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Loi tua

To all the girls
1 love before.

Toi dén v6i giai tich ham nhu mot "su sap dat ctia s6 phan". C6 18, d6
14 nguyen nhan dé toi viec viét tap tai lieu nhé nay. Xin nhan manh ring,
day chi 1a su gép nhat khai trién ching c6 gi 1a sang tao. Thinh thoadng c6
doi 161 khen tang, toi 1ay lam xau ho nhu da cudng chiém mot cai gi dé
khong phai phan minh dugc huéng.

Khi mot ké binh thuong quén uéc luong tai stc clia minh, viét vé mot
diéu qua rong 16n va triru tuong chac han khong thé tranh khéi thiéu sot.
Rat mong s chi gido clia cac doc gi.

Nudc muon séng khong di cho t6i rita tai dé nghe nhitng 18i cao luan.

Hué, thang 5, 2008.

Pham Dinh Dong
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"A journey of a thousand miles begin with one step" - L3o Tt

1 Khoéng gian dinh chuan

Bai tap 1.1. Cho X la mot khong gian vecto , fi, fo : X — K la cdac danh
za tuyén tinh théa fi(x)fo(x) = 0,V € X. Ching minh ring fi = 0 hodc
fQ =0.

Chatng minh. Gia st f; # 0 ta can chiing minh fo = 0. Vi f; # 0 nén ton
tai 21 € X sao cho fi(x1) # 0, lac do6

fa(z1 fi(z1)) = fa(xr) fi(z1) =0

Suy ra fo(z1) = 0 hay 21 € Kerfs.
Néu fo # 0 ltc d6 ton tai 9 € X sao cho fy(xs) # 0 thi zy € Kerf;. Dat
Ty = T1 + T2, lac do

fi(wo) = fi(z1) + fi(w2) = fi(w1) # 0

fo(wo) = fo(w1) + fo(x2) = fo(w2) #0
= f1(20) f2(w0) = fi(21) f2(22) # 0O
Mau thuan véi gia thiét, vay fo = 0. ]

Bai tap 1.2. Cho X la khong gian vecto , A : X — X la dnh za tuyén
tinh théa A% = 0. Chitng minh rang Id — A la song dnh.

Chitng minh. V6i moi x1,x2 € X thoa (Id — A)(x1) = (Id — A)(z2) =
xr1 — A($1) = Ty — A(Ig) = A(x1 — .%'2) = T — Ty = A2($1 — .%’2) =
A(xy) — A(xe) = 0= A(z1) = A(z2). tit d6 suy ra x1 = x9. Vay Id — A la
don anh.

Véimoiy € X, xétx = A(y)+y € X, khido (Id—A)(z) = (Id—A)(A(y)+
y)=AWy) +y— A(A(y) +y) = Aly) +y — A(y) — Aly) = y. Vay Id — A
l1a toan anh.

Vay Id — A la song anh. ]

Bai tap 1.3. Cho X, Y la hai khong gian vecto vor dimX = n,dimY = m.
Ching minh rang dim(L(X,Y)) = n.m.

Chitng minh. Tac6 L(X,Y) = {f : X — Y la cac anh xa tuyén tinh } 1a

mot khong gian vecto . Lic dé L(X,Y) = Mat,,«,,(K), suy ra dim(L(X,Y))

= dimMat,, s, (K).

Mt khac ta thay AU 1a ma tran sao cho a;; = 1<y
n,l

1,1<i<n, con
cac vi tri con lai bang 0 thi lac d6 he gom {(A; )} <i<

A |/\

JS
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13 doc lap tuyén tinh.

Mat khac
ailr ... Qip
as21 ... Q9on
A= . .
Am1 .. Qmp
thi

A= > audi
i=1 j=1
Do d6 {4;;} 1a hé sinh ctia Mat,, ., (K).
Vay {A;;} 1a co s6 clia Mat,x, (K) va né ¢6 m x n phan ti.
Vay dim(L(X,Y)) = n.m. O

Bai tap 1.4. Cho f : X — R la danh za tuyén tinh , Y C X théa
Kerf Cc Y. Chitng minh rang Y = X hodc Y = Kerf.

Chiing minh. Gia st Y la khong gian con ctia X chita Kerf thuc sy. Lic
do c6 yo € Y va yy ¢ Kerf nén f(yy) # 0.
V6imoi z € X, tadit z =2 — f(x)yo thi

f(wo)
T (I 1 DY
f(z) = J( f(yo)yO) f(z) f(yo)f(yO) flx) = flz) =0
:>z:x—}f<(yx0)>y0€KerfCY
N () o
uy ra x z+f<y0>y0€Y,tu?claX Y. O

Bai tap 1.5. Cho X # {0} la khong gian vecto thuc hodc phic. Ching
minh rdng ta ¢ thé trang bi it nhat mot chuan tren X.

Chiing minh. Goi B = {e,| @ € I} 1a co sé Hamel ctia X trén K. Liac do6
moi x € X,z # 0 c6 thé viét duy nhat dusi dang

n
Tr = E xijeij
J=1

trong do n € N,z;, € K\ {0},4; € I,j = 1,n doi mot phan biét. Ta dinh
nghia
n
|zl = |a| va |z =0néuz=0
j=1

Ta sé chiing minh |.|| 13 mot chuan tréen X. That vay,
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n
Lay © € X,z # 0. Liac d6 « = > z;e;, trong d6 n € N,z;, €
j=1r
K\ {0},4; € I,j = 1,n doi mot phan biét. Vi z # 0 nén ton tai it
nhat mot i; # 0. Do do, ||z|| > 0.

Véi moi v € X va A € K, néu v = 0 hoic A = 0 thi A\ = 0,
do d6 |[Az|| = |A|||z||. Gia st « # 0,X # 0. Néu x = > z;,e;, thi
=1

n
Ar = Y Axje;. Suy ra ||Az|| = [A]||z|].

j=1
Lay tuy ¥ z,y € X. Néu x = 0 hoac y = 0 thi ||z + || = ||z|| + ||y]|-
Ngudc lai, néu z,y # 0, ta xem x c6 biéu dién nhu trén va y =
m

> yrer, trong Ao m € N,z € K\ {0},t5 € I, s = 1,m d6i mot phéan
s=1

biét.

bat C,,C, C I nhu sau

C,={ij,j=1,n}vaC, = {ts,s=1,m}

n m
Néu C, N C'y =0thiz+y= Z Ti;€i; + > yr.ep,. Khi do ||z +y| =
s=1

}x%
]_
Bay gio ta gid st C,, = C, N C, # 0. Khong mét tinh tong quat, gia
st Iy = tmain—l = tm—l;; .. 77Z.n—k = tm—k thi C:vy = {ina S 7in—k} =
{tm, ..., tm_r}. Ta c6 thé bieu dién x + y nhu sau

n—k—1 m—k—1

T+y= Z Ti;€i; + Z Yt Ct, T+ Z(%’n_l + ytml)ei,,,l]

voi (x;, , + 1y, ,) # 0, néu n6 bang 0 thi ta khong viét ra.
Néu z +y = 0 thi

thi
n—k—1 m—k—1
|z +yl| = Z |z, | + Z |y, S Yt
n; 1 m—k—1
< Z ;| + Z [y, ot + 9 ])
= Hxl\ + [yl
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Bai tap 1.6. Kiém tra cdc tdp cho dudi day la khong gian dinh chuan .

a) X =K" 2= (x1,...,2,),||z| = m?ixhsi]
1=1,n

b) X = c, cac diy so thuc hodc phic hoi ty, ||z|| = sup |z,
neN
c) X = Mla,b], tap gom tat cd cac ham so bi chan trén [a,b], ||z| =
sup |z(t)]
t€la,b]

b
d) X = Cly, cdc ham s6 lien tuc trén [a,b], |lz|| = (f |x(t)|?dt)"/?

a

e) X =11, tap tat ca cac day sé thuc hodc phic (x,)nsa0 cho . |x,| <

~ n=1
+oo va [|lzf = > |zl
n=1
Chiing minh.

a) Ta c6 v6i moi x € X, ||z|| > 0.

|z|| =0 = max|z;| =0=2;=0Vi=1,n=2=0

1=1n
Ve e X,VA e K, taco
[Az]] = max [Az;| = [Af max |z;] = [Al[|]
i=1,n i=1,n
Vé6i moi z,y,z € X, ta cod
|z + y|| = max |z; + y;| < max|z;| + max ||
i=1,n i=1,n =1,n

Suy ra [|lz +yl| < [lzf| + [ly]- ?

Vay (X, ||.||) 14 mot khong gian dinh chuan.
b) Tuong tu a)
c) Tuong tu.

b b
d) Ta c6 |lzl| = ([ |=()]?dt)"* = 0 va ||z = ([ [z())Pdt)'/?* = 0 =
a a

b
[ |z(t)|*dt = 0. Gid st @ # 0, tiic 1a ¢6 (a, 8) sao cho z(t) # 0,Vt €

(cv, B) nén f|:1: (t)|2dt > f|:1: (t)|*dt > 0, mau thuan.
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V6i moi z € X, A € K, ta co || Az| = |A]]|z]].
Vz,y € X, ta c6 theo bat dang thic tich phan thi

b b b
(/‘x(t) —|—y(t)\2dt)1/2 < (/ |x(t)\2dt)1/2—|— (/|y(t)|2dt)1/2

= [l +yll < [lzfl + [lyl- 9
Vay (X, ]|.||) 14 mot khong gian dinh chuan.

e) Taco ||z]| = > |z, > 0,Vx € X.

n=1

|zl = > |zn| =0=2,=0,Vn e N= 2z =0.
n=1

V6i moi z € X, A € K, ta co || Az| = |Al]|z]].
Ve, y € X, ta co

T + Yn| < |zn| + |yn],Vn € N

(0.} (0.} (0.}
=) vl <zl > vl
n=1 n=1 n=1

= |z +yll < llz]l + llyll- ?
Vay (X, ||.||) 14 mot khong gian dinh chuan.
[

Bai tap 1.7. Cho (x,)n, (Yn)n la hai day Cauchy trong X. Ching minh
T&ng O = Hxn - yn” hoi tu.

Chaing minh. Ta chi can chiing minh (ay, ), 1a day Cauchy trong R thi (),
hoi tu. That vay, véi moi m,n € N ta ¢6 |y, — an| = |||xm — yml| — |20 —
yn“‘fg H$WL_'yﬂz_‘xn'+’ynH Sngnz_'an +_Hyﬂl__ynH'

Do (2n)n, (Yn)n 1& hai day Cauchy trong X nén khi m,n — oo thi ||z, —
zoll — 0 va ||ym — ynl|l — 0. Suy ra |, — a,| — 0 khi m,n — oo.

L]
Bai tap 1.8. Cho |.|l1,[.ll2,- -, [lllx & cdc chuan trén khong gian dinh
chuan X, ai, e, ..., a5 € R .
1. Chatng minh max{||.||1, ..., ||-|lx} l& mot chuan.

k
2. Ching minh >_ ag||.||x la mot chuan.
i=1
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3. fe€L(X,Y),Y lakhong gian dinh chuan nao dé. Ta dinh nghia

Ne: X — R
z — | f(@)[l

Chaing minh ||.||a la mot chudn khi va chi khi f don dnbh.
Chiing minh.
1. Ra.
2. Ro.

3. lzlla =0 | f(2)]1 =0« flz) =0.
f(x)=0= 2 =0= ker f =0. Vay f don anh.
Cac cong viéc con lai xin danh cho doc gia.
]

Bai tap 1.9. Choa > 1. Trén C|0, 1] xét cdc chuan sau || f|l = sup |f(t)],
t€[0,1]

1
1fll = abf [F()]dt, ¥ € C[0,1]. Chitng minh || f[| = min{|[f1, [[ [l } la

mot chuan khi va chi khi a < 1

Ching manh.
Néu a < 1 thi || fll1 < ||fllee nén ||f|| = || f]|1, r6 rang 1& mot chuan.
Lay fu(t) = t",Vt € [0,1],Yn > 0. Khi d6 || folli = a, || foll = 1, do

d6 [|foll = min(1,a). Mit khic ||fulli = =% [[fallw = 1, do d6 || fu]l =
min(1, =45),Vn < 1. Yn, ta c6||fo + falli = a(l + =5), [ fo + fall = 2, do

d6 || fo+ full = min(2, a(1 + ). Néu ||| 1a mot chuan thi né théa bt

déng thic tam giac, tic 1a

)) < min(1,a) + min(1, L)

in(2, a(1
min(2, o1+ 27 n+1

Cho n — oo ta dugc
min(2,a) < min(1,a) + min(0, 1)

Suy ra min(2,a) < min(1,a), tic la a < 1.1
[]

Bai tap 1.10. Cho X la mot khong gian dinh chuan. Tim tat cd cdac khong
gian con ctia X chia trong mot hinh cau.

Lmin cta hai chudn chua hin 1a chuén.
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Chiing minh. Gia sit L 1a khong gian con ctia X va B(a,e) C X sao cho
L C B(a,¢). Lay x € L tuy y. Khi d6 nx € L,¥Yn € N. Vi L C B(a,¢) nén
nx € B(a,¢€), tic la ||nx —a|| < €,Vn € N, tit d6 ||nz|| < ||nz —al| + ||la]| <
e+ [laf

e+ ||al|. Suy ra ||z|| < . Chon — oo taco ||z|| =0, hay x = 0. Vay

L = {o}.
[]

Bai tap 1.11. Cho X la mot khong gian dinh chuan. Tim tat cd cdc khong
gian con cia X chia mot hinh cau.

