2

Taco 31.1(2b+a) <———, nén

i) <2

2 2
289> 3a (a+b+c) _

a
a+2b+2 _32 a*+2ab+2a 23Za2+2(2ab)+2(2a)

Vi du 9: [USAMO 2000] Cho céc s6 thuc duong a, b, ¢ théa min a + b + ¢ =3 . Chimg minh rang;

1 1 1 <§

+ + <=
A +b*+2 b +cP+2 F+adt+2 4

Loi gidi:

Khong mat tong quat, gid st a > b >c. BDPT da cho twong duong vdi
1 1 1 1 1 1 3
—_ +—— —_ 2_
2 a*+bP+2 2 bP+cf+2 2 A+dP+2 4

a’ +b? b’ +¢c? ct+a’ é

a+b*+2 b +ct+2 F+at+2 2

(a+b)2 (a—b)2
@ L2 2

3
a’+b*+2 a2+b2+2) 2

\%

v
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Ap dung (1) ta c6:
z (a+b)2 S 4(a+b+c)2 _ 2(a+b+c)2
2(a2+b2+2) 4(a2+b2+c2)+12 2(a2+b2+c2)+6

(a—b) >[(a—b)+(b—c)+(a—c)]2_ 2(a-c)
ZZ(

a*+b+2) 4(a2+b2+c2)+12 2(a2+b2+c2)+6
2(az+bz+cz)+2(a—c)2
2(a2+b2+c2)+6
2(az+bz+c2)+2(a—c)2 Z3(az+b2+C2)+9:3((l2+b2+6‘2)+(a+b+0)2
Bing c4ch khai trién, BDT nay twong duong vé6i 2(a—b)(h—c)>0. Diéu nay hién nhién ding,

Tur d6 ta nhan duoc: VT >

. Bay gio chi can ching minh:

du dang thirc xay rakhi a=b=c=1.

b 6(a2+b2+c2)'

a’*+ab+b* (a+b+c)2

Vi du 10: [Mathlink] Cho a, b, ¢ dwong. Chimg minh: ) —
Loi gidi:
. Do d6 bai toan dua vé viéc chimg minh:

(a+b) 6(a2+b2+c2)

>6
za2+ab+b2 (a+b+c)2
a+b)2 4(a+b+c)2 R N , )
Ap d 1)t > t h h:
p dung (1) ta co: za +ab+b’ 2(a2+b2+c2)+(ab+bc+ca)’ fet fa can CAUng min
4(a+b+c)2 6(a2+b2+cz)

26.

+
2(a2+b2+c2)+(ab+bc+ca) (a+b+c)
biat x=a’>+b*> +c°, y=ab+bc+ca= x> y. Khi d6 BDT tuong duong véi:
4(x+2y)+ 6x Z6<:>4(x+2y)+4(2x+y)28
2x+y x+2y 2x+y x+2y

Khang dinh cudi cing hién nhién diing theo AM — GM.

Vi du 11: [Balkan 2005] Cho a, b, ¢ duong thoa man a+b+czl+%+l. Chtng minh ring:
a c

3 2

at+b+c> + .
a+b+c abc

Loi gidi:
Ta co a+b+czl+l+lz ?
a b ¢ a+b+c

=a+b+c>3.

ab bc ca

3 3 3
Tir ddy ta ¢6 diéu phai ching minh, ddu dang thirc xay rakhi a=b=c=1.

11 1Y
2 2 2(++j
Tur do: (a+b+c)2=(a+b+c) Javbre) Sy Na b e z3+2(1 ! lj

Vidu 12: Cho a, b, ¢ duong théa min: a +b+ ¢ =3. Ching minh ring:
a’ b’ N c’ S 3

+ 2 .
a+ab+b> b *+bc+c* P +ca+a’ at+bt+ct
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Loi gidi:
Ta co: Z

Vi vay BPT can chimg minh twong duong véi: 3(a4 +b*+ 04) > 2(a2 +b* + c2)+ ab+bc+ca .

S (a+b+c)2 _ 9 .
a+ab+b2 2(a2+b2+c2)+ab+bc+ca 2(a2+b2+c2)+ab+bc+ca

Do ab+bc+ca<a’+b* +c’,nén ta ching minh: a* +5* +c* >a’ +b*> +¢°

+bh+c) X ek
Lai vi 3(a +b* +c ) (a +b +c )2 2%.(% +b’ +c2)=3(a2 +b° +c2), nén dan dén phép
hoan thanh phép chimg minh. D4u ding thic xay rakhi a=b=c=1.

Vi du 13: Cho a, b, ¢ dwong. Chtrng minh rang:

2 2 2
a 4 b 4 c <L
5’ +(b+c) 5b*+(c+a) 5 +(a+c) 3
Léi gidi:
(a+a+a)2
T =
aco: ZSa +( b+c) Z(a2+b2+cz)+(2a2+bc)+(2a2+bc)

a’ a’ b? ¢’
< =1+2 + +
Z“a 24 b7+ Z2612+bc (2a2+bc 2b* +ac 2cz+abj (1)
Ciing lai theo ( I ):

z bc _ Z b2C2 >
2a* +be 2?+2a’he

ab+bec+ca)’ ab+be+ca)’
( ) _( )

= =1
a’b’ +b’c* +c’a’ +2abc(a+b+c) (ab+bc+ca)2

bc a’
= 1- <2 )y —<1
Z( 2a° +bcj z 2a” +bc (2)
Tt (1), (2) ta suy ra diéu phai chimg minh. Dau dang thic xay rakhi a=b=c.

2. Bai tap ap dung:

Bai 1: Cho a, b, ¢ khong 4m théa man a +b+c =3. Ching minh rang:
a+l b+l c+1
+ + >3.
ab+1 bc+l ac+l 7 . .
Bai 2: Cho a, b, ¢ 1a cac s0 thuc khong am va cé tong bang 1. Ching minh rang:
a__ . b LS 5
Ja+2b Yb+2¢ Ye+2a
Bai 3: Cho cac s thuc duong a, b, ¢ thoa min a+5b+c =</2. Chirng minh:
i@ bn 1 7-232
+ + < + .
4a+1 4b+1 dc+1 32(ab+bc+ca) 1634+432

1
il < 2.2
Baid4: Cho {3~ "2.Tim GTNN ctia P=x*+y?+—~ 2
y>1 [ (4x=1)y—x]

Bai 5: Cho céc s6 thuc duong a, b, ¢ théa man a+b+c =3. Chimg minh rang ;
1 1 1 3
2 | 12 T2 T 2 S
a+b"+2 b +c+2 c"+a +2 4 ‘
Bai 6: Cho a, b, ¢ duong thda man ab + bc + ca < abc . Chung minh rang:

2 2 2 2 2 2
\/a il +\/b e +\/c ta +3S\/5(x/a+b+\/b+c+\/c+a)

a+b b+c c+a
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a+b 6(a2+b2+c2)

Bai 7: Cho a, b, ¢ dwong. Chuing minh: za b b (atb+ )2
a C

Bai 8: Cho céc s thyc duong a, b, ¢ théa min a* +5° + ¢ =1. Ching minh:

1 N 1 N 1 >§l
as(bz—kcz)2 b5(024—a2)2 cs(a24—b2)2__ 4’

Bai 9: Cho a, b, ¢ duong théa man a+b+c :% . Tim GTLN cua:

a+b b+c
o3 |l

+ab+ac+bc+a+c
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SU DUNG TIEP TUYEN PE CHUNG MINH BAT PANG THUC

I. Co sé li thuyét
1. Khai ni¢m v tinh 16i, 16m ciia do thi ham so
Cho ham s6 y = f(x) c6 dao ham trén khoang (a;b).
a) PO thi cia ham s6 dugc goi la 10i trén khoing (a;b) néu tai moi diém
M(c; f(c)),c € (a;b) tiép tuyén ciia d6 thi ham sé nam phia trén cia d6 thi ham sb.
b) DS thi cia ham s6 duwoc goi 1a 16m trén khoing (a;b) néu tai moi diém
M(c; f(¢)),c € (a;b) tiép tuyén ciia d6 thi ham s6 nam phia dudi ctia do thi ham sé.

2. Déu hi¢u 16i, 1om ciia d6 thi hAmsd
Cho ham s6 y = f(x) c6 dao ham dén cap hai trén khoang (a;b).
a) Néu f"(x)<0 v&i moi x € (a;b) thi dd thi cia ham s6 16i trén khoang (a;b).
b) Néu f"(x)>0 v6imoi x € (a;b) thi d6 thi ciia ham s6 16m trén khoang (a;b).

3. Nhan xét ’ ‘ ‘
a) Cho cac ham s6 y = f(x) va y = g(x) xac dinh trén khoang (a;b) va c6 do thi lan luot
_1a(C) va (G). Khi d6
(C) nam trén (G) < f(x) > g(x),Vx e (a;b)
b) Néu dd thi ham sé y = f(x) 15i trén khoang (a;b) va y= f'(c)(x—c)+ f(c) la tiép
tuyén ciia d6 thi ham s tai diém M(c; f(c)), ¢ € (a;b) thi
S fe)x—c)+ f(c), Vxe(a;b) (1)

¢) Dbi véi d6 thi ham s 16m ta co bat dang thire ngugc lai.

Bét dang thire (1) cho phép ta danh gia biéu thirc f(x) thong qua biéu thirc bac nhat. Hon
nita, ta co thé chon ¢ sao cho ddu dang thirc xay ra theo dung yéu cau cua bai toan.
I1. Bai tap ap dung
Bai 1 (BPT Cb - si). Cho a;, a5, ..., a, 1a cac s6 khong am. Ching minh rang

a, +a, +...+a
1 2 n
>ilaa,..a,

n

Chirng minh. Néu c6 mot sb a; =0 (i = 1, 2, ..., n) thi bdt 12 hién nhién. Bay gio ta xét trudng

hop a;> 0, Vi € {1, 2, ..., n}. Chia hai vé cho a,+a,+..+a, taduogc

l>n a, a, a,
n \a+a,+..+a, a+a,+..+a, a+a,+..+a,

a~ . N 9 ~ Y g
bat x, = ! ,ie{l,2,...,n} thix; >0 thod man x, +x,+...+x, =1 va bdt tro
a+a,+..+a,

1 1
thanh {/x,x,..x, <— hay Inx, +Inx, +...+Inx, <nln—
n n
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. 1 1 .
Xét ham s6 y= f(x)=Inx,x>0. Ta co f'(x)=—, f"(x)=——5<0,Vx>0 suy ra do thi
X X

ham s6 10i trén khoang (0;+00).

