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I. Tich phan phu thuoc tham so

1 Tich phan phu thuéc tham so

1.1 Dinh nghia

Pinh nghia 1. Xét ham f(x,t) = f(x1,...,2n,t1,. .., ty) xdc dinh trén mién
X xT CR" x R™. Gid si X do duoc (Jordan) va voi méi gid tri ciat € T ¢6
dinh, ham f(z,t) khd tich theo x trén X. Khi dé tich phdn

1(t) = / f o )da 1)

la ham theo bién t = (t1,...,t,), goi la tich phan phu thudc tham s6 vdi m
tham s6 t1, ... tm.

1.2 Tinh lién tuc

Pinh Iy 1. Néu f(x,t) lién tuc trén X x T C R" x R™, d dday X, T la cdc tdp
compact, thi tich phdn

I(t):/f(x,t)dx

lién tuc trén T

Chitng minh. C6 dinh to € T. Ta sé chiing minh v6i moi € > 0, ton tai § > 0 sao
cho v6i moi t € T', d(t,ty) <o tacd | I(t) — I(ty) |<e.
Tur dinh nghia suy ra

1) = I(to) |= } [0 - 5wt

< / | Fayt) — fla,to) | da.

Do f lién tuc trén compact nén lién tuc déu trén do, tic 1a toén tai 6 > 0 sao cho

| f@@' ) = f(z,t) |<

€
v(X)
v6i moi (z,t), (z/,t') € X x T, d((«',t'), (x,t)) < 4.
Tu d6, véi d(t, ty) < § ta co

€

v(X)

= €.

| 1(t) — I(to) [< v(X)



O
1 1
Vidu. 1) Ta ¢6 1ing [ Va?+t2dz = [ |z|dx =1 vi ham v/z2 + ¢ lién tuc trén
—Y_1 -1
[__'17 1] X [__67 E]'
2t2e77 ndut £ 0

néut=0
Néu f(a:,t) lién tuc tai (0,0), thi f(z,t) lién tuc trén [0, 1] x [—¢, €]. Khi d6, tich

2) Khéo sét tinh lién tuc tai diém (0, 0) cia ham f(z,t) =

phan I(t f f(x,t)dz lién tyc trén [—e, €] . Nhung ta c6

1
limI(t) =lim [at~ 2"t = 2 hmf — (— a2t ?)

t—0 t—0 0 t—0
1 . _t72 o -

Vay, ham f(z,t) khong lién tuc tai (0,0).

Sau day ching ta s& khdo sdt mot téng quit héa ctia Dinh 1y 1 trong trudng hop
= [a, b].

Pinh Iy 2. Cho f(x,t) lién tuc trén |a,b] x T, véi T la tdp compact va a(t), b(t)

la hai ham lién tuc trén T sao cho a(t),b(t) € [a,b] véi moi t € T. Khi do, tich

phdn
b(t)

/fxt

a(t)

lién tuc trén T

Chitng minh. Do f lién tuc trén tdp compact nén gidi noi, tic 1a ton tai M > 0
sao cho | f(z,y) |< M v6i moi (z,t) € [a,b] x T. C6 dinh ¢, € T ta c6:

a(to) b(t) b(to)
| 1(t) — I(to) |=| [ flz,t)dz+ [ f(z,t)dz+ [ [f — f(x,to))dz
a(t) b(to) a(to)
a(to) b(t) b(to)
[ fla,t)da|+| [ fla,t)de|+| [ (f(z,t) — f(z,to))dx
a(t) b(to) a(to)

b(to)
< MJa(t) —alto) | +M [ b(t) = b(to) | + [ [ f(2,t) = f(=,t0) | d.

a(to)



Khéing dinh suy ra tir tinh lién tuc cta a(t), b(t) va Dinh ly 1. O

Vi du. Do ham ———— lién tuc trén [0, 1] X [—¢, €] va cac ham «a(t) = ¢,
1+ 224 t2

B(t) = cost lién tuc trén [—e, €], ta c6

cost 1

. / dx p / dx T

im | ——————dr = | —— = —.

t—0 1422 +¢2 1422 4
t 0

1.3 Tinh kha vi.

) . 0 . .
Pinh ly 3. Néu f(x,t) va cdc dao ham riéng %(x,t), it =1,...,m, lién tuc
tréen X x T C R*" x R™, g ddy X,T la cdc tdp compact, thi tich phdn

I(t):/f(x,t)dx

(o}
kha vi trén T va vdi moi 1 ta co:

or, [ of

X

[0
Chitng minh. V6i moéi tg € T ¢6 dinh ta co:

I(to + hz6z) — I(to) - / f(l’, to + hz6z) — f(l’, t(])
X

dx.

trong d6 e; 1a co s& chinh tic ctia R™. Ap dung dinh 1y gid tri trung binh cho
ham 1 bién ta c6:

f(l’,t(] + hz6z) — f(l’,t(]) = %(l’,to + ezhz6z)hz, 0< QZ <1

Khi d6 :

I hie;) — 1 0
(o + hici) (to) —/8—£(x,t0)dx
X

0 0
hy; = }/[a—i(%to + G;he;) — a—i(z,to)]dx

X



0
Str dung tinh lién tuc clia —f(a:, t) trén compact X x 7" va ly luan nhu trong ching

ot;
minh Dinh ly 1 suy ra
—(tg) =1 = [ —=(z,t)d
X
o , Ol Nl T
Tinh lién tuc cua E(t) trén 7" suy ra ti Dinh 1y 1 O
2l 14t
Vidu Xét I(t) = [ — oY g0 t € (“1,1). Ta 6 cdc ham
o cosz 1—tcosx
1 141t .
In rreosw néu x # /2 of 2
f(z,t) =< cosz 1—tcosx a—(x,t)zﬁ,
2t néu x = 7/2 t 1—t*cos®z

lién tuc trén [0, 7/2] x [-1 +¢€,1 — ¢]. Vay, theo dinh 1y trén

o

w/2
d d
I’(t):2/7x:2/ v T
1—+t2cos?x 1—22+u?  /1-—¢
0

0

T d6, 1(t) = marcsint + C. Vi I(0) =0, nén C' = 0. Vay, I(t) = marcsint.

) 0 . .
Pinh ly 4. Néu f(z,t) va cdac dao ham riéng a—f(x,t), i =1,...,m, lién tuc

trén [a,b] x T, ¢ day T la tdp compact trong R™, «(t), 3(t) khd vi trén T va
a(t),B(t) € [a,b] voi moi t € T, thi tich phdn

(o}
kha vi trén T va vdi moi 1 ta co:

B(t)
o1 of 3 D
0= [ w0+ FE0.050) — Flal), g (1)
a(t)



Chitng minh. Xét ham m + 2 bién
F(t,u,v) = /f(x,t)da?, (t,u,v) € D =T x |a,b] X [a,b].

Ta s€ chi ra rang F(¢,u,v) 1a ham kha vi. Vi mdi u, v ¢6 dinh, tir Dinh 1y 3,
suy ra

OF [of
a—ti(t,u,v) —/a—ti(x,t)da?.

V& phii clia dang thic trén dugc xem nhu 12 tich phan phu thuoc cdc tham s6 ¢, u, v.

Ham a—tf(z, t) xem nhu la ham theo cac bién z,t, u, v lién tuc trén [a, b] x D. Tu

. . OF N
Dinh 1y 2, v6i a(t,u,v) = u, b(t,u,v) = v, suy ra g(t,u,v) la ham lién tuc
trén D. Ngoai ra ta con c6 Z

O )= —fwt) v 2ot ) = fo.0)

déu 1a nhitng ham lién tuc trén D. Vay, ham F'(t,u,v) kha vi.

Ham [(t) dugc xem nhu 1a ham hop I(t) = F(t,a(t),5(t)). T d6 , ham I(t)
kha vi va

ol oF OF O oF ap
Wof 0B da
= a{t)a—m(a?,t)da: +1B#), )5, () = flalt) ) 7).

O

sint
Vi du. Xét tich phan I(¢t) = [ e'dx. Theo Dinh Iy trén, ham I(¢) kha vi va

t

sint
I'(t) = / ze*dx + '™ cost — e

t



2 Tich phan suy rong phu thudéc tham so

2.1 Cac dinh nghia

Pinh nghia 2. Gid sit ham f(x,t) xdc dinh trén [a,00) x T, T' C R, sao cho vdi
moi t € T ¢d dinh , ham f(x,t) khd tich trén [a,b], véi moi b > a. Tich phdn

szffmwm (1),

goi la tich phan suy rong loai 1 phu thuoc tham s6. Tich phdn (1) goi la héi tu
00 b
tai to néuu tich phan [ f(x,to)dx hoi tu, tiic la ton tai blim [ f(x, to)dx = I(to)

hitu han.
Tich phén (1) goi la hoi tu trén T néuu hoi tu tai moi diém ciia T, tirc la

Ve > 0,Vt € T, Jag(e,t) > a, sao cho Vb > ag — ‘ /f(x,t)‘ < €.
b
Tich phdn (1) goi la hoi tu déu trén T' néuu
Ve > 0, Jag(€) > a, sao cho Vb > ag,Vt € T — ‘/f(x,t)‘ < €.
b

Pinh nghia 3. Gid sit ham f(z,t) xdc dinh trén [a,b) x T, T C R, sao cho vdi
moi t € T ¢d dinh , ham f(x,t) khd tich trén moi doan [a,b— n], n > 0 . Tich
phdn

b—n

b
50 = [ fe.tyde =t [ fa.t)de, )
7’]—)

goi la tich phan suy rong loai 2 phu thuoc tham s6. Tich phdn (2) goi la héi tu
b b—n

tai to néuu tich phan [ f(x,to)dx hoi tu, tic la ton tai lirr(l] [ flx, to)de = J(to)
a n—v 4

hitu han.

Tich phdn (2) goi la hoi tu trén T néuu hoi tu tai moi diém ciia T, tirc la

b
Ve > 0,Vt € T,3(e, t) > 0, saoch00<vn<6:>‘/f(x,t)‘<e.
b—n
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Tich phdn (2) goi la hoi tu déu trén T' néuu
b
Ve > 0,3dp(e) > 0, sao cho 0 < Vn < §,Vt € T — ' / f(a:,t)' < €.
b—n

Chu y. 1) Tuong tu, ta dinh nghia

b

1) = | fletde= tim [ f(o 050,

“a

b b
IO = ] tde = tim [ fen)fen),
a =Y a+n

va ciing c6 khdi niém hoi tu, hoi tu déu tuong tng.

2) Viéc khao sat tich phan suy rong phu thudc tham s6 loai 2 dugc thuc hién
hoan toan tuong tu nhu loai 1, tir dinh nghia cdc khai niém dén céac tinh chat.
Do d6, trong muc nay, ta chi khao séat tich phan suy rong phu thuoc tham s6

1) = [ flo.t)de.

Vi du. Xét tich phan I(t) = [ te~*'dz. Khi d6
0

a) 1(t) hoi tu trén (0, 00) vi

=e M < e

1 o0
Ve > 0,V € T,3ap = n—;,\ﬂ» 1 —> }/te_“
b

b) I(¢) khong hoi tu déu trén (0, 00) vi véi € € (0,1), v6i moi ap > 0, néu chon

Lo ) Ine .~ |F
b=ao va t tir bt dang thic 0 < ¢ < ——, thitacé | [te ™| = e > e,
¢) I1(t) hoi tu déu trén T, = [r,00), v6i r > 0. That vay, ta c6
o
Ine —at —bt —agr
Ve > 0,dag = —,Vb > ap,Vt €T, = te =e " <e M <e.
—r
b
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2.2 Mot so6 tiéu chuan hoi tu déu
Pinh Iy 5. (Tiéu chudn Cauchy) Tich phdan I1(t) = [ f(x,t)dx hoi tu déu trén

T khi va chi khi

bo
Ve > 0,3ag(€) > a, sao cho Vby, by > ag,Vt € T = ‘ /f(x,t)‘ < €. (%)
b1

Chiing minh. Gia st I(t) = [ f(z,t)dx hoi tu déu trén T. Khi d6, Diéu kién ()

suy ra tir bat dang thiic

\ff(x,w\s ‘7f(x,t)‘+‘7f(x,t)‘

Nguoc lai, v6i ¢ c6 dinh, diéu kién (x) suy ra I(t) hoi tu. Trong (x), cho by — 0,
suy ra I(t hoi tu déu theo dinh nghia. O

Pinh 1y 6. (Tiéu chudn Weierstrass) — Gid sit
(1) ton tai ham ¢(x) sao cho |f(x,t)| < ¢(x), Vo >a,Vt €T,

(2) tich phan [ o(x)dx hoi tu.
Khi dé, tich phan I(t) = [ f(x,t)dx hoi tu déu trén T
Chitng minh. Theo tiéu chuin Cauchy d6i véi tich phan suy rong hoi tu, véi moi

€ > 0, ton tai ag sao cho
ba
'/go(x) <€, Vby, by > ag.
b1

Suy ra,
by by by
[ o] <| [ il <] [ow)| <
by by by
Theo Dinh 1y 5, tich phan I(t) hoi tu déu. O

Dé khdo st tinh chat cha tich phan suy rong phu thuoc tham s6 hoi tu déu, chiing
ta thiét 1ap méi quan hé gitta n6 va day ham hoi tu déu.
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Ménh dé 1. Gia si tich phdan I(t f f(x,t)dx hoi tu déu trén T va (a,,), voi

a, > a. la day sé sao cho lim a, = oco. Khi dé, day ham

= 7f(x,t)da?

hoi tu déu toi ham so' I(t) trén T.

)
Chiing minh. Do I(t) = [ f(x,t)dz hoi tu trén T' nén day ham (I,,(¢)) hoi tu t6i

(t) =
I(t) trén T. Vi I(t) hoi tu déu nén véi moi € > 0, ton tai ag sao cho
‘/f(x,t)‘<e, Vb > ag,Vt € T.

Vi lim a, = oo nén ton tai N > 0 sao cho v6i moi n > N, ta c6 a, > b. Vay,

ta cé_’ . . .
1,() — 1()] = }/ﬂx,t)—/f(x,t)} - }/f(:r,t)} <
v6i moi n > N, v6i moi t € T. T d6, I,,(t) hoi tu déu t6i I(t) trén T. O

2.2.1 Tinh lién tuc
Pinh ly 7. Néu ham f(x,t) lién tuc trén |a,o0) X [c,d| va tich phdn I(t) =
[ f(z,t)dx hoi tu trén trén [c,d), thi 1(t) lién tuc trén [c,d).

Chitng minh. Goi (a,), V6i a, > a. la ddy s6 sao cho lim a,, = co va xét day

n—oo

ham .
= /f(x,t)dx, t € le,d.
V6i mdi n c6 dinh, theo Dinh 1y 1, ham 7,,(¢) lién tuc trén [c, d]. Theo ménh dé

1, day ham (7,,(t)) hoi tu déu t6i 1(t). Theo dinh 1y vé tinh lién tuc cta day ham
hoi tu déu, I(t) lién tuc trén [c, d]. O
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2.2.2 Tinh kha vi
Pinh Iy 8. Gid sit
0
(a) Ham f(z,t) lién tuc va c6 dao ham riéng a—jtf(x, t) lién tuc trén [a, o) X [c, d].

(b) Tich phan 1(t) = [ f(x,t)dx hoi tu trén [c,d).