Chitng minh. Goi L 1a khong gian con ctia X sao cho B(a,¢) C L. Ro rang
a € L. Lay x € B(0,¢), tuc 1a ||z|| < e. Khi d6 a+z € B(a,€) C L. Suy ra
x € L, tic la B(0,¢) C L.

Mat khac Vo € X,z # 0 ta ¢o i

2| 2|||
khong gian con nén x € L. Do d6, X C L. Vay L = X.

€ B(0,¢) nén € L.ViLla

]

Bai tap 1.12. Cho X la khong gian dinh chudan va G la khong gian con
ctia X. Ching minh rang hodc G = X hodc G= 0.

Chatng minh. Néu G= 0 thi theo bai 1.11 ta ¢6 G = X.
[]

Bai tap 1.13. Cho X,Y la hai khong gian dinh chuan. A : X — Y la
toan ti tuyén tinh lien tuc, (A,), la day cac todn i tuyén tinh lién tuc tu
X wvao Y. Ki hiéu

U= {x € X| A,z khong hoi tu vé Ax}

va

V ={x € X|(Anx), khong phdi la day Cauchy }
Chatng minh rang U va V' hodc bang O hodc tru mat trong X .
Ching mainh. Ta c6

Cy=X\U = {x € X| A,z hoi tu veAz}

Ro rang X \U 1a mot khong gian con ciia X. Gid stt g € U vanéu x € Cy
thi VA € K, X\ # 0,z + Axg € U. That vay, néu nguoc lai z + \zg € Cy

1
ta suy ra x¢g € Cy, vo ly. Ltac do Vax € Cy,Vn € N,z + —xy € U va day
n

1 — — _
r+—x9g—axnénz €U, ticla Cy C U. Dodo, X =UUCy C U. Vay
n

U=X.
Twong tu cho V.
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Bai tap 1.14. Cho X la mot khong gian dinh chuan va A C X sao cho
X\A la khong gian con tuyén tinh cia X. Ching minh A hodc bang () hodc
tru mat trong X.

Chatng minh. Theo gia thiét X\A 0 hoac X\ A = X. Suy ra A = () hoic
X\A =0, titc 14 A =0 hosic A = X. Do d6, A hozc bing @ hodic trit mat

trong X.
[]

Bai tap 1.15. Chiing minh rang trong khong gian dinh chuan X, B(xg,r) =
B'(zg,7) va int(B'(zg,7)) = B(xg, 7).
Chiing minh.
1. B(xg,r) = B'(xo,1).
Ta c6 B(zg, 1) C B'(x¢,7), do B'(x¢, ) dong nén B(xq,r) C B'(xq,r).

Ngugc lai, 1ay x € B'(xo,r) thi ||z — x¢|| < r. Ta chon day (z,), nhu
sau

1 1
Ty =1——2x+ —x,
n n
lzn—o|| = 1= 2+ 7z0—20l| = |(1=7) (z—20)l| = (1=3) ]z — o] <

[ — ol <,

= ||lxn — x| < r, Vn € N* hay z, € B(xy,r), Vn € N* hay
(Tn)n C B(xg,T).

Ta c6 ||z, —2|| = 1= 2+ 20— = [l;(—z+a0)| = ;l(=z+20)|| <
Z.Vn. Suy ra ||z, — || — 0,n — oo

Vay x € B(xg,r) hay B(xg,r) D B'(xq,1).

2. int(B'(xg,r)) = B(xo,7)
Ta c6 B(xg,r) C B'(x¢,7), suy ra B(xg,r) C int(B’(xq,r)).
Mat khac, v6i moi x € int(B’(zg,r)) ta can ching minh ||z — x| < 7.

Gia st ||z — xo|| = r. Vi © € int(B'(xp,7)) nén c¢6 s > 0 sao cho
B(z,s) € int(B'(xg,7)). Taldy x1 = (1+ ) — 32, Tae do6 ||z —af| =
[(1+50)e — 52—zl = glle — 2ol = 5r =35 <s.

Suy ra z1 € B(x,s) nén x; € 1nt(B’(xO, r)) (>|<)

Hon nita, [lz1 — xoll = [(1+ )z — 22 — o]l = (1+ 3)lle — ]l =

l+g)r=r+5>r.

= 11 ¢ B'(x9,7) = 21 ¢ int(B'(xp, 7)), mau thuan véi (x).

Vay ||z — xg|| < r hay x € B(xg,r). Suy ra int(B'(xg, 7)) = Bz, ).
Nuan xg1: Cac khdng dinh trén khdng ding trong khdong gian
métric.

Chang han, ddi v6i métric roi rac? (X,d) ta c6 B'(zg,1) = X v&

2Ta nén nghi dén métric nay khi tim phan vi du vé sit khac nhau giita khong gian dinh chuan va khong
gian métric. Day 14 mot trong nhing vi du chiing té mot métric chua hén sinh ra mot chuan.
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B(SL‘(), 1) = {SL‘()}
Mot vi du khac la khong gian métric (N,d) v6i d duge dinh nghia
nhu sau:
0 néu m=n
d(m,n) = 1
1 + min(m, n)

néu n # m

Ta c6 B'(0,1) # B(0,1). That vay,
B'(0,1)={neN:dn,0)<1}={neN}l=X
B(0,1) ={n e N:d(n,0) < 1} = {0}
B(0,1) = {0}

Bai tap 1.16. Cho A, B C X. Chiing minh ring
1. A dong, B compact thi A+ B dong.
2. A, B compact thi A+ B compact.
3. A, B dong ma A+ B khong dong.

Ching minh.

1. A dong, B compact thi A+ B déng.
Lay (z,), C A+ B, 2, — z. Ta can chitng minh z € A + B.
Do (z,)n C A+ B nén z, = x, + yYp, xn € A,y, € BVn € N.
Vi (y,)n C B va B compact nén c¢6 day con y,x — yo € B, va do day
con 2, ciing hoi tu vé 2z nén T, = 2r — Yk hO1 tu vé z — 1.
Do A déng nén z —yyg =29 € Ahay z =29+ 1y € A+ B.
Vay z, — 2 € A+ B nén A+ B la dong.

2. A, B compact thi A+ B compact.
Lay (2,)n C A+ B khi d6 z, = x, + yn,2n € A,y, € BYn € N. Vi
A, B compact nén ton tai hai day con (2, C (2)n) VA& Yni € (Yn)n
sao cho xp, — ag € A,y — by € B
Tu hai day con trén ta trich ra duge hai day con yj, Ynk; sao cho
Tnkj — Qo € A;ynkj — by e B
:>an:j :xnkj+ynkj —>CL0—|—b0 €A+ B

3. A, B dong ma A + B khong dong.

1
A:{n—l—ﬁ\nEN}
B ={-n|n € N}
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A, B déng va A+ B D {+|n € N}
nhung (1),epn C A+ Bdanve 0va0¢ A+ B
Vay A + B khong déng.
O

Bai tap 1.17. Néu B(xg,r) C X va Y la khong gian con cia khong gian
dinh chuan X théa B(xg,r) CY. Chitng minh X =Y .

Chatng minh. Ta chi can ching minh X C Y. That vay, Vo € X, lay
Yy = mx + x9, lac do

rllz|
1 [|]

ly — zoll =

=€ B(xg,r) CY
Ma ma}:y—xo €Y do xg € B(zg,7) C Y, nén

L[zl 7 1+ [z
- . Y
r (1 n HxH:E) r (y 3;0) S

=z €Y hay X CY.
Vay X =Y. O

Bai tap 1.18. Khong gian dinh chuan nao & bai 1.6 la khong gian Banach.
Ching minh.

a) X la khong gian Banach. That vay, 1ay (z,), 1a mot day Cauchy
trong X, ta co
|xr — xm|| — 0,k,m — 0

hay o
max |z, — x,,| — 0,k,m — o0
1=1,n
Suy ra |z} —2!,| — 0,k,m — 0o,Vi=1,n
= (x!), la day Cauchy trong K nén z! — z{, € K, Vi = 1,n.
Ta dat zg = (x), 22, ..., 2}), lac d6

|y — xo|| = m?}dajfl — x| — 0,n — oo.
i=1,n

Vay x, — xy € K".

b) X la khong gian Banach. That vay, lay (z,), 1a mot day Cauchy
trong X, ta co
|k — || — 0,k,m — oo
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hay
sup |2§ — a%| — 0,k,m — oo
1€N
Suy ra |z}, — 2;,| = 0,k,m — 00,Vi € N
= (%), 1a day Cauchy trong K nén x! — z} € K,Vi =€ N,
Dat x¢ 1a day (z{))nen ta sé ching minh day nay hoi tu. That vay, tiu
bat dang thiic

2o =y’ | = |wg —wptay—ap vy —xg'| < g —ap|+eg 2| +ay -]

ta c6 (z()nen 1a day Cauchy trong K nén z( hoi tu.
Tiép theo, ta sé chiing minh (x,), hoi tu vé zy trong X.

|l — ol = sup |27, — g
i€EN

Lay € > 0 bat ki, do 2F — 2 khi k¥ — oo nén v6i m da 16n thi
|z — 20| < §,Vn € N nén

s = o]l = sup |2, — zf] < = <
1€N 2

hay x, — x9,n — oo.

¢) X la khong gian Banach. That vay, 1lay (z,), 1a mot day Cauchy
trong X, ta co
|Tn — 2| — 0,n,m — oo
hay
sup |2, (t) — 2m(t)] — 0,k,m — o0
t€la,b]
Suy ra |z, (t) — z,(t)] — 0,k,m — oo, Vt € [a, ]
= (x,(t)), la day Cauchy trong K nén z,,(t) — zo(t) € K, Vt € [a, b].

Xét
xo: [a,b] — K
t  — xo(t) = lim z,(t)

Lic d6 zp 1a mot ham s6 va ta sé chiing minh né bi chan. Ta c6

Ty — x| — 0,n,m — oo.

Lay € = 1, Ing > 0 sao cho véi n,m > ng thi ||z, — a2, < 1 =

|Tn, — Tmll < 1= ||zw| < ||zp|| + 1. Vi 2, bi chin nén 3K, > 0

sao cho |z, (t)| < K,,Vt € [a,b]. Do d6 ||z,,| = sup |z, (t)] < Ky,
t€(a,b]

Vay ||zm|| = sup [|zn ()] < Ky, + 1,Ym > ny.
tela,b]
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bit K = max 1{me\|,KnO + 1} < 4o00. Lic db ||z,|| < K,Vm €
m=1,...,no—

N. Mat khac, ||z,,|| = sup ||[z,(t)|| < K,Vm € N, nén |zo(t)| =
t€(a,b]

| lim x,(¢)| < K,Vt € |a,b]. Vay x( bi chan.

Hon ntta, do z(t) = lim z,,(¢) nén |x,(t) — zo(t)| — 0,n — oo, suy
n—oo
ra
[0 — wol| = sup |zn(t) — zo(t)] < €
tela,b]

v6i n du 16n, tic la x, — xg,n — oo.

d) X khong la khong gian Banach.

e) X la khong gian Banach?®. That vay, ta lay (z"), 1a mot day Cauchy

trong X, luc do

0
la™ — 2" = | — ak] — 0,m, k — oo

n=1

Suy ra Ve > 0, ton tai ng > 0 sao cho v6i moi m, k > ng thi

S
Z 2™ — 2F| <€, Vs € N(x)
n=1
Va ta cling c6 |27 — 2F| — 0,m,k — oo. Lic d6 (2"),en la day
Cauchy trong K nén né hoi tu, ki hieu 20, = lim 2 va 2% = (20 ),.en.
n—oo
0

Ta sé chiing minh 2" — z”.n — oo.
Trong (%) cho m — oo ta ¢c6 VYm > ny

3

S
Z|x?—$2\ <eVseN
n=1

S
= limZ|xff—xg\ <e
S§—00

n=1
(0.¢]
= Z 2™ — 20| < e
n=1
Suy ra (y"), = (z" — 2%), € X ma 2" € X nén zy € X. Két hop v6i

o0
o™ — a0 = 7 fol — ] < e, ¥m 2 mg

n=1

3Sau khi xét day Cauchy (z,,), ta da tién hanh theo 3 budc.
Budc 1: Ta dy doan giéi han xg ctia day (zp)n.
Buéc 2: Ta ching minh z € X.
Buéc 3: Chiing minh (x,), hoi tu vé zg
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0

= 2™ — 2, m — oco. Ta c6 diéu can chitng minh.

Bai tap 1.19. Cho M la mot tap con cia X. Chitng minh rang
a) Néu M loi thy M 10i.
b) B'(xg,7) va B(xg,r) la loi.

Ching minh.

a) Yo,y € M,Va,3 > 0thoéaa+F =1ton tai (z,), C M va (y,)n C M
sao cho z,, — x,y, — y,n — o0. Lic dé vi ]\iléi nén ax+py € M,Vn
hay (ax + By), C M hoi tu vé ax + By € M. Vay M 161

b) B'(xg,r) 1a16i. That vay, Va,y € B'(xq,r), VA € [0, 1] ta ¢
Az + (1 = Nz — x| = [|A(z = z0) + (1 = A)(y — 20|

<Az =z + (T = N[y —xo|| < Mr+ (1= XN)r =7

= A\t + (1 — Nz € B'(xo,7) hay B'(z,r) 10i.
Hoan toan tuwong tu cho B(xg,r).

Bai tap 1.20.