. . . 1.1 1
Tiép tuyén cua dths tai diém (—; ln—j c6 phuong trinh 1a y =nx —1+In— suyra
non n

1
Inx<nx—-1+In—, Vx €(0;+0) (1)
n
Ap dung bdt (1) cho x, X5, ..., X, va cOng vé lai ta duoc

1
Inx, +Inx, +...+Inx, <n(x, +x, +...+xn)—n+nln;

Két hop v6i x, +x, +...+x, =1 ta c6 diéu phai chirng minh.

Dang thuc xay rakhi x, =x, =...=x, .

=—hay g, =a,=...=a
n

Bai 2 (BPT Jenxen) Cho ham s6 y = f(x) c¢6 dao ham cap 2 trén khoang (a;b).
a) Néu f"(x)>0,Vxe(a;b) thi Vx,,x,,....x, €(a;b) va Va,,a,,...,a, €[0;1]
thod mang, +a, +---+a, =1 tacod
f,(a]'xl +a,x, +ta,x,) < alf(x]) +fxzf(xz) +ot+a,f(x,) (D
b) Néu f"(x)<0,Vx e (a;b) thitaco bat dang thirc nguoc lai.
Chirng minh.
a) Dt x=a,x, + a,x, +---+a,x, thi xe(a;b). Tiép tuyén cia dths y= f(x) tai diém
(x; f(x)) ¢6 phuong trinh 13 y = f'(x)(x — x) + f(x).
Do f"(x)>0,Vx e (a;b) nén dd thi ham s6 1dm trén khoang (a;b). Boi vay
tai diém (;; f ()_c)) tiép tuyén nam duéi do thi. T d6 suy ra
J(x)2 f'(x)(x—x)+ f(x),Vxe(a;b)
Thay x =x, taduoc f(x,)= f '(;)(xl. — ;) + f (;) . Nhan hai vé véi @, >0 ta dugc
af(x)>a f'(x)x —a,f(x)x+af(x),¥i=12,..,n.Cong vé n BPT ta dugc

ﬁa,ﬂx,.) > f'&)ﬁa,.x,- - f'(fdii“f v (;)i %

Boi x = Zaixi va Zai =1 nén ta dugc Zal.f(xi) > f(Zaix,.) do 1a dpem.
i=1 i=l i=l =1

Dang thirc xay ra khi va chi khi x, =x, =---=x
b) Chung minh tuong tu.

n

. 1
Truwong hop dic biét: Néu , =, =---=«a, =— thi BDT (1) tr¢ thanh
n
SO+ )+ + f(x,) >f(x1 T X +”.+xnj
n n
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Nhan xét. Pay 1a cach chiing minh ngan gon va dé hiéu nhét so véi cac cach chimg minh da biét
trong cac tai liu. Ngoai ra, dung tiép tuyén ta con co thé giai dugc cac bai toan ma BPT Jenxen
khong giai quyét duoc.

Bai 3 (BPT Bécnuli). Cho x > —1 va s6 thuc « . Chirng minh rang
a) (1+x)* 21+ ax, Va € (—x;0) U (1;+0)
b) 1+ x)* <l+ax, Va €(0;1)
Chirng minh. Xét ham s6 y = f(x) =(1+x)".
Taco f'(x)=a(l+x)*", f"(x)=a(a-1)(1+x)*"
Tiép tuyén cta d6 thi ham sd tai diém (0; 1) coptla y=ax+1.
Néu a € (—=0;0) U (1;4+0) thi f"(x)>0,Vx>—1, do d6 dths 16m trén khoang (—1;+0)
Suyra (1+x)“ >ax+1, Vx>—1.
Néu O<a <1 thi f"(x)<0,Vx>—1, do d6 dths 15i trén khoang (—1;+00)
Suyra (1+x)* <ax+1, Vx>—1.

Ping thirc xay ra khi x =0 hoidc a =0 hoic a =1

Bai 4 (PH 2003) Cho cac sé duong x, y va z thoa man x + y + z < 1. Ching minh rang
1 1 1
\/xz +—2+\/y2 +—2+\/z2 +— >+/82
X y z
1

. 1 . ,
Giai. Xét ham s6 f(x) =[x + = x€(0;1). Vi rang dang thic xay rakhi x=y=z= 3 nén

N . 7 L 4 . « R 1 4
ching ta xét do6 thi cia ham s6 f(x) va tiép tuyén cuia nd tai diém x:§. Ta co

4
- 1 80 14 4 1 7 2
f'(x) S S = f '( )— . Phuong trinh ti€p tuyén cua d6 thi ham so tai diém
3 / , 1 V82
X 4| X +72
X

(1 \/@] ‘ 80 162
—— | lay=- x+

33 82 382
6 2
2t s
f'(x)= xl X 1 >0, Vx >0 suy ra d6 thi ham s6 16m trén khoang (0;+00)
2 2
X+ X+
( x’ x’
1 V82 ,
Do d6 tai diém g = tiép tuyeén nam phia dudi do thi, bdi vay ta co
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80 1 .
>— \/8_2 , Vx> 0. Tuong ty doi voi y, z va cong lai ta dugc

=2

1 62
e

\/x2+L2 \/y2+L2+\/22+i2>—ﬂ(x+y+z)+—> 82 (do x+y+z<l).
X Y

2 82

, 1
Dang thtrc xay ra khi vachikhi x=y=z= g
Nhan xét. Cai hay cua ki thuat nay & chd:
- Thu nhat, ta ¢6 thé danh gia mot bleu thirc thong qua biéu thirc bac nhat.
- Thu hai, ta ¢6 thé chon vi tri cua tiép tuyen sao cho bat dang thirc xay ra dau bang

Bai 5 (India, 1995) Cho x,,x,,...,x 1a n s6 duong co tong bang 1. Ching minh rang

— ,_ ,_ ‘/ neN,n22
1
Giai. Xét ham s6 f(x) = , x € (0;1). Vi ring ding thirc xdy ra khi x, ==X =—
V1-x n

A . 4 < R A . < R 1 1 r
nén chung ta xét d6 thi ctia ham s6 f(x) va tiép tuyén cuia no tai diém | —;————|. Ta co
n n(n-1)

1)_ 2n—1n

Vo 2—Xx (1)
f(X)_2(1—x)\/1—x:>f(n 2n—1n—-1
1

1
Tiép tuyén cua d6 thi ham s tai diém [ (—
n

n
_ (@n- 1)[ 1
C2(n- 1)\/ 2= )fn(n—1)

f(x)= — >0, Vx e(0;1) suy ra do thi ham sé 16m trén khoang (0;1) va do d6
4(1—x)2\/1 —X
1 1

tiép tuyén cta nd tai diém [—;ﬁ] nim phia duéi d6 thi. Boi vay ta co
n(n—

J c6 phuong trinh 1a

x_,_(n- 1)[ 1
JI-x 2(n-D/n- 2(n—1)«/n(n—1),

X, Xy,...,X, Vvacong vé 12_11 ta duoc

Vx e (0;1). Ap dung bat dang thirc nay cho

X, Xy (2n - 1)\/_ Fetx)— n _ | n
NIES l-x, 2(n-DvJn- " 2(m=Dyn(n-1) \Nn-1
Dang thirc xay ra khi va chi khi x, =x, =-+-=x, =l.

n

Bai 6. Chirng minh rang, trong tam giac ABC, ta c6

sinA+sinB+sinC£¥
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Chirng minh. Xét ham sb f(x)=sinx, xe(0;7). Bat dang thic xay ra déu bang khi
T Y A o A 1eqs Iy T N3 ,
A=B=C= 3 nén ta xét ti€p tuyen cia do thi ham so tai diém £?,7j Ta co

e

T 1
'(x)=cosx= f'| = |=— nén tiép tuyén c6 phuong trinh 13 ——x+———
S'(x) f&) 5 p tuy phuong y=5 ST

f"(x)=-sinx <0, Vx e (0;7) nén d6 thi ham sb 16i trén khoang (0;7). Do vay tai diém

T N3 A3 S I ,
(E,TJ tiép tuyeén nam phia trén do thi, tir do ta co

J3

: 1 X C C
sinx < Ex +7 —%, Vx e (0;7). Ap dung bat dang thirc nay cho A, B, C va cong v¢ lai ta

duoc
sin 4 +sinB +sinCS%(A +B+C)+ i—%<::>smA+s1nB+s1nC<¥
Nhan xét.

- Bang cach nay ta c6 thé chiing minh dugc céc bat dang thitc co ban cho cac ham so
sinx, cosx, tan x, cotx.

- Céc bat dang thirc trén c6 thé duoc chimg minh dwa vao BDT Jenxen. Tuy nhién BDT
Jenxen khong duoc dé cap dén trong chuong trinh toan hoc phé thong (c6 thé vi su ching
minh BDT nay kha phuc tap). Bay gio, ding tiép tuyén ta s& chimg minh BDT Jenxen mot
cach don gian.

Bai 7. Cho cac s6 duong a, b, ¢ thoa man 4(a+b+c)—9=0. Tim gia tri 16n nhat cia biéu
thirc

b c a
S=(a+\/a2+1) (b+\/b2+1) (c+\/cz+1)
Giai.
Ta co lnS=bln(a+\/a2+1)+c1n(b+\/b2+1)+aln(c+\/c2+1)
Xétham sd f(x)=In(x ++x* +1), x>0 (1). Do dic thu ciia bai toan nén ta c6 thé dy doan gia

tri 1én nhit dat duoc khi a=b=c= Z Vi vy ta s€ so sanh vi tri cua dd thi voi tiép tuyén cua no

tai diém (%;ln 2).
1

Vx® +1
3

4
phuong trinh y :§x +1n2 -5

4 . . . .
Pao ham f'(x) = = f '(%) = 3 Tiép tuyén cta do thi ham so6 (1) tai diém (%;ln 2) ¢o

() = ———
(x> +DVx* +1

. . 2 3 4 r \ . 4 N N . 7
(0;4+0) . Do do6 tai diém (Z;ln 2) tiép tuyén cua do thi ham s6 (1) nam phia trén d6 thi ham so6

Pao ham cép hai f <0, Vx>0 suy ra do thi ham sé (1) 15i trén khoang

4 3 . L s .
(1). Tr d6 ta c6 In(x ++x* +1) S§x+ In2 s Vx> 0. Ap dung bat dang thirc nay cho so
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dwong a ta dugc In(a ++a’ +1)S§a+ln2—%.Nh€m hai vé v6isd b >0 ta suy ra
bln(a+\/a2+1)S§ab+(ln2—§jb.
. 2 4 3
Tuong tu ta co cln(b++b +1)S§bc+ 1n2—§ c.
> 4 3
aln(c++/c +1)S§ca+ 1n2—§ a

Cong vé ba bit dang thirc nay ta dugc
4 3
InS Sg(ab + bc + ca) + (an —gj(a +b+c).