%9 .
(c) Tich phan [ 8—{(:17,t)dx hoi tu déu trén [c, d|.

e}
Khi dé, ham I(t) khd vi trén [c,d] va ta ¢é cong thic  I'(t) = [ a—{(x,t)da?.
Chitng minh. Xét day ham
a+n
I,(t) = / f(z,t)dz, t € [c,d].
Vé6i moi n, theo Pinh 1y 3, ham [,,(¢) kha vi trén [c, d] va
a—i—na
I'(t) = / —f(x,t)da?, t € [e,d).
ot
. ST wof ot A 1 dAme b
Ta c6 lim [,,(t) = I(t) va limI)(¢t) = [ a(x,t)da:. Theo ménh dé 1, day ham

I' (t) hoi tu déu trén [c, d]. Theo dinh 1y vé tinh kha vi cha ddy ham hoi tu déu,
I(t) kha vi trén [c, d] va

I'(t) = (lim L(t)) = lim I(t) = (2, t)dx.

2.2.3 Tinh kha tich

Pinh 1y 9. Gid sit ham f(x,t) lién tuc trén [a,00) X [c,d| va tich phdn I(t) =
Tf(x,t)da? hoi ty déu trén [c,d]. Khi dé, ham I(t) khd tich trén [c,d] va ta c6
Zéng thiic

00 00 d

J = [ ([ st )ie= [ ( [ i)

a c
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Chitng minh. Theo Dinh 1y 7, (¢) 1a ham lién tuc trén [c, d], do d6 kha tich. Xét
day ham

a+n

I,(t) = / f(x,t)dx, t € [c,d].

V6i mdi n c6 dinh, theo Dinh 1y 1, ham 7,,(¢) lién tuc trén [c, d]. Theo ménh dé
1, ddy ham (7,(t)) hoi tu déu t6i I(t) trén [c,d]. Theo dinh 1y vé tinh kha tich
cta day ham hoi tu déu, ta c6

f[(t)dt = f (nli_% L(t))dt = Jirgofln(t)dt
- lm f (fn f(x,t)dx) dt
~ lim azrn<ff(x,t)dx) dt = ?(Zf(x,t)dt).

3 Cac tich phan Euler

3.1 Tich phan Euler loai 1
3.1.1 PDinh nghia

Tich phan Euler loai 1 hay ham Beta la tich phan phu thudc 2 tham s6 dang

1
B(p,q) = /xf”_l(l — x)q_ldx, p>0,qg>0.
0
3.1.2 Cac tinh chat cua ham Beta
1) Su hoi tu. Ta phan tich B(p, ¢) thanh hai tich phan

1/2 1

B(p,q) = /xp‘l(l — )" dr + /xp_l(l — )" dz = Bi(p, q) + Ba2(p, q).

0 1/2
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Tich phan B; hoi tu néu p > 0 va phan ky néu p < 0. Diéu nay suy ra tir

aP (1 — )17 < MyaP™, M, = o<mé<Mf/2(1 -2

p—1(1 — )1 > p—1 — ; 1— )1
ML)t 2 mgart g = win (1)

Tuong tu, tich phan B, hoi tu n€u ¢ > 0 va phan ky néu ¢ < 0. Nhu vay ham
B(p, q) xac dinh v6i moi p > 0, ¢ > 0.

2) Sw hoi tu déu. Tich phan B(p,q) hoi tu déu trén chit nhat [po, p1] X [qo, ¢1],
trong d6, 0 < pg < p1, 0 < qo < ¢1. Diéu nay suy ra tir danh gia
1 —2)t < a1 —2)®7h Vo e (0,1), p = po, g2 qo,

va sau d6 str dung tiéu chuin Weierstrass.

3) Tinh lién tuc. Ham B(p, ¢) lién tuc trén mién xdc dinh cta né. That vay, véi
moi (p, q), p > 0, ¢ > 0, tich phan B(p, ¢) hoi déu trén [p—e, p+e€] X [¢—€, ¢+ €],
do do6 lién tuc trén mién nay.

4) Tinh doi ximg. Bang cdch d6i bién x = 1 — ¢, ta duoc B(p,q) = B(q, p).

5) Cong thiic truy hoi. Bang cdch 1ay tich phan ting phan tir tich phan B(p, q) ta
duoc

_ T
p+qg+1

q

| B(p,q+1).

Bp+1,q+1) = B(p+1,9)

DPac biét, néu m, n la cac so tu nhién, thi ap dung lién ti€p cong thic trén, ta cd

B(1,1) =1
1
B(p+1,1) =—
(p ) o '
Bp+1n) = &

(p+n)p+n—1)---(p+1)

(n—1)(m —1)!
(m+n—1)!

B(m,n) =
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3.2 Tich phan Euler loai 2
3.2.1 PDinh nghia

Tich phan Euler loai 2 hay ham Gamma la tich phan phu thudc tham s6 dang

L(p) = /xp_le_mdx, p > 0.
0

3.2.2 Cac tinh chat cua ham Gamma
1) Sw hoi tu. Ta phan tich B(p, ¢) thanh hai tich phan

1 0o

L(p) = /xp_le_mdx + /xp_le_mdx =T1(p) + Fa(p).

0 1
Tich phan T'; (p) hoi tu khi p > 0. Diéu nay suy ra ti
pPle™ < 2Pt v € (0,1].

Tich phan T's(p) hoi tu khi p > 0. Diéu nay suy ra ti

o0
P le® 2P
lim = lim = — =0, va < 00.
)
T—00 1 T—00 em xp+1
x;l)—i-l 1

Suy ra, tich phan I'(p) = [ 2?~'e~"dx hoi tu khi p > 0.
0

2) Su hoi tu déu. Tich phan Ty (p) hoi tu déu trén mbi doan [po.p1], v6i p1 > py > 0.
Diéu nay suy ra tir

1
P e < gl (0 <z < 1) [P~ < oo,
0

[e.e]
zPlem <gPrle ™™ (1< <o), [aPle™ < .
1
3) Tinh lién tuc. Ti tinh hoi tu déu suy ra ham I'(p) lién tuc trén mién xdc dinh
ctia no.
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4) Cong thiic truy hoi. Bang cdch tich phan ting phan, ta ¢

b
b
—I—p/xp_le_mda?} = pl'(p).
0
0

Néu n 1a s6 tu nhién, thi 4p dung lién ti€p cong thic trén, ta c

L(p+n) = (n+p—1)(n+p—2)---pf(p)-

e}

IFlp+1) = /a?pe_mda? = blim {xf”e

0

N6i rieng, I'(1) = 1, T'(n + 1) = n!, ['(1/2) = f \/_ ~dy = \/T.
5) Lién hé véi ham Beta. Bing phép d6i bién z = ty, t > 0, ta ¢6
P(p) _ I p—1 _—ty
v /y e Ydy.
0

Thay p bdi p+ g va t boi ¢t + 1 ta duge

Llp+q) 7 pt+q—1,—(1+t)y

= dy.
(1+t)pta Y ‘ Y

0

Nhan hai v& clia ding thifc trén vé6i tP~! rdi 14y tich phan theo ¢ tir 0 dén oo ta
duoc

Fip+gq / 0 p+q = / (/tp_le_tyy“q_le_ydy) dt.
0 0 0
2 t OO p_l 2 2.
boi bién x = ¢ ta dugc B(p,q) = [ m. Mat khac, c6 thé doi thu tu
0
tich phan & v& phai (hdy kiém ching diéu nay nhu bai tap). Tur d6
I'(p+q)B = f (ft”_le_tyy“q_le_tydt dy

f yp+q 16_yr(p) dy
0 yP

=T(a )fyq levdy = T(p)T'(q).

Vay. ta c6 cong thic
I'(p)L'(q)

T






II. Tich phan ham s6 trén da tap kha vi

1. PA TAP KHA VI TRONG R"

1.1 Pudng cong. Tap con C C R" dugc goi la duong cong tron 16p CP(p > 1) né€uu
moi x € C, ton tai 1an cAn m& V C R" clia x, khodng mé I C R, va ¢ : I — R"
thudc 16p CP, p(t) = (z1(t), -, zn(t)), sao cho:

M p:T—-CNV1al-l.

(2) ¢'(t) = (2} (t), -+ , 20 (t)) #0, v6i moi t € I.
Khi d6 (¢, I) dugc goi 1a mot tham s hoa cia C tai x.

Vector ¢'(t) goi 1a vector ti&p xiic ciia C tai z. Ta c¢6 phuong trinh tham s6 ctia dudng
thing ti€p xic véi C tai ¢(to):

T =p(ty) +s¢' (ty), s€ER

Vi du. Trong R2.

a) Pudng tron c6 thé cho bdi tham s hod: z = acost,y = asint, t € [0,27).

b) Tham s6 hod: x = acost,y = asint,z =bt, t € (0, H), md td dudng xoin.

Bai tip: Vi€t cu thé phuong trinh ti€p tuyén khi n = 2 hay n = 3.

Nhén xét. Diéu kién ¢'(t) # 0 bdo ddm cho dudng cong khong c¢6 géc hay diém
lui. Ching han, néu o(t) = (t3,t?) thi dudng cong cé diém lui tai (0,0), con ¢(t) =
(#3, [t?), thi dudng cong c6 diém géc tai (0,0).

1.2 Mt cong. Tap con S C R" dugc goi 1a mit cong tren 16p CP (p > 1) n€uu moi
x €S, tdn tai 1an cAn m& V C R™ clia z, tip mé U C R?, va ¢ : U — R" thudc 16p
C?, o(u,v) = (x1(u,v),- -, xy(u,v)), sao cho:

) g:U— SNV 1a1-1.

(2) rank ¢'(u,v) = 2, i.e. Dyp(u,v), Dop(u,v) doc 1ap tuyén tinh, V(u,v) € U.
Khi d6 (¢, U) dugc goi 1a mot tham s& hoa cia S tai z.
Khi ¢ dinh mot bi€n u hay v, ¢ cho cdc dudng cong toa d. Cic vector Dyp(u,v),
Dop(u,v) goi 1a cdc vector ti€p xic cha S tai (u,v). Ta c6 phuong trinh tham sd ctia
mit phing ti€p xdc véi S tai ¢(uo, vo):

x = @(ug,v0) + sD1¢ (ug, vo) + tDap(ug,vg), (s,t) € R?
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sNv

gly

U

Trudng hop n = 3, N(u,v) = Dip(u,v) X Dap(u,v) = (A(u,v), B(u,v), C(u,v)),
la vector vudng géc véi S tai p(u,v). Khi d6 phuong trinh téng qudt clia mit phing
ti€p xtic véi S tai p(ug, vo) = (20, Yo, 20):

A(ug,vo)(z — o) + B(uo,v0)(y —yo) + C(uo,v0)(z —20) =0
Bai tdp: Xdc dinh toa d6 vector phdp qua cdc dao ham riéng cia .
Vi du. Trong R3.
a) Tham s6 hod mit cau:
x =acos¢sinb,y = asingsinb, z = acosb, (¢,0) € (0,27) x (0,7)
b) Tham s& hod mit xuyén:
x = (a+bcos @) sinb,y = (a+bsin @) sinb, z = bsin @, (¢,0) € (0,27)x(0,27), (0<b< a)

Bai tip: Vi€t phuong trinh mit phing ti€p xidc v&i cdc mit trén.
Bay gid, ta tong quat hod cdc khdi niém trén.

1.3 Pa tap. Tadp con M C R"™ dudc goi la da tap k chiéulép C? (p > 1) n€uu moi
x € M, ton tai 1an cAn md V C R™ ctia z, tip mé U C R*, va ¢ : U — R™ thudc
16p CP, sao cho:

M1 p:U—-MNVla 1-1.

(M2) rank ¢’ (u) = k, i.e. Dyp(u), -+, Dpp(u) doc 1ap tuyén tinh, v6i moi u € U.
Khi d6 (¢, U) dugc goi 1a mot tham sé hod cta M tai .
Khi ¢ dinh k — 1 bié€n trong cdc bi€n, ¢ cho cidc dudng cong toa do. Cdc vector
Dip(u),- -, Dpp(u) goi 1a cdc vector ti€p xic cta M tai o(u). Ta cé phuong trinh
tham s& cla k- phing ti€p xdc véi M tai o(uo):

x = @(up) + t1D1p(ug + - - - + t Dpp(ug), (t1,--- ,tx) € RF
1.4 Cho da tap béi hé phuong trinh. Cho tdp mé V C R"™ va cdc ham lép CP
.- F, V. — R. Xét tdp cho béi hé phuong trinh

M={zeV:Fi(zx)="--= Fy(x) =0}
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Gid sit rank (DFy,--- ,DF,,)(x) = m,Yx € M. Khi dé6 M la da tap khd vi, n —m
chiéu, lop CP.

Chitng minh: Pit k =n —m. Ky hiéu z = (2/,y) € R¥ x R™ = R", va
F=(F,-, Fp). 5
N N o s ik F
Véi méi a € M, biang phép hodn vi toa d9, c6 thé gid thi€t det 8—(@) # 0. Theo
Yy

dinh ly ham 4n, & 1an can V' cda a = (a’,b), ta ¢
MnV ={(,y)e V' :Fx' y) =0} ={(2',y) e V' 1 y = g(2')},

véi g 1a ham 16p CP & mot 1an can U cia o’. Vay ¢ : U — R", o(z') = (2/, g(2')) 1a
mot tham s& hod cta M tai a. O

Vi du. Trong R3.

a) Mit cau S? cho bdi phuong trinh: F(z,y,2) = 2? +y* + 22 —1=0.

Dé kiém tra F'(x,y,2) = (2x,2y,22) # (0,0,0) trén S2. Vay S? 1a da tap khd vi 2
chiéu (= mit cong tron).

b) Pudng tron C cho bdi hé phuong trinh sau 12 da tap 1 chiéu

Fi(z,y,2) = 2>+y*+22-1 = 0
Fy(z,y,2) = = +y + 2z = 0

Nhdn xét. Né&u (10, W) 1a tham s6 hod khdc cda M tai x, thi tén tai cdc lan cén

W' U’ clia v~1(x), o~ (z) tuong ng sao cho trén W' ta ¢c6 ¢ = ¢ o h, trong d6

h =@ Yoy : W' — U'la vi phdi, i.e. song dnh va h~! kha vi.

Chitng minh: RS rang h = ¢~ 'o4 1a song dnh tir =L (Y (W)N(U)) 1én o~ L (p(W)N

©(U)). Ta can ching minh A thudc 16p CP.

Do rank Dy = k, hodn vi toa d6, c6 thé gia thi€t k dong diu cla Dy(u) 1a doc lap

tuyén tinh khi u thudc mot 1an can U’ cda diém dang xét, i.e. M #0

D(ur, -, up)

trén U'.

Ky hiéu z = (2/,y) € R¥ x R"*. Goi i : R* — R¥ x R"* 1a phép nhiing

i(u) = (u,0), vi p=RF x R"* — RF 1a phép chi€u p(2',y) = z'.

Dt B(u,y) = (p(u),y). T gid thit det DO = 2L PR o phe ginn 1y
D(ur, -, ug)

ham ngudc, ton tai ®~! € CP dia phuong.

Tacé6 h=¢ top=(Poi)loyp=po®!oq. Cic ham thanh phin la thudc 16p

CP, nén h thudc 16p CP. O

1.5 Khéng gian ti€p xiic. Cho M C R" 1a da tap kha vi k chiéu va zg € M.

Cho 7 : (—e,€) — M la dudng cong 16p C* trén M, v(0) = zo. Khi d6 v'(0) dugc
goi 12 vector ti&p xiic véi M tai 2. TAp moi vector ti€p xtic véi M tai zo dudgc goi la
khéong gian ti€p xdc véi M tai zo va ky hiéu T, M.

N&u (p,U) 1a mot tham s6 hod clia M tai o = ¢(up), thi

TIOM = {U cR":v= tlchp(uo) + -+ tkago(u()),tl, et € R} = Ingp(uo).
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Né&u M cho bdi hé phuong trinh F; = --- = F,,, = 0, tai 1an cin x, thi
TooM ={veR":v L grad Fi(z9),i =1,--- ,m}.
Vi€t mot cach khic Ty, M cho bdi hé phuong trinh
veR": <grad Fi(xg),v >=--- =< grad F,,(z9),v >=0
Bai tap: Tim phuong trinh khong gian ti€p xiic cho S? va C & vi du trén.