1. Cho X la khong gian Banach va Y la mot khong gian con dong ctua
X. Ching minh rang X/Y la Banach.

2. Cho M la khong gian con ciia khong gian dinh chuan X sao cho M
va X/M la Banach. Chitng minh rang X Banach.

Ching minh.
o0
1. X/Y la Banach. Lay > 7, 132 mot chudi hoi tu tuyet déi trong khong

n=1

gian thuong X/Y. Ta can ching minh n6 hoi tu trong X/Y. Ta c6

[zn|| = inf ||zf| = inf [z, + 2|
T €Y

Tn
nén véi moéi n € N, ton tai u,, sao cho

— 1
|l + unll = 2]l + 55

Do do6

o0 (0. @] o0 o0
Sl unll = ST+ 3 5 = S 7] + 1
n=1 n=1 n=1

n=1
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o

Vay chudi > ||z, +u,|| hoi tu tuyet ddi trong khong gian Banach X
n=1

nén hoi tu. Goi z( 1a tong cia chudi. Khi dé

n
nh_{go I ;(ZL‘” + un) — x|

n n
va > (Ty + up) — zo 1a mot phan ti cia 16p tuong duong > (T, +
k=1 k=1

n
W) — fo = 3. T — 4 nén
k=1

n n
1D @ =@l = 11 ) (@ +u) — o]
k=1 k=1

n n
= lim || >z, — @ol| < lim || >0 (@5 + un) — 20l =0
k=1 =0 =1

n—oo
n . ¢ N
= lim || Y  x, — zo|| =0 hay > =, — .
e k=1 k=1

Vay khong gian thuong X/Y 1a Banach.

2. X Banach. Lay (z,), € X la mot day Cauchy trong X, lac doé
Ve > 0,3dng € N,Vn > ng : ||z, — x| < e. Tacé (T,) C X/M nén

[0 =Tl = inf 2] < flzn — 20|
TE(Tp—Tim

= (Tn)n 1& day Cauchy trong X/M, do d6 T, — Ty € X/M.
V6i médi n € N ¢6 oy, € M sao cho ||z, — zo + || < [T — Tol| + .
Suy ra

lotn — am|| < |l + 20 — 20| + |20 — T || + [t + T — 20|

L 1 _ 1
< |70 = Zoll + = + |1Zm = Tol| + — 4[|z — 20|
n m

Cho n,m — oo ta c6 [|a, — ay|| — 0, tidc la (ay,), la day co ban
trong M nén a,, — ay. Ta sé ching minh x, — x¢y + ag. Ta co

L 1
lzn =20 —awl| < [lan+ 20 =0 || +[lan —aol| < [|IZn—Tol|+—+llan —aol

Cho n — oo ta ¢6 ||z, — 9 — ap|| — 0. Vay lim z,, = x¢ + «p.
n—oo

Vay X la khong gian Banach.
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NuAN xg1: M0t vi du minh hoa.

Cho X = (jp 1) va M la tap con ctia X cac ham sO triet tieu tai 0. Khi do
M 1a khong gian vecto con cua X va do dé6 X/M ciing 1a khong gian vecto.
Ta dinh nghia anh xa ¢ : X/M — C nhu sau ¢([f]) = f(0),V[f] € X/M.
Dinh nghia trén 1a hop 1y vi néu f ~ g thi f(0) = ¢g(0). Ta c¢6 ¢ tuyén tinh
viVs,te CvaVvf,ge X,

o(t[f] + slg]) = ([tf + sg])
= tf(0) + sg(0)
= to([f]) + sé([g])

Hon niia,
o(Lf]) = o(lg]) < f(0) = g(0)
S fy
< [fl1=1d]

Vay ¢ la don anh.

Véi moi s € C ta luon ¢6 f € X va f(0) = s sao cho ¢([f]) = s. Do d6
¢ 1a toan anh. Tt d6, ¢ 1a dang cAu tuyén tinh tit X /M vao C.

Ta thay rang M 1a khong gian con déng ciia X véi chuan ||.||s (chuan
max) va X /M 1a khong gian Banach véi chuan thuong tuong ting. Ta c6

1Al = nf{{|gll : g € [F]}
= inf{[|gfl~ : 9(0) = f(0)}
= [£(0)] (1ay g(t) = f(0),¥t € [0,1])
Suy ra ||[f]l| = |¢([f])]], v6i moi [f] € X/M hay ¢ béo toan chuan. Vi vay
X/M=C
Bay gio, xét X véi chuan ||.||;. Khi d6 M khong déng trong X. That
vay, xét day

Khi d6 g, € M va g, — 1 theo chuan |.||; nhung 1 ¢ M. "Chuan
thuong" lic nay cling khong con 1a chuan. That vay, ||[f]|| = 0,V|[f] €
X/M. Diéu nay c6 thé giai thich nhu sau, liy f € X, v6i méi n € N,
ta dat hit) = f(0)(1 — gn(t)) v6i gu(t) duge xac dinh nhu trén. Khi do

0) = £0) v ) = O Do g,

£(0)]

inf{[lgll1] g(0) = f(0)} < Al < =5 =

Suy ra
1Al = nt{{|gll : g € [f]} =
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1 1
Bai tap 1.21. Cho f € L'E,u), g € LYE,p), p,q > 0 va — + — = 1.
P g
Ching minh rang dav ” = " zdy ra khi va chi khi 3eq,co,c3 + ¢35 # 0 -

e | f(2)|] = colg(2)|?, déi véi bat dang thite Holder vé tich phan:

/|f9|dM§ (/Iflpdu ) ( /\g\qdu
E E

Chiing minh. Trong ching minh nay ta sé dung bat ding thiic Young :

a,b>0,p,g>0va—-+-=1
P g

mH

a? bl
ab < — + —
p q

Dau ” =" x4y ra khi va chi khi a? = b9,

e Bit dang thitc Holder vé tich phan:
Néu [ |f"du =0 hodc [ |g|?dp =0 thi |f|” hodic |g|? hau khap noi,
B B

suy ra vé trai ciing bang 0 nén bat dang thic ding.
Néu [ |f]" du = oo hodc [ |g|?dp = oo thi bat dang thiic ding.
E E

Xét 0 < [|ffPdu < cova 0 < [lgfdu < oo, lic d6 ta lay a =
E B

% va b = %. Ap dung bat dang thic Young cho
(J1fP dp)7 (/191" dp)s
E E
a va b ta co:
p q
£1lgl < 9l

1 +
flflpdu f\g\qdu )a Pflf\pdu q [ 19" dp
FE

Lay tich phan hai vé trén E ta co
J1f1 gl dp f\f!pdu J lgl* dp
B B

1 1 < ‘f— = =
(S IfIF dp)e( flg\qdu )a Pflflpdu qﬂ[lglqdu P q
FE

E/Ifgldu< (E/flpdu ) /\g\qdu

Suy ra

»Q\»—A
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e (<) Néu ton tai c1,c, 8 + 3 # 0 : e |[f(2)]P = calg(x)|? va gia st
c1 #0 thi |f]" = e lg|? nén
1

Co.1 q Co.1 ptq Co. 1
/ fol du = / (205 g7+ dpy = (23 / 9% dp = (28 / 9|7 dy
c1 C1 €1

E E E E

Mat khac ta co

Vay VT = VP.

e (=) Ap dung bt déng thic Young cho hai sb a va b nhu trén thi
dau ” =7 xay ra khi a? = 09, hay

fl gl
[1fFPdp  [lg|*du
FE E

ta chi viec chon ¢ = [ |g|?dp, co = [ |fIF du.
E E

[]

Bai tap 1.22. Cho Cjyy la khong gian cdc ham lién tuc trén [0,1] vdi
chuan ” max” . Dt

Ai C[O,l] — C[O,l]

r +— Ax

1. (Az)(t) = t*z(0)

2. (Az)(t) = p(t)a(t), ¢ € Cioy
3. (Az)(t) = z(0) — tz(t)

4. (Az)(t) = 2(t) — 2(1 - 1)

5. (Az)(t) = 2(1) — tz(t)

Chitng minh cac todn ti nay la tuyén tinh lién tuc.

Ching manh.
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1. Ta co Va,y € Cp ), Vo, f € R thi

(Alaw + By))(t) = £*(az + By)(0) = *(ax(0) + By(0))
= t*(ax(0)) + t*(By(0)) = a(Ax)(t) + S(Ay)(t)
v6i moi ¢ € [0, 1]. Suy ra A(ax + By) = aAx + SAy. Vay A la tuyén
tinh.
Ta chiing minh A lién tuc. Ta c6
| Azl = max [£2(0)] < flz], Ve € Cpy

Vay A lién tuc va || 4] < 1.
ChOH Ty = 1e C[O,l]) khi dé

| Azo|| = max [t*z0(0)| = max || =1
t€[0,1] t€[0,1]

Ma 1 = || Az < [[Alllzo]l = lAll. Vay 4] = 1.

2. Tuong tur a) ta suy ra A 1a toan ti tuyén tinh. Ta chiing minh A lién
tuc. Ta c6
[Az]] = max |o(t)z(t)] < Kl|]]
tel0,1]

trong d6 K = mgpl( |o(t)|. Vay A bi chian va ||A]] < K.
te

Chon zp =1 € Cjp ), ||zo]| = 1 khi d6

| Ao %&iﬁ‘@()' < [|Al

Vay [|Al =

3. Tuong ty a) ta suy ra A 1a toan tii tuyén tinh. Ta ching minh A lién
tuc. Ta c6
Azl = maxc|z(0) — t(t)] < 2||
Vay A bi chan nén lién tuc va || Al < 2.

Nuan xgr: Viéc chon ham z, thudng dudc tién hanh nhu sau:

Trong céc ham lién tuc trén [0, 1] ta chon ham z((t) = at + b.

O day ta chon sao cho ||zo|| = 1 va m[oax] |20(0) — tzo(t)| = 2. Do d6
tef0,1

c6 thé cho z4(0) = 1 va axg(a) = —1 véi a € [0, 1].

V6ia =0thi0=—1voly. Dodo, a # 0. Suy razg(a) = —1/a € [0, 1]

hay a = 1. T d6 giai heé zo(1) = —1, 2o(0) =1 tacé a = —2,b = 1.
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Chon x¢(t) = —2t + 1%, Iiic d6 ||zg|| = 1. Ta c6

[Azoll = mnax [20(0) — to(t)| = |20(0) = Lzo(1)] = 2|0l = 2

Vay [|A]| = 2.

4. Tuong tu a) ta suy ra A 13 toan t1t tuyén tinh. Ta chitng minh A lién
tuc. Ta co

Azl = —z(l—-1)] < 1—-1) <2
|zl = max [a(t) — (1 — £) < max o(t)| + max (1~ £) < 2|

Vay A bi chan va || Al < 2.
Chon z((t) = —2t + 1, lic do ||xo|| = 1. Ta ¢

[Azol| = mnax [20(0) — 2o(1 = 1)] = |20(0) — 2o(1 = 0) = 2|zo]| =2

Vay ||A]| = 2.

5. Dé thiy, A tuyén tinh, lién tuc va ||A]| < 2.
V6i moéi n € N*, ta dat

1 KL

A4 néu0<t<y/1— 5 0
Ty (t) = . )

AAy  neu/1—5-<t<1 S X
trong d6 AA; va AA, la hai a5

dusng thing di qua A =

Wi-2f1-8), Ao, -* .
Ay(1, —1).

4P thi duge vé tren Maple 9.5
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RG rang x, € Cjo 1) va ||zp|| = 1 v6i moi n € N*.°
Ta co

IA]] = sup [Az] = [|Azp || = max 2, (1) — tn(t)]

|lz]|=1 te[0,1]

1 1
> |z,(1) — /1 — —x,(1/1 — —
=" () 2n ( 2n)

1 1
—|-1-(1-—)|=2—-—
( Qn) 2n

Cho n — oo, ta dugc ||A]| > 2. Vay || 4] = 2.
[]

Bai tap 1.23. Khong gian dinh chuan dugc goi la chat néu ||z + y|| <
lz|| + llyll, = # 0,y # 0 tré thanh dang thiic khi ton tei o > 0 dé' y = ax.
Chatng minh LP(E, j1) la khong gian dinh chudn chdt.

Ching minh.

(). Va,y € LP(E,u) néu c6 o > 0,y = ax thi ||z + y|| = ||z + az| =
A+ a)llz]l = [lz]| + allzl = flz] + Iyl

(=) llz+yl < [lzll + lyll tr6 thanh dang thic |z +y|| = [lz] + [[y[],

tac 1a
([ 1o+ b - /Iw\pdu /!y\pdu
E

nén bat dang thiic Minkowski tré thanh déng thiic

lz+yl =]+ |y
ozl = |a:+y\(p_1)q =co|w +yl?
Alyl  =dlr+y[ Y =&z 4yl

Suy ra xz,y cung dau hau khap noi trong F va ¢1d) |z’ = eod] |y|”.
Vay ton tai o > 0 dé ay = = hau khap noi trong E.

Bai tap 1.24. Tim mot so khong gian dinh chuan khong chdt.

Chiing minh.

5T4t nhién con nhidu cach dat khac. Ching han, theo céch dit ctia C.M.Q

n+1
<t<l1

{—1 néu 0 <t <
.on

2 DNt—2n-1 e

(n+1) n néu ———

Dudng gap khic nay c6 vé dep hon.
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1. [*® v6i chuan sup la khong chit, vi

sup |z, + yn| = sup |z,| + sup |yn,|
n n n

khong suy ra z; = oy, Yk véi o > 0. Chéng han, xét
r=(1,0,0,1,0,0,0,...) vay = (0,1,0,1,0,0,0,...)
Ta c6 ||z|| = |ly|| = 1 va ||z + y|| = 2, tuy nhién = # ay.

2. Mot vi du khac 1a C[0, 1] v6i chuan max. That vay, 1y f(t) = t, g(t) =
1Vt € [0,1] tac6 | fll = gl = 1 2 [If + gl =2.
Ro rang khong ton tai a > 0 sao cho f(t) = ag(t).