. L 1 . 9
Cuoi cung st dung bat dang thic (ab + bc + ca) < E(a +b+c) vagiathiét a+b+c= 2 rat
9
gon ta thu dugc InS < Zln2. T dd S< 4(‘/5 )

7 3 :
Ding thitc xdy ra khi va chi khi @ =b=c =", Vy gié tri Ion nhét cia § 1a 442 .

Nhan xét. D61 khi gia thiét 16i, 16m khong dugc thoda méan. Luc do ta s€ so sanh vi tri cua tiép

tuyén va d6 thi ham 80 bang ching minh tryc tiép.

Bai 8. Ching minh rang, v6i moi sb thuc duong a, b, c thodmina + b +c =3 ta co
a+lﬁ_b+1 c+123.

b>+1 c*+1 a*+1

Giai.

. 1 —2x
Xétham so f(x) = ,x>0.Tacod f'(x)=—5——
/(%) x*+1 S (x2+1)2

. . 1 1
ham s6 tai diém [l;zj c6 phuong trinh la y = —Ex +1. f"(x)=

1 . . .
= f'1D)= ~3 Tiép tuyén cta do thi

2(3x* - 1)
(x* +1)°
s6 khong ludn ludén 16m trén khoang (0;+c0). Tuy nhién ta vdn c6 bat dang thirc
1
x> +1
(vi BDT nay twong duong voi BDT x(x —1)* >0).

suy ra d6 thi ham

> —%x+ LLVx>0 (1)

Ap dung BPT (1) cho s6 b > 0 ta duoc

2—%b+1 (2). Vi a+1>0 nén

b* +1
Q)= i+1 (——b+{%a+b<¢‘T+1>—lab—lb+a+1.
b 2 b* +1 2

Tuong tu, cOng lai ta dugc
a+1l b+1 c+l1

+ +
b>+1 c*+1 a*+1

2—%(ab+bc+ca)—%(b+c+a)+(a+b+c)+3.

. 1 .
Cuoi cung st dung BDT (ab + bc + ca) < g(a +b+c)’ vagiathiét a +b +c=3 tathu dugc

a+1 b+1 c+1
2 + 2 + 2 -
b"+1 ¢ +1 a +1
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Nhan xét. Trong chimg minh cac BPT ¢ trén, gia thiét a+b+c=k (>k hay<k) 1a quan
trong. Do vdy, dbi v6i cac BDT chua cho §§m gia thiét ndy ma co tinh ding cap, ta ciing co thé ty
tao ra cac dieu kién cua bién (chuan hod) réi st dung phuong phap trén.
Bai 9 (2003 USA Math Olympiad)
Cho a, b, ¢ 1a nhitng s6 duong. Chirng minh rang

Qa+b+c) N (2b +c+a)’ N (2c+a+b)’ <3

2> +(b+c) 2b°+(c+a) 23 +(a+b)

b c

a . , R ~ J 4 \
Gidi. Pat x=—; y=——; z=————_ Khi d6 x, y, z 13 nhitng s6 duong va
a+b+c a+b+c a+b+c

thoa man x + y + z =1, va bat ding thirc can chirmg minh try thanh

(2x+y+z)2 N (2y+z+x)2 N (2z+x+y)2 <3
2 +(y+2)° 2y +(z+x) 22 +(x+y)
Hay

(x +1) s (y+1)° s (z+1)

2x* +(1-x)" 2y +(1-y) 222+(0-2)
(x+1)
2x” +(1-x)

Xét ham s6 f(x) = =, xe(0;1). Vi rang dang thirec xdy rakhi x=y=z= 3 nén ta

2x* +x—1
(Bx* —2x+1)

4 I 2 . 4 . .2 1 8
xét tiép tuyén cua do6 thi ham so tai diém (E’Ej .Taco f'(x)=—4

. . . . . 18 4
Tiép tuyén ctia d6 thi ham s6 f(x) tai diém (5,5) c6 phuong trinh 1a y =4x + 3

" 4x’ +3x" —6x+1
f"(x)=12. > 3

Bx" —-2x+1)
hoan toan 16i trén khoang (0;1). Tuy nhién ta van c6 bat dang thirc
+1)° 4

LCL I
2x"+(1—x) 3
(Vi BPT nay twong duong véi (3x —1)°(4x +1)>0).
Tuong tu ta c6 cac BDT d6i voi y va z, cong vé lai va sir dung x + y + z =1 ta thu duoc dpem.

d6i dau hai lan trén khoang (0;1). Do d6 do thi ham sé khong

, 1
DPang thirc xay ra khi va chi khi x:y=2=§,t1'rclé a=b=c.

Bai tap tu luyén .
1) Trong tam gidc nhon ABC, chung minh rang

a) cosA+cosB+ cosCS%

b) tan A +tan B +tanC23\/§
c) cotA+cotB+cotC2\/§

d) %(SinA +sin B +sinC) +%(tanA +tan B +tanC) > 23

2) Cho céc sb duong a, b, c thoa man \/E + \/E + JE =1. Tim gia tri 16n nhét cta biéu thic

S=%/Z+€/E+€/E
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. 2 Y . 2
3) Cho céac s6 duong a, b thoa madn a + b < 3 Tim gia tri nho nhat ctia biéu thirc

P=a+b+l+l
a

4) (1997 Japanese Math Olympiad) Cho a, b, ¢ 13 nhirng s6 thuc duong. Chirmg minh rang
(b+c—a)> (c+a-b)Y (a+b-c)
a’+(b+c) b +(c+a) c+(a+b)
5) Chung minh ring véi moi tam giac ABC va sé a > 2 ta co bat dang thiic sau

sin 4 sin B sinC 3J§
+ + <

>3
5

a+cosA a+cosB a+cosC 2a+1
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MOT SO PINH HUONG CO BAN GIAI PHUONG TRINH HAM

1. CO SO PINH HUONG CO BAN DE GIAI MOT PHUONG TRINH HAM
Tiép can phuong trinh ham, modi nguoi co nhing co s¢ va phuong phap khac nhau. Tuy
nhién dwa vao dic trung ciia cac ham ta c6 thé xay dung duoc 1 sb dinh huong co ban nhu sau:
1. Thé cac gia tri bién phu hop: Hau hét cac gia tri ban dau c6 thé thé vao 1a: x =0; x = 1
.; tir 6 tim ra 1 tinh chat quan trong nao d6 hodc cac gia tri dic biét cia ham hodc tim cach
chtrng minh ham sé hang.
2. Quy nap toan hoc: Py la phuong phép sir dung gia tri f(x) va bang cach quy nap véin

e N dé tim f(n). Sau d6 tim f (l) va f(e) véi r hitu ty. Phuong phép nay thuong 4p dung trong
n

bai todn ma & d6 ham f da dugc xac dinh trén Q = tir 46 mo rong trén cac tap s rong hon.

3. Nghién ctru tinh don anh va toan anh cua cac ham luy thira trong phuong trinh. Chung
minh tinh chat nay khong phirc tap nhung diéu d6 lai cho ta mot két qua quan trong dé tim duoc
dap sb bai toan.

4. Tim diém cb dinh hodc gia tri 0 cua cac ham: Sb luong bai toan co6 sir dung phuong
phap nay thuong it hon so luong bai ap dung ba phuong phap ndi trén. Tuy nhién trong 1 s6 bai
toan kho, viéc tim diém cd dinh va gia tri 0 lai la diém chét quan trong cho 101 giai hoan hao.

5. Str dung PT Cauchy va kiéu Cauchy.

6. Nghién ctru tinh don diéu va tinh lién tuc cua cac ham. Cac tinh chat nay ap dung
trong phuong trinh Cauchy hodc kiéu Cauchy. Cac phuwong trinh d6 néu khong cé tinh chat don
diéu, lién tyc thi bai toan tr 1én phirc tap hon nhiéu.

7. Dy doan ham va dung phuong phap phan chimg dé ching minh diéu du doan dung.

8. Tao nén cac hé thirc truy hoi: Phuong phéap nay thuong duogc st dung trong pt ma cac
ham c6 tinh chat bi chin hodc tim dugc mdi quan h¢ gitra f(f(n)), f(n) van ... n eN.

9. Miéu ta tinh cht chin, 1¢ ctia ham s6

Trén day la mot vai dinh huong co ban khi giai PT ham. Tuy nhién dé c6 duoc 101 giai
t6i wu, hay thir glal bai toan bang tat ca cac phuong phap c6 thé .

2. PHUONG TRINH CAUCHY VA KIEU CAUCHY
Phuong trinh c6 déc trung f(x+y) = f(x) + f(y) VX, y €R goi la phuong trinh Cauchy.

Pic diém cua lop phuong trinh nay: Néu ham f x4c dinh trén Q, bang phuong phap quy
nap toan hoc cho ta két qua f(x) = xf(1), VxeQ. Bai toan duoc md rong trén R cong thém cac
tinh chat cho trudc cta ham ta s& xac dinh duoc ham f. Tuy nhién véi mdi tinh chit khac nhau
s& cho ta cdc ham khac nhau va do vy 16i giai bai toan ciing s& khac nhau. C4c tinh chét thuong
duoc cho trong bai toan la:

+) Pon di€u trén mot khoang (dong; mé) thuc nao do

+) Ham lién tuc

+) Ham bi chan trén céc khoang (doan)

+) Duong véi cac gia tri x > 0

+) Pon anh, toan anh ....

Khi @6 c6 thé giai dugc bai toan tong quat: Tim f: R — S

Tim f(x +y) = f(x) + f(y)

Tuy nhién, trong thuc té ta thudng hay gip cic phuong trinh ma sau khi bién doi gia thiét
s& dugc phuong trinh Cauchy. Lép phuong trinh d6 goi 1 phuong trinh kiéu Cauchy va c6 thé
néu ra 1 sb dic trung sau.

1. f lién tuc théa man f: R — (0; +oo) va f(x+y) = f(x) f(y) la ham c6 dang f(x) = a*. Khi
do f(x) = logf(x) lién tuc va théa man phuong trinh Cauchy.

2. Moi ham lién tuc f: (0; +o0) — (0; +o0) thod man f(xy) = f(x) + f(y) cho ta ham f(x) =
log,x = g(x) = f(a") lién tuc va thoa man dac trung phuong trinh Cauchy.

3. Moi ham lién tuc f: (0; +oo) — (0; +o0) thod man f(xy) = {(x).f(y)
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a

b va f(x) = b = g(x) = log(f(a")) 1a ham lién tuc va thoéa man

— f(x) = x' voi t=log

phuong trinh Cauchy.
3. CAC BAI TOAN UNG DUNG

Dudi day s& dé cap dén mot sd bai toan co 10i giai duge st dung nhimg dinh huéng co
ban da néu trén.