1.6 Da tap c6 bd. Ta s€ dung cac ky hiéu:

HF = {2 = (z1,--- ,x3) € R*: 23 > 0} va goi 12 mia khong gian cia RF,
OHF = {x € H* : 2, = 0} = RF~! x 0 va goi 1a bs cla HF,

Hi = {x € H* : ;, > 0} va goi Ia phia trong ctia HF.

Tap con M C R" dugc goi 12 da tap k chiéu 16p C? ¢6 bd néuu moi = € M, tdn tai
lan cAin md V C R"™ clia «, tip md U C RF, va ¢ : U — R" thuoc 16p CP, sao cho:
M1) p:UNHF = M NV 1a 1-1.
(M2) rank ¢'(u) = k, v6i moi u € U.
Khi d6 cdc diém x = p(u),u € U, dugc phan thanh 2 loai:
Piém trong cta M , néu u € H{T_
Piém bo cha M , néu u € OHF.
Ky hi¢u OM = {x € M : z 1a diém bd clia M}, va goi 12 by ctia M .

Nhdn xét. Pinh nghia diém trong va di€m bién khong phu thudc tham s6 hod.

Tk

Ménh dé. Cho tip mé V. .C R"™ va cdc ham 16p CP, F,--- | Fy,, Frt1:V — R Xét
cdc tdp cho bdi hé phuong trinh va bdt phuong trinh

M={zeV:Fi(z)=" = Fn(x)=0,Fpnt1(z) > 0}

OM={xe€V :Fi(z)="-=Fy(z) = Fpti(z) =0}
Gia sit rank (DFy,--- ,DFy,)(z) = m,Yx € M, va rank (DFy, - ,DFp41)(z) =
m +1,Yx € OM. Khi dé M la da tap khd vi, n — m chiéu, l6p CP, c6 bo OM.

Chitng minh: Tuong ty 1.4 ]

Vi du. Trong R? hinh cdu d6ng B cho bdi bat phuong trinh: 22 + 32 + 22 < 1, 1a da
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tap 3 chiéu c6 bd 1a mit cdu OB cho bdi: 2 + ¢y 4 22 = 1.

Ménh dé. Cho M la da tap khd vi k chiéu. Khi dé:
(1) OM la da tap khd vi k — 1 chiéu khéng bo, i.e. D(OM) = .
(2) Néu x € OM, thi T,OM la khéng gian con k — 1 chiéu ciia T, M.

Chitng minh: Goi i : R*! — RF i(uy, - ,up_1) = (u1,--- ,up—_1,0). Khi d6 dé
thdy n€u (¢, U) 1a tham s& hod clia M tai x va x € OM, thi (poi,i~1(U)) la tham s&
hod clia OM tai x. V6i tham s& hod d6 x 1a di€m trong ctia M. Viy 0(OM) = ().

Hon nita 7,,0M 1a khong gian sinh bdi Dyp(u), - -+, Dy_1¢(u) nén l1a khong gian con
k — 1 chiéu cta T, M. O

1.7 Ung dung vao bai todn cuc tri diéu kién.

Cho F = (Fy,--+,Fp) : V — R™, thuoc 16p C! trén tip mé V C R™.

Goi M ={z eV :F(zx)="--=Fy(x) =0}, va gid thi€t rank F'(z) = m,Vx € M.
Cho f:V — R, thudc 16p C'.

Bai todan: Tim cyc tri cia ham han ch& f|y;. N6i cdch khdc 1a tim cyc tri cla f véi
diéu kién rang budc ) =---=F,, =0.

Nhdn xét. Vi M 1a da tap, nén v6i mdi a € M tdn tai tham s6 hod (¢,U) clia M tai
a, véi a = p(b).

Piéu kién cAn. Néu f dat cuc tri véi rang buéc F) = --- = Fy,, = 0, tai a, thi
grad f(a) L T,M, i.e. ton tai \1, -+, \m € R, sao cho

grad f(a) = Agrad Fi(a) + - - + Apmgrad Fy,(a)

Chiing minh: Theo nhan xét trén, rd rang f|js dat cuc tri tai a tudng dudng véi fop
dat cuc tri tai b.

Suy ra (f o) (b) = f'(a)¢’(b) = 0. Vay < grad f(a),v >=0,Vv € Img'(b) = T, M,
i.e. grad f(a) L ToM. Do rank (grad Fi(a),--- ,grad Fy,(a)) = m = codimT, M,

nén grad f(a) thudc khong gian sinh bdi grad Fi(a),- - - , grad Fp,(a). O
Phuong phap nhin tif hoa Lagrange. Tir két qia trén, d€ tim diém nghi ngd cuc tri
cia f véi diéu kién F} = --- = F,,, = 0, ta ldp ham Lagrange

L(z,\) = f(x) = MFi(x) — - = A\pFp(x), €V, A= (A1, -, ) €R™

N&u a 1a cyc tri di€u kién, thi tdn tai A € R™, sao cho (a, \) 12 nghiém hé

oL
%(x, A) =
F1 (l‘) =

Fm(w) =0

Vi du. Xét cuc tri f(z,y,2) =2 +y + 2, v6i di€u kién 22 +¢y? = 1,2 + 2z = 1.
TruSc hét, ta thi'y diéu kién rang budc xdc dinh mot da tap (Ellip E).
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Lap ham Lagrange L(z,y,2, A1, \2) =2 +y+2z— A (2?2 + 92 —1) = do(z +2—1).
Giai hé phuong trinh

g—; = 1—2A1.%' —Az =0
- = 1*2)\1y =0
o
0
— =1 —Xy =
0z

r+2z—1 = 0

Ta c6 cdc di€m nghi ngd cuc tri 1a (0,£1,1). Do tip diéu kién compact, nén f phdi
dat max, min trén tip d6. Hon nifa, cdc di€ém cuc tri d6 phai 12 mot trong cic di€ém
nghi ngd cuc tri. Vay

max f|p = max{f(0,1,1) =1, f(0,—1,1) = 0} = f(0,1,1) =1,

min f|g = min{f(0,1,1) = 1, f(0,—1,1) = 0} = f(0,—-1,1) =0

Trong trudng hgp tip diéu kién khong compact, ta c6 thé st dung két qia sau:
Piéu kién @d. Gid sit f, Fy,--- , Fy, thuéc lép C?, va

oL
grad f(a) = Aigrad Fi(a) + - - - + Apgrad Fy, (a), ie. 8—(@, A)=0.
x
Dt H,L(x,a) la Hessian cia ham Lagrange L theo bién x. Khi dé
Néu H,L(a,\)|7,0 xdc dinh duong, thi f|y dat cuc tiéu tai a.
Néu H,L(a,\)|r,pm xdc dinh am, thi f|y dat cuc dai tai a.
Néu H,L(a,\)|r,m khong xdc dinh ddu, thi f|y khong dat cuc tri tai a.

Chiing minh: V&i cdc ky hiéu & phan trén, bai todn tim cyc trj clia f|j; tuong duong bai
todn tim cyc tri cda fop. Do f'(a)¢’(b) = 0, tinh dao ham cap 2, ta c6 H(fop)(a)(h) =
Hf(a)((b)h) (Bai tp).

Do Fyop = 0, ta ¢c6 H(F; o ) = 0 va theo tinh todn trén H(F; o ¢)(b)(h) =

HFi(a)(¢'(b)(h).

Suy ra HyL(a, )|, = H(f o ¢)(b)|1, -

Tu diéu kién di clia bai todn cuc tri dia phuong ta c6 két qla. . O
Vidu. Cho k € N va a € R. Tim cuc tri f(z1, -+ ,2,) = oF +--- + 2F, v6i rang

budc 1 +--- + x, = an.
2. TICH PHAN HAM SO TREN PA TAP
2.1 P dai, dién tich, thé tich trong R>. Trong R?, c6 trang bi tich v6 hudng Euclid

< -, >, nén c6 khdi ni€m do dai va vudng gobc.
b6 dai vector T' = (z¢,yt, 2¢):  ||T|| = /27 + y7 + 27



I1.2 Tich phédn ham sé trén da tap. 25

Dién tich hinh binh hanh tao bdi u = (zy, Yu, 2u), v = (Tv, Yo, 2v):

dt(u,v) = Jull[lvt]l = [lux ]

lul>  <wu,v>
<v,u>  |v|?

2
= VIulPlol? =T <u,v> 2

trong 6 v = v’ 4+ v 1a phan tich: v/ 13 hinh chi€u vudng géc v 1én u, v+ L w.

Chitng minh: Ta c6 v = au, < v-,u >=0. Suy ra

<u,u> <u, v >+ <u,vt>
<v,u> <v, v >4 <vot >
<u,u> a<uu > < u,u > 0

<u,u> <u,v>
<v,u> <v,Vv>

| <vu> a<wvu > <v,u> |vt|?
= |lullllv*]?
Tu d6 suy ra cong thifc trén U
Thé tich khéi binh hanh tao bdi u, v, w € R3:
tt(u,v,w) = dt(u,v)|w||
= | <uxv,w>| = |det(u,v,w)]

<uyu > <u,v> <u,w> |2
= | <v,u> <v,u> <vw>
<w,u> <w,v> <w,w>

trong d6 w = w’ 4+ w™ 1a phén tich: w’ 1a hinh chi€u vuéng géc w 1én mat phdng sinh
bdi u, v.

ot i |
7

>
-

u

Chitng minh: Tudng ty cong thic cho dién tich. (Bai tip) O

2.2 Thé tich k chiéu trong R". Trong R" c6 trang bi tich v6 huéng Euclid. Thé tich

k chiéu cuda hinh binh hanh tao bdi vy, -+ , v, € R", dugc dinh nghia qui nap theo k:
Vi(v1) = loill, Vie(or, -+ o) = Vi (o1, -+ o) [Joie |

trong d6 vy, = v}, —i—ka 12 phén tich: v}, 12 hinh chi€u vudng géc cla vy 1én khong gian

sinh bdi Vi, " 3 Vk—1-

Cﬁng thice tinh. GQi G(Ul, s ,Uk) = (< Vi, Uy >>1§i,j§k la ma tran Gramm. Khi dé

Vilvr, o) = /det G(or, -+ )
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Chitng minh: Tudng ty cong thic cho dién tich (Bai tap). O

2.3 Phan tif d§ dai - Po dai dudng cong. Cho C C R3 1a dudng cong cho bdi tham
s0 hod
p:1— R p(t) = (z(t),y(1), 2(t))
Ta cén tinh d6 dai [(C) ctia dudng cong.
Phan hoach I thanh cdc doan con I; = [t;,t; + At;]. Khi @6 I(C) = >, l(e(1;)).
Khi At; bé, thi 1((1;)) ~ U (t) ) = /()| At
Pinh nghia phin t& do dai : dl = ||/ (t)||dt = \/2'? +y/? + 2'2dt
binh nghia d§ dai ctia C:

1(0)2/ dl:/ z'? +y? 4 22dt
C I

2.4 Phan t dién tich - Dién tich miit. Cho S C R? 1a mit cong cho bdi tham s&
hoa
0 :U — R o(u,v) = (z(u,v), y(u,v), 2(u,v))
Ta cin tinh dién tich cda mit S.
Gia st U c6 thé phan hoach bi cdc hinh chit nhat bé U; = [u;, u;+Au;] x [v;, v+ Awy].
Khi d6 dt(S) = 3, dt(p(U7)).
Khi Au;, Av; bé, thi dt(gO(UZ)) ~ dt(Dup(ui, 1)1')Aui, Dgtp(ui, 1)1')A’UZ‘).
Dinh nghia phin t& dién tich :

dS = dt(D1p, Dap)dudv = V EG — F2dudwv,

trong dé
2 2 2
E = |Dig|? = oty
G = |[[Dapl? =z, +y 42,
F = <Dyp,Dyp> = a2, +y,y,+ 2,2,

Khi d6 dinh nghia dién tich cta S :

dt(S) = / ds = / VEG = F2dudv
S U

2.5 Phan ti¥ thé tich - Thé tich hinh khéi. Cho H 13 hinh kh&i cho bdi tham s& hod
0: A—R3 p(u,v,w) = (z(u,v,w),y(u,v,w), z(u, v, w))

Pé€ tinh thé tich H, bing lap luin tuong ty nhu cdc phan trén, ta c6 cic dinh nghia:
Phin ti thé tich:

dV = tt(D1p, Do, D3p)dudvdw = | det Jp|dudvdw

Thé tich H: V(H) = [ dV = [, |det Jp|dudvdw.

Bay gid ta tdng qudt hod cdc khdi niém trén.
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2.6 Phan ti¥ thé tich trén da tap. Cho M C R" 1a da tap kha vi k chiéu.
Phan i thé tich trén M 13 4nh xa

dV : M > x s dV(x) = thé tich k chiéu han ché& trén T, M.
Gid stt (¢,U) 1a mot tham s6 hod cta M tai x = @(u1,- - ,us). Khi d6
dV(z)(Drp(z)Aur, -, Dyp(x)Aug) = Vi (D1p(x), - -+, Drep(x)) Aug - - - Auy

Vay n€u dit G, = (< Dip, Djp >)1<i j<k. thi qua tham s§ héa
dV = ,/detGw duy - - - duy

2.6 Tich phan ham trén da tap. Cho f : M — R 1a ham trén da tap kha vi k chiéu.

Sau ddy ta xdy dung tich phdn cda f trén M (cOn goi 1a tich phan loai 1) / fav
M

Né&u M = ¢(U) véi (¢,U) 1a tham s6 héa, thi dinh nghia

dV:/ oy /detG,, trong d6 G, = (< Dy, Do >)1<; i<k-
/Mf Uf ' ® g o= ©, Do >)1<ij<k

Khi £ =1 tich phan trén goi 1a tich phan duéng va ky hiéu / fdl.
M

Khi £ = 2 tich phan trén goi 1a tich phan mit va ky hiéu / fds.
M

Trudng hgp téng quét, khi M cho bdi nhiéu tham s& héa, ngudi ta ding k§ thuat phan
hoach don vi sau day dé ‘ddn’ cdc tich phan trén titng tham s& ho4.
Cho O = {(¢;,U;) : i € T} 1a ho cdc tham s6 hod M. Ho © = {0, : i € I} goi 12
phan hoach don vi ciia M phit hgp véi ho O néuu cic diéu sau thda véi moi i € I:

(P1) 6; : M — [0,1] lién tuc.

(P2) suppl; = {x € M : 0(x) # 0} 1a tdp compact.

(P3) suppb; C go,(U\Z)

(P4) Moi x € M, tdn tai lan ciAn V clia x, sao cho chi ¢é hitu han chi s i € I

0; #0 trén V.

(P5) Yierbi(x) =1,Vo € M.
Tinh chit (P4) goi Ia tinh hitu han dia phuong clia ho {suppé;,i € I}. Do tinh chat
nay téng & (P5) la tdng hitu han v&i moi x.

Pinh Iy. Vi moi ho O cdc tham sé hod ciia da tap M, tén tai ho phdn hoach don vi
phu hop voi O.

Chitng minh: Gia si M compact, k chi€u. Vi moi z € M, tOn tai (¢, U;) € O 1a
tham s8 hod tai z. Goi B, D U, 1a mot hinh ciu tan ¢, !(z). Gia st B, = B(a,r).
Ham g, : R¥ — R dugc dinh nghia nhu sau

R S ,
e r-lu=al® | néullu—al <r

go(u) = )
0 , néu ||u —all > r.
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Khi d6 g, € C*™ (bai tap). Pit g.(y) = g2(pz ' (¥)), n€u y € v (Uy), va Gz(y) = 0,
néu y ¢ ¢,(Uz). Khi d6 g, lién tuc rén M. Vi M compact, ton tai hitu han
z1,---, N € M, sao cho ¢g (B, ), - ¢zy(Bzy) pht M Pit ; = ﬁ
Khi d6 ho {6; : i =1,--- N} 1a phén hoach don vi can tim.