[]

Bai tap 1.25. Cho khong gian Banach X wva phiém ham tuyén tinh lién
tuc® f khdc 0. Ching minh f la dnh za md.

Ching minh. Ta ching minh f la toan anh, Vy € K luon c6 = € X, f(x) =
y. That vay, vi f # 0 nén ton tai g € X sao cho f(xg) = 1. Khi do, yzg € X
va f(yxo) = yf(xo) = y. Theo nguyén Iy anh xa md, f 1a toan anh tuyén
tinh lién tuc tir khong gian Banach X vao khong gian Banach K nén né la
anh xa mo. O

Bai tap 1.26. Cho X,Y la hai khong gian Banach, A € L(X,Y). Gid su
coa,f>0,a<,VyeY dve X: ||[Ar—y| < a|lyl|, [|z]| < Blly||. Ching
minh rang khi dé Yy € Y, phuong trinh Ax = y cé nghiém xy € X thoa

d.; k.,\ <
ieu kien ||xo|| < T a OéHyH

Ching minh. Ta c6 Yy € Y, 3xy € X : [|[Azy — y|| < ofly]], [|z1]] < B||y]|-
Tuong tu Vy € Y,dzy € X @ ||Aze — (y — Axy)|| < afly — Azy|| <
||y, |z2ll < Blly — Azy]| < Ballyl] Tiép tuc qua trinh nay ta co:

Yy €Y, 3w, € X ¢ [|[Azy—(y—Azi—...—Az,)|| < a"lyll, |zall < Byl

o

Do 0 < o < 1nén > x; hoi tu tuyet doi trong khong gian Banach X nén
B

hoi tu. Ta goi xy = Y z;, lac do
i=1

k
1Y Az, =yl < Pyl
n=1

6Néu f chi 14 phiém ham tuyén tinh khac 0 hodc X khong can gia thiét Banach bai toan lieu vin con
ding?
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Cho k — o0, ta c6 ||Azg — y|| = 0 hay Azy =y va

o0 o o0 /6
lzoll = 1) @l < > llall <D Ba" Myl = Tl
i=1 i=1 i=1

]

Bai tap 1.27. Cho khong gian dinh chuin X = Clo,1) vt chuan max,
A: X — X 1
(Apz)(t) = 2(t'7),n e N

1. Ching minh A, € L(X)

2. Ching minh Vr € X, A,x — x

8. Day (Ap)n c6 hoi ty trong L(X) dén todn ti dong nhat hay khong?
Ching minh.

1. A, 1a toan tit tuyén tinh: ro.
Ta co || Apx| = m[ax] T ()
0,1

nén no lien tuc va ||A|| < 1.

< m[oai(] |z(t)| = ||x||. Vay A, bi chan

2. V6i moi x € X, x lien tuc déu vi n6 lién tuc trén tap compact [0, 1].
Do d6 Ve > 0,30 > 0,Vt,t' € [0,1], \t—t’|<5:>\a:()— z(t)] < e.

1+1 +L | _(nyn 1
Taco‘t t‘<g£3>1<]t n t‘ (5)" 77 < + < 0 v6in di l6n.

Suy ra ‘x(th) — x(t)‘ < € v6i n du lén.

sup |z(tt1) — x(t)‘ <e.
t€[0,1]

Hay ||A,x — z|| < e v6i n d 16n, A,z — z,n — oo.

3. |A, — I|| = sup |[|Ax — z|| = sup max‘x(t”i) — ;U(t)’

lz|=1 lz|=1
Lay € = 3, chon zp : [0,1] — R lien tuc sao cho zo(1/2) =
1,37 = 0.
Ta ¢6 ||xo|| = 1 va

1A, — 1| > || Az — ]| > m[%‘ wolt1) = o(t)] = 1

Vay A,, khong hoi tu vé I khi n — oo.

Bai tap 1.28. Cho X.Y la hai khong gian dinh chuan thuc.
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1. Gid st A: X — Y la mot anh xa théa man dieu kien A(x +y) =

Ax + Ay, Vo,y € X va sup [|Azx]| < +oo. Chitng minh ring:
x€B’(0,1)
Ae L(X)Y).

2. Cho B : X — Y la dnh za tuyén tinh. M = {(z, Bx)|lzr € X} la
do thi cia B. Chiing minh rang B(X) déng trong Y khi va chi khi
M + (X x {0}) dong trong X x Y.

Ching manh.

1. Taco A(0) = A0+ 0) = A(0) + A(0) = A(0) = 0.
V6i moi x € X,m > 0,m € Z ta co

A(mz) = Az + ... +x) = mA(x)

m lan
Mat khac
Alx + (—2)) = Al) + A(—2) = 0= A(-z) = Alx)
Suy ra ¥m € Z thi A(mz) = mA(z).
A(z) = A(% bt D) = mA(%),Vm c 7Z\{0}
m lan

Véimoime(@,m—p (p,q) =1 ta co

— A = pa®) = BA(z) = mA(w).
Alma) = ACS) =pA() = _Alz) = mA(z)

A
Suy ra A(ﬁ) = ()
m m
sao cho r, — m,n — oo. Ta sé ching minh A(mx) = mA(z). That
vay, A(r,z) = r,A(x) — mA(x) khi n — oo. Ta can chiing minh
A(rpz) — A(ma) khi n — oo.
Xét x, ||z]| < 1, néu khong ta lay —. Lic do6

H I
[A(rpz) = A(ma)|| = |A((r, —mz))|

. V6i moi m € R\Q, ton tai day s6 (r,), C Q

K 1
Ve > 0,3k > 0 sao cho - <€ Véi n du 16n ta c6 |r, —m| ||z] < =

Do d6 ||k(r, —m)z| < 1. Suy ra v6i n d 16n thi

[A(k(ry —m)z)[| < K = sup |[|Az]]
x€B'(0,1)

K
= |A((r, — m)z|| < " <€
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Vay A(rpx) — A(ma) khi n — oo. Do tinh duy nhat ciia giéi han ta

c6 A(mx) = mA(x). Vay A la anh xa tuyén tinh.
Hon ntta, Vo € X,z # 0, HLH € B’(0,1) nén
x

X

A < K= sup Az

[Eal z€B'(0,1)

[Az|
]

= < K hay [[Az| < Kf|z|

Tai z = 0, két qua trén cling dung.
Vay A bi chin.

2. Gia su B(X) dong trong Y, ta can chiing minh M + (X x {0}) déng
trong X x Y.
Lay (zn)n C M + (X x {0}) théa z, — 20 = (zg,50) € X x Y. Ta ¢6

2y = (Tn, Bxy) + (2),,0) = (v, + 2}, Bx,)

Liac d6 Bz, — y9o = Bz € B(X) va z, — (z + 29— 2) = (2,Bz) +
(xg — 2,0) € M + (X x {0}). Suy ra (xg,y0) € M + (X x {0}) hay
M + (X x {0}) dong.

Nguge lai, néu M + (X x {0}) dong trong X x Y ta can chiing minh
B(X) dong trong Y.

Lay (yu)n C B(X) vd y, — y,n — oo thi v6i méi n € N ton tai
xn € X sao cho y, = Bx,. Khi d6

(0,90) = (zn,yn) + (=20, 0) = (zn, Bxn) + (—25,0) € M + (X x {0})

N

va

100, ) = (0, 9) x5y = [10=0llx +llyn =ylly = lyn—ylly — 0,7 — o0

Do M + (X x {0}) déng trong X X Y nén (0,y) € M + (X x {0}).
Suy ra

(0,y) = (x, Bx) + (2/,0) = (z, Bz) + (—z,0) = (0, Bx).

Vay y = Bx,z € X hay B(X) dong.
]

Bai tap 1.29. A € L(X,Y) néu va chi néu A bién day Cauchy thanh day
Cauchy.
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Chatng minh. Ta chi chiing minh phan dio. Gia st A bién day Cauchy
thanh day Cauchy va A khong bi chan. Luc d6, ton tai day (z,), sao cho

1Az ]| > n?||2a]|, ¥n

Véi z,, # 0, ta xay dung day (y,), nhu sau

Ln

Yn = .
n||,|

Ta ¢6 ||y,|| = 1/n — 0 nén n6 1a day Cauchy. Mit khac,

Azl n?llall

[Aynl| =

nllzall ~ nllzal

suy ra (Ayy), khong bi chin va do do, (Ay,), khong Cauchy, mau thuan
vOi gia thiét. Vay A phai lien tuc.
Cach khac:” Gid st (z,), € X, 7, —» v € X. Xét day
{xn néu n chin
Up = A ?
x neu n le

R6 rang u, — x, do d6 né 1la day Cauchy. Suy ra (Azx,), la day
Cauchy. Theo dinh nghia day Cauchy ta cb6 Ve > 0,dng € N:Vm,n >
no ta 66 [ f(ua) — Flun)| < c.
N6i riéng, vOi wugy,1 = x ta c6 Vn € Non > ng ta ¢é ||f(u,) —
f(@)|| < e, tidc 13 f(u,) — f(x) khi n — oo. Khi d6 diy con clia
né 1a f(x,) ciing dan vé f(z). Vay f lién tuc.

[]

Bai tap 1.30. Cho f la mot phiém ham tuyén tinh khong lién tuc trén
khong gian dinh chuan thuc X. Ching minh ring vdi moi r > 0 thi
f(B'(0,r)) =R.

Chitng minh. Ta c6 f(B'(0,r)) C R.

Vr > 0,Vy € R 1uén c6 n € N dé n > M Do f khong lién tuc nén ta
r
c6 sup |f(x)] = +o00. Do d6 c6 xy, ||z, = 1 va | f(z,)| > n.
lz]|=1
Ta co o] ol
YT Y )
z = 2| =< =—<r

va f(z) =y. Suy ra R C f(B'(0,7))
Vay R = f(B'(0,7)).

"It’s a thing of rare beauty and stunning simplicity.
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Bai tap 1.31. Cho khong gian dinh chuan X, f € X*, f # 0. Ching minh
rang ton tai khong gian con mot chieu M sao cho X =ker f ® M.

Chiing minh. V1 f # 0 nén ton tai zo € X sao cho f(xy) = 1.
V6i moi x € X, dat y = f(x)xg — xf(x0), ta c6 f(y) =0 hay y € ker f.
=z = f(z)zo —y € ({x0}) ®ker f.
Tit d6 suy ra diéu can chiing minh.

]

Bai tap 1.32. Cho khong gian dinh chuan X, f la phiém ham tuyén tinh®
tren X. Ching minh rang f lien tuc khi va chi khi ker f doéng.

Ching minh. Gia su f lién tuc, khi d6 ker f déng vi n6 la anh ngugce cua
tap déng {0}.
Ngugc lai, gia sit ker f déng ta can ching minh f lién tuc. Néu f = 0 thi

f lien tuc. Néu f # 0 va f khong lien tuc, ta c¢6 sup |f(z)| = +oo. Lic
[=]=1

dé, véi moi n € N, 3z, € X, ||| = 1 va |f(x,)| > n. Hon nita, vi f # 0
nén co6 a € X sao cho f(a) = 1.

Xét day
Ln
Yn — @ —
f(xn)
Ta co )
T
Fln) = fla) = 2 =1 1=0
) =10 =)
hay (yn)n C ker f.
e Jeall_ llal
Ty T T 1
= =——0,n—o00
e = TGl =0 = a
Suy ra f(l“n) — 0,n — oo nén y, — a ¢ ker f,n — oo, mau thuan véi
Ln

tinh dong cua ker f. Vay f lién tuc.
O

Bai tap 1.33. Cho khong gian dinh chuan X, f la phiém ham tuyén tinh
khdc 0 trén X. Ching minh rang néu f khong lién tuc” thi ker f tru mat
trong X.

8Diéu nay khong ding véi anh xa lien tuc bat ki. Chéng han, véi id : (Clo1),.,) — (Cloa],|.[.) ta
6 kerid = {0} dong nhung id khong lién tuc vi hai chuan nay khong tuong duong

9Néu f 13 mot phiém ham tuyén tinh khéng lién tuc trén khong gian dinh chuén thuc X ta c6 thé
dung két qua f(B’(0,7)) = R dé chiing minh ker f = X.That vay, v6i moi a € X, ton tai € B(0,r) sao
cho f(a) = —f(z). Suy ra a+ = € ker f N (a + B(0,r)). Vay ker f trit mat trong X.
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Ching minh. Ta sé ching minh ker f = X. That vay, do f khong lién tuc

tai 0 nén ton tai e > 0 sao cho Vn € N,3z, € X sao cho [|z,| < L va

[f (@) > ¢

V6i moi x € X, véi moi n € N* dat v, = x — ;"((:c)) x, thi y, € ker f. Khi
In
do,

|/ ()]
[yn — ]| = iz )|H 2| <
Vay y, — «, hay ker f = X.
Cach khac:
Vi f khong lien tuc nén né khong bi chan. Vo € N ton tai z, € X sao
cho |f(z,)| < n|lx,|. Vi X = ({xo}) ® ker f nén z, = 2z, — \,x0, trong
do6 z, € ker f va A\, € C. Do d6 f(x,) = —A.f(z0). Suy ra |A\,||f(z0)] >

n|lz, — A (néu A, = 0 thi f(z,) = 0), ta duge

LG TP

[An|
lzg — ALz, || < 7t f(z0)], cho n — oo thi A1z, — zy. Vi vay 29 € ker f,
it 1a ker f = X.