Bai todn 1: Tim ham lién tuc f: R --> R vat/m: f(x)+ f(%] = 3?x Vx e R (*)
Nhin xét: Day mot 16p ham lién tuc dua vé xét giéi han cua diy
Loi gidi:
- 2 \ r ~ r.e b}
bat: g(x)= ?xva xét day { x, } voi xR, X4 = g(x,) thi
2 n—1
2 2 2 2 .
X, :Exl’ X3 :Exz :(gj Xyt X, :(Ej X = gilzo/lx” =0

Lan luot thay x = x4, X», ...X, vao (*) ta duogc :
3 3 3
f(x1)+f(xz)=§x1, f(xz)+f(x3)ngz,---,f(xn,1)+f(xn)ng,,fl-

Suyra: f(x)+(1)"f(x,) :g[xl —-x, +-+(=D"x, ] =225x1{1+(—1)”.(§j :l (**)

Do f(x) lién tuc va f(0) = 0 nén 13y gi6i han hai vé (**) ta dugc :

fr)=x hay: f()=x

Thir lai t/m bai toan.
Bai toan 2: Tim ham f(x) lién tuc trén R va t/m: 2f(2x) = f(x) + x, (*) VxeR

Nhin xét: Gidng nhu bai toan 1 day ciing 1a mot 16p ham lién tuc dang
af(x) + bf(g(x)) = h(x) chuyén qua giéi han cua diy. Py 13 mot trong
nhting dang toan thudng gip ctua phuong trinh ham.
Loi gidi:
Taco (*) < 2f(x) =1{(x/2) +x/2, (**) VxeR.
bat g(x) =x/2 vaxét day ) {x, }voi x; €R, x,41 = g(X,) thi
n—1
X, =x1.[%j = Limx, =0

n—0

Lan luot thay x boi X, X5 ... X, vao (**) ta duogc :

21(4) = £(62) + % Fl) =1 1)+ 3 @

1 1Y’ 3
21 = f(6,) %, = fx) ¢ [5) x JERELYIET @

2

1 2n-2
n-1 2 4 202 n-1 1- (j
Suy ra:f(x1>=G] .f(xn)+xl{@ +Gj ++Gj }:Gj S+ —F
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Lay gi6i han 2 vé va do f(x) lién tuc nén ta dugc :
£(x,)=0.£(0) +%x1 - % hay : f(x) = x/3.

Thur lai t/m bai toan.
Sau ddy ta xét mot sé bai todn vé 16p ham dwa vé phwong trinh ham Cauchy.
Day la mot trong nhitng dang quen thugc va quan trong nhdt vé phirong trinh ham, dau tién ta xét
mét bai todn trong dé thi HSGOG nam 1999

Bai toan 3: (QG-1999). Cho ham s6 f(x) lién tyc trén R va t/m
1) f(0)=1f(1) =0.

2) 2/ (1) + f(3) = 3f[2“y

j Vx,yeR
Loi gidi:
+ Tu 2) cho x =0 ta duoc : f(%j:%f(y)ﬁye[o,l]

+Choy=10 :>2f(x)=3f(§] :f(%jz%x

Khidé 2) <= f(x)+ f(y) f(zx %) vx,y e [0,1]

Hay f(x+y)= f(X) + f(y), vx,y€[0,1]
Do d6 f(x)=axvoia=1(1)=0. Vay f(x)=0, vxe[0,1]
Bai toan 4: Tim ham f(x) lién tuc trén R va t/m:

f(x;y}%[f(xﬂf(y)], vx,yeR (1)

Loi gidi:
bat g(x) =f(x) - f(0) thi g(0)=0. Trong (1) cho y =0, ta dugc
x)_ S+ £(0) X\ on L) S(0) x)_1
f(zj_ 5 Qf(zj 7(0) 5 Qg(zj 2g()f) VxeR
x+y

Khi do: (1) f[ j f(o>=l[f(x>—f(0)+f<y)—f(0)]

@g(x;yj [g(x)+g(y)]©g(2 ;j g(g}g@j

< gx+y)=g(0)+g(»)Vx,y e R
Do do g(x)=ax, f(x)=g(x)+g(0)=ax+b,vdib=1(0)vaa=f(1)-1(0).

Bai toan 5: Tim ham f(x) lién tuc trén R va t/m
f(x) + f(y) - f(xty) =xy. (1) Vx,y € R.
Loi giai:
Tu (1) chox=0 = £(0) =0.
Choy=-x = f(x)+f(-x) +x*=0 Vx € R.
Pit g(x) = f(x) + x/2 = f(x) = g(x) - x*/2.
Khidé (1) g(x)+g(y)=gxty) VxyeR = g(x)=ax
Do d6 f(x) = ax - x*/2. Thir lai t/m (1).

Bai todn 6: Tim ham f(x) lién tuc trén R, t/m: f(0) =1, f(1) = 2002 va

f(er;}Jij:%[f(x)+f(y)+f(z)] Vx,y,z€R
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N e

Loi gidi:

Dz_“lt:z:HTy Thi tir gt suyra: f(x+y

: j=%[f(x)+f(y)]

Do d6 theo bai toan 3 suyra f(x) =ax +b.
Vi f(0)=1, f(1) =2002 suyra f(x)=2001x + 1.

Bai toan 7: Tim ham f(x) lién tuc trén R va t/m:

LN 2 %
f(3X+3yj 3f(X)+3f(y), Vx,yeR (¥)
Loi giai:

Dit : g(x) = f(x) - (0) , thi g(0) = 0.

Khi d6 (*) < g(%x+§yj :%g(x)Jr%g(y), Ve,yeR (*%)

T (**) cho y = 0 ta duoc : g(gj = %g(x), Vx e R

3
, x 2y X 2y
Do d6 (**) @ gl —+—|=g| = +g?, Vx,yeR

cho x =0 ta duogc : g(z?yj = zg(y), VyeR

3 3 3

Hay g(xt+y)=g(x) + g(y), Vx,yeR, nén theo bai toan 1 thi g(x) = ax

Do d6 f(x) =ax + b. Thur lai t/m dé bai.

Bai toan 8: Cho ham g(x) xac dinh trén R va t/m:

g(x) +g(y) = glxty) -xy - 1, (*) vVx,yeRvag(l) =1
Tim tat cd sO nguyén n # 1 sao cho g(n) =n.
Loi gidi:
Tir (*) suy ra: g(0) = - 1, g(x) + g(-x) = x*- 2,
Hay g(x)+1-x2 + g(-x) + 1 - (x)*/2 = 0.
Pit f(x)=g(x)+ 1 -x7/2 thif(1)=23/2, f(0) = 0.
Khi do (*) < f(x) + f(y) = f(xty) , Vx,yeR.
T dé f(nx) =nf(x), VneZ, xeR. Suyra f(n)=nf(1)=3n/2.
Vay g(n) = f(n) +n* /2 - 1 = (n’+ 3n - 2)/2.
gn)=n< n“+n-2=0<n=1,n=-2.
Vin#1nénn=-2.

f(x) =2

f(xy) = fCOf(y) - f(x +y) +1
Nhan xét: Day 1a 1 16p vi du st dung phuong phap quy nap toan hoc
Loi gidi:
Cho x=1vay=ntrong (1)< taco:
f(n) =2 f(n) — f(n+1) + 1 < f(nt1) =f(n) + 1 VneN
= f(n)=n+1Vn eN
+)Chox=0vay=n = f(0)=1f0)(n+1)—f(n) +1
= f0)=f0)(n+1)-n-1+1
= nf(0) =n ¥V neN

Bai toan 9: Tim tit ca cac ham f: Q — Q tim {

= f(0)=1
+)Véimdiz e Z,chox=-1vay=1trong (1) coé f(-1)=0
+)Chox=-1vay=n =f(-n)=-f(n-1)+1=-n+1

(1)
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=f(z)=z+1véimdizeZ

+) Cho x =n, y:% tacof(l)=(n+1) f(%)—f(n—i-%)-i-l (2)
Honnﬁ’a:ChOXZIVQy:m-i-%:>f(m+1+%)=f(m+%)+l

Theo phuong phap quy nap = f(m + l) =m+ f(l). T (2) taco
n n

fly=L 11 vnent
n n

Mit khéc: Chox=mvay = L co gmy=" 4
n n n

=>fr)y=r+1 vreQ'
+)Chox=-1vay=rtacod f(-r)=-f(r-1) =-f(r-1) + 1 =-r+ 1
= f(x) =x + 1 véi mdi x €Q
Thirlai: Tuxy+l=x+1)(y+1)-(x+y+1)+1
Vx,ye Q = f(x)=x+1 la ham sd can tim

Bai toan 10: (Belarus 1997)
Tim tat ca cac ham g: R — R sao cho voi mdi s thuc x va y ta c6:
gx ty) +g(x)g(y) = gxy) + g(x) + g(y).

Loi gidi:

+) g(x) = 0 va g(x) = 2 théa man bai ra.

+) Gia st g(x) khac hing sb.
Bang phuong phéap quy nap ta chimg minh duoc g(x) =x, Vx €Q.
Dé ching minh g(r + x) =r + g(x) va g(rx) = rg(x) véir eQ vax eR.
Tu (2) chor=-1 = g(-x) = -g(x) V x eR = g(x) 1a ham s6 1¢.
Cho y = -x vao gia thiét = g’(x) = g(x*) = g(x) = 0 Vx>0

+) Gia sir g(x) <x V xeR. Chon reQ sao cho g(x) <r<x

=>r>gx)=g(x-r)+r>2r=Voly

Tuong tu: Gid s g(x>xV eR = Vo ly.
= g(x) =x VxeR. Thtr lai thoa man
Vay g(x) = 0; g(x) =2 va g(x) = x théa man.