Khi M khdng compact, ton tai ho d€m dudc cdc tap ¢, (B;), hitu han dia phuong phii
M. Lap luan tudng tu nhu trén c6 thé xay dung phan hoach don vi trong trudng hop
nay. O

Gia st da tap M dugc tham s& hod bdi ho O = {(¢;,U;) : i € I}. Theo dinh ly trén
ta c6 ho © = {6; : i € I} 1a phan hoach don vi cia M phu hgp v6i O. Pinh nghia

/M Fdv = %/M) 0 fdV (= ;/U 6:f 0 i\ /det Gy).

v6i gia thi€t v& phai ton tai. Ching han, khi M compact va f lién tuc.

Nhén xét. Pinh nghia trén khong phu thudc ho tham s& va phan hoach don vi.
Chitng minh: Khi hai tham s6 hod ctia M théa ¢(U) = ¢»(W). Khi d6 ¢ = ¢ o h,
v6i h 1a vi phdi. D& ki€m tra cdc ma trin Gramm quan hé véi nhau theo cong thic
Gy(w) = Th(w)Gy(h(w))Jh(w). Theo cong thic dbi bién, ta c6

cp\/detG = / © h|det Jh|\/det G, o h
/fo 0 fo o ’ J | e o
= o det YhG, o hdet Jh ——/ fo det G.
/Wf w\/ ¥ w\/ P

Viy dinh nghia khong phu thudc tham s& hod.
Néu ©' = {6 : j € J} 1a mét phin hoach don vi khic cia M. Khi d6

;/M 0,f = ZJ:/M(Z 0,00, f = ;/M 0.0 f = ZJ:/M 0.0,f = Z/M(%j 061

Viy dinh nghia cling khong phu thudc phan hoach don vi. U

Nhic lai cdc cong thic tinh:
Khi ¢ : I — R", p(t) = (z1(t), - ,xn(t)) 12 tham s6 hod dudng cong C. Ta c6

| - /fosoHsoH—/f P0)+ o+ ()20

Khi ¢ : U — R3, ¢(u,v) = (z(u,v),y(u,v), 2(u,v)) 1a tham s& hod mit S. Ta c6

/Sde:/Ufw\/EGF?,

trong do
2 2 2
E = ||Dig|? = x;2+y;2+z;2
G = |Dypl? = o 4y + 2
F = <Dyp,Dyp> = 2,2, +y,y,+ 2,2,
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Vi du.
a) PO dai dudng xodn C: x = acost,y = asint,z = bt,t € [0, 4], 1a

h
/dl:/ \/a281n2t+a20082t+62dt:h\/a2+b2
C 0

b) P€ tinh dién tich mit cau ban kinh R, trudc hét tham s hod, ching han

©(¢p,0) = (Rcos¢sinf, Rsin¢sinb, Rcosh), (¢,0) € U = (0,2m) x (0, )

Khi d6 cédc vector ti€p xtic clia cdc dudng toa do:
D1p(¢,0) = (—Rsin¢sinf, Rcos ¢sind,0)
Dop(¢,8) = (Rcos ¢cos b, Rsin ¢ cos ), —Rsin0).

Suyra F = R?sin?0, F =0, G = R>

Dién tich mit cau la

27 T
/ ds = / VEG = F2dgdh — / / R sin 0dpdo = 4 R
S U 0 0

¢) P€ tinh thé tich hinh ciu bdn kinh R, c6 thé dung tham s& hod

29

o(r,¢,0) = (rcos¢sinb, rsin ¢sin b, rcosh), (r,¢,0) € U= (0,R) x (0,2m) x (0, )

/ av = / det(< D;p, Djp >)drdpdd
B(0,R) U
0

R 27 o7 1 0 4
= / / / 0 72sin’6 0 |drdedd = §7TR3
o Jo Jo | 0 2






III. Dang vi phan

Khi tinh tich phin trén da tap ta cAn mot d6i tugng bat bi€n v6i phép tham s hod.
Vi du_don gidn nhat 14 khi tinh tich phan trén R, theo cong thiic d6i bi€n ta c6

b 38 )

| t@dz= [ o) ot

a (0%
trong d6 o 1a vi phoi tir (o, 5) 1én (a,b).
Ngudi ta dua vao khdi niém dang vi phdn bac I: w = f(x)dz
va phép ddi bi€n: ¢*w = f(p(t))¢ (t)dt.
Khi d6 cong thic trén c6 thé viét lai 1a

Ngoai ra dang vi phan ciing 12 khdi niém thich hgp d€ tich phan trudng vector trén
da tap s& dugc dé cap dén & chuong sau.
Chuong nay xét d&€n cdc dang vi phdn va cdc phép todn trén ching.

1. DANG k-TUYEN TINH PHAN POI XUNG.

1.1. Pinh nghia. Cho V' la khong gian vector trén R. Mt dang k-tuyé&n tinh phan doi
xing trén V 12 moOt 4nh xa

k 1in
thda cdc diéu kién sau v6i moi v1,---, v, €V, a e Rva1<i<j<k:
(Al) w(vlj... ’Ui_i_vg’... 7'Uk):W<U17"' 71}7;7“' ’Uk)_'_w(vlj"' ,'U,g,"' ’ka)_
(AZ) W(Ul,"' , QUG = 7”1{:) :O[W(Ul,"' s Uyt 7Uk)‘
(AS) (JJ(’Ul,"' S PPN O R 7Uk): —W(Ul,"' e RN O P 7Uk)-

Nhén xét. Diéu kién (A1)(A2) c6 nghia 12 w tuyén tinh theo tirng bién
Nhén xét. Piéu kién (A3) tuong dudng v6i mot trong cdc diéu kién sau:

(A3’) w(vr, v, 05, ) =0, néu v; = vj, v6i moi i # j.

(A3”) w(vg(l), ce ,Ug(k)) = e(a)w(vl, cee ,’Uk),

v6i moi hodn vi o cla {1,--- ,k}, e(0) 1a ky s6 (= sign [[;;(c(j) — o (j)).
Chitng minh: (A3) = (A3’): Trong biéu thifc cia (A3) néu v; = vj, thi
2w(vy, - v L, vE) = 0. Suy ra (A37).
(A3’) = (A3): Trong biéu thifc clia (A3’) néu v; = v; = v +w, thi tf (A1) (A3’) suy
ra

W1, 0, W,y 0R) WL, Wy 0, 0g) = 0.

(A3) = (A3”): Ap dung moi phép hodn vi Ia hgp cia cdc phép chuyén vi, ky s6 mdi
phép chuyén vi la —1, va ky s6 clia hdp 2 hodn vi biing tich ky s& clia 2 hodn vi dé.
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(A3”) = (A3): Ap dung (A3”) véi o 1a chuyén vi i va j. -

Vi du. Cho F' la mdt vector trong R3. Khi d6:

a) Wr(v) =< F,v >, v € R3 1a dang 1-tuyén tinh trén R> (cong clia F doc theo v)
b) wr(vi,v2) =< F,v1 x v3 >, vi,ve € R3, 12 dang 2-tuyé&n tinh phan ddi xdng trén
R3 (thong lugng clia F qua hinh binh hanh tao bdi vy, v2)

¢) Pinh thic 1a dang n-tuyén tinh phdn ddi xdng trén R™. Gia tri det(vy, -+ ,v,) 12
thé tich c6 huéng clia binh hanh tao bdi vy, --- ,v, € R™.

1.2 Khong gian vector A*(V). Ky hiéu A*(V) 1a tip moi dang k-tuyé&n tinh phin
ddi xitng trén V. Trén tip ndy ta dinh nghia 2 phép toén:

(W) (v, yvp) = w(vg, -+ vk) +y(v1, -+, ok)

(aw)(vy, - ,vp) = aw(vy, - ,v) , V6i w,v € A¥(V), a €R.
Dé thay (A*(V),+,-) 1a khong gian vector trén R.

Vi du.
a) A'(V) chinh 1a khong gian ddi ngiu cda V, ie. AY(V)=V* = L(V,R).
b) Cho ¢1, 2 € V*. Dinh nghia dang 2-tuyén tinh: o1 Ao : V x V — R,

p1(v1)  p1(v2) )

(1 A @2)(v1,v2) = @1(v1)p2(v2) — p2(vi)pi(ve) = det ( wa(v1)  @a(v2)

V& miit hinh hoc gid tri trén chinh 14 dién tich c6 huéng ciia hinh binh hanh trong R?
tao bdi p(v1), (v2), trong d6 ¢ = (p1,p2) : V — R

1.3 Tich ngoai. Cho 1, -+, ¢, € V*. Tich ngoai cia cdc dang trén la mot k-dang
©1 A -+ A € AF(V), duge dinh nghia:

Q1A N (v1, -+ o) = D €(0) Py (V1) -+ Py (Vi) = det(pi(vy)), vi, -+ vp €V,

g

e, Q1A App = €(0)pr1) @ ® Lo

g

Tinh chat. Vdi moi @1, , o, 0 € AL (V), a,B€Rvai=1,--- k
) 901/\"'/\(04901“"5%0;)/\“'/\9019:04901/\"'/\SOi/\"'/\90k+ﬂ%01/\"‘/\90;-/\“'/\90k-
(2) Yoy N A poy = €(@)p1 A= A g, vdi o la hodn vi.

Chiting minh: Suy tif tinh chdt cda dinh thic. 0

1.4 Bi€u dién dang k-tuyén tinh phan d8i xing. Cho V la mdt khdng gian vector
trén R. Gid sit @1, ,n la mot co sé ciia V*. Khi d6 mét co sé ciia N*(V) la hé
{gDil/\"'/\gDik,lgil <<zk§n}

Nhu v@y moi w € AF(V') ¢6 biéu dién duy nhdt dudi dang

w= > iy iy Piy N N iy,
1<i1<-<ip<n
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!
N . k _ k _ n.
va dimA¥(V)=Cy = (n— B)IkI
Chitng minh: Goi {1, ,¢n} 12 cd s8 d6i ngau cla {e1, -+, ey}, i.e. pi(e;) = dij

(delta Kronecker).
Cho w € Ak’(V). Cho vy, -+ ,vp € V. Khi @6

v1 =Y @i (v)ei, e =Y pi (Vr)eq,
11

ik
wv, o) = WO ei(v1)ei, -, > i (vr)ei,)
i i
= > i) i (op)wle, - eq)
i17...7ik
= Z Z Pig(1) (v1) - Pio (k) (vi)e(o)w(ei, - 7€ik)

i< <ipy O
= > wlei, o ei)pn A Agig (v, o)
1< <ig
Vay hé {pi, A+ Api,, 1 <ip < --- <ip < n} la hé sinh. D€ ching minh tinh doc
1ap tuy€n tinh, trudc hét nhan xét la

A e )1 n&u (i, k) = (Ju,c e k)
gl hnlen ’6“)_{0 néu  (in, i) # (G i)

Suy ra néu t8 hop tuyén tinh

w = Z Qi Piy N N iy, =0,
11 <<l

thi theo nhan xét trén w(e;,, - ,€;,) = aj;...i, = 0. =

Pic biet: A¥(V) =0, khi k >n, A™(V) c6 s6 chiéula C? =1, va moi w € A™(V)
c6 biéu dién w=ap; A+ Ay, véia €ER .

2. DANG VI PHAN

2.1 Pinh nghia. Cho U 1a tip m& trong R™. Mot dang vi phan bac % hay k-dang vi
phan trén U la mot 4nh xa
w:U — A*RM).

Dang vi phan w goi 1a thudc 16p CP né€u 4nh xa trén thudc 16p CP.

Ky hiéu QF(U) 1a tap moi k-dang vi phan I6p CP trén U, va QF(U) = QF (U).

Dé& thdy QF(U) ¢6 cdu tric khong gian vector.

Vidu. Cho U C R3 va F : U — R? 1a mot trudng vector. Khi d6 cdc dang vi phan
sau dugc dung dé€ danh gid thong luong ctia F doc theo mdt dudng hay qua mot miit
a) Wr:U — AR?), Wg(z,y,2)(v) =< F(z,y,2),v >

b) wr:U — A2(R3),w(z,y, 2)(v1,v2) =< F(x,y,2),v1 X v3 >.
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Cho f: U — R 1a ham 16p CP*1. Khi d6 v6i moi z € U, f'(z) : R® — R la dang
tuyén tinh. Ta dinh nghia vi phan cda f I1a 1-dang vi phin

df :U — AY(R"), z — df (z) = f'(x).

Xét ham toa do thi i z; : R — R, (1, -+ ,xp) — x;. Ta co
dz;(z)(v) = zi(z)v = v, v=(v1, -+ ,v,) €ER™
Vay
df(@)(v) = guw=§£uw-~2§£@wn
= S @an @)+ + @) ).

Hay la df = E ——dz;.
= O

2.2 Bi€u di&n dang vi phan. Tich ngoai clia cdc 1-vi phan ¢1,---, ¢, € QLU):

(1 A App)(@) =p1(@) A Apr(z),  z€U,

1a mot k-dang vi phan trén U. Do cdc 1-dang dx1,--- ,dx, 12 mot co s& cia QY(U),
nén céc k-dang vi phian trén U c6 biéu dién duy nhat dusi dang

w = E ai1-~~ikd17i1 VANEERIA d$ik7
1<i1 << <n

trong d6 a;,..;, 12 cdc ham trén U va thudc 16p CP néu w la dang 16p CP.

Vi du. N&u U C R3, thi ta thudng ky hiéu cdc toa do 1a (z,y, z). Khi d6

Céc 0-dang vi phan chinh 1& cic ham f: U — R.

Céc 1-dang vi phin con goi 1a dang Pfaff va c6 bi€u dién Pdx + Qdy + Rdz .
Cidc 2-dang vi phan c6 biéu dién Adx A dy + Bdy A dz + Cdz A dx .

Céc 3-dang vi phan c6 biéu dién fdx Ady Adz .

Bai tdp: Cho U C R® va F: U — R?, F = (P,Q, R). Chitng minh cdc dang vi phan
cho & vi du 2.1 c6 biéu dién

a) Wgp = Pdx + Qdy + Rdz

b) wrp = PdyANdz+ Qdz Ndx + Rdx N\ dy .

2.3 To4n ti ddi bi€n. Cho U,V la céc tip md trong R™ R” tuong tng. Gia sk
o:U—=V, u=(u1, - ,um) — x = (p1(u), - ,¢n(u)) 12 dnh xa khd vi. Khi d6
todn tit ddi bi¢n

PO V) - QHU), Wi g
dudc dinh nghia nhu sau

w o= Z Ay (@)dzi) Ao A dg,,
1<iy <-<ix<n
Prw(u) = Yo i (p(w)doi, A Adp,.

1<i1 << <n
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Vi du.

a) Cho ¢ : R — R?, ¢(t) = (z = cost,y = sint) va w(z,y) = vdy — ydx.

Khi d6 ¢*w(t) = costd(sint) — sintd(cost) = dt.

b) Cho ¢ : R? — R2, (r,0) = (x = rcosf,y = rsinb) v.. w(z,y) = dx A dy. Khi
do

Y*w(r,0) = d(rcosf) Ad(rsind)
= (cosfdr — rsinfdf) A (sin@dr + r cos6db)
= rdrAdf (dodrAdr=diANdO=0,diAdr=—drAdb).