[]

Bai tap 1.34. Cho X,Y la hai khong gian dinh chuan va A € L(X,Y).
Tinh || A||, biét rang

sup  [|Az — Ay = 1
x,ye€B’'(0,r)

Chitng minh. Véi moi x,y € B'(0,r) ta ¢6
[Az — Ay|| = [[Alz —y)|| < |Allllz —yll < [All(lz]l + [lyl]) < 2|l A

1
nenl= sup Az — Ay|| < 20|l hay [|A] > —.
x,y€B’'(0,r) 2r

Mt khac, ta ¢6 Vo € B'(0,1) thi rz, —rx € B'(0,r) nén
[A(rz) = A(=ra)|| = [[A(re — (—rz))|| = 2r[|A(z)[ <1

1
suy ra 2r||Az|| <1 hay ||Az| < 2—,%6 € B'(0,1).

1 1
Tt do, [|A] = sup [|Az|| < . Vay ||A]| =
z[<1
Nuan xgr : Gid thiét A : X — Y 1lién tuc cb thé suy ra tu

? . X - ~ ~ —Trxr
cdc gia thiet khac. That vay, Ve € X,z # 0 ta c6 — €

H || [E
B'(0,7) ta cb

—Trr
[AG—) = Aol < sup  [JAz — Ay[| =1

] 1277 2 yemiom
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2
Do d6, —||Az| <1.

||56H1
= Az < o] v £ 0.
Véi z = 0, ta ciing c6 két qud trén. Vay A lién tuc va ||A||

1
2r°

IA

Bai tap 1.35. Cho hai khong gian dinh chuan X,Y . (z,), C X, (A,),
L(X,Y) va x, — x9, Ay — A. Chitng minh A,x, — Az

Chiing minh. Vi A, — A nén sup ||An|| < +oc.

neN
|Anz, — Axo|| = || Anxn — Anol| + ||Anzo — Axg|
< | Anllllzn — 2ol + [ A — All[Jzol|

Vay A,x, — Axg,n — o0
O

Bai tap 1.36. Cho X la mot khong gian dinh chudan. Ching minh khong
ton tai u,v: X — X sao chouov —vou = id.

Ching minh. Gia st ¢6 u, v théoa man vwov —vowu = id. Ta sé chitng minh
rang wo v — o™ ou = (n + 1)v".
V6in =1tacéuov?—v>ou = 2v. That vay, uov? = uowvo (v) =
(id+vou)v = v+vo(uv) = v+vo(id+vou) = v+v’outv = 2v+v’ou.
Gia st bai toan ding véi n = k, ta chiing minh né dang véi n = k+ 1. Ta
co

2

k42 k42

uov" Tt — v oy = i

Uk:+1 o u)

uo v v — v
v ou4 (k4 1)v*) ov — v ou
V"o (wow) + (k+ 1) —oF 2oy
V" (id v ou) + (k + Do — P2 oy
— 2 6y (k4 Db — oF 2oy

= (k + 2)v"*!

(
(

Vay uwov" ™ — "oy = (n+ 1)v™

Suy ra ||(n+1)v"|| < 2|ul/lo|||v"]],¥Vn € N hay (n+1)[|o"|| < 2{[ul[||v][[[v"]],
vn € N.

Néu |[v"|| # 0,¥n € N thi (n+ 1) < 2||lul|||v||, Vn € N, vo li. Do d6, ton tai
ngy sao cho |[v"]| = 0,Vn > ny. Suy ra v" = 0,Vn > ny.

Theo uo v — v oy = (n+ 1)v" ta duge v™ ! = 0,... Tiép tuc qua
trinh nay ta c¢6 v = 0, khi d6 «d = 0, vo 1i.

Vay khong ton tai u,v sao cho wov —vou = id.
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Bai tap 1.37. Cho khong gian dinh chuin X, A : X — X la todn ti
tuyén tinh sao cho trong X ton tai day (x,), sao cho ||x,|| =1, Az, — 0.
Ching minh A khong co toan ti nguoc bi chan.

Chitng minh. Gia st A c6 toan tit ngugc A~! bi chan. Khi d6

A Y Ax,) = (A YA)(z,) = Id(x,) = z,

IA™ (Azn)[| = [lzall = 1,¥n € N

A7l bi chin nén lien tuc. Vi Az, — 0 nén A7'(Az,) — 0. Suy ra
|A7Y(Az,)|| = ||zn]] =1 — 0, vo 1i.
Vay A khong ton tai toan tit nguge bi chan.

Bai tap 1.38. Cho X = Cjoy;. Trén X ta zét cac chudn sau
1
£ = [ Ire)ae
0

191 = ([ 1) o)
Il = sup 1700

te[0,1]
Chatng minh rang

LAl < Ul va ([ fll2 < 11 floo-

2. Ba chuan trén doi mot khong tuong duong.

8. Tu dé suy ra (X, ||.]|1) va (X, ||.||2) khong Banach'®.
Ching minh.
1. Theo bat ding thic Holder ta c6

1 1

112 = ( / ) de)? < ( / F)R o) / 12dt) = | I

0 0

0T6ng quat: Néu X 1a khong gian Banach thi moi chuan trén X so sinh dudc véi chudn ban dau
va lam cho X 1a khong gian Banach déu tuong duong. That vay, néu X; la X v6i chuan méi ||.||; thi
id : X — X; hogc id : X; — X lién tuc tuong tng véi ||.[|; yéu hon hay manh hon chuan ban dau.
Khi d6, no6 1a phép dong phoi.



Ph.D.Dong 32

va

1
I£15 = [ 1P e <117
0

1
2. Xét fult) = %t € [0.1),¥n € N. Ta 6 |fullh = —. Iulle =

\/QTllﬁa [flle = 1.
1foll2 [ fol o 1foll

— +00 +00, —

_)
[/l Ll

3. Néu (X, ].||2) 1a Banach thi id : (X, ||.]lc) — (X, ||.||2) 1& song anh
tuyén tinh lién tuc ctia hai khong gian Banach. Theo nguyén 1y anh
xa md, n6 1a phép dong phoi. Do do, ||.||2 va ||.||« tuong duong, mau
thuan.

+00

]

Bai tap 1.39. Cho (X, ||.|1) va (X, ||.||2) la hai khong gian Banach. Vdi
moi (zn)n C X, néu ||z,|1 — 0 thi ||z,]|s — 0. Chiing minh hai chudan nay
tuong duong.

Ching minh. Xét anh xa

id: (X, |l.h) — (X, 1l2)

T — T

Ta c6 id 14 song anh, tuyén tinh, lién tuc. Theo dinh li Banach vé anh xa
mé id 1d mot phép dong phoi tuyén tinh, do d6 ¢6 M, N > 0 sao cho

Mlzlly < lzlls < Nzl
Vay hai chuan nay tuong duong. ]

Bai tap 1.40. Cho X la khong gian dinh chuan, ||.||; va ||.||2 la hai chuan
khong tuong duong trén X va cé s6 K sao cho ||.||1 < K||.||2. Khi dé, néu
(X, |.]l1) la Banach thi (X,||.||2) khong Banach.

Chitng minh. Gia st (X, ||.||2) khong Banach. Luc do, id 1a song dnh, tuyén
tinh, lién tuc. Theo dinh 1i Banach vé anh xa mé id 14 mot phép dong phoi
tuyén tinh, do d6 c6 M, N > 0 sao cho

M|zl < llzlls < Nzl

Vay hai chuan nay tuong duong. (Vo ly)
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Bai tap 1.41. Cho X; = (X, ||.[1) la khong gian Banach va Xy = (X I-1l2)

la khong gian dinh chuan khong Banach. Ching minh rdng hai chuan nay
khong tuong duong vdi nhau.

Chitng minh. Gid st ching tuong duong véi nhau. Khi d6 ton tai ¢i, co > 0
sao cho Vr € X ta co

cllzlls < flzfl2 < eaflzflr

Goi (x,,), € Xo 1a day Cauchy. Ta ¢6 ||, — x,||2 — 0, m,n — oo. Két hgp
v6i bat dang thiic trén ta suy ra (x,), la day Cauchy trong X; nén né hoi
tu dén phan tt z € X;.

Mat khac ||z, — x| < e2||lx, — 2|1 — 0,n — oo nén ||z, — x| — 0,n — 0.
Vay x, — x,n — oo, nghia la X, la khong gian Banach, mau thuan véi
gid thiét.

Vay hai chuan |||y, ||.]|2khong tuong duong. O

Bai tap 1.42. Vi du vé hai khong gian Banach nhung cdc chuan tuong
ung khong tuong duong.

Chiing minh. Cho X =11 va'Y = [2. V6i mdi k € N ta goi e, = (0gm)men €
' va fi. 1a cdc thanh phan tuong ting trong [?. V6i mdi t € (0,1), dat
by = (1,¢,¢%,...). Khidé6 {ey : k € N}U{b; : 0 < t < 1} la he doc lap tuyén
tinh trong I' va {fy : Kk € N} U {b; : 0 < t < 1} 1a he doc 1ap tuyén tinh
trong (2. Cac hé nay c6 thé mé rong thanh co s Hamel B; va B, tuong
tng trong ' va (2. Ca B; va By déu chita mot tap con c¢é luc luong 2.

Mat khac, X C 2¥va Y C 2N nén ta suy ra B; va B, c6 luc lugng bang
28. Dac bigt c6 dang cau gp tit By vao By blen er thanh fi, Vk € N,

Vé6i moi n € N, dit a,, = Z zep € vaby, = Z +fr € 12 Khi d6 [|la,|; =1

k=1 k=1

va [[ball2 = .

Ta dinh nghia mot chuan méi trén /' nhu sau

l2lls = lle(2)ll2

véi x € I'. Day 1a mot chuan vi ¢ tuyén tinh va don 4nh. Ta sé chiing minh
X Banach véi chuan nay. That vay, gia st (z,), 13 day Cauchy véi chuan
mdi trong X. Lic d6 (¢(z,)). 1a day Cauchy vé6i chuan ||. || trong (2. Vi 2
13 Banach nén c6 y € 1% sao cho [|p(x,) — ylla — 0,n — co. Vi p la toan
dnh nén ta c6 thé viét y = p(x) véi x € I'. Ta co6

le(zn) = ylla = llp(zn) = (@)l
= [lzn — 2]l

Suy ra |2, — z|| — 0 khi n — oo. N6i cach khac, I' dt v6i chuan ||.||4.
Cubi cung ta sé ching minh ||.||; v& ||.||s khong tuong duong tren X = ['.
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1
That vay, ta c¢6 ¢(a,) = b, va do do ||a,||s = ||bu]l2 = —= — 0 khi n — oo.

B

Tuy nhién, ||a,|; =1,Vn € N. O

Bai tap 1.43. Cho khong gian Banach X, A € L(X). Gid st ton tai
C > 0 sao choVz € X, ||Az|| > C|z|. Chitng minh rang ImA = A(X) la
mot khong gian con dong cua X.

Chitng minh. Lay (yn)n C A(X), y, — y € X. Ta can chting minh y €
A(X).
Ta c6 Vn € N, dz, € X sao cho Az, = y,. Viy, — y nén né la day co ban
trong X. Do d6 Ve > 0,3nyg > 0,Vm,n > ng = ||ym — yu|| < Ce.
Theo gia thiét Vm,n > ng thi

Cllzm — zall < [[A(zn — 2

Cllam — anl| < [[A(zn) — Alzn)]]

1
m_ng_ m -~ Yn
2 = all < = llym = 3
< =Ce=c¢

Suy ra (z,), 13 mot day co ban trong khong gian Banach X nén hoi tu veé
phan ttt z € X.
Mit khac A lien tuc nén Az, — Az, tic la vy, — Az. Do tinh duy nhat
clia gidi han nén y = Ax hay y € A(X).

]

Bai tap 1.44. Cho X la khong gian dinh chuan va f € X*, f # 0. Dt
a =inf{||z] : z € X, f(z) =1}.
1

Chiing minh || f|| =
o)

1 1
Chitng minh. Ta sé ching minh || f]| > — va ||f]] < —.
a o)

Vi f # 0nen ||f|| £ 0. Dat M = {z € X|f(z) = 1}. Khi d6 Vz € M,
1 1
1= |f(x)] < Ifllzl. Suy ra Vo € M, — < [[z[| va do d6 -— < a =

X inl 11—
inf [l Vay - < 1.
Vé6i moi z € X, f(x) # 0, ta dat y = %x) thi f(y) = 1. Do d6 y € M.
Liac dé |ly|| = % > a. Suy ra |f(z)| < éHxH,Vx € X, f(x) #0. Tu do
£ < <l ¥ € X Vay 7] <~
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Bai tap 1.45. Cho f la phiém ham tuyén tinh lién tuc khdc 0 trén khong
gian dinh chuan X. Dat

N =ker f ={z € X|f(z) =0}

Ny @l

Chaing minh ring Va € X, d(a, T

Ching minh. a € N, 10.
a¢ N, tacod(a,N)= inj{fHa—a:H. Vi N déng va a ¢ N nén d(a, N) > 0.
HAS

e (@) = [f(a) — F)| < | fllla— 2]V € N
~ % <|la—a|,Vz € N

‘f(‘(f”)‘ < inf [la —z]

i
V6imoixeX,agNdatyza—%x,tmf(y):o:yeN. Suy ra
a—y= %x va d(a, N) < |la — y]|. Suy ra

= d(e ) < [ 1)
= d(o, M) < E N o]
= 1@ < g el
LT
N
Vay d(a, N) = |]‘c|§‘b")| 0

Bai tap 1.46. Cho khong gian dinh chuan X, M # 0,M C X. Dt
M={f € X*: f(x) =0,V € M}. Chitng minh M la mot khong gian
dong cua X*.
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Ching minh. Dé thay M la mot khong gian con.
Ta chu’ng minh )/ dong. Lay (fu)n CM f, — f € X* ta can chiing minh

feM
Vi f, — fneén f,(z) — f(z),Vr € X.Dodo Ve € M, f(x) = Jliﬂlof”(x) =

lim 0 =0
Vay f E]\O4 hay M dong. ]

Bai tap 1.47. Vi du vé khong gian con ciia khong gian vo han chiéu nhung
khong dong.