Bai toan 11: (BMO 2000) Tim tit ca cic ham f théa man:
fxf(x) + f(y) =y + f/(x) Vx,yeR (1)
Nhin xét: Day 14 16p bai chimg minh ham s6 14 ham don anh; toan anh -> str dung céc tinh
chét cia 16p ham d6 dé khai thac bai toan.
Loi gidi:
+Chox=0;y e R=>f(f(y)=y+ f (0) => d& ching minh duoc f 13 toan anh. Mt
khac f don 4nh => 3 t sao cho f(t) =0 =>cho x =0 va y = t ta c6 f(0) = t + f* (0).
+Chox=t=f(f(y)=yvoiVyeR
=>t = f(f(t)) = £ (0) =t + f* (0) =>£(0)=0
Thay f(x) trong gia thiét (1) taco f (fx)x + f(y)=y+x> Vx,y € R
=> fz(x) =x*VxeR=> {f(x):x VreR
f(x)=—x VxeR
Xét truong hop 1: f(1) =-1 chox =1 trong (1) = f(1 + f(y))=1+y
= (L+y) =F(1 +f(y) = (1 +1f(y)* = 1+2fy) +y
=f(y)=y VyeR
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Xet truong hop 2: f(1) =1 cho x =-1 trong (1) => (-1 + f(y))=1+y
=> (1 +y) = (-1 +fy) = -1+ f(y))* = 1 - 2f(y) + y’

= 1f(y)= -y VyeR

Vay f(x) =xvaf(x)=-x, Vx;y e R

Bai todn 12: (IMO 1979): Cho ham f: R — R, néu hai sb thuc bat ky x, y thoa man f (xy + x +
y) = f(xy) + f(x) + f(y). CMR: f(x + y) = f(x) + f(y) ¥V x;y e R
Nhin xét: Sir dung viéc lira chon cac gié tri bién phu hop dé thay vao ding thirc ham can
thoa man.
Loi gidi:
Gia thiét f(xy + x +y) = f (xy) + f(x) + f(y) (1) Y (x,y) € R
+Chox=y=0 (1)=>1(0)=0
+ Trong (1) cho y = -1 => f(x) = -f(-x); thay y = 1
=>f(2x + 1) = 2f(x) + (1)
=fQ2u+v+tuv)+1)=2fu+v+uv)+1f{l)=2fuv) + 2f(u) + 2f(v) + f(1)
YuveR:
Mat khac: Thay x =uvay=2v +1 trong (1) ta co:
fQutv+tuv)+1)=fu+2v+1)+u2vtl))
=f(u) + 2f(v) + f(1) + f Quv + u)
Suy ra: 2f(uv) + 2f(u) + 2f(v) + f(1) = f(u) + 2f(v) + (1) + f(2uv + uv)
=> {f(2uv + u) = 2f(uv) + f(u) (2)

Trong (2) cho v=—% =0 = 2f(—%j + f(u) = -2f (%j + fu)

Do d6 f(u) = 2f (%j > f(2x) = 2f(x) Vx eR

Trong (2) suy ra f(2uv + u) = f(2uv) + f(u) Vu,vVeR
batu=yvax=2uv=>f(x+y)=1(x) + f(y) Vx,yeR
Mat khac: f(0) =0 => f(x + y) = f(x) = f(x) + f(y) V x,y € R (dpcm)
Bai toan 13: Tim tit ca cac ham f: (0; + o) — (0; +o0) thoa mén
f(f(x) +y) =xf(1 + xy) V x,y € (0; +o0)
Loi gidi:
+ Hién nhién f(x) = l12‘1 ham thoa man bai ra, ta s¢ chirng minh ham f thoa man dk bai ra Ia
X

ham khong ting trén (0; +o0) bang phuong phap phan chimng.
That vay: gid st vo1 0 <x <y tacéd 0 < f(x) < f(y)
W) =X (x) 1)
y—x

Thay x =x va y bdi z — f(y) vao gia thiét va y boi z — fi(x)

=>x =y vo0 ly. Vay f 1a ham khong tang.

+ Ta ching minh f(1) = 1. That vy gia sir f(1) # 1. Cho x = 1 vao gia thiét ta c6 f(f(1) +
y) = f(1+y) > f(u+|f(1)-1)) = f(u) véiu> 1

=> f(x) 14 ham tuan hoan trén (1; +o0). Do f don diéu tuan hoan => f 1a ham hang. Hon
nira theo gia thiét => V¢ tréi 1a hang, vé phai khong 1a hang => vo ly. Vay f(1) = 1.

+ Ta s€ ching minh f(x) = lVc'ri x>1.Choy= 1—l =>f(f(x)—l+1)=xf(x)
x x x

Gia su: z=

Gid sit f(x) > + => f(f(x) -~+1) < f(1) va xf(x) > 1 ->vo Iy
X X
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Néu f(x) < l > () - L4+1) 2> (1) = 1 va xf(x) < 1

=Voly=1f(x)= — voix>1
x

+Néu x<1,daty= 1 f(f(x) + l):xf(z): %
X X

Dol >1=1f(x)+ l:£:>f(x):l x<1
x X x x

Vay f(x) = © V¥ x e (0; +0)
X

Bai toan 14: Tim tit ca cdc ham f: [1; +o0) — [1; +o0) thoa mén

1) f(x) <2(1+x) V x € [1; +o0)

u) xfx+1) = (x) -1 V x € [1; +0)

Nhin xét: Dira vao diéu kién ham f can tim => ding phuong phap du doan ham va ching
minh bang phuong phap st dung tinh chat ham bi chin tinh chit d6i lap.

Lo gidi ,
D¢ thay f(x) = x + 1 théa man bai ra. Ta s€ chung minh f(x) =x + 1 1a ham duy nhat.

That vay: Tir gia thiét -> f2(x) = xf(x+1) + 1 <x (2(x+2) + 1 <2 (x+1)*
= f(x) < V2 (x + 1) V x € [1; +o0) => f(x) bi chan trén. Tuong tu nhu trén co £(x) <
214(1 + x)?

x
Quy nap => f(x) < 2% (1+x) Vke N
1

Cho 2% — 1 khik — +o0. Cé dinh x => f(x) <x + 1 Vx> 1.
Ta can chimg minh f(x)>x+1 Vx>1

2 J—
That vay: Xét M:f(erl)Zl = f(x)= x+1 >x"?
X

Hon nita f%(x)= 1 + xf(x+ 1) > 1 + x /x+2 >x*? va quy nap

1

f(x) > x ¥ = chuyén qua gi6i han -> f(x) > x

Sir dung gia thiét = £(x) = 1 + xf(x+1) > (x+%)2 = f(x) = x + %

Quynap=>f(x)2x+1-2%=>f(x)2x+1VX21

Vay f(x) =x + 1 (dpcm).

Bai toan 15: Tim f: N* — N* théa man
(f(n) + m)=n+f(m+2007) V m,n e N* (1)
Nhan xét: Bai toan nay giai quyét bang phuong phap st dung cac tinh chét cia anh xa
(don anh).
Loi gidi:
Trudc hét ta chirmg minh f don 4nh.
That vay: Gia st f(n;) = f(ny) = f(f(n;) + 1) = f(f(ny) + 1)
= n; +f(1 +2007) =n, + f(1 + 2007) = n; = n, >t don anh
Miat#: Tu (1) = Vm,n € N*tacd
f(f(n)) + (1) = n + f(f(1) + 2007)
= f(f(n) + f(1)) =n + 1 + f(2007 + 2007) = f(f(n + 1) +2007)
Do f don anh nén ta cd: f(n) + f(1) = f(n+1) + 2007
— f(n+1) — f(n) = f(1) — 2007. Bat f(1) - 2007 = a eN*
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Khi d6 f(n)=n.a+2007 =a’n=n  Vn eN¥
—a’=1=a=1(via eN*)= f(n) =n+2007
Thir lgi: f(n) =n + 2007 (thda man)
Bai toan 16: (VMO-2009). Tim f: R — R lién tuc théa man:
f(x-y)f(y-2)f(z-x) + 8 =0 VX, y, z eR (1)

Nhin xét: Dung phuong trinh ham Cauchy va khai thac tinh chat lién tyc ciia ham.

Loi gidi:
+)Chox=t;z=-tva‘1y—6tac():
f()f(-2t) = -8 = f(-2t) = F( )< 0=f(t)<0VteR
. o (JX) 9t ; :
bit g(x) =1In (—2):> f(x) =-2¢*". Thay vao (1) ta co

-8 TEOTITEEN — 8 g(x-y) + g(y-2) + g(z-x) = 0

+) Trong (*) chox=y=z=0=g(0)=0
Choy=z=0,x eR = g(x) = g(-x) vx eR

Suy ra g(x-y) + g(y-2) = -g(z-x) = g(x-y + y-z)

= g(t+t’) = g(t) + g(t’) Vt, t’ eR

Do f lién tuc suy ra g lién tuc va thda man dac trung ham Cauchy.

= gx)=ax = g(x) =-2"=-2b"vGib=¢">0
Thir lgi: Thoa man

*)

bé két thic xin cac ban lam mot sO bai tap sau, hi vong thay ¢6 va cac em hoc sinh tim to1,

sang tao ra nhitng 101 gidi hay, doc déo.
Bai 1: Tim tit ca cacham f: 2" — Z°
1) f(0)=1
i1) f(f(n)) =f(f(n + 2) + 2) =n Vn €Z*
Bai 2: Chon € N, tim cdc ham f don di€u, f : R > R thdéa man
fix + f(y)) = f(x) + y"
Bai 3: (BMO - 2003) Tim f: Q —R tim.
i) fxty) — yf(x) — xf(y) = fOf(y) ~ x - y + xy Vx, y €Q
i) f(x) = 2f(x+1) + 2 + x Vx €Q
i) f(1)+1>0
Bai 4: (VMO - 2005).

Tim tat ca cac gia tri a sao cho ton tai duy nhat ham f: R —R thoa man.

f* +y + f(y)) = P(x) + ay

Bai 5: Tim f: N* —> N* thoa man.
i) 2f(m* +n’) = fz(m) + fz(n)
ii) Néu m > n thi f(m?) > f(n?)
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KI THUAT GIAM BIEN TRONG BAI TOAN
TIM GIA TRI LON NHAT, GIA TRI NHO NHAT

1.1 Pinh nghia. Gia st ham s6 f xac dinh trén tdp hop D C R.
a) Néu ton tai mot diém z, € D sao cho f(x) < f(a:o) véi moi z € D thisb M = f(a:o)

dugc goi 1a gid tr [on nhat cia ham o f trén D, ki hidu1a M = max f(z).
TE

b) Néu ton tai mot diém z, € D sao cho f(:z:) > f(a;o) véi moi z € D thi sb m = f(a;o)

dugc goi 1a gid trj nho nhat cia ham s6 f trén D, ki hi¢u la m = min f(z).
TE

1.2 Nhan xét. Nhu vay, mudn chimg to rang sd M (hodc m ) 1a gia tri 1on nhat (hodc gia tri nho
nhat) cia ham s6 f trén tap hop D can chi 10 :

a) f(a;) < M (hoac f(:z:) >m)voimoi x € D ;

b) Tbn tai it nhdt mot diém z, € D sao cho f(:z:o) = M (hoac f(a;o) =m).
1.3 Nhan xét. Nguoi ta da chung minh duoc rr;“mg ham s6 lién tuc trén mot doan thi dat duoc gia
tri nho nhat va gia tri 16n nhat trén doan do.

Trong nhiéu truong hop, co thé tim gia tri 1én nhat va gia tri nho nhat ctia ham s6 trén mot

doan ma khong can 1ap bang bién thién ctia no.
Quy tac tim gia tri nhd nhét, gia tri lon nhét cia ham f trén doan [a;b] nhu sau :

1. Tim cac diém z,,%,,...,x, thudc khodng (a;b) ma tai d6 f c6 dao ham bﬁng 0 hoac khong
c6 dao ham.
2.Tinh f(z,).f(2, ), f(z,).f(a) va f(b).
3. So sanh céac gia tri tim duogc.
S6 16n nhat trong cac gia tri d6 1a gia tri 16n nhit cia f trén doan [a;b] , sO nho nhét trong cac gia
tr1 d6 1a gia tri nhé nhét cua f trén doan [a;b] .
2.1 Vi du don gian (mdt bién): ) ) )
‘Trong myc nay chung t6i trinh bay mot s6 vi du tim gia tri nho nhat, gia tri 16n nhét cta
ham so0.