Tinh chat.
() ¢ (w1 + WQ) = ( ) + QO*(WQ) wi,w2 € Qk(V)
@2 " (mA-- A%)Z *(71)/\ Ae* (W), Y.,k € QN V).

m

3) ¢*(de;) = dpi = Z

Chitng minh: Xem nhu bai tap. 0
Bai tdp: Cho ¢ : R® — R™ kha vi. Chiing minh

O (f(x)dzy A+ ANdxy) = fo(u))det ' (u)duy A -+ A duy,.
Nhdn xét. C6 thé dinh nghia toan tif d6i bi€n khong qua biu dién trén toa dd (i.e.
dinh nghia khdng phu thudc hé toa dd) nhu sau

prw(u) (v, op) = wle() (@' (wr, -+, ¢ (w)ve).

2.4 To4n t¥ vi phan. V6i mdi k € N, toan ti vi phan dudc dinh nghia nhu sau
d: QFU) — (D),

d( Z ail...ikdmil VANRERIAN dmzk) = Z dail...ik A d.%'z'l VANERRIA d.%'ik.

1< << <n 1< << <n
Vi du. V6i n = 2, ky hiéu toa d6 1a (x,y). Khi dé

d(Pdx+Qdy) = dP ANdx+dQ Ady
= <8Pdac+apd )Adw+<mdx+mdy)/\dy

ox 0 ox 0
_(@_@ﬁAd !
or Oy

@yla dexndr=dyndy=0,dyAdr=—dxAdy).
Trong R? cho dang vi phan w(z,y, z) = sin zyds + ez2+ydy + arctgzdz.
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Khi dé
dw = (dsinzy) Adz+ d(e” 1Y) A dy + d(arctgz) A dz

1
= (ycosaydz + x cos zydy) A dx + (2ze™ T¥dx + e TVdy) A dy + 2 dx A dz
T
= (2ze” Y — g coszy)d A dy — dz A dz.

1
1+ 22
p: Tinh d(P(z,y,2)dz + Q(z,y,2)dy + R(z,y, 2)dz),
(P(x,y,z)dx Ndz + Q(x,y, z)dz ANdx + Q(x,y, z)dz A dy) .

m/

ita
a d
Nhan xét. Néu w € QF(R™) v6i k > n, thi dw = 0.

Tinh chat.

(1) d(wy + w2) = dwy + dws, VYwi,ws € QF(U).

(2) d(mn /\’Yz =dyi Ay — i ANdye, Vy,72 € QYU)..
(3) d(dw)=0,ie. dod=0.

4) d(p*w) = p*(dw) , i.e. dp* = *d.

Chitng minh: (1)1a 16 rang. Do (1) ta chi cAn chitng minh (2) khi v; = adz;, v2 = bdx;.
Ta c6
d(yi Ay2) = d(adz; Abdx;) = d(abdx; A dx;)
d(ab) A dz; A dxj = (bda + adb) A dz; A dxj
bda N dz; A\ dzj + adb A dx; A dxy = (da A dxz;) A bdzj — adx; A db A da;
= dn/Aye — Ay

Trude khi chiing minh (3) d€ ngidn gon ta ky hiéu: dz; = dz;y, A -+ Aday,,
v6i I = (i1, ,ix) 1a mdt bd k chi s6 thudc {1,---n}.
Do (1) chi cin chitng minh (3) khi w = aydx;. Ta cé
d(dw) = d(dar ANdxr) =d (Z —Lda; /\de>
day O0%ar
= ;d(a—xz)/\dxz/\dm']—Z(za$a )/\dmi/\daq
= _szdxi/\dxj/\dxj ( do dxi/\dmj = —d:(:j/\dxi)
= —d(dw) (thay d8i vai troi, )

Viay 2d(dw) =0, suy ra (3).
Ciing vay chi cin kiém tra (4) khi w = ardz; € QF(V). Ta c6

dl¢*w) = d(asoeder) =d(arop) Adpy.
*(dw) = ¢*(day Ndxr) = @*(dar) A p*(dyr) = p*(dar) A dey.

Can chitng minh d(ay o ¢) = p*(das). Ping thitc ding 1a do:

“(day) = * (Z 3@1 ) Z@a;ogp Z@alogo Zagojdm — d(ajoy).



II1.3 B& dé Poincaré 37

Vay cdc tinh chat trén da dugc chiing minh. 0

Nhdén xét. Do (4) todn t& d khdong phu thudc hé toa do.

3. BO PE POINCARE
3.1 Dang d6 va dang khép. Cho dang vi phan w € QF(U).
w goi l1a déng trén U néuu dw = 0 trén U.

w goi 12 khép trén U n&uu tdn tai n € Q¥ ~1(U) sao cho w = dn.

Nhdn xét. N&u w khép, thi w dong vi d(dn) = 0.

dx — xd
Vi du sau chi ra dang déng nhung khong khép: w(zx,y) = % c Q' (R2\0).
x
22 — o2 y? — 22 Y
Dang wla dong, vi dw = mdy ANdz — md% A dy = 0.

Nhung w khong khép. That vy, gid st tn tai ham f € Q°(R?\ 0), w = df.
Goi p(t) = (sint,cost). Khi d6

©*w = "(df) =d(p"f) = d(f o) = (fop)dt

td(sint) — sintd t
Mit khic @i — C1AEI0 Zsintd(cost) 0, oo (ro oyt = 1.
sin” ¢ + cos?t
Suy ra fop(t) =t+ const. Piéu nay vo 1y vi f o 1a ham ¢6 chu ky, 2.

Khi mot dang Pfaff w = aydry + - -+ + apdz, € QH(U), t6n tai ham f € Q°(U) thda
df = w, thi f dudc goi 1a mot tich phan dau cla w.
N6i mot ciach khic f théa hé phuong trinh vi phan dao ham riéng cAp mot

of of
8—1'126111’ 78—%:an-
Viy néu w c6 tich phan dau (= kha tich = khép), thi dw = 0, i.e. cdc hAm aq,--- ,ay,
thoa hé thidc
Oa; = Oa; v6imoii,j=1,---,n
8332‘ 0;1?] JL by ) PRA

Tinh chdt hinh hoc cdia tip nhiéu khi quyé&t dinh bai todn gidi tich. Mot dang déng
ciing 1a khép trén U, khi tdp U ¢6 tinh chat hinh hoc sau:

3.2 Tap co rit duge. Tap con U trong R™ goi 1a co riit duge vé mot di€ém zo € U
néuu ton tai mot anh xa 16p C!

h:Ux[0,1] = U, (x,t) — h(z,t)

sao cho: h(z,0) =xg va h(z,1) ==z, Yz € U.

Vi du. Sau day 1a mot s6 16p tip co rit quan trong:
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Tap 16i: tdp U goi 1a 16i n€uu Vz,y € U doan [x,y] = {x +t(y —z): t €[0,1]} C U.
Ching han R", hinh cAu, hinh hop 1a cdc tap 15i.

Tép hinh sao: tdp U goi 12 hinh sao n€uu 3xg € U : Vz € U, [z, 2] C U.

Trong cdc vi du trén dnh xa h(x,t) = z¢ + t(z — x¢) théa Pinh nghia 3.2.

Bai tip: R6 rang 1a tap 15i 12 tdp hinh sao. Tim vi du tip hinh sao khong 16i, tap co
rit dugc khong hinh sao.

3.3 Pinh Iy (B6 dé Poincaré). Gid sit U la tdp md trong R™, va U co rit dugc. Khi
do moi dang dong trén U la khop, i.e.

weU),dv=0 < Ine*YU), w=dn.

Chitng minh: Goi J; : U — U x [0,1], Ji(z) = (z,t). Cho k =1,2,---. Trudc hét ta
xdy dung dnh xa tuyén tinh K : QF(U x [0,1]) — QF~1(U), thod

(%) Kd+dK = J; — J¢

M&i phan i ciia QF(U x [0,1]) 12 t6ng cdc dang c6 mdt trong hai dang sau:
(D a(:v,t)dxl hay (2) b(ﬂj‘,t)dt A dea Vi I = (ilv to aik)’ J = (jlv t ajk—l)'
Vi vay chi cAn dinh nghia K cho tirng dang c¢6 dang trén. Ta dinh nghia

K(a(x,t)dzy) =0 X
K(b(x, t)dt A dzy) — ( /O b(:c,t)dt)d:cJ

Kié€m tra diéu kién (%) v6i dang (1):

1 da
(Kd+ dK)(adzr) = K(daAder)+d(0) = ( / )

0
= (a(z,1) —a(z,0)dzr = (J7 — J§)(adzr).
Ki€m tra diéu kién (%) v6i dang (2):

1
(Kd+dK)(bdt Adzy) = K(dbAdtAdey)+ d((/ bdt) A day)
0

b !
= K(X gz Adi A dey) + d((/o bdt) A day)

1 ob 1
= _/0 (zi: 6xi)dt/\dxi/\dajj—|—d((/o bdt) A dzy)

_ d((/o1 bdt) A day) + d((/o1 bdt) A day) = 0.
(Jf = J5)bdt Ndxy) = b(x,1)d(1) Adzy—b(z,0)d(0) Adzy=0.

Bay gid cho h: U x [0,1] — U 1a 4nh xa co rit vé xq. Gid st w € Q¥(U) déng, i.e.
dw = 0. Ta chitng minh 7 = Kh*w la (k — 1)-dang thod dn = w.
Do (x) ta c6

(Kd+dK)h*w = (Jf = Jj)h*w.
& KdhW'w+dKh*w = (hoJi)*w — (hoJy)w.
& Kh*dw+dKh*w = (idy)*w — (z9)*w.
& 0+dKh*w = w+0.
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Viy n = Kh*w la dang can tim. =

Hé qia. Néu U la tdp mé co rit dugc, wi,ws € QF(U), va dwy = dws, thi ton tai
n € Q1 sao cho dn = wi — wo.

Vi du. Tap R?\ 0 1a khong co rit duge vi ton tai dang vi phan déng ma khong khép
trén d6 (xem vi du & 3.1).

Nhin xét. Tl hé qda trén, ta thdy 7 thod bd dé Poincaré 12 khong duy nhat.
C6 thé dya vao chitng minh clia dinh Iy d€ xdy dung n d€ dn=w: 7= Kh*w.

Vidy. Cho w = (22 — 2y2)dz + (y? — 222)dy + (22 — 2zy)dz € Q' (R?).

Dé kiém tra dw = 0. P& tim f sao cho df = w, nhu sau:

Cdch 1: Vi R3 1a tap co rit vé 0 v6i h(z,y, z,t) = (tz,ty,tz). Theo dinh nghia cda
cdc todn tu, ta co:

h*w = t3(2? — 2y2)(xdt + tdx) + t2(y? — 2z2) (ydt + tdy) + t2(2? — 2xy)(zdt + tdz).
1 1 1
Kh*'w = / t2(2% — 2yz)zdt + / t2(y? — 2zz)ydt + / t2(2? — 2y)zdt.
0 0 0

1 N
Suyra f=Kh'w= g(x?’ + 1% + 2% — 62y2) 12 mot tich phan diu cla w, ie. df = w.

Cdch 2: Ham f thod df = w, c6 thé viét lai

(1) of = 22 -2y2
o9

(2) — = y -2z
y

(3) % = 22 -2y

D€ tim f, ta 1an lugt tich phan theo titng bién:
3

T (1) suyra f = % —2zyz + o(y, 2)

dp _ 4 Y’
T2 2 vay p=2L :
gy U VY e=3 4 ¥(z)
o 3

% =22 Vay 1 = Z——i— const.
0z 3

1
Suyra f= g(x?’ + 9> 4+ 23) — 2zyz+ const

T (2) suy ra

Ti (3) suy ra

(Cé4ch 2 c6 thé 1am cho cdc mién hinh hop).






IV. Tich phian dang vi phan

1. PINH HUGNG

1.1 Truong vector. Cho M C R". Mot trwong vector trén M 13 dnh xa
F:M—R" F(z)=(Fi(x), -, F.(z))

V& mit hinh hoc xem trudng vector nhu ho vector F(z) c6 di€m gdc dit tai .

1.2 Pinh huéng duong cong. Pudng cong tron C C R3, goi 12 dinh huwéng 7 néuu

7: C — R3 1a trudng vector lién tuc va ti€p xic véi C, i.e. 7(x) ti€p xic véi C tai
x, v6i moi x € C.

()

Vi du. Pudng tron don vi c¢6 thé tham s& hod bdi ¢(t) = (cost,sint),t € (0,27).
Khi d6 trudng vector ti€p xic ¢'(t) = (—sint,cost) xdc dinh huéng ngugc chiéu kim
ddng ho.

1.3 Pinh huéng mit. Cho S C R? l1a mit cong tron. Ta néi S 13 dinh huéng dugc
néuu ton tai trudng vector phap lién tuc trén S, i.e. ton tai N : S — R?3, lién tuc va
N(z) LT,S,Vx € S.

Khi @6 S goi 1a dinh huéng phiap N.

N (z)
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Vi du.
a) Mit cdu la dinh huéng dudc va cé thé chon mdt trong hai huéng: huéng phép trong
hay huéng phap ngoai. Cu thé khi tham s& hod mit ciu bsi

©(¢,0) = (cos ¢psinb,singpsinb, cosh), (¢,6) € (0,2r) x (0, 7).

V6i tham s6 hod dé, cdc vector ti€p xiic v6i cdc dudng toa dd 1a

0 0
e _ (—sin¢sinf, cos ¢sin b, 0), e _ (—cos ¢ cosf,sin ¢ cos b, —sin )
0p 00
X 12 . ) dp 0o o )
Dé kiém tra huéng phap N = 5_<Z5 X 20 12 huéng phdp trong.

b) L4 Mobius cho ta mot vi du vé mit khong dinh huéng dudgc.

1.4 Pinh huéng khong gian vector.
Dua vao tryc quan: trén R c6 thé dinh hai huéng (duong néu cling hudng véi chiéu
ting, Am néu ngugc lai). Trong R? cé thé dinh hai hudng (thuin hay ngudc chiéu
kim déng hd). Ta c6 dinh nghia sau.
Cho V la khong gian vector k chiéu trén R. Trong Pai sd tuyén tinh ta da biét la

néu (v1,---,vg) va (wi,--- ,wy) 12 cdc co s& ca V, thi tdn tai ma trin chuyén co
sG P = (pij)kxk sao cho w; = Zz‘pijvi-
Ta n6i (vi, -+ ,vx) va (wi,--- ,wy) cang huéng néuu det P > 0,

(v1,++ ,vg) va (wy,--- ,wg) nguge huéng n€uu det P < 0.
Nhu viy trén tAp cdc cd s6 clia V dudc chia thanh hai 16p twong duong, mdi 16p
gdm cédc cd s§ cung huéng véi nhau. Lép cunh huéng véi (vy,--- ,vx) ky hiéu 1a
[v1, -+ ,vg], 16p cdc co s ngugc hudng ky hiéu 1a —[vy, -+, vgl.
Khong gian V goi 1a da dinh huéng 1 n€u ta chon mot hudng p = [vy, -+, vg].

Vi du. Trong R* cd s& chinh tic xdc dinh hwéng chinh tfc. Theo ngdn ngit tryc quan,
huéng chinh tic trong R 13 huéng duong, hudng chinh tic trong R? 1a huéng ngudc
chiéu kim d6ng hd, con huéng chinh tic trong R? 13 huéng tam dién thuan.

— —
€2 €3
%
€2
S
— — —
el e1 €1

Hu6ng chinh tic cia R', R?,R3

1.5 Pinh huéng da tap. Cho M C R" 1a da tap kha vi k chiéu.

Mot ho hudng p = {1z : p1e 12 mot huéng trén T, M,z € M} goi la tuong thich n€uu
chiing bi€n ddi mot cach lién tuc theo nghia sau: vdi moi a € M, tdn tai tham s6 hod
(¢,U) tai a sao cho [Dyp(u), -+, Drp(u)] = (), v6i moi u € U.
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M goi 1a dinh huéng dwge néuu ton tai mot ho hudng tuong thich trén M.
M goi 1a dinh huéng p n€uu M dinh huéng dudc va ho huéng tuong thich u dudc
chon. Khi d6 mot tham s6 hod nhu trén goi 12 tham s& hod xdc dinh huéng .