Ching minh.

1. lp C I* 1a khong gian con clia [, trong d6 [y bao gom cac diy sb
phtic chi ¢6 hitu han s6 hang khéc 0.
Ta co

,.oo.) €107
V6i méi n € N dat

111
n= (1,2, 5., 2,0,0,..) €l
T = (L5 g ) €lo

Khi dé
1 1 1
. —all=(0,0,....0, , .|l = —— — 0 khi
2 —all = I —— .l = == — Okhin— oo
Mﬁa%lo.

2. Xét khong gian dinh chuan C[0, 1] véi chuan

|l = (Zlf(t)th>

Xét tap S = {f € C[0,1]] f(0) = 0} € C[0,1]. Lic d6, S 1a khong
gian con cua C|0, 1].

Xét g € C]0,1] sao cho g(t) = 1,Vt € [0,1]. V6i moi n € N, xét
fn € S xac dinh nhu sau

Luc do
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va
1
1 3

n 1\ 12
fu—all = | St — 1) :(3—) 0 Khi 0 — o

n
0

Vay f, — g, tuy nhién g ¢ S.

3. W la tap céac da thic trong C[0,1]. Ro rang W la khong gian con
ctia C[0,1]. W khong dong trong C0,1] v6i chuan max va chuan &
vi du trén. Goi ¥: Xét ham e” va khai trién Taylor.

4. Cho
A= {f € L*0,1]| 3 khoang I; C [0,1],1/2 € I, f =0 h.kn trén I}

Lay B, = {1/2—1/n,1/2+ 1/n} va f,, = 1 — xg,. Lac d6 f, =0
trén F, va 1/2 € E,.
Ta c6 fu — f=1¢€ L0,1] vi |fo = fIl = lIxe.ll = Vu(E,) =

\/2/7n—>0.
]

Bai tap 1.48. Cho X, Y la hat khong gian Banach va A : X — Y la todn
tik tuyén tinh sao cho vdi moi diy x, — 0 va Vg € Y* thi g(Az,) — 0.
Chiing minh A lién tuc.

Chiing minh. Ta chiing minh A dong. Lay (z,, Az,) € X X Y sao cho
(xpn, Axy) — (x,y) € X x Y. Ta can chiing minh y = Az. That vay, néu
y # Az, thi theo hé qua ctia dinh 1i Hahn-Banach ton tai g € Y* sao cho
9(Az) # g(y).

Vi (2, Az,) — (z,y) € X x Y nén x, —x — 0, lic d6 theo gia thiét
9(A(zy — )) — 0 hay g(Az,) — g(Az).

Ta ctng c6 g(Az,) — g(y) vi Az, — y. Tu d6 g(Azx) = g(y), mau thuan.
Vay Ar = y hay A la anh xa déng. ]

Bai tap 1.49. Cho X la khong gian dinh chuan va M C X, Vf € X* ta
cé sup | f(x)| < +oo. Chitng minh M la tap bi chan trong X .

zeM
Ching minh. Ta co Vf € X*,

sup | f(x)] < +o0
zeM

= sup |z(f)| < +o0
xeM

Do d6, (z)zear bi chan ting diém trén X*. Mat khac X* 1a khong gian
Banach nén (z),ep bi chin déu, tic la ton tai K € R sao cho ||z]| <
K,Vx e M. ]
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Bai tap 1.50. Cho X la khong gian dinh chuan thuc va f : X — R la
phiém ham tuyén tinh. Chitng minh rang f lién tuc khi va chi khi M =
{z € X|f(x) > 1} dong trong X

Chiing minh. =: Vi f lien tuc nén M = f~1([1,+00)) déng.

<: Gia st f khong lién tuc. Ta c6 sup ||f (z)|| = 400 nén Vn € N,
l]|=1

Az, € X, ||z,]| =1 va f(z,) > n.

Xét day yn = %, n > 1. Lic d6 (yn)n C M ¥i f(yn) = F@) S ypen.
n n
1
Mit khac ||y,| = Izl =——0,n — 00. Vi M déng nén 0 € M. Suy ra
n n

0= f(0) > 1, mau thuan. Vay f lién tuc.

[]
Bai tap 1.51. Cho X la khong gian dinh chudn va f la phiém ham tuyén
tinh théa man dieu kién (x,), C X hoi tu thi (f(x,)). bi chan. Ching
minh f € X*.
Chiing minh. Gia st f khong lién tuc, ldc d6 sup | f(x)| = +o0. Suy ra véi
moi n € N, c6 z, € X, ||z,]| = 1 v |f(z,)| > n?

Chon y, = —z,, y, — 0. Ta c6
n

flx, n?
Fl) = L
n n
= (f(yn))n khong bi chan, mau thuan. Vay f € X*. O

Bai tap 1.52. Cho X la khong gian Banach vo han chiéu. Ching minh X
khong thé c6 mot co sé Hamel gom mot so dém dugc cac phan ti.

Chitng minh. Gid st ngudc lai X ¢6 mot co sé Hamel gom mot s6 dém dude
cac phan tit 1a @y, @9, ..., 7y,... Xét n € N, dat X, =< {z1,...,2,} >.
0
Lic d6 X, 1a khong gian con dong dimX,, =n va X = |J X,.
n=1
X Banach nén né thuoc pham tru I, tic 1a ton tai nyg € N sao cho

B(xo, 1) C Xy,
V6i moi x € X, x # 0, détyzﬁJra:o, ta co

Do d6 y € B(xg,r), ticlay € X,,,. Suy ra z € X,,,.
Tt d6 X = X,,,, vo ly. Vay X khong thé c6 mot co sé gom dém duge phan
t.

[]



Ph.D.Dong 39

Bai tap 1.53. Dat

—{fe Llat)| [ @) de <)
[a,b]
1. Chiing minh rang A, la déng trong khong gian L*([a, b)) va f(l)n: 0.
2. L*([a,b]) la tap thuoc pham tru thii nhat trong L'([a,b])
Chiing minh.

1. Lay day (fy)r C A, va fr — f, ta can ching minh f € A. Ta c6
fr — fnen f & f. Khi do ton tai day con (fii); ctia (fix)r sao cho
fri g =" f. Suy ra f? by " 2. Theo b6 dé Fatou, ta c6

[ispae= [ jrcora = [t s
[a,b] [a,b]

[a,b] k—o0

< lim /|sz()|2dt§n

Vay f € A, nén A, déng.

Tiép theo ta sé chitng minh A,= 0, tic 1a Vf € A,,Ve > 0,dg €
LY |[f —gll <evag ¢ A, That vay,

[a,b] =[a,b—a]U[b—a,b = Ey U E,

(z) = f(z) néu z € Fy
g = ksignf(z) + f(x) néux € Fy
trongd()k>— ﬁ<a<E

I — gl Z/k\signf(x)\ :/k:ak<e

E2 E2

g” = |ksignf(z) + f(2)]* = (|f] + k)?

/\g(t)|2dt2/\g(t)\2dt2/k2dt:ak2>n

[a,b] By By

Ta co
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2
n €
Cach 2: € > 0, chon @ > 0,a < b — a, na < €2. Lic d6 — < —;, chon
a o«
2
n €
kGRsaocho—<k2<—2.
o e

f(x) néu x € F;
9(x) =97 .. )
ksignf(x) mnéux € Esy

Chon

2 2

Cach 3: Ve > 0, chon < <a< < Chon
4n 2n

@) — f(x) , néu z € [a + «, b]
T+

—signf(z) néux € [a,a+ q]
€

2. Ta c6 L*([a,b] = U A,
n=1

]
Vi du v& ess sup: Xét ham f,g : [-1,1] — R dugdc dinh nghia
nhu sau:
f(ZC) - .IQ,SL’ < [_17 1]
va
2 néu z e [-1,1]\ {0, +35}
g(x)=<3 néux=0
5! néu x:::i%
Khi dé
sup [g(z)] =5 sup [f(z)| =1
te[—1,1] te[—1,1]
Tuy nhién

ess sup|f(z)] =1=ess sup|g(z)]

Bai tap 1.54. Ching minh rdng trong khong gian Banach X, tong cia
mot khong gian con déng va mot khong gian con hiu han chiéu la déng.

Chatng minh. Ta chi can ching minh néu S 1a khong gian con déng va
r ¢ S thi S+ Rz déng. Theo dinh Iy Hahn-Banach thi ton tai mot ham
tuyén tinh lién tuc triét tiéu tréen S va thoa man f(xr) = 1. Bay gio gia
st y, € S+ Rz va y, — y. Lac dé v, = s, + rpz, s, € 5,1, € R. Suy ra
rn = flyn) — fly). T dé s, =y — rnx — y — f(y)z, v vi S dong nén
y—fy)r €S Vayy=Ily— f(y)a]+ f(y)z € S+ Ra.

Cach khac: S+ F = p 1(pF) trong d6 p 1a phép chiéu tir khong gian X
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len X/S. Vi F hitu han chiéu nén dong trong X/S va anh ngugc ctia né
qua anh xa lién tuc ciing déng!!. []

Bai tap 1.55. Tum phdn thi du chiing té trong khong gian dinh chuan tong
ctia hai khong gian con dong chua chdc la mot khong gian con dong.

Ching minh. Cach 1: Dung 1.28

Lay X = [\
A: X — X
) Tn
— nnl—)A = S Ty e ey Ty e e
v = (n) r=(m, 2 )

A 1a toan tit tuyén tinh lién tuc. A khong déng nén M + N khong doéng.
Chon day (), C ' nhu sau:

xlz(l,O,...)

1 1 > 1
Ta c¢6 Az, = (1,;,...,5,0,...) va ||Az,| = nzlﬁ < +400. Do dé
(Axy), C It
1 1 1 1
Xét y = (1 Sy ).

7?7?7 '7n27(n+1)27

oo

1
Az, — y| IZWHO,R—WO

=n

Tuy nhién, y ¢ A(X). That vay, néu ton tai x € [' sao cho y = Az thi
> 1

r1=1,20==,..., 0, =—,...va|lz| = > =, vo 1y. Cach 2: Xét X = [%,
2 n =1 n

Xét X1, Xy 1a cac khong gian vecto gom tat ca cac diy s6 thuc xac dinh

nhu sau

X1 ={Wn)n|lyn = 0 v6i n 16}
X2 — {(zn)nl'ZQn — nz2n—1}
Luc do6, Y7 = ?N X; va Yy = 2N X, 1 hai khong gian con déng ciia (2.
Moi day (z,), clia [? déu c6 thé viét duy nhat dusi dang tong cac thanh
phan ciia X, X,. That vay, gid st

1Xem chi tiét trong Bai tap Giai tich ham ctia Nguyén Xuan Liém



Ph.D.Dong 42

{Zlfl, Ta, .. } = {07 Y1, 07 Ya, 07 .- } =+ {Zh 22y <3, 2237 <5, 3Z57 .- }
= {21,492 + 22, 23, Ys + 223, 25, Y6 + 325, . . .}

Suy ra z1 = x1,Ys = To — X1, 23 = X3,Ys = T4 — 23, .... Do d6 ta co su
bieu dién duy nhat

{561, T, .. } = {O, To—XT1, O, $4—23§3) O, 336—3395, .. .}+{£C1, X9, T3, 2$3, T5, 333‘5, ..

Y: + Y5 trit mat trong 2, tic 12 Y, + Y5 = 12,
1 1
Xét day {1,0, 5,0, 3 e’ taco

1 1 11
1,0,2,0,=,...} ={0,-1,0,-1,0,—1,.. .} + {1,1, 5,1, 5, 1,. ..
{ 707270737 } {07 707 707 ) }+{ ) 727 737 Y }

Day trén khong thuoc Y; + Y5 vi
{0,-1,0,-1,0,—1,...} ¢ ¥}

va
1

1
- 1,-1,... Y-
277377 }%2

{11,
do ching khong thuoc I2.
Vay Y; + Y khong déng trong [2.
Cach 3: Cho F' : [*° — [*® dudc dinh nghia nhu sau:

<n

Z = {Zn}nEN = {E}nGN
. Taco: |F|| <1va Fz=0= z=0.Do do, F lién tuc va don anh. Mat
khac, véi méi k € N 1ay ta goi

o =1{1,2,... kk,..}el®

va

k k
F =1,1,...,1 :
(.Tk) {7 ) ) 7k+17k+27

Xét bd dé sau: Cho hai khong gian Banach X,Y va F € L(X,Y). Khi
dé F la don dnh va F(X) la déng néu va chi néu ton tai C > 0 sao cho
||| < C||Fz| véi moi z € X.

L} e F(I™)

Ching manh.

e Gia st F' la don anh va F(X) déng. F(X) la khong gian Banach
vi n6 la khong gian con déng ctua khong gian Banach. Xét anh xa
F~!': F(X) — X. N6 la anh xa ngudc ciia mot dang cau bi chin
gitta X va F(X). Do do, ton tai C > 0 sao cho

IF~'y| < Cllyll,Vy € F(X)

tic 1a F~1 bi chan. Thay y bdi Fx ta c6 két qua can tim.

3
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e Néu bat dang thiic dung thi F 1a don anh, va néu Fz,, 1 diy Cauchy
trong F'(X) thi (z,), 1a day Cauchy theo gia thiét. Luc do, x, —
r € X, vavi F lien tuc nén Fz, — Fz. Vay F(X) la day du va do
d6 F(X) dong.