Thi du 1 ( Dé thi tuyén sinh Pai hoc khéi B — 2003)
Tim gia tri nho nhit va gia tri 16n nhat ciia ham s f (:c) =z +V4—2

Loi giai. Tap xéc dinh D = [-2;2], f/(z)=1— 4‘” =, f(z) =02 =12
— X
Bang bién thién
¢ ) ND) 2
(1) + 0 -

22
1“1111[<1i))é1ng biér21 / \ 2thién ta co Ig[l—IQHQ]f(‘T> = f(-2) = -2 va
max f<x> = f(\/a) NCY

x€[72;2]

Thi du 2. (D¢ thi tuyén sinh Pai hoc khéi B — 2004)
2

Tim gia trj 16n nhit va nhé nhét ciia ham sb y = ——
X

trén doan [1; e’ ]

21nx.l.x—1n2$ 1nx<2—1nx>
Loi giai. Taco y' = — = ’
T T
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Tir d6 ¢6 bang bién thién : 1 .2 o
’ 0+ 0 -
i‘
y -
9
O / &3

62

Véyrlna>](y:y(62):i@)x:eQVér{ni.r]ly:y@):O(:)x:l
1:e? 1:¢?

2.2 Bai tip ham mét bién
Tim gia tri nho nhat va gia tri 1én nhat cia ham s6

l)f(x)=m+2m

2) f(x) = 5cosx — cos bz vOol —Z <z<

s
4
3)f<x):2\/1—x4+\/1+x2+\/1—x2+
Vi+22 +V1—2? +1
Huéng din. Dat t =1+ 2> +V1— 22, véi V2 <t < 2.

3

3.1 Don vé mét bién :

Trong phan nay toi trinh bay mot sé dang bai todn tim GTNN, GTLN cua biéu thirc chira
hai bién bing cach thé mot bién qua bién con lai. Tir d6 xét ham sd va tim gia tri nho nhit, gia tri
16n nhat ciia ham s6.

Thidu 1. Cho z,y > 0 thébaman z + y = 2 Tim gi4 tri nho nht cua biéu thic
x 4y
N . . \ .o e 5 Je 5 . Je 4 ]_
Loi giai. Tu gidthiet t +y=—-taco y=——x.Khido P =—-+ .
4 4 r bH—4dx
Ly 1s £ - , 4 4
Xét ham so f(:z:)zé—i- VOl z € O;é .Taco f/($):——+
r 5—4zx 4 7’ (5_433)2
Bang bién thién 5
x 0 1 -
4
f'(z) - 0+
+00 +00
)

Tir bang bién thién ta ¢ min f(z)=f(1)=5.Dod6 minP =5 dat dugc khi z = 1,y = i

St

Thidu 2. Cho z,y € R thdbaman y < 0,2° +z =y + 12.
Tim gi4 tri nho nhat, gia tri 16n nhat cta biéu thic P = 2y + = + 2y + 17.

Loi gigi. T gia thiét y <02’ +z=y+12 tacd y=2>+2—12 vd 2> +2—12<0 hay
—4<z<3.Khidd P =2"+3z" —9z — 7. Xét ham s f(a:):x3+3x2—9x—7,x€[—4;3].
Ta co f'(x) = 3(1‘2 + 2z — 3).
Ta c6 bang bién thién
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| —4 -3 1 3
f'(z) + 0 — 0 +

y /20\_12 /20

Tir bang bién thién ta c6 12{1}{13}}"(3:) = f(l) = —12, 12{12}2)}]”(30) = f(—3) = f(B) = 20.

Do d6 min P = —12 dat dugc khi z = 1,y = —10 va max P = 20 dat duoc khi z = -3,y = —6
hoac z = 3,u = 0.

Thi du 3. Cho 2,y > 0 théa man z + y = 1. Tim gié trj nho nht ctia biéu thirc
z Y

P = +
Vi—z \/l—y

Loi giai. Tu gia thiét z,y >0,z +y=1tacdy=1—2,0<z < 1.

1—=z

T

+ .

V1 —2x \/;

_ z +1
v1—2zx

Khidoétacd P =

2—x z+1

7o) 2(1-2)Wi-z 22z’

Xétham sd f(z)

Bang bién thién
1

O (N

f'(z) - +

f(x) +OO\\/§/' +00

Tir bang bién thién suy ra min P = min f(x) = f[%

:L'E(O;l)

_ 2 datduqckhi:n:y:%.

Nhan xét. Qua ba thi du nay cho ta mét ky thuat giam bién khi tim GTNN, GTLN cua biéu thuc
hai bién bang cach thé mot bién qua bién con lai va sir dung céac gia thiét dé danh gia bién con lai.
T @6 tim GTNN, GTLN ctia ham sb chira mot bién bj chan.

3.2 Bai tap don vé mdt bién

1/ Cho z,y € [—3;2] théa man 2° + y* = 2. Tim gi4 tri nho nhat, gi4 tri 16n nhat cta bicu thic

P =22+
2/ Cho z,y >0 thoa man z +y =1. Tim gid tri nho nhat, gia tri 16n nhét cia biéu thuc
-t 4 ¥
y+1 z+1

, ~ X cr e 1 AL o 1A , 1 1
3/ Cho z,y > 0 thoa mdn 2 + y = 1. Tim gia tri nho nhat cta biéu thicc P = 2* + ¢° +=+=
Z (

4/ Cho z + y = 1. Tim gia tri nho nhit cta biéu thuc P:x3+y3—|—3(x2 —y2)+3(a:+y)

5/ Cho a,b,z,y € R thbaman 0 < a,b <4,a+b<T7va2<z<3<y.

\ ., . ” e R .2 , 2 2 2 2
Tim gid tri nho nhat cua biéu thuc P = Ay rirty
zy(a? +b?)

_ 207 + 2 + 22 +y
xy.M

. Huong ddn. Tim gia tri 16n nhat ctia

voi an y va z la tham so,

Q =a®+b21a M, xét ham sb g(y)Zf(fL“,y>
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tim gid tri nho nhét cua g(y) la h(a;) Sau do6 tim gia tri nho nhit cia ham sd h(a;) VOl
T € [2;3].

6/ Cho z,y € R théa man z* < y. Tim gi4 tri nho nhét cua biéu thitc P = 22 + y* — 8z + 16.
Huéng dan. Néu z > 0 thi 2° < ¢2 tir 46 xét ham sb f(w) =20 + 22 — 8z +16. Néu z < 0 thi
22 +y* —8x +16 > 16 véimoi z < 0,23 < y.

7/ Cho z,y € (0;1) thoa man z + y = 1. Tim gia tri nho nhét cta biéu thuc P = z° + yY.

fe)+fy) o faty
2

Huéng dan. Xét ham sb f(:z:) =z"x € (0;1). Chung minh > f S

J. Ta co

= 2.

- 1
P=o+(1-2) " = f(z) + f(1-=) > 2f|
8/ Cho z,y > 0 théa min z + y = 2. Chimg minh ring zy < z%y".

4.1 Biéu thirc ¢6 tinh chit doi xing:

Trong phan nay ching t6i trinh bay mot sé dang bai toan tim GTNN, GTLN cua biéu thirc
chtra hai bién ma gia thiét hoic biéu thirc d6 thé hién tinh dbi xtng. Tir d6 bang phép dit an phu
ta chuyén vé bai toan tim G cutia ham so.

Thidul.Cho 2*> + 4> =z +y.
Tim gi4 tri nho nhét, gia tri 16n nhit cua biéu thae P = z° + 4 + 22y + 2>

Lo gidi,
Dit t =z +y, tr gia thit 22+ =2+y ta cb 2xy:(x—|—y)2—(x—|—y):t2—t hay
—t

Ty = . Ap dung bat dang thuc (x+y)2 < 2(3;2 —I—y2) =2(z+y) hay #* <2t suy ra

0 <t < 2.Khi dé biéu thic P = (x—i— y)s —Qxy(:n - y) = t*. Do d6 ta c6 max P = 4 dat dugc
khit=2hayz+y=2vaazy=1suyraz=1vay=1,tacoO minP = 0 dat dugc khi ¢t =0
hay z =y = 0.

Nhén xét. Bai toan nay gia tI{iét va biéu thuc P dugc cho dudi dang d6i xtng v6i hai bién. Vi
vay, chiing ta nghi dén cach doi bién ¢ = z + y. Nhung dé giai bai todn tron ven thi phai tim diéu
kién cua bién ¢. Sau day 1a mdt s6 bai toan véi dinh hudng tuong tu.

Thi du 2. Cho z,y > 0 thoa man z* + zy + 3> = 1.

Y

Tim gi4 trj 16n nhit cta biéu thae P = ——2—
r+y+1

Loi gidi. Pat t = z +y. T gid thiét z,y >0 va 22 + 2y +¢y> =1 suy ra zy = t2 — 1. Ap dung

bét déng thirc (m + y)2 >4dzy suyra 0 <t <

a1-

KhidéP:t—1§J§3_3.

J3 -3
3

Vi vy max P =

dat duoc khi (x,y) =

%;—%3] hogc (z;y) = [—%3%]

Thidu3.Cho 2,y € R théamin z +y = —1 va 22 + y*> + 2y = 2 + y + 1. Tim gia tri nho nhat,

Yy

gia tri 10n nhét cua biéu thirc P = — =2
r+y+1
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Ld’igidi.Daitt:x—i—y.Tl‘Igiéthiét x2+y2+xy:a:+y+1tacé(x+y)2—xy:<x+y)+1
hay oy = t* —t — 1.

Ap dung bat dang thirc <x+y)2 > 4y suy ra 3t* —4t—4 <0 hay —§§t§2. Khi d6

—t—1 o, . P —t—1 £+ 2t
P:T. Xét ham so f(t)=T, f t)zm, flt)=0et=0vi=—2
(loai).
Bang bién thién
t _% 0 )
F(t) — 0 +

wo =

Tu bang bién thién ta c6 min P = min f( ) f(O) = —1 dat duoc khi (a:;y) = <—1;1) hoac

te[f2 2]

(x;y) = (1;—1) va max P = n[aax f<t) = f(—z) = f<2) :% dat dugc khi z =y = —% hodc

te —%;2] 3

r=9y=1.

Thi du 4. Cho z,y € R théaméin 0 < z,y <1 va z + y = 4zy. Tim gi4 tri nho nhat, gia tri 16n
nhat cua biéu thic P = 22 + 2 — 2y .