Nhin xét. P&i v6i mit cong trong R?, viéc xdc dinh huéng nhu dinh nghia trén twong
duong véi viéc xdc dinh trudng vector phap lién tuc. Ta cé6 N = Dy X Dap 1a trudng
phép vector.

1.6. Huéng cam sinh trén bo.
Ménh d@é. Cho M la da tap khd vi c6 bo OM. Néu M dinh hudng duoc, thi OM ciing
dinh hudng duoc.

Chiing minh: Gia st O 1a ho tham s& hod ctia M x4c dinh huéng p.

Vé6i moi (p,U) € O, goii: RF1 — R*, i(uy, - ,up—1) = (u1,--- ,up_1,0). Khi
d6 ho {(poi,i"(U)): (p,U) € O,UNHK # ()} 1a ho tham s hod M.

V6i mdi x € M, va (p,U) € O 1a ho tham s6 hod tai z, dinh nghia

€x = [Dlsp(u)a T ’Dk:—lso(u)]v T = cp(u)

Ta s& chidng minh ¢, khong phu thudc tham s6 hod (p,U) € O, va do vay ho OM,
e={e,: v =p(u) € OM,(p,U) € O} la mdt ho hudng tuong thich trén O M.

Néu (p,U), (1, W) € O 1a cdc tham s6 hod tai x, thi v» = ¢ o h v6i det i’ > 0. Toa
do tht k& cia h thod:

hi(wi, -+ ywk—1,0) =0, va hg(wy, -, wg_1,wg) > 0 khi wg > 0.
Suy ra v6i w = (wy, -+ ,wk_1,0), dOng cudi cla ma trdn h'(w) la
(Dihg(w) =0 .-+ Dy_1hg(w) =0 Dihi(w) > 0).
Do d6 det h'(w) = det(h o) (w1, -+, wi_1)Drhi(w) > 0.
Vay det(hoi) (wy, - ,wp_1) > 0. Ma (hoi)'(w) chinh 1a ma trin chuyén co sé

Dip(u),- -+, Di_1p(u) sang cd s Dyp(w),- -+, Di_19(w) trong khong gian T,0M
(z = ¢(w) = ¢(u)), nén

[Digp(w), -+ Dpatp(w)] = [Digp(u), -+, Dp—1p(u)].

Do vay e, dugc dinh nghia khong phu thudc tham s6 hod x4c dinh huéng fi.,. 0

Pinh nghia. Cho M 1a da tap dinh huéng p. Khi @6 trén M ta xdc dinh huéng cdm
sinh Op nhu sau:

Véi moi # € OM, goi (¢,U) 1a tham s§ hod tai x cla M xdc dinh huéng p, i.e.
e = [D1p(u), -+, Drpp(u)]. Khi d6 dinh nghia

Opz = (—1)*[Drp(u), -+, Dp_10(u)).

(Dau (—1)F @€ thuan tién cho cong thic Stokes sau nay)

Nhdn xét. Goi o la tham s& hod dinh huéng p tai © = p(u). Vi T,0M la khong gian
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vector con cda T, M c¢6 ddi chi€u 1, nén véi mdi v € T, M \ T,OM xdy ra mdt trong
hai trudng hgp:

(1) v huéng vao trong M, néu v € ¢ (u)(HE)

(2) v huéng ra ngoai M, né€u ngugc lai trudng hgp (1).

V& miit tri'c quan, ta nhan biét huéng trén OM 13 huéng cdm sinh nhu sau:

Cho vy, -+ ,vp_1 12 ¢d s& T,OM. Khi d6 néu v € T, M 1a vector huéng vao trong M
va xdc dinh huéng p = [v1, -+, vk_1,v], thi huéng cdm sinh trén bd 1a

Opa = (=1)*[vr, -+, 0]

Ching han, n€u H” dinh hudng chinh tic, thi huéng cdm sinh trén OH* = R*~1 x 0
tring véi huéng chinh tic trén R*~! néu k chin, v ngugc v6i huéng chinh tic d6
néu k 18.

Vi du. Truc quan hon nira:

Né&u mién M trong R? dinh hudng chinh tic hay 1a mit cong trong R3 dinh huéng
phdp N, thi huéng cdm sinh trén dudng cong M 1a huéng ‘di doc theo d6 mién &
phia trdi’.

N&u M 1a mién trong R3 dinh huéng chinh tic, thi huéng cdm sinh trén mit cong
OM 1a huéng ‘phdp tuyén ngoai’.

2. TICH PHAN DANG VI PHAN

Trudc hét 12 mot vai gdi ¥ cho viéc xay dung tich phan clia trudng vector hay cla
dang vi phén.

Cho F = (Fy, Fy, F3) 1a mot trudng vector trong RS,

e V6i v € R? 1a vector goc tai x, gid tri Wp(z)(v) =< F(z),v >, goi 1a cong cla
F(x) doc theo v.

Ta c6 1-dang vi phan tuong tng: Wpr = Fidx, + Fodxo + Fadxs.

Cho C'1a mdt dudng cong dinh huéng trong R3. Ta can xay dung tich phin clia trusng
F doc theo C, hay la tich phan cda dang vi phan Wg trén C:

/ Wp = / Fidx1 + Fodxo + Fsdxs.
c c
e V6i vy, v € R3 13 cdc vector goc tai z, gid tri wp(x)(vy,v2) =< F(x),v1 X v >,

goi la thong lugng ciia F'(x) qua mit binh hanh AS tao bdi vy, va.
Ta c6 2-dang vi phdn tuong Ung wp = Fidza A dxs + Fadzrs A dxy + Fsdry A dxs.
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Cho S 1a mit dinh huéng trong R3. Ta cin khdi niém tich phan clia trudng vector F
qua mit S, hay la tich phan ctia dang vi phan wp trén S:

/ wp = / Fidxo A dxs + Fodxs A dxy + Fydx, A dzo
S S

2.1 Pinh nghia. Cho U 1a tip m3 R*, va w € QF(U).
Khi d6 w = f(u)duj A --- A duy. Dinh nghia

/Uw:/Uf(u)dul/\--o/\duk:/Uf(u)du1~--duk.

néu tich phan v& phai ton tai.

2.2 Tich phan dang vi phan. Cho M la da tap khd vi k chiéu dinh huéng u trong

R"™. Cho w € QF(V), voi V 1a tip m& chita M. Sau diy ta xdy dung tich phan ciia

dang w trén M (cOn goi la tich phan loai 2) / w
M

Néu M = p(U) véi (p,U) 1a mot tham s& hod xdc dinh huéng p, thi dinh nghia

/w:/gp*w.
JM U

Trudng hgp tdng quét, khi M cho bdi mot ho tham s6 hod O = {(p;,U;) =i € I} xdc
dinh huéng p, ta dung ky thudt phan hoach don vi. Goi © = {6; : i € I} 1a phin
hoach don vi cia M phu hgp véi O. Pinh nghia

/Mw:%;/i((]i)eiw <:Z/U @f(@w)) ;

i€l
vdi gia thi€t vé& phai tdn tai. Ching han khi M compact va w lién tuc.

Khi £ =1, tich phan c6 dang / E Fidzx;, va goi la tich phan duong.
M~
(]

Khi k = 2, tich phan c6 dang / Z Fijdx; A dxj, va goila tich phan mit.
M55

Nhén xét. Dinh nghia trén khong phu thudc cdch chon ho tham s x4c dinh huéng
va phan hoach don vi.

Chitng minh: Khi hai tham s6 héa (p,U) va (i, W), cing xdc dinh huén p, ta c6
Y = @ oh, v6i h 1a vi phdi ¢6 det Jh > 0. N&u p*w = f(u)dui A --- A duy, thi
R*(f(u)duy A -+ A dug) = h*p*w = (po h)*w = Y*w.

Theo cong thiic d5i bién, ta c6

/Ugo*wz/Uf:/Wfoohdetjh:/Wh*(f(u)dul/\m/\duk):/Wz/;*w.

Vay dinh nghia khong phu thudc tham s6 hod x4c dinh ciing huéng.
Néu ©' = {# : j € J} 1a mt phian hoach don vi khdc ctia M. Khi d6

%:/M O = EJ:/M(Z 0i)0jw =3 y 0:6w = EJ:/M 00w = Z/M(%: eg)aiw;/M Oiw.

7/7]
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Vay dinh nghia cling khong phu thudc phan hoach don vi. =

2.3 Tinh chdt. Cho M la da tap k chiéu dinh huéng i trong tdp mé V. Khi dé
(1) / . QF(V) — R la tuyén tinh.
M

2) / w = —/ w, vdi ky hiéu —M dé chi M dinh huéng — .
M —-M

Chitng minh: (1) suy t tinh tuyé&n tinh cla fU va 5.

(2) Xét phép d6i bién h(uy,--- ,ux) = (—u1,---,u). Khi @6 deth’ = —1. Néu
(p,U) 1a tham s6 hod xdc dinh huéng p, thi (po h, h=Y(U)) 1a tham s& hod xdc dinh
huéng—p. T d6 suy ra v6i moi phan hoach don vi © phit hgp véi ho tham s6 ho4,

e / w—Z/ ) (poh) Hw—Z(f/Ugo*Hw):f/Mw.

0cO (2SS

Vi du.
a) Cho C 1a dudng cong tron, cho bdi tham s& héa ¢ : I — R™, dinh huéng theo chiéu
ting clia tham s6. Khi d6

/C;Fidxi:/[;Fiogodgpi:/I(;Fiocp(t)gpg(t))dt.

Ching han, n€u dudng tron don vi dinh huéng ngugce chiéu kim ddng hd, thi

/ ydr —xdy /27r sintd(cost) — costd(sint) 2
2py2=1 2%+ y? ) cos2t + sin?t N 0

dt = =27

b) Cho S 13 mit cdu don vi dinh huéng phdp trong, thi véi tham s6 hod xdc dinh
hudng tuong Ung, ta cb

/ xdy Ndz = / cos ¢ sin fd(sin ¢ sin 0) A d(cos 6)
S [0,27] x[0,7]

= cos ¢ sin (cos ¢ sin d¢ + sin ¢ cos 0df) A d(— sin 6dh)
[0,27] x[0,7]

= — cos? ¢ sin® Ode A df =?
[0,27] x[0,7]
2.4 Quan hé giita tich phan loai 1 va loai 2.
Cho F = (P,Q, R) la truong vector l6p Ct trén mét tdp mé V C R3,
(1) Cho C C V la duong cong kin, dinh hudng bdi truong vector tiép xiic don vi
T = (cosa, cos 3, cosy). Khi dé

/Pd:r—i—Qdy—i—Rdz:/ <F,T>dl:/(Pcosoz—i-QcosB—FRCOS'y)dl.
C C C

(2) Cho S C V la mdt tron, dinh hudng bdi truong phdp vector don vi N =
(cos a, cos 3, cosy). Khi dé

/de/\dz+de/\da:+Rdw/\dy :/ <F N >dS = /(Pcos a+Q cos f+R cos)dS.
S S S
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Chitng minh: Nhu phin ggi y diu tiét, ta c6:

(1) Véi mdi v € R?, goi T 1a vector chi phuong don vi cia v. Khi d6 1-dang
Wg(v) =< F,v >, c6

Bi€u dién 1: Wpr = Pdx + Qdy + Rdz.

Biéu dién 2: Wr(v) =< F,T > |Jv|| =< F, T > dl(v).

Vay néu C la dudng cong trong R? dinh huéng bdi trudng vector ti€p xiic don vi T,

thi
/sz/ < F,T > dl.
C C
Tu d6 suy ra (1).

(2) Véi v1,v € R3, goi N 1a vector don vi chi phuong vy x vo. Khi d6 2-dang vi
phén wF(U1,U2) =< F, V1 X vg >, ¢O

Biéu dién 1: wp = Pdy A dz + Qdz A dx + Rdx A dy.

Bi€u dién 2: C()F(Ul,UQ) =< F,N > |1)1 X UQH =< F,N > dS(Ul,UQ).

Viy néu S 1a mit cong dinh huéng bdi trudng vector phdp don vi N, thi

/wF:/<F,N>dS.
S

Tu dé suy ra (2). 0

3. CONG THUC STOKES

3.1 Pinh Iy (Cong thitc Stokes). Cho M la da tap khd vi k chiéu, dinh huéng, compact
trong tdp mé V. C R™, vdi bo OM dinh huéng cim sinh. Khi dé

/dw:/ w, Ywe QFL(V).
M oM

Chitng minh: Gid st M dinh hudng p va Op 1a huéng cdm sinh trén OM. Cho
{(¢4,U;) =i € I} 1a tham s8 hod dinh huéng p cia M. Khong gidm tdng quat, gid st
U, chita trong mot hinh hop A;.

Goii:RF! = R¥ i(up, - ,up_1) = (u1, -+ ,ur_1,0). Khidé ho {(p;oi,i *(U;)) :
i€ I'},v6iI' = {i e I:U;NOH" # ()}, 1a ho tham s& hod M dinh huéng (—1)*¥9pu.
N&u {6; : i € I} 1a phan hoach don vi phit hgp vé6i ho da cho, thi

/M dw = /M d(z Oiw) = Z/i(UmHk) db;w.

el el

/8Mw B /aM(Zeiw) = Z/ O;w.

el icl’ @i(UinaHk)

DPé cho gon, dit ¢ = ¢;, U = Uj, A = A; = [a1,81] X - -+ X [a, B]. Ta cin ching
minh:
(l)Né'uUﬂﬁHk:@,i.e.iEI\I’,thi/ dw = 0.

o(U)
(2) Néu UNOHF #0, ie. i € I, th / de = (—1)k/ w.
p(UNHFk) w(UNOHK)



1V.3 Coéng thuc Stokes 48

k
=1

j:
Khi d6 xem ¢*w € QF71(A) bing cdch dit a;(u) = 0 khi u ¢ U. Ta c6

(poi)'w = ag(ug, - ,up_1,0)dus A--- Adug_1.
k
P dw) = Zdaj/\dul/\---duj---/\duk
i=1
k
1 0a;
= _1y-1Z224y N
Z( ) du, up A A aug

<
Il
.

D6i véi trudng hgp (1), ta c6
/ dw = / *(dw) = / Zk:(—l)j_l%du A ANdu
(U) v A du; *

- Z/ (aj(-++ By ) = ag(-++ s agye e ))dun -+ duy - - duy,
l¢][aluﬁl}

(Ping thitc thit ba suy tir cong thiic Fubini va cong thitc Newton-Leibniz, ding thic
cudi 1a do (u1, -+, B, ,uk), (u1, -, ,ux) € U nén cdc gid tri cla a; tai
do triét tiéu).