[]
Theo b6 dé nay, c6 thée thay rang véi k di 16n, khong c6 ¢ > 0 sao cho

|lxk]] < ¢||Fzi||. Do do, F(X) khong dong.
Cach 4: Xét X = (0, 1] v6i chuan max va toan tit tuyén tinh F € L(X)

t
xac dinh nhu sau: f(¢t) — [ f(s)ds,t € [0,1]. R0 rang, F' bi chan. Néu ta
0
viet g = Ff thi g(0) = 0,¢'(t) = f(t), va Ff =0 = f(t) = 0 trén [0, 1].
Do dé6, F' la don anh va
F(X)={g€C'0,1] : g(0) = 0}

Theo bd dé trén thi F(X) khong dong. That vay, lay day (f,) dugc dinh
nghia nhu sau f,(t) = nt" ! ta c6 f, € X, || foll = n va ||F(f,)] = 1 véi
moi n € N. Do d6, khong ton tai C' > 0 sao cho ||f,|| < C||F(f.)| v6i n
dt 16n. Do d6, F(X) khong déng.

]

Bai tap 1.56. Cho f € X = C|0,1], gia si Vn € N,3a,,b, € R sao cho

/(f(x) — apr — by de < =

n
Chatng minh rang f la ham sé bac nhat.
Chiing minh. D& thay f kha tich tren [0, 1]. Ta dinh nghia:
I.llz: C[0,1] — R
1
£ [lf(@)|d>
0

R6 rang, (X, ||.|z) 12 mot khong gian dinh chuan va ta ki hieu la C[L0,1]-

Dat
M ={feC|0,1]|f(x) = ax + b,a,b € R}
Ta c6 M la khong gian con cia C[L(m c6 co s6 1a {1,x}. Do d6 M hitu han
chiéu va dong.
Ap dung bat ding thic Holder

[ 1#G1au < ([ 1Py dwi( [ 161w’
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véiF:f(sc)—anx—bn,Gzl,p:4,q:%ta

1

/|f($)—an$—bndl‘§[/l(f( ) — apx —b,) dx

0

Ta c¢6 day ham (f,(x) = a,z + b,), C M thoa

150 - @< 5

n

tic 1a

an_

1
In
hay

Jn— fin — o0

Do (fn)n € M va M déng nén f € M.

co

]/lld:c

vMQJ

3 I =
»MH
I

Vay ¢6 a,b € R sao cho f(z) = ax + b,Vz € [0,1].

Bai tap 1.57. Cho a,b la hai diém trong khong
Ki hiéu 6(F) = sup ||z —2'|| la duong kinh cia

rx'eR
Br={z € X||lz —al = [lz —b] =

0(B,,_
By = {a € Buy| |z — y|| < 2B

B, _ 00
1. Ching minh 6(B,,) < O(Bn) va () B, =
n=1

[]

gian dinh chuan thuc X .
tap £ C X wva dat

la — b
2 }

,\V/y - Bn—l}

a-+b
2

{——}

2. Néu f la mot phép dang cu ti khong gian dinh chuan thuc X lén

khong gian dinh chuan thuc Y thiVz € X,

A la phép ding cu tuyén tinh va c €Y.

Ching minh.

f(z) = Az + ¢, trong do

1. Taco B, C B, 1,Yn > 2. Vz,y € B, thi x,y € B, va do do

lz =yl <

. Suy ra

d(Bpn-1)
2

sup [lo —yl| < =
x,YeBy,
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d(Bn-1)

2
. P b
Tiep theo ta sé ching minh (| B, = {a ;L }.
n=1

titc 1a 6(B,) <

Ta 6 5( () By) = 0. That vay, 6( () By) < 8(B,).
n=1 n=1

Hon ntta, Vz,y € By thi
|z —yll = —a+(a—y)| < llz—al+ |y —al = [la—b]
Suy ra 8(By) = sup v — || < fla— ||

xayeBl
Theo chitng minh trén

5(Bn)§5(Bn1) LBua) 0B _ Jla—b
2 22 on—1 on—1

Do d6, lim §(B,) = 0. Vay 6(() B,) = 0. Suy ra [ B, ¢6 khong
n=1 n=1

n—:oo

7 ~ X 2 PN N . N ~ . a + b =
qui mot phan ti. Viéc con lai 1a chiing minh — € ) Bn.
n=1
bat {a + b} — B, = {a + b — z|x € B,}. Bang quy nap ta sé ching
minh rang {a + b} — B, C B,,,Vn > 1.
Véi n = 1, bai toan dang. That vay, Va+b—x € {a + b} — B; ta ¢

1
la+b—2—all=b-z| = glla-?b

1
la+b—2 bl = [la—z| = lla—1b]

néna—+b—x € By.

Gia st bai toan dung v6i n = k, ta chiitng minh bai toan diang véi
n==k+1.

Vo € By tacox € B, dodba+b—x € By.

Yy € By ta co

(B
Jat b2~y = o — (a+ b)) < 22

ticlaa+b—x € Byyy. Suyra{a+b} — B, ={a+b—zx|x € B,} C
B,,Vn > 1.

L .. a+Db B .
Ta sé chiing minh 5 € B,,Vn > 1 ciing bang quy nap.

a+b

Véin =1, ta co € By, dung.
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a+b

Giésﬂ:aTereBk,sz1.VyeBk,tacéa+b—yeBk, 5 € By
- b la+b—y)—yll _ 6(B)

45—yl = e < 2
Dods 20 e B,

X a+b
Vay Oan:{ 5 }.

2. f: X — Y la mot phép dang cu'?. Ta dinh nghia

A: X — Y
r — f(x) = f(0)

]

Bai tap 1.58. Cho X = M|0,1] la tdp hop cic ham sé zac dinh va bi chdan

trén [0,1]. Vi moi x € X, ||z|| = sup |z(t)]
t€[0,1]

1. Ching minh rang (X, |.|]) la khong gian Banach.

2. Y = Cy|0,1] la tap cdac ham so lien tuc trén [0,1] sao cho x(0) =
x(1) = 0. Chitng minh rang Y déng trong X.

Ching manh.
1. Xem 1.18

2. Lay day (z,)n, trong Y, 2, — x. Vi z,(¢) hoi tu déu vé zo(t) trong
0, 1] nén z; lién tuc trén [0, 1].
Ta c6
zo(0) = lim z,(0) = lim 0 =0

n—oo n—oo

zo(1l) = lim 2,(0) = lim 0 =0

n—oo n—oo

Suy ra g € Y. Vay Y dong.
H

Bai tap 1.59. Dat X = C[0,1] la khong gian dinh chudn vdi chuan max.
M={zxe X|z(0)=1,0<xz(t) <1,vt € [0,1]}

1. Chiing minh M dong va by chan trong X

12Xem Stephan Banach, Théorie des operations lineaires, trang 166.
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2. f: X —R, f(z fx t)dt. Ching minh f lién tuc tréen M nhung

f khong dat gia try nho nhat trén M.
Ching manh.
1. Lay day (z,), trong M, z,, — x9 € X. Ta co6
zo(0) = 7}1_{20 2,(0) = lim 0 =0

Hon ntta, 0 < z,(t) < 1,Vt € [0,1] nén 0 < lim x,(¢t) < 1,Vt € [0, 1].
Do d6 0 < zo(t) < 1,Vt € [0, 1].
Vay xo € M hay M dong.

Mit khac, ta ¢6 v6i moi x € M, ||z|| = sup |z(t)|] = 1 nén M bi
t€[0,1]

chan.

2. Viéc chiitng minh f lién tuc trén M xin danh cho ddc gia.
Tuy nhién, f khong dat duge gia tri nhoé nhat. That vay, chon day
ham (z,), C X nhu sau:

1—nt néutel0,:]
In(t) - £ 1
0 neu t € (5, 1]

Dé thay (z,), C M.
V6i moi n € N ta ¢o

/1 D2 = —
[L’n = —’]’L = —
an

0
Do d6, Vn € N, 3z, C M sao cho f(z,) < 0+%, tuc la 1]1\14ff = 0. Gia

st ton tai xg € M sao cho f(xg) = 0. Vi 2(0) = 1 nén c6 ¢y > 0 dé
zo(t) > 1,Vt € [0, &)]. Lic do

3I+—‘

1

f(xzg) = /15(: )dt 2/

0

dt

AN

Mau thuan.
[]

Bai tap 1.60. Cho X,Y la hai khong gian Banach va A : X — Y
la toan dnh tuyén tinh lien tuc. Gid s (y,), C Y théa man dieu kién
Yy, — yo € Y. Chitng minh rang ton tai N > 0 va (n)n C X sao cho
T, — 20, [|zn]] < N|lyall, va Az, =y, n=0,1,2,...
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Ching minh. V1 A 1a toan anh tuyén tinh lién tuc nén A(X) =Y va A la
anh xa mé. Lic d6, Z = A(Bx(0,1)) 1a mé trong Y va ¢6 zp € X sao cho

A(ZE()) = 1Yo-
Ta c6 A(0) =0 € Znenténtair>05aochoB§/(0 r) C Z.V6imoin € N,

Yyn € Y,y, # 0 ta co H Tn ” € Z nén ton tai a, € Bx(0,1) va A(a,) = ”Ty?'
Yn Un
Do d6 y, = A(Hy"Ha”) — A(z,), v6i z, = [9nllan
r r
e Il sl
ynlla x
2ol = =11 = llvall = 57 > rllzall
1
= llen]l < Nllyall voi N = —.
Yn — Yo € Y nén A(z,) — yo = A(xg) €Y
Hon niia,
[0 — zol| < Kl[yn — yoll
nén r, — T
[]

Bai tap 1.61. Cho X la mot khong gian dinh chuan,M la khong gian con
dong cia X. Ta ki hieu M= {f € X*| f(M) = 0}. Chitng minh rang
1. (X/M)* dong phoi tuyén tinh vdi M
2. Néu X phdn xa thy X/M (tuong 1ing, M) dong phoi tuyén tinh vdi
(M)* ( tuong ting, (X*/ M)).
Ching manh.
1. Xét tuong ting
A M — (X/M)*

fo— AlD): XM — K
P A@) = f)

A 1a anh xa tuyén tinh: ro.
Ta co

AN = sup [J[A(/)(@)]] = sup [f(z)| < sup |f(x)] =[]

[2]=1 [2]=1 [[zf=1

Suy ra A lién tuc.

V6i moi fi, fo €M sao cho A(f1) = A(fy) thi Vo € X, A(f1)(z) =
A(fg)(i’), tic 1a f1 (l’) = fg(fL‘) hay f1 = fg. Do dé, A la don anh.
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Ta sé chitng minh A 1a toan anh. That vay, v6i moi g € (X/M)* ton

tai f € Xx, f(z) =g(2). Taco f cM va A(f)=g.
Cudi ciing ta ching minh f bao toan chuan. V6i moi z € X, ta c6

[f (@) = 1A @)] < AFIIZ] < LA ]|

nén || f|| < [|Af]l.
Mat khéc, || f|| > [JAf]| vi A lien tuc, do do ||Af]| = ||f]|-
Vay A 1a mot phép dong phoi tuyén tinh.

2. Xét anh xa

B: X/M — (M)
T — Bz : ]\04 — K

fo— f(z)

Tuong ti, B 1a phép dong phoi tuyén tinh.
[]

Bai tap 1.62. Cho X, Y la hai khong gian dinh chuan, (Ad)aer C L(X,Y).
Chiing minh hai ménh dé sau tuong duong:

a) Vo € X,Vy* € X*: sup |y*(A.x)| < +oo.

ael

b) Ve € X,sup ||Ayz]| < +o0.
acl

Ching minh. a) = b) : Vo € X, Vy* € X*: sup|y*(A.z)| < +00 nén

acl
up [(Aa) (y")] < +o00
acl
= (Aa®)aer bi chan ting diém trong khong gian Banach X** nén né bi

chin déu, tic 1a Vo € X, sup ||Ayz|| < +o0.
acl

b) = a): Ro
L]

Bai tap 1.63. Cho X la khong gian dinh chuan va N C X la mot khong
gian con déng. Chiing minh rang anh zap: X — X/N,p(z) = [z| = 2+ N
la anh xa mo.

Chaing minh. Néu ||p(x)| < 1 thi theo cach xay dung chuan, ton tai u €
X, ||lu|]] < 1 sao cho P(xz) = P(u). Do d6 p bién hinh cau don vi trong X
thanh hinh cau don vi trong X/N nén p md.

[l
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Bai tap 1.64. Gid st théem rang f : X — Y la todn ti& bi chin va
N C ker f thi ton tai duy nhat dnh Ta tuyén tinh g : X/N — Y sao cho
f=gp

Chitng minh. Yéu cau bai toan tuong duong véi fx = glz] v6i moi z € X.
Vi m6i phan tit cia X/N ¢6 dang [z], nén néu g ton tai thi duy nhat. Ta
dinh nghia anh xa g([z]) = f(x). Néu [z] = [u] thi z —u € N. Khi d6 theo
gid thiét f(z —u) =0, suy ra f(z) = f(u). Diéu nay ching t6 g dugc dinh
nghia la anh xa.

Viéc con lai 1a chiing minh g tuyén tinh. Ta c¢6 g([w]+ [z]) = glw+ 2]
f([w]+ x) = fu+ fr = glw] + glz], va g(clz]) = glez] = f(ex) = cfx =
cglz].

(]

Bai tap 1.65. Gid st thém rang N = Ker f.Chitng minh rang f md néu
g co toan tu nguoc bi chan.