« ea 1A \ t - 4,
bat t =z +y. Tu gid thiet 0 < z,y <1 va z +y = 4zy suy ra xy:Z va 1<t <2.Khido

3 e 1 £ 3 3
P:(x+y)2—3:1:y:tQ—Zt.Xethamso f(t):tQ—Zt, f’(t):2t—1, f’(t):()(:)t:§

(loai). Bang bién thién

1
4

Tu bang bién thién ta c6 minP = mmf() f(l):1 dat duoc khi 9c:y:l va
tef1;2] 4 2
_ _ _D (L .2 21\3 .9\
maxP—trg[%?]f(t) —f<2)—§ dat duoc khi (az,y) ( )hoac _(T’T>'
Thi du 5. Cho z,y € R théa man z,y = 0 va wy(a:—i—y) = 2> +y* — 1 —y+2. Tim gia tri 16n
nhat cia biéu thuc P:l+1.
r Yy
Loi gidgi. Pit t=z+4+y. Tu gia thiét wy(z+y)=2"+y —z—y+2 hay
2 2 —t+2 £ 2 ,
xy(x—i—y):(a:—i—y) —2a:y—(x+y)+2 suy ra xy:H—z. Ap dung bat dang thtc
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3 — 2% + 4t — , )
<1E+y)2 > dxy suy ra t++2 8 >0 hay t<-2vt>2. Khi d6
2 2 Q42
y P —t+2 £ —t+42 (tz_t+2)2

f'(t) =0t =2vt=—2 (loai). Bang bién thién

t | —oo 2 -2 2 e
(1) - o Ao _
£(t) ! \ . 2\1

Tir bang bién thién ta c6 max P = max f(t) = f(2) =2 datdugckhi z =y = 1.

t<—2Vt>2

Thi du 6. Cho z,y > 0 thbaman zy + z + y = 3.

+ 3y LYy §332+y2+§
y+1 z+1 x4y 2

Chtng minh rang

Loi giai. Pat t = x4+ y. TU gia thiét 2,y >0, ay+z+y =3 va ap dung bat diang thic
(z4y) >4ay tacd oy =3 —t,t >0 va £ + 4t —12 >0 hay ¢ > 2 hodc t < —6 (loai). Khi d6

bat dang thire can ching minh tro thanh
2
3z + — b6xy + 3z +
( 3/) Y < y)+ Yy §<$+y)2—2$y+§ hay
xy—l—(a:-l—y)-l—l T +y 2

2 _ _
3t +it 18+3tt§t2+2t—g<:>t3—t2+4t—122<:>(t—2)(t2+t+6)20 luén ding

véimoi t > 2, ddu bang xdyrakhi ¢t =2 hay z = y = 1.

Thi du 7. Cho z,y > 0 thoa min 2> + 3> = 1. Tim gi4 tri nhé nhét ciia biéu thirc

P=(1+x) 1+§]+(1+y)[1+§].

2

Loi gidi. Dat t = z 4+ y. T gia thiét z,y >0 va 22+ 42 =1 suy ra ay = vat>1.Ap

dung bat dang thic (2 + y)2 < 2(3;2 + y2) suyra 1 <t < 2.

C e o T4y At o . P+t oy =201
Khido P =[1+(z+y)+ y] - —t_l.Xethamso f(t)—t_l,f<t)— <t_1)2 ,
f'(t)=0 % ¢ =1+ 2 (loai). Bang bién thién

t 1 ND)
f'(t) -

]
I(t) H+ \4+3J§
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1

7
Nhan xét. Qua cac thi du trén, cho ta mot k¥ thudt giam bién ctia bai toan tim GTNN, GTLN cua
biéu thirc hai bién c6 tinh doi xting: Do tinh d6i xing nén ta luén c6 thé bién doi dua vé mot
trong cac dang dat t = x + vy, t = 2> + y*> hodc t = xy, tr d6 dua vé tim GTNN, GTLN cta ham

Tir bang bién thién ta cé min P = min f(t) = f(@) — 4 +3V2 datdugckhi z = y =

te(l;«/ﬂ

sO

4.2 Bai tap
1/ Cho zy>0 théa man z+y+1=3zy. Tim gid tri lo6n nhat cuia biéu thic
p__ 3t . 3 1 1

y(e+1) z(y+1) 22 2
2/ Cho z,y khong dong thoi bang 0 va théa man z + y = 1. Tim gi4 tri nho nhét cta biéu thirc
2

1 7 Y
2 2 + 2 + 2
T +y vy +1 2 +1
3/ Cho z? + ¢ = 1. Tim gi4 tri nho nhét, gia tri 16n nhit cua biéu thic P = :1:\/ 1+y+ y\/ 1+ 2z
4/ Cho 2? + y* = 1. Tim gi4 tri nho nhét, gia tri 16n nhét cua biéu thie P = ——— + 2
Ji+y Ji+z
5/ Cho z,y = 0 thay d0i théa man (z + y)ay = 2* + y* — zy. Tim gi4 tri 16n nhét cia biéu thirc

11
P=—+—.
ws y3

6/ Cho z,ye R thoa min 2z’ +azy+y®> <2. Tim giad tri 16n nhat cua biéu thuc
P =2 —zy+9°.

P =

5.1 Biéu thirc dang cap

Trong phan nay ching t6i trinh bay mot s6 dang bai toan tim gia tri nho nhat, gia tri 16n
nhat ctia biéu thirc chira hai bién ma gia thiét hoic biéu thirc d6 thé hién tinh dang cip. Tir d6 xét
ham s6 va tim gia tri nho nhat, gia tri 16n nhit ciia ham sb.

Thi du 1. Cho z,y > 0 théa man 2* + y* = 1. Tim gié tri 16n nhét cta biéu thic P = y(z +y).

Loi gidgi. Pat y = tz. T diéu kién z,y >0 suy ra ¢t > 0. Tu gia thiét 22 +¢> =1 ta ¢

22 =—1 Khi d6 biéu thic P:th(t+1):t2+t. Xét ham s f(t):t2+t,
2 +1 2 +1 t? +1
f(¢) :%, f'(t)=0%t =2 +1vt=1-+2 (loai). Bang bién thién
2 41
t 0 \/5—}—1 +00
f'(t) + 0 —
V241
2
0 1

Ti bang bitn thitn ta c0 maxP =maxf(¢)=f(V2+1)=22 dat dugc khi
t>
() = (5 )
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Thi du 2. Cho z,y > 0 va théa man 2> + 4> = 1. Tim gi4 tri 16n nhat ctia biéu thirc
42% + 62y — 5
2y —2y° —1

P =

Loi gidi.

Néu z = 0 thi tir gia thiét 2> + > =1va y > 0 suyra y = 1. Khido Pzg.

£ \ as N \ . 1 )
Néu z = 0 thi dat y = tz. Tir gia thiét 2,y > 0 va 2> +¢*> =1 suyra t > 0 va 2? :2—1.Kh1
2 +
2?2 (4+6t)—5 2 _ , 2
d6 B Gl e T2 SOV VY fr) =L =~
P (26267 )1 3?2t +1 32 —2t +1
2 — I4
f(t) = 8i” + 44 42,f’(t):0<:>t:1w:—1 (loai). Bang bién thién
(382 — 2t +1) 2

t 0 3 +00
F(t) ~ 0+

1 5

3

—1

Tir bang bién thién ta c6 f(t) < g,w >0 vd minP =minf(¢)= f(1)= -1 dat dugc khi

t>0

S

r =2 vidy=-. Viviy maxP = g dat dugc khi (z;y) = (0;1) va min P = —1 dat dugc khi

(=) = (&)
, , . 3 4zy? 1
Thi du 2. Cho z,y > 0. Chting minh rang < 3

()

Loi gidgi. Dat t = 2. Tur gia thiét 2,y > 0 suy ra ¢ > 0. Khi d6 bét ding thirc cin chirg minh

Y
. 4t 1 3 , \ %
tuong duong  voi - <— hay t( t2+4—t) <2. Xé ham so
(t+E +4) 8

f(t):t( t2+4—t)3,
; St(\/t +4—t)3 ( t2+4—t)3( t2+4—3t)

"t)= (N2 +4 —t] — = (t)=0et =
1) ( ) t* +4 t* +4 I -

v &

. Ta c6 bang bién thién
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kl

Tir bang bién thién ta c6 max f(t) = f( ) = 2 hay t(\/t2 +4 - t)g < 2 dau bang xay ra khi

t>0

_ 2 _
t—fhayy—\/gx.

5.2 Bai tap

. 2
1/ Cho ,y > 0 théa man zy < y — 1. Tim gia trj nho nhét ctia biéu thie P = 7 + 9

Yy T
2/ Cho z,y > 0. Chimg minh rang 32* + 7y* > 9zy°.
3/ Cho z,y > 0. Chimg minh rang z* + y* > 2%y + 2v°.
\ [ J4 LR , 1172 y2 X Yy ;.
4/ Tim gia tri nhd nhat cua biéu thirc P = 3 — +t=5 |- 8- +=|Vvolizy=0.
v y @

6.1 Biéu thirc ba bién

Trong phan nay chung t61 trinh bay mot s6 dang bai toan tim gia tri nho nhat, gia tri 16n
nhit ciia biéu thuc chta ba blen bang cach dit an phu hodc thé hai bién qua mot blen con lai. Tu
do, chuyen duoc bai toan vé bai toan tim gia tri nhd nhét, gia tri lon nhét ctia ham sd.

, . ~ , . N 1 1
Thi du 1. Cho z,y,z > 0 thda man = + y + z = 1. Ching minh rang — + — > 16
Tz Yz

Loi gidi. Dt t =z +y. Tugid thiéttaco z =1—(z+y)=1—-t va0 <t <.
2

Ap dung bt dang thirc (w + y)2 > 4xy hay zy < tZ

Khido P=—4—=—1 > 2
Tz Yz xy(l—t) —t* ¢

Xethamsé (1) = ——7/(1) - % Fl)=0et-1.
Ta ¢ bang bién thién
t 0 3 1
(1) -0 +
+o0 +00
£(t) \ /'
16

Tir bang bién thién ta c6 min f(t) = f(%) =16 datdugckhi z =y = 1,2 = 1.

te(051)

Vivayi+i216.
Tz Yz

Thi du 2. Cho 2? + y? + 2% = 1. Tim gi4 tri nho nhat, gia tri 16n nhat cia biéu thirc
P=zx+y+z+oy+yz+z2z

Loi gigi. Pit t=z+y+z. Ap dung bat dang thicc Cauchy — Schwarz ta c6
(x+y+z)2§3(a:2+y2+z2)Suyra—\/ggtgx/g.Khido'

P=(z+y+z)+

%(m—i—y—i—z)Q—(azQ—i—yQ—i—z?) :%(tQ—i—Qt—l)
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Xétham s £() = (£ +20—1), f/(t) =22, (1) =0 & t = -1,

Ta c6 bang bién thién

t 3 ~1 J3
F(t) — 0+
1

—3 1
f(t) \ /'
1

T bang bién thién ta ¢6 minP = min_ f(t)= f(-1)=—1 dat duoc khi ¢t= -1 hay

++3

e 3]
(z39:2) = (=10;0) va cac hoan vi clia nd; max P = te[m«%);{«/g]f<t> = f(\/g) =1+ /3 dat dugc
khi t = /3 hay <x;y, = (%%%)
Thidu 3. Cho z,y,2 >0 thbaman z +y + 2z = 1.