D6i véi trudng hgp (2), ta c6

k

1 0a;
dv = / 1) —Ldug A A du
/@(UﬁHk) UNH*k Z( ) Ou,j ! b

j=1
k
da;
= / Z(—l)j_la;‘?dul/\"'/\duk
Aﬂijzl U
= Z(q)j—l(/ %dul/\--'/\duk).
7 fax, B+ [0,8] O
. day
Khl]#lﬁ [ ﬂ]%duj:a‘j(ula"'7ﬁj>"'auk’)_aj(ulv"'aajv"'auk’):O'
aj,04 )
.. ’ J@ak
Khi j =k, 05 8—ukduk =ap(ur, -, Br) — ag(ug, -+ ,0) = —ag(u1,---,0).
Wk

Viy theo cong thic Fubini, ta c6

/ dw = (—1)k/ ak(ug, -+ ,0)duy - - dug_q.
e(UNHF) Hj;ék[aj’ﬁﬂ
Mit khéc

/ w:/ ag(uy, -+ ,0)duy -+ dug_q.
p(UNOHK) ANRk=1x0

Tl d6 suy ra cong thifc can chitng minh. 0

Chii . Néu M khong compact cong thitc khong ding. Ching han, M la khodng mé
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trong R, w(z) = zdz.
3.2 Céc cong thifc ¢d dién. Sau diy la cdc hé qla cta dinh Iy trén:

Cong thiic Newton-Leibniz. Cho V la tdp md trong R", F : V — R thuéc ldp C*
va ¢ : [a,b] — V la tham sé hod duong cong tron. Khi dé

[ dF = Fle(t) - Fe(@)
¢([asb])

Cong thite Green. Cho D C R? la mién compact, cé bo C = 0D dinh hudng nguoc
chiéu kim dong hé. Cho P,Q la cdc ham I6p C* trén tdp mé chita D. Khi dé

00 oP
9% _ - - /P .
/D( or oy Ydxdy /C dx + Qdy

Cong thiic Stokes ¢6 dién. Cho S C R? la mdt cong tron dinh huéng phdp N, cé bo
0S = C la duong cong kin dinh hudng sao cho mién phia trdi. Cho P,Q, R cdc ham
lop C trén mét tdp mé chita S. Khi do

0Q 0P oR 0Q oP OR

v 95 OR 0Q oP OR [, |
/S(ax ay)dx/\dy-i-(ay az)dyAder(aZ ax)dz/\dac /C dr+Qdy+ Rdz

Cong thitc Gauss-Ostrogradski. Cho V' C R? la mién compact, c6 b3 OV = S la mdt
tron dinh hudng phdp ngoai. Cho P,Q, R la cdc ham Idp C' trén mot mién mé chita
V. Khi do
oP 0 OR
/ (= + oQ + ——)dzdydz = / Pdy ANdz+ Qdz N dx + Rdz A dy.
v oz oy 0z S

Vi du.
a) Dién tich mién D gi6i han bdi dudng cong kin C trong R?:

1
/dxdy:/:cdy:—/ydx:—/(xdy—yd:(:).
D c c 2 Jc

b) Thé tich mién V gidi han bdi mit cong kin S trong R3:

/dq:dydz = /xdy/\dz:/ydz/\dz:/zdx/\dy
\% 15' S S
= —(/xdy/\dz—i—/ydz/\dx-i—/zda:/\dy)
3 Js s S

n

3.3 Ménh dé. Gia sit U la tdp mé, co riit dugc trong R™. Cho w = Z a;dr; € QI(U).
i=1

Khi doé cdc diéu sau twong duong:

(1) w la khdp, i.e. téntai f € CY(U), sao cho df = w.

(2) wla dong, i.e. dw = 0.
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3) gz - g;;,vdi moi i, J.

4) / w = 0, vdi moi duong cong kin C C U.
C

Chitng minh: Suy tit b8 d& Poincaré va cong thitc Stokes. (Bai tap) 0

dy — yd
Vi du. Tap R?\ {0} khong co rit dugc vi trén d6 c6 dang el

doéng, nhung
tich phdn trén dudng tron la 27 # 0.

Bai tdp: Chitng minh R™ \ {0} khdng co rit dugc bing cdch xét dang

Z( )H Hn/zdxl/\ d/\i-~-/\dacn.

=
(trong d6 ky hiéu dz; dé chi dz; khong c6 mit trong bifu thic.)
3.4 Ung dung vao giai tich vector.

Cic toan tif grad, rot, div: Trong R3 v6i co s& chinh tic eq, ez, e3 va U 1a tip mé
trong R3.
0 0
Ky hi¢u V= —
y hicu By e]+ — Eye 2 8 o
Cho f:U — R 1a ham kha vi. Trlrdng gradient cua f, dugc dinh nghia:

15) 5] 0
gradf=V/ = e+ Loy Se
H) x3

——e3, 201 1a todn tif nabla.

Cho F = Fiej + Faes + Fzez 1a trudng vector khd vi trén U. Trudng xodn cla F,
dudc ky hiéu va dinh nghia

€1 €9 €3

0 0 0
tF=VxF=| — — —
ro 8951 8952 89@3
F F, K

Ham ngudén cuia trudng F, dugce ky hiéu va dinh nghia:

. oFy O0F, O0F3
divF =<V, F >= .
v < ’ - 8901 + 01‘2 + 01‘3

Quan hé véi toan tif vi phan. Pinh nghia cdc ding ciu:

hi: X(U) — QYU), ha(Fie1 + Fees + Fye3) = Fidxy + Fadxs + Fydas.

ha : X(U) — Q2(U), ho(Fre1+Faea+ Fse3) = FidroAdws+ FodrsAdry+ Fydr Adxs.
hs : C®(U) — Q3(U), ha(f) = fdz1 A dwa A das.
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Khi d6 bi€u dd sau giao hodn
coU) T oxw) % xw) W ooxw)

lid L h L hy | h3
QU) L o) & o) 4 3()

nghia la ta c6: hjograd =doid, hgorot =dohy, hgodiv =do hs.
Chitng minh: Xem nhu bai tap =
Hé qia. Tt dod =0, suy ra rot ograd =0, div orot = 0.

3.5 Cong thic Stokes cho tich phin loai 1. Cho F' la mét truong vector khd vi trong
R3.

(1) Gid sit S la mdt cong compact trong R3, dinh hudng béi truong vector phdp don vi
N, ¢6 bo S = C' la duong cong dinh hudng cam sinh bdi truong vector tiép xiic don
vi T sao cho mién S ndm phia trdi. Khi dé

/ <F,T>dl:/ <rot F, N > dS.
c s

(2) Gid sit V la mién gidi ndi trong R3 cé bo OV = S la mdt cong dinh hudng bdi
truong vector phdp don vi N hudng ra phia ngoai. Khi do

/<F,N>dS:/dideV.
S 14

Chitng minh: Suy tit cong thifc Stokes va mdi quan hé giita tich phan loai 1 va loai 2. o
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Bai tap giai tich 3

1 Bai tap tich phan phu thuéc tham so

1. Tinh cac gi6i han

lim [ V7T Pdr 2)lim | — lim | i

1) i t 2)1i — 3) li

)tl—r»%_fl v )tl—r»%tf1+x2+t2 )nl»rgoofl+(1—l—x/n)"

M In(x + Jt]) LT e S
. . L —x?/t : —tsinx
4) 11_% tf (221 2] 5) 11_%1({ 3¢ dr  6) t&rgo of e dx.
1
t

2. Khao st tinh lién tuc cha ham I(t) = [ 2f4(_xt)2’ trong d6 ham f(z) lién tuc
0T

va duong trén doan [0, 1].

3.

1) Tim dao ham cua cac tich phan eliptic

w/2 w/2

d
E(t) = / V1—t2sinfadr  F(t) = / T
J J V1—t2sin?x

2) Hay biéu dién E’, F’ qua cdc ham E, F.
3) Ching minh ranh E thoa phuong trinh vi phan

1 1
1/ _El/
E'(t)+ 1E() + 17—

E(t) = 0.

4. Gia su ham f(x,y) c6 cdc dao ham riéng lién tuc. Tinh I'(t) néu

1) I(t) = /tf(x +tx—tyde  2)I(t)= j ( 7tsin(x2 +y? - t2)dy) dz.

5. Chiing minh rang ham Bessel véi cdc chi s6 nguyén

™

1
I,(t) = — /COS(TL[L‘ — tsinx)dx,
T
0



thdéa man phuong trinh Bessel

2y +ty' + (2 —n?)y = 0.

t
6. Cho ham ¢(z) thuoc 16p C') trén doan [0,a] va I(t) = [ L4
0

minh rang, v6i moi ¢ € (0,a) ta c6

/ plz)dz  (0)
0
7. Bang cach 1ay dao ham theo tham s&, hay tinh

w/2 T
1) I(t) = / In(t*sin® x + cos® x)dx 2) I(t) = /ln(l — 2tcosx + t%)dz.
0 0

8. Chiing to rang, ham I(¢t) = [ cost ———dx. kha vi lién tuc trén R.
o 1+ (z+1)?

9. Chiing minh cong thic Frulanhi
/de = f(0) lné, (a>0,b>0),
x
0

7@

trong d6 f(x) 1a ham lién tuc va tich phan [
T

a

c6 nghia v6i moi a > 0.

10. Xét tich phan Dirichlet D(t) = [ sm(tx)d Chiing minh rang
b @

1) D(t) hoi tu déu trén mdi doan [a, b] khong chia 0.

2) D(t) hoi tu khong déu trén mdi doan [a, b] chia 0.

sm T

11. Xét tich phan [(t) = [ e~ dx. Chiing minh rang
0
1) I(t) lién tuc trén [0, 00)

2) I(t) kha vi va I'(t) =

3) I(t) = — arctan(¢t) +
4) D(1) =1(0) =limI(t) = g, trong d6 D(t) la tich phan Dirichlet.
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12. Chiing minh rang D(¢ f = gsgnt.
0

13. Bing cach 14y dao ham theo tham so, hdy tinh

ooe—tm _ 6—sm2 00 6—tm _ e 5T 2
DIt) = [ ——dn, (45> 0) 2) 1()=] (f) dz, (t,5 > 0)
1 ln(l _ t21,2) 00 p—ar _ 6—bm )

14. S dung tich phan Dirichlet va cong thitic Frulanhi dé tim gid tri clia cdc tich
phan sau

®gin ax cos bx gin ax sin bx o gin? ax

——dw Q)ffdx 3) o

sin® axdz (It < 1) 5)7(Sinxaz)2dx 6) 708in4 az ; sin? bxda:.
0 0

e
Ui

15. St dung cic tich phan Euler d€ tinh cdc tich phan sau

VP (0> 0) 2) [ 4 gy [

0o (1+2)? o 1+a3
dx /2 00 )
z,(n>1) 5) [ sin®zcostzdr 6) [z dr.

V JT—zn 0 0

16. Hay biéu dién cic tich phan sau qua céc tich phan Euler

1)
4)

O\H o o

oo ,m—1 00 ™

1 0) b,n>0) 3 d
)Ofl+x“ " Of a+bx“) z (abn ) )Of —am 47
/2 o n?y
4) [ tan" zdx 5) fxpe_” Inzdz (a > 0) 6) | Ld.
0 0 o 1+

17. Chiing minh cdc cong thic Euler (A > 0,p > 0, —7/2 < a < 7/2).

x® r

1) [aP~teArcose cog( Mg sin a)dx = % cos ap.
x r

2) [ar~terrcosegin(Arsina)dr = (p) sin ap.

AP
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II. Tich phin ham trén da tap

1. Cho f: R™ — R™. Chitng minh f kh4 vi 16p CP khi va chi khi d6 thi f Ia da
tap khd vi 16p CP trong R x R™.

2. Cho F': R" — R™ la 4nh xa khd vi. Goi M la tdp con cia R™ cho bdi hé
phuong trinh F(x) = 0. Ching minh néu rank F'(x) = m v6i moi z € M, thi
M 1a da tap kh3 vi n — m chiéu.

N

3. Cho « : (a,b) — R? 1a tham s hod dudng cong tron, a(t) = (z(t),y(t)) va
y(t) > 0. Ching minh mit tron xoay cho bdi tham s6 hod:

o(t,0) = (x(t),y(t) cosb,y(t)sinb), (t,0) € (a,b) x (0,27),

la mot da tap kha vi trong R3.

Chirng minh cdc dudng cong toa do la vudng géc véi nhau. Tim vector phap va
mit phing ti€p xic.

Ap dung: hdy tham s& hod mit tru, ciu, xuyén.

4. Cho « : (a,b) — R?1a tham s hod mdt dudng cong tron va p = (p1, p2, p3) € R?
véi p3 # 0. Chitng minh miit nén cho bdi tham s6 hoa:

o(t,s) = (1= s)p+s(a(t),0), (t,5) € (a,b) x (0,1),
la da tap khd vi trong R3. Xdc dinh cdc dudng cong toa dd, vector phap, mit
phing ti€p xic.

5. Kiém tra cdc tAp cho bdi cdc phuong trinh hay tham sd sau 13 da tap khong.
Trong R%: a) v = a(l —sint),y = a(l —cost) b))z =12y =13
Trong R?: a) x = acost,y = asint,z = bt (a,bla cd hiing sd dudng)

b) z = V2cos2t,y = sin 2t, z = sin 2t
2 2 2 2 2 2 2 2

RN TN T <y B
f) x = (b+acosf)cosp,y=(b+ acosh)sinp,z = asinf
2,2 2 2 4,2 2
7+ = z 7+ = a
2 vy h) o
y° = ax r+y+z = 0

Tim phuong trinh dudng thing hay mit phing ti€p xic cho cic da tap trén.

6. Ki€m tra cdc phuong trinh va bat phuong trinh sau xdc dinh da tap c6 bd trong
R3:
2 +y2+22=1,2>0 b2+y2<az+y+2=0
rt+yP+22<ad’r+z2=0 d)F<y+atz=a

7. Chting minh trong R3, mit cau z2 + y? + 22 = a? khong thé cho bdi mot tham
s6 hod, nhung c6 thé cho bdi hai tham s6 ho4.

8. Xdc dinh phuong trinh clia khdng gian ti€p xic tai (zo, f(x0)) cho da tap & bai
tap 1.
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9.

10.

11.

12.

13.

14.

15.

16.

Phé4c hoa cdc mit, rdi xdc dinh cdc dudng cong toa dd, vector phdp, khong gian
ti€p xuc clia cdc mit cho bdi tham s6 hod::
a) p(t,0) = (tcos,tsinb, h). (mat Helicoid).
1
b) ¢(t,0) = ((1+tcos§)cosh, (1 +tcosf)sind, tsind), [t < 1,9 € (0,2m).
(14 Mobius)
Xét da tap M cho & bai tdp 2. Goi F = (F1,---, Fppn).
a) Chiing minh khi dé khong gian ti€p xic clia M 1a
T.M =ker F'(z) = {v € R" : < grad Fy(z),v >= --- =< grad F,,,(z),v >=0 }.

b) Cho f : R® — R. Ching minh néu f dat cuc tri v6i di€u kién x € M = {x :
g(x) = 0} tai a, thi tdn tai Ay, -+, A\ € R, sao cho

grad f(a) = A\igrad Fi(a) + - - - + Apgrad Fi,(a).

Xét cuc tri ham:
a) f(x,y) = ax + by, véi diéu kién 22 + % = 1.
b) f(x,y,2) = — 2y + 22, véi diéu kién 2% +¢% + 22 = 1.
o oo o @ yr 22
o) f(z,y,2) =a*+y +z,v01dleuklenﬁ+b—2+c—2:1 (a>b>c>0).
d) f(z,y,2) = xyz, v6i cdc diéu kién: 22 +¢y> + 22 =1,z +y+2=0.

e) f(z,y,2) =2+ y + 2, v6i cdc diéu kién: 22 +¢y? =2,z +2 = 1.

Xét cuc tri cac ham:

a) f(x,y,2) = 22 +y% + 22, v6i diéu kién 22 +y%2 — 2 < 2 < 0.

b) f(z,y,2) = 2% + 2y + 322, véi diéu kién 22 + y? + 22 < 100.

Tim thé tich 16n nhit cta cdc hinh hop chit nhét véi diéu kién dién tich mit 1a
10m?.

Chitng minh trung binh hinh hoc khoéng 16n hon trung binh sd hoc, i.e.

1
(al...an);<_(a1+...+an)7 (al’--~70,n>0>

Jun

3

n n n
“y) <TGy 0mneN).

Chitng minh bat ding thic ( 5 5

" n R .
Y v6i didukién o+ y = s).

(HD: Xét eye tri f(z,y) = —

Chting minh bat ddng thitc H older:

n n 1

n 1 1 . 1
Doairi < (3_af)?(3oaf)e,  n€uwiai >0, + =1 (p.g>0).
i=1 i=1 i=1 p 4
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17.