Chatng minh. Néu g c6 toan ti nguge bi chin thi g mé. Vip mdneén f = gp
cling md.
Ngugc lai, néu f mé thi ton tai C sao cho Vy € B}-(0,1) c6 thé duge viét
dué6i dang y = fx, trong d6 = € X va ||z| < C.
Mat khéc, y = fx = gpx va ||pz|| < ||z|| < C. Do d6, g mé. Néi rieng, g la
toan anh tit X/N lén Y.
gdon énh viglz] =0= f(z) =0=2x2€ N = [z] =0.
Vay ¢ la song anh, md nén c6 toan tit ngudge bi chan.

H

Bai tap 1.66. Dung dinh li do thi déng dé chimg minh dinh i dnh xa md.

Ching minh. Giasu X, Y la hai khong gian Banach va f : X — Y la toan
anh tuyén tinh bi chan. Néu f don anh thi né c6 4nh xa nguge va do thi ciia
anh xa nguge {(fz,z) : = € X} dong. (D6 1a anh cua {(z, fr) : x € X}
dudi phép dang cu X x Y — Y x X xac dinh béi (z,y) — (y,1).)
Theo dinh li do thi déng ta c6 f~! bi chan va do d6 f mé.

Trong trudng hop tong quat, f : X — Y chi 1 toan anh bi chan. Ta
viét f = gp nhu cac bai toan trén, trong d6 N = ker f. Vi g song anh bi
chan nén anh ngugc ctia né bi chan. Suy ra f md.

]

Bai tap 1.67. Cho X la khong gian Banach, Y la khong gian dinh chudn
va (Ay), C L(X,Y). Néu vdi moi v € X, (Apx), la day Cauchy trong Y
thi sup ||A,|| < +o0.

neN
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Chiing minh. Véimoi x € X, (A,z), 1a day Cauchy trong Y nén véi € = 1,
ton tai ng € N sao cho véi moi m,n > ng ta c6 ||A,z — Apzx|| < 1. Do do
|Apz — Apyz|| < 1,Vn > ny. Suy ra

[Anz|| < [ Anz = Apyl| + [[ A | < [[Ano[l +1, ¥ = ng

Dat
K = max{[|An || + 1, [[Asz], ..., [[Ano—1 ]I}

Ta c6 ||Apx|| < K,Vn € N, tidc 14 (A,z), bi chin diém.

Mit khac X la khong gian Banach va (A4,), C £(X,Y) nén né bi chin
déu. Vay sup [|4,] < +oo. O

neN

Bai tap 1.68. Cho X la mot khong gian dinh chudn thuc va xi,. .., %,
la n vecto phan biét trong X. Chiing minh rang ton tai f € X* sao cho

Ching minh.

Ta chiing minh bang quy nap theo n.
V6in = 2, theo dinh i Hahn-Banach ton tai f € X* sao cho f(x1) = f(x2).
Gia su bai toan dung véi n = k, lic do ta gia st

flay) < flwe) <o < flan)

Chon
a1 < f(x1)ag < f(xg) < ---ap < f(zr) < ags1
Néu f(xpy1) # f(x;),i=1,..., k thi bai toan dang véi n =k + 1.
Néu ton tai x # xp1 sao cho f(xpy1) = f(xx). Theo dinh 1i Hahn-Banach
ton tai g € X* sao cho g(x1) # g(wp41).
Véi moi € > 0, dat h(z) = f(z) + eg(x) € X*. Chon €y di bé sao cho

f(xi) + eog(w:) € (ai,aiq1),Vi=1,..., k=1

va h = f + €yg 13 ham can tim.

Bai tap 1.69. Ching minh rang [° khong cé co sé Schauder.

Chiing minh. Ta chiing minh [* khong kha li. Do d6, khong c¢6 co sé
Schauder. Xét tap A = {(z1,22,.--,2n,...)} C L™, trong d6 z; = 0 ho#c
7z = 1. Ta c6 A la khong dém dugc!®. Mat khac, v6i mdi z,y € A,z # v,
thi ||z —y|| = 1. Gid st F C I*°, F' dém dugc va F' = [*. Xét ho hinh cau
{B(, 5)}sea. Khi do, v6i moi z € I, e = 5, Jy € F sao cho d(z,y) < 3.
Suy ra y € B(z, ). Do d6, F khong dém dudc vi {B(z, 3)}sca khong dém
duge, mau thuan. O

13Xem Ham thyc va Giai tich ham ctia Hoang Tuy.
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Bai tap 1.70. Cho X la khong gian dinh chuan. (z,), € X, 1, — = va
(fo)n € X*, fu — f. Chitng minh f,(z,) — f(x),n — oo,

Ching minh. Ta c6

1fnn) = F@)| < W fu(zn) = Ful@)]] + | fulz) = f(2)]]

Vi z, = x nen f,(z,) — fu(z), tic 1 || fulx,) — fo(z)]] = 0,n — oo.
Mit khac f, — f, suy ra || fu(z) — f(2)[|,n — occ.
Vay fu(zn) — f(x),n — oc.

[l

Bai tap 1.71. Cho X la khong gian dinh chuan, M C X*, M = X*,
Tp,x € X. Gid sitVn € N, AN > 0 sao cho ||z,|| < N vaVf e M, f(z,) —
f(z),n — oco. Chitng minh ring z, — x.

Chitng minh. Vi x, € X va X C X* nén z(f) = f(x), Vf € X*. V6i moi
f € X*, ta ching minh z,(f) — x(f).

V6i moi € > 0, do f € M nén B(f,e) N M # (), tiic 14 ¢c6 g € M sao cho
|f — gl <e Taco:

[2n(f) = (NI < Nlzn(f) = 2a(@)]] + 2nlg) = 2(9) || + l2(9) = z(F)]]

< [laallllf = gll + llznlg) = (@)l + llg = Fllll=]
< N.e+e+e|z

Vay @,(f) — x(f),n — oo hay @, = =.
O

Bai tap 1.72. Cho X la khong gian Banach, Y C X la khong gian vecto
con cia X vax € X \Y. Phan tiy € Y dugc goi la minimizer néu

—y|| = inf ||z — 2.
= yll = ing o 2|

Chatng minh rang

1. Néu'Y hitu han chiéu thi minimizer luon ton tai.

2. Su ton tai trén noi chung khong duy nhat.

3. Néu'Y vo han chiéu thi minimizer néi chung khong ton tai.
Ching manh.

1. Tap hop {z € Y : ||z — z|| < R} 1a dong va bi chin nén compact néu
Y hitu han chiéu. Hon nitta, ham khodng cach ||z — z]|| lién tuc nén
dat dugc gia tri nhé nhat.
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2. Xét X = R? véi chuan ||z]] = max{|z1|,|2|}, khong gian con Y =
{(a,0)]a € R} va x = (0,1). Lac d6 moi diém clia doan thang
{(a,0)|a € [-1,1]}déu 13 minimizer.

3. Xét

0 1
X=Cluy, ¥ ={yeX| [ydt= [yi=o),
-1 0

va x € X 1a ham sb sao cho

ix@ﬁ—L /x@ﬁ:

0
0 0
Vi [ xz(t) ——l,fy t)dt = 0 nén
.
inf ) —uy(t)) < -1
ot () y(t) < -1,

do tinh lién tuc dang thic Chi xay ra khiy(t) = z(t)+1, vVt € [-1,0].
Tuong tu, fy )dt =0} Vaf t)dt = 1 suy ra

sup (z(t) —y(t)) =1
t€[0,1]

va dang thiic xdy ra chi néu y(t) = x(t) — 1,Vt € [0,1]. Ta suy ra

d(z,Y) > 1 va khong ¢6 y € Y sao cho ||z — y|| = 1, bdi vi néu c6

thi y(0) = z(0) — 1va y(0) = z(0) + 1, mau thuan.

Tuy nhién, ta c6 thé dinh nghia y nhu sau: y(t) = (t) + 1 néu
€ [-1,0), y(t) = z(t) — 1 néu x € (0, 1], va thay doi y trong mot

lan can nho ctia 0 dé y lien tuc. Tit do6 ta cé ||z —y|| = ;gf/ |lx—z| = 1.

]
Bai tap 1.73. Cho X, Y la hai khong gian dinh chuan trong dé X # {0}.

Chiing minh rang néu L(X,Y) la khong gian Banach thy'Y la khong gian
Banach!*.

Chatng minh. Lay zo € X sao cho .
ton tai f € X* sao cho [|f]| = 1 va f(xo) = ||xo]| = 1. Goi (y,), la day

“Day la bai hay nhat ctia tai ligu nay. Ta c6 két qua sau: Néu X # {0} thi khong gian dinh chudn
L(X,Y) 1a Banach néu va chi néu Y 1a Banach.
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Cauchy trong Y. Ta dinh nghia ho toan ti A, nhu sau 4, : X — Y,
A, (z) = f(2)y,. Khi d6 A, 1a ho toan ti tuyén tinh lien tuc. Mat khac,
v6i moi m,n € N ta co

[An = Al = sup [|f(2)(yn = ym)ll = [[Yn = ymll sup [f(@)] = yn = yul

] <1 2] <1

tic 1a (Ap)neny C L(X,Y) 1la mot day Cauchy. Vi £(X,Y) la khong gian
Banach nén ton tai A € £L(X,Y) sao cho A, — A. Dat A(zg) = yo. Khi d6

1yn = ol = l[An(z0) = Alzo)|| = [[(An = A) (o)
< [[An = Allllzoll = [[An — A} = 0

Do d6, y, — yo trong Y. Vay Y la khong gian Banach.
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We learn by doing. We learn mathematics by doing problems.

2 Khong gian Hilbert

Bai ta
[(u, v)|

Ching minh. Xét

p 2.1. Mot ching minh khdc cho bat dang thic Cauchy-Schwarz
< |lu||||v]| trong dé u,v # O trén khong gian tién Hilbert thuc.

U n v U v
rN=——+—VvVary=—— — —
[ull vl [ull ]l

Ta c6 (x;,z;) > 0,5 = 1,2, khai trién ra ta dude (u,v) < |Jul/[|v] va
(u,v) > —||ul|||v]|. Suy ra diéu can chiing minh. ]

sswilhe-vdos)

Bai tap 2.2. Mot s6 khong gian khong théa ding thic hinh binh hanh.
Chiing minh.
1. Xét IP,1 < p#2 < o0. Chon
r=(-1,-1,0,0,0,...) vay = (—1,1,0,0,...) € I?

Ta co
1
]| = [ly|| = 2
va
lz+yll = [z =yl =2
Diéu nay khong xay ra vé6i [2. V6i [ thi sao?
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2. Xét Cla,b] v6i chuan max. Chon

F() = 1vag(t) = =% vt e [a,b].
b—a
Ta co
1FI=llgll =1
va
If—gll=1valf+gl=2
Suy ra

1F+ gl +11f = gll* =5, 2(I /]l + llgll) = 4.
m

Bai tap 2.3. Cho 1 < p < co. Ching minh (IP,|.||) la khong gian Hilbert
khi va chi khi p = 2.

Chiing minh. RO rang, véi [2, ||.||2 1 khong gian Hilbert tng véi p = 2.
Bay gio gia st 1 < p < oo, [P 1a khong gian Hilbert. V6i k,t € Nva k #t
ta xét ey, e; € IP. Vi né la khong gian Hilbert nén théa dang thitc hinh
binh hanh

ler + exlly + llew — edlly = 2(llexll; + llecl7).
tic 1a 27 + 25 = 22, 2175 = 22 hay p = 2. [
Bai tap 2.4. LP[—1,1],1 < p < oo vdi ||.||, la khong gian Hilbert khip = 2.
Ching minh. Xét f(x) =1+ ax va g(x) =1 —ax € LP[—1,1]. Ta c¢6

| » ; 2p+1
b= dr = [ (1+)Pdzx =
112 /If(fv)\ . /( vapar= 2
—1 -1
va
1
» 1 pd 2p+1
R R
—1
Mat khac
1 1
I +gll2 = / (14 2) + (1 — 2)Pde = / P — o]
-1 ]
va

1 1
1
IF =gl =2 [1or =27 oo =22
P p+1
-1 0
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Ding thic hinh binh hanh théa méan khi va chi khi
(p+1)7r —3=0

p = 2 1a nghiém duy nhat ctia phuong trinh trén.
Phan con lai xin danh cho doc gia.
]

Bai tap 2.5. Cho 1 < p < oo va A C R" la tip do dugc Lebesque,
A(A) > Otrong do A la do do Lebesgue trén R". Ching minh (LP(A), ||.]/y)
la khong gian Hilbert khi va chi khi p = 2.

Chiing minh. Theo tinh chat ctia do do Lebesgue, ta c6 thé tim cac tap do
AA )
duge Lebesgue B,C C A sao cho BNC =0 va A(B) = \(C) = Q Néu

LP(A) la khong gian Hilbert thi né théa man dang thitc hinh binh hanh.
Ta c6

Ixs + xell; + lIxz = xelly = 2(xsl; + Ixell;)
Suy ra

AP+ (MAD*” =2 (A(A)/2)77 + (\(A)/2)"7).

Vi A(A) > 0 nén 2 = 2%7, titc la p = 2.
Ngugc lai, v6i p = 2 thi (LP(A),|.||,) 1& khong gian Hilbert.

[]
Bai tap 2.6. Cho (2,3, 1) la khong gian do do vdi it nhat hai tdp cé do
do duong roi nhau. Chitng minh rang LP(Q2, 1), 1 < p < oo sinh ra mot tich
v0 huong khi va chi khi p = 2

Chiing manh. Dat Q = A; U Ay, trong d6 A; N Ay = 0, ,u(Al), (