, . 3 : : 3 1
Chting minh rang 2* + ¢* + 2% + f:nyz >

| =

Loi giai. Do vai tro cia z,y,z binh ding nén ta luén gia st dugc = = min{x, y,z}. Tur gia thiét

r,,2 >0, z4+y+2=1 ta cO 0<z< va y+z=1—ux. Ap dung bat déng thire

L | =

2
+ 2 . .2
yz < (y 1 ) va 2?—3 < 0. Khi do6 bi€u thuc

P:x3+y3+z3+%xyz:x3+(y+z)3—3yz<y+z)+%xyz

::1:3—i—(y—|—z)3—|—yz

15
Tx—3<y+z)

:g;3_|_<1—37> —|—yz[2?Tx—3]

2x3+(1—x)3+

(y+z) [27—5”—3] L (27:1:3 1822 —|—3a:—|—4)
4 4 16

Xéthamsé f(z) = %(27333 ~182% + 3z +4), f'(z) = %(81&02 ~ 362 + 3),

f(z) =0 5= %\/:L“ _ % Bang bién thién
1 1
z 0 5 5
f'(z) + 0 - 0
e
27
f(x) l/v \L
4 4
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N £ - , 1 , 1 FE . .
T bang bién thién ta c6 ;}él[%)lj]f(:z:) = f(0)=f(%) = T Do d6 P > T Dau bang xay ra khi
(ziy;2) = (1:251) hodc (z;y;2) = (0;1;1) va cac hoan vi clia no.

Thi du 4. Cho z,y,z € (0;1) thda man zy + yz + 22 = 1.
Tim gi4 tri nho nhit cua biéu thic P = T 4+ ¥ 42
1—2 1—9*> 1-—2°

N ., T Y 2’ ‘ ham s 1 .
Loi giai. Ta c6 P_x(l—x2)+y(1—y2)+z<1—z2). Xét ham so f(t):m voi
0<t<l, f’(t):ﬂ,f/(t):()@t:Lw:—i (loai).

£2(1-¢) ” V3
Ta c6 Bang bién thién
t 0 N 1
F(t) — 0+

_|_

£(¢) OO\“/'OO

<‘

~ |

33

> = vt € (0;1).

Tur bang bién thién ta c6
t(1-12)

(xy+yz+za:) =

w
wgl
w

VivayP2§(x2+y2+z2>Z #

33

Do d6 minP:T3 dat duge khi 7 — y — 2 —

o

MOT SO BAI TOAN TRONG CAC PE THI PAI HQC

Bai 1 (Dé thi tuyén sinh Pai hoc A — 2011)
Cho =z,y,z la ba s0 thuc thudc doan [1;4] va ¢ > y,r > z. Tim gid tri nho nhat ctia bi€u thuc
B T Y Z
2r+3y y+z z4z

n 1 S 2
l+a 1460 1++ab
That vay, (*)@(a+b+2)(1+@) >2(14a)(1+0b)

Loi gidgi. Trude hét ta ching minh : (*), v61 a va b duong va ab > 1.

& (a+b)\/@+2\/£ >a+0b+ 2 & (\/E—l)(\/——\/gf > 0, ludn dung véi a,b duong va
ab > 1. Dau bang xay ra, khi va chi khi: a = b hodc ab = 1.
Ap dung (*), v6i z va y thudc doan [1;4] va r >y, taco:

1 1 1 2
= + > +

= + >
S P P 1+\/;
Y z x y
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Déu bing x4y ra, khi va chi khi : a—— hodc o1 (1)
Y z Y

2
bit /f:t,te[l;Q].Khidé:Pz v 2 Xétham sé :
Y 22 +3 1+t

2 INE B -
f(t) = A tefu2l, f(1) - 2[t% (4t — 3) + 3t (2t 1>+9]<0,
2% +3 141 (2 3] (14 4]
= f(t) 2 1(2) =2

Déu bing xay ra, khi vachikhi t =2 & = =4 & o =4,y =1 (2). Suyra P z%.
Y
Tur (1) va (2) suy ra ddu bang xay ra, khivachikhi: z = 4,y =1 va z = 2.

Vay, gia tri nho nhét cua P bﬁng i—;l, khiz =4,y =12 =2.

Bai 2 (Dé thi tuyén sinh Pai hoc B — 2011)
Cho a va b 1a cac sb thuc duong thoa man 2(@2 + b2) +ab = (a + b)(ab + 2).

3 3 2 2
a b_ga_+b_]

Tim gi4 tri nho nhét cua biéu thuc P = 4| — + e 5
a

a

T
Loi gidi. V6i a,b duong, ta co: 2(@2 +b2) +ab=(a+0b)(ab+2)

@2@I+§»+M:a%+a¥+2@+b%¢%%+QYH:ﬂa+M+2F+%}

22\/ (a+b)[

::J49+9+2
b a

2| @4 241022 +b+2 ey hs5
b b b a2

1 1
_+_
a b

1

Ma (a+b)+2 ;

, suy ra:

@Ir—t

a

+2452 suyra: P =4(t* —3t) - 9( —2) = 4¢® — 9> — 12t + 18

ot

patt =2
b

@
[\D

Xéthamsd f(t) = 4> — 9> — 12t +18, v6i ¢ >

DO | Ot

Taco f'(t) = (2t2—3t—2)>0 suy ra : mmf( ):f[g]:—ﬁ.

Viy, min P — -2 datkhivachikhi;2+9:§
4 b a 2

vaa+b= 2[1 —l—%] & (a;b) = (2;1) hoac (a;b) = (1;2)

a

Bai 3 (Dé thi tuyén sinh Dai hoc khoi B-2010) , q
Cho cac s6 thuc khong am a,b,¢ thodn man a + b+ ¢ = 1. Tim gid tri nho nhat cta biéu thuc

M = B(aQb2 + b2 +62a2)+ 3(ab + be + ca) +2Ja® + >+ 2

Loi gidi. Ta c6: M > (ab + be + ca) +3(ab +be + ca) +2J1—2(ab + be + ca)
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2
a+b+c
Détt:ab+bc+ca,tac():0§t§%:%.
1 Z n . 2
Xéthamso f(¢) =1 + 3t +2v1—2¢ trén 0;%],taco: fl(t)=2t+3-
1-—-2¢

f(t)=2 —#3 < 0, ddu bang chi xayra tai ¢t = 0, suyra f’(t) nghich bién.
(1—2t)

’ A ]- ’ / / ]- ]-]- A A ,

Xét trén doan 0;5 tacd: f (t) > f [g] = 3—2\/5 > (0, suy ra f(t) dong bién. Do do :
1

t)> fl0)=2Vt e|0;—].
OEN 3
Vi thé : MZf(t)ZQ,VtE 0;5. M =2& ab =bc =ca,ab+bc+ca=1 va

a+b+c=1& (a;b;c) la mot trong cac bo s (1;0;0),(0;1;0),(0;0;1)
Do d6 gi4 tri nho nhat caa M 13 2.

Bai 4. (D¢ thi tuyén sinh Pai hoc khdi B — 2009)
Tim gia trj nho nhat cua biéu thirc 4 = 3(:L-4 +yt + x2y2)— 2(x2 + y2)—1— 1 voi z,y 1a cac sd

théa man (x-i— y)s + dxy > 2.

Loi gidi. Dua vio bt ding thirc hién nhién : (2 +y)* > 4zy nén

(c+y) +dmy22= (a+y) +(r+y) = (a+y) +4ay 22> (a+y) +(z+y) —220

= [(z+y)—1] <x+y)2+<x+y)+2}20(1)
2
D0($+y)2+<l‘+y)+2: <x+y)+% +£>0Vétf1(1)suyra: T+y>1.

Vay néu cdp (z;y) thoa min yéu cau dé bai thi z +y > 1 (2).
Ta bién ddi A nhu sau:

A:3(1'4+y4+x2y2)—2(x2+y2)—|—1:g(:1;2+y2)2+§(x4+y4>—2(x2+y2>+1 (3)

2
<x2 + y2 )2
2

A>g(fﬂ2 +y?) +%(f’32 + ) - 2(e? +92>+1:%("”2 +yt) —2(at +yt) 41

Do z* +y* > nén tr (3) suy ra:

2
x +
Vi 22 4 42 Z% néntir (2)tacd: z* +y* >

N | —

9 . 1 9 1
bat f(t)==t* -2t +1voit =2 +y* >=.Taco: f(t)==t—2>0,Vt > —.
)= P 2 Tacos () = Jem2> 0]
Suyra: minf(t) = f 1 :2(4)

t>1 2 16
\ 9 L1 A% A : . 9
Tu(4)suyraAZE.MatkhacdethaykhlxzyzithlA:E.

9 . 1
Va ind=—khiz=y=-.
Ay min 16 =y 5
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Bai 5. (D¢ thi tuyén sinh Dai hoc khoi D — 2009)

Cho z,y > 0 va z +y = 1. Tim gi4 tri 16n nhat va nho nhit cta biéu thuc :

S = (43:2 + 3y)<4y2 + 330) + 25zy

Loi gidi. Ta co :

S = (4a? + 3y )(4y* + 3z ) + 252y = 162%y* +12(2* + y* ) + 34ay

= 162%y* +12(x—l—y)(:c2 —xy+y2)+34xy: 162%y? + 12 (x+y)2 — 3xy | + 34xy
= 162%y* —2zy +12 (1) (do z +y = 1).
2
. , x +
Dét:ny:t.VO'rl:L“ZO,yEO,taCO:OSxyg%:iﬁogtSi
Xéthams6 f(t) = 16¢* — 2t +12 véi Ogtgi.Tac(): f1(t) =32t —2.
Bang bién thién
1 1
; 0 i 1
f'(t) - +
12 25
2
16
191 25
Suyra minf(t)= f(L1)=— vamaxf(t)= f(+)=—.
y [Oi]f() f(lﬁ) 16 [O’Hf<) f(4) 2
Vay: Gia tri nhd nhét cia S dat dugc
St=—& ~
16 :Ey:% :E—2_\/§' _2—1—\/5
, 1 Y A
Gia tri 16n nhat cua S dat duoc
|ty =l 1
Sct=—-< 1 Sr=y=-=
4 xy:Z 2
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