18.

19.

20.

21.

22.

23.

Suy ra bat ding thiic Milkovski:

n
> lai + xfP)
=1

3=

L 1 L 1
<O laifP)r + O || 9
i=1 i=1

P 1 P
HD: |a + z|P = |a + z||a + 2|1 < |alla + z|7 + |z||a + x|4.
Chiing minh cyc tri hAm f(z,y) = az? + 2bzy + cy?, véi didu kieén 22 + 9% =1,
. . ) R a b
dat tai cdc vector riéng ctia ma tran ( b . )
T8ng quat bai tip trén. Cho A 12 ma tran thyc, ddi xing cAp n. Pinh nghia
f(x) =< Az,z >='xAz,2z € R". Ching minh n€u v € R", |jv|| = 1: f(v) =

max{f(x) : ||z|| = 1}, thi Av = A\v. Suy ra moi matran ddi xding déu c6 gid tri
riéng thuc.

Cho u,v € R3. Chi'ng minh
lux v| = (Jul?|v)*~ < u,v >)% = dién tich hinh binh hanh tao bdi u, v
Suy ra cdc toa dd ctia u X v theo cdc toa do cua u,wv.

Cho h: R® — R"™, h(x) = Az, va P la hinh binh hanh k chiéu trong R™. Tim
moi quan hé gifta cdc thé tich k chiéu Vi (P) va Vi (h(P)).

Tinh cédc tich phan dudng:

a) / y2dl, C 1a cung cycloid z = a(t —sint),y = a(l — cost),0 < t < 2m.
c

b) / xdl, Cla phan dudng loga cé phuong trinh trong toa d6 cuc: r = a*%, r <
C
a.

c)/zdl, C'1a cung xodn x = tcost,y =tsint,z =t,0 <t < T.

c

d) / 22dl, Clacungtron 22+ 2 +22 =1,z 4y+2=0
c

(HD: Dya vao tinh d6i xttrng ctia cdc bié€n)

Tinh cédc tich phan mit:

a) /SzdS, Sla miatx =wucosv,y =usinv,z =v,0<u<a,0<v <27

b) /SzdS, S 1a phin mit nén z = /22 + y2 gidi han béi tru 22 4 22 < 2az.
c) /S(J:er+z)d5’, S 1a n&ra mit cau 2% +y? + 22 =a?, 2 > 0.

Chitng minh cong thic Poisson

1
/ flaz + by + cz)dS = 271/ fuva?+ b2 + c¢?)du.
2492 +22=1 -1

(HD: Dung phép quay va dé€ y phép quay bdo toan dién tich)
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24.

25.

26.

27.

Tinh d6 dai cic dudng cong tham sd ho4:
a) a(t) = (acosbt,asinbt,ct), t € [0, h]
b) a(t) = (tcosbt, tsinbt,ct), t € [0, h]

Cho f: U — R 1a ham khd vi trén tdip md U C R™. Ching minh cdng thic
tinh thé tich n chiéu

N 1
of 2
|2 hf) = [ (1 ——)?
A(graph) = | ( +3 () )
Ap dung tinh d6 dai Ellip va dién tich mit Ellipsoid.
Chitng minh c6ng thitc tinh dién tich cho mit tron xoay & bai tip 3:
b 1
So =2 [ yO@ 0 +y (0 e
a

Ap dung tinh dién tich mat Ellipsoid va mit xuyén.

Viét cong thic tinh dién tich mit nén cho & bai tip 4. Néu mot vi du cu thé.

I11. Dang vi phén.

1.

2.

Cho (z,y) = f(r,p) = (rcosp,rsing). Tinh f*(dz), f*(dy), f*(dz A dy).

Cho (x,y,2) = f(r,¢,0) = (pcospsinb, psin psinf, pcosf). Tinh

frdx), f*(dy), f*(dz), f*(dzAdy), f*(dyNndz), f*(dzAdx), f*(dzAdyndz).

.Cho f: R" - R™ v..g : R™ — RP la cdc d4nh xa khd vi. Chding minh

(go f)* = frog*

Cho f:R™ — R™ khd vi va rank f'(x) < k v6i moi € R™. Ching minh khi
dé f*w =0 véi moi w € QF(R™).

. Tinh dw cdc dang vi phan trong trong R? sau

a) w=2adr +ydz b)w =sinzxdr +ydy +e"dz c)w =e¥dx Adz
d) w=ady ANdz + ydz N dx + zdx N dy.

. Tim (n — 1)-dang vi phin w trong R" sao cho dw = dxj A -+ - A dxy,.

Gid st w1 V.. wo 1a cdc 1-dang déng. Chléng minh w; A wo 14 dang déng.

1

Chirng minh dang w(z,y,2) = — (zdy A dz + ydz A dz + zdx A dy),
T

v6i r? = 22 + 9% + 22, 12 d6éng nhung khong khép trong R3\ {0}.
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9.

10.

11.

12.

n
Cho dang vi phan w = Z a;(z)dxz; trong cAdu md tim a clia R". Gia st w déng.
i=1

Chitng minh d€ tim ham f sao cho df = w c6 thé diing cic cong thic sau:
n

a) f(z)=>_ (/01 ai(a+t(x — a))dt) ;.

i=1

1 2 Tn
b) f(x) = / a1($1,"',$n)d$1—|— a2(0417x27"'7xn)d$2+"'+ an(al,OéQ,"'

a1 a2 Qn
trong d6 a = (a1, -+, ay)

Ki€m tra tinh d6ng clia dang w, rdi tim tich phan diu khi

a) w = (vt+dzy?)dz+(62%y> —5y*)dy  b) w = (x+siny)dz+(z cos y+siny)dy
¢) w=e*cosydr — e“sinydy d) w= (224 2zy — y?)dx + (2% — 22y — y?)dy
e) w = a(x)dzx + b(y)dy + c(z)dz, trong d6 a,b,c 1a cdc ham kha vi trén R.

f) w = a(x?® + y* + 2?)(vdx + ydy + 2dz), trong d6 a 1a ham kha vi trén R.

Xdc dinh o @€ dang vi phan sau 13 déng, rdi tim tich phan dau

3 2 2 3

z° — 3xy 3x‘y —y

= d dy.
YT @t e

Xéc dinh ham ¢ : R — R, ¢(0) = 0, sao cho dang sau 1a déng
w= (142} p(z)dx — 2zyp(z)dy — 32d=.

Tim tich phan dau.

IV. Tich phan dang vi phan

1.

Chitng minh mot dudng hay mit lién thong dinh huéng dugc, thi c6 thé dinh
ding 2 huéng. Mot dudng hay mit ¢6 d thanh phan lién thong dinh huéng dugc,
thi ¢6 thé dinh bao nhiéu huéng?

. Néu vi du da tap c6 bd khdong dinh huéng dugc, nhung b3 dinh hudng dugc.

Tinh / ydz + zdy + xdz, véi C 1a dudng xodn x = acost,y = asint,z =
C
bt,0 < t < 2m, dinh hudng (a,0,0) dén (a, 0, 27b).
dr — (x —y)d
Tinh / (@t y)de — (@ = y)dy
c r? +y?
a) C' 1a dudng tron don vi dinh huéng ngudc chiéu kim ddéng hd.
b) C' dudng cong kin khong qua (0,0).

s T )T,
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10.

11.

12.

. Cho a: [a,b] — R?\ {0} 1a mot tuy&€n. Gid stk

a(t) = (z(t),y(t)) = (r(t) cosO(t), r(t)sinb(t)) v6i z,y,r, 0 la cdc ham kha vi.

oy Y2 () +x(t)y(t)
a) Chitng minh 6'(t) = 20 1 52(0) .

b) Xét w = . Chi'rng minh w déng nhung khong khép.

¢) DBinh nghia chi s6 vong quay ctia o quanh 0:

o [

Tinh chi s& trén khi a(t) = (acoskt,asinkt), t € [0, 27].

. Tinh / Hdx + (2° — 2H)dy + (2* — y?)dz,

trong d6 C 1a chu vi tam gidc cAu: 22 +y? + 22 = 1,z,y,2 > 0, dinh huéng
cdm sinh huéng phdp ngoai mit cau..

Cho S 1a db thi ham z = 22 +y? + 1, (z,y) € (0,1)%. Hay xdc dinh mot huéng
cho S r6i tinh
/ ydy Ndz + xzdx N\ dz
S

Tinh tich phan do géc khéi clia mit S d6i véi goc 0:

/ xdy Ndz +ydz Adz + zdx A dy
IS ($2+y2+22)3/2

trong trudng hgp S 1a: a) Mit cau. b) Nita mit cau. ¢) Mot phan tdm mit cau.

. Trong R3, cho S: 422 +y? + 422 =4,y > 0.

a) Phdc hoa S va 0S. )
b) Tham s6 hod S bdi ¢(u,v) = (u,2(1 — u? — v?)2,v). Xédc dinh huéng cho
bdi tham s6 .

¢) Cho w = ydx + 3zdz. Tinh w va / dw.
oS S

Ap dung cong thic Green, tinh: [ = / zy?dy — x2ydz, v6i C : 22 + y? = a?
C
dinh huéng nguge chiéu kim dong hd.

Ap dung cong thitc Green, tinh dién tich hinh gidi han bdi dudng cong trong R?

T n y n
cho bdi phuong trinh (—) + (E) =1. (a,b,n > 0).
a

Cho I = / xdx + ydy + zdz,
C

véi C 1a dudng tron: 22 + 42 + 22 = a%, 2 +y + 2 = 0, v6i dinh huéng tu chon.
a) Tinh tryc ti€p I. b) Dung cong thitc Stokes tinh I.
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13.

14.

15.

16.

17.

18.

19.

20.

Cho S C R? 1a mit tron c6 by 12 dudng cong C = 9S. Gid st C chia trong
mit phing ¢d dinh az + by +cz —d =0, (a® + b? + ¢* = 1). Tinh

dr dy dz
7{ a b ¢
Mz y =z

Cho I= / yzdz N\ dy + zzdy N\ dz + zydz A dz,
s

véi S 12 phia ngoai mit: 22 +y? = R?,z,y,2 > 0,2 < H.
a) Tinh tryc ti€p I. b) Dung cong thitc Gauss-Ostrogradski tinh 1.

Cho I= / dady A dz — 2y2dz A dz + 22dx A dy,
S

v6i S 1a phia ngoai mit gi6i han bdi: 22 4+ 9% < 4,0 < 2 < 3.
a) Tinh tryc ti€p I. b) Dung cong thitc Gauss-Ostrogradski tinh 1.

Tinh I(t) = / P(x? + y*)dx A dy + Q(y, 2)dy A dz + R(z,z)dz A dx,
St

v6i P,Q, R 1a cdc ham kha vi, Sy = {(z,y,2) : 2?2 + 3> + (z — 1)2 =12, 2 > 0}.
Suy ra I'(¢).

n

Chow = Z aidz; € QY(U), v6i U 1a tap md, co rit dugc trong R™ Chitng minh
i=1

cic diéu sau tuong duong:

(i) w la khép, i.e. ton tai ham f: w = df.

(il) w 1a doéng, i.e. dw = 0.

8&1' 8aj
(Hl) 83)j B awi’
@iv) 7{ w = 0, v6i moi dudng cong kin C.

C

v6imoii,j=1,---,n.

@iv) / w chi phu thudc a,b ma khong phu thudc dudng cong C,;, ndi ching.
Ca,b

Ki€m tra két qlia bai trén khi w =
a) f(2® +y*)(wde +ydy)  b) f(z)dz + g(y)dy + h(z)dz

o) flx+y+2)(dx+dy+dz) d) f(Va2+y? + 22)(wdx + ydy + zdz),
trong d6 f, g 1a cdc ham 16p C'.

Xét / f(z® 4+ ) (ydx + zdy), v6i f1a ham 16p CL.
C

Chitng minh tich phin trén khéng phu thudc dang cia dudng cong C' ma chi
phu thudc 2 dau miit ctia C.

Tim diéu kién cho cdc ham P, Q thudc 16p C? sao cho

/ P(tz, ty)dz + Q(tz, ty)dy,
C

khong phu thudc ¢, véi moi dudng cong kin C.
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21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

cos(N,r)
f [I7(|>
kin trong R3, 0 ¢ S, va N la trudng phdp, don vi, huéng ngoai.

Tinh tich phan Gauss / dS, trong d6 r = (x,y,z), S 1a mat tron,
s

Cho V C R? 1a kh&i gidi han bdi mit tr7n, kin S, vdi N = (cos o, cos 3, cos )
la trudng phdp vector don vi dinh huéng médt S. Ching minh:

a) / cos(N,v)dS = 0, v6i moi huéng v € R".
S
b) Thé tich ctia V cho bdi cong thic

1
V:gf(xcosa+ycosﬁ+zcosv)d8
S
¢) Néu F(x,y,z) = (ax,by, cz), thi /<F,N>dS:(a+b+c)V.
S

Tinh  F(t) = /de, V6i S i x+y+z =1t va f(z,y) = 22 + y% néu
S
2?2+ 9y + 22 < 1;va f(z,y) = 0 trong trudng hgp ngugc lai.

Tinh / ((cos z — cosy) cos a + (cosx — cos z) cos 3 + (cosy — cosx) cosy) dS,
S

vdi S 1a phia trén mit cAu 22 +y2 + 22 = 1, vd o, 8,7 14 cdc géc tao bdi trudng
phédp vector ciia S véi cdc truc toa do.

Tinh / (2% cosa + % cos B + 22 cos)dS,
S

vdi S 12 mit nén gidi han mién: 224 y? < 22,0 < z < h, dinh huéng bdi trudng
phdp vector N = (cos a, cos [3, cos~y) hudng ra ngoai.

Cho trudng vector F(z,y, z) = (222, —2y%22, 2y*2). Tinh div F =< V, F > va
rot F =V x F.

Chitng minh rot(grad )f = 0, va div(rot F)= 0 (f 1a ham, F' 1a trudng vector
lop C?)

Trudng vector F = (Fy,---, F,) trén U C R™, goi 1a truong th€ n€uu ham f
kha vi trén U, sao cho F' = grad f (goi 1a ham th¢)

a) F 13 trudng thé& khi va chi khi wp = Fydxy + - - - + Fdx, 12 dang khép.
(2,9, 2)

5 €6 1a trudng th&€? NE&u c6
(a2 2 4 22))

b) Trudng hap dan F(z,y,2) = —m
tim ham th& cda né.

Trong R?, cho trudng vector F. Thit gidi thich tai sao trong vat 1y ngudi ta goi
a) / < F,T > ds la cong cta trudng I doc theo duong cong C.
C

b) / < F,N > dS la thong lugng dong F' qua mit cong cong S.
S

Trong R3 cho trusng vector khd vi F. Chitng minh

1
divF(wo)zlim—/ < F,N >dS,
V. Js,

r—0 V,
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31.

32.

V6i V. 1a thé tich hinh cAu tAm z¢ bdn kinh 7, v6i S, 12 bd va N 1a trudng phap
vector don vi trén 5.

Cho S 1a mit gidi han khdi V va N trudng phap vector don vi trén S. Ching
minh
/ div NdV = dién tich (S) x th€ tich (V)
v

Cho ¢, 1a cdc ham 16p C? trén mién gidi n6i V C R?, c6 bd 1a mit kin S,

dinh huéng bdi trudng phédp vector don vi N hudng ra phia ngoai. Chding minh
a) Cong thifc Green thi nhat:

/(¢A¢+<V¢,Vzp>dV:/ < oV, N > dS
1% S

b) Cong thic Green thi hai:
/(gko—l/JAtp > dV:/ < oV — Vo, N > dS
1% S

2 2 2
trongdéA:<V,V>:i+i 9

+ ——, 1a toan ti Laplace.
ox2  Oyr 022 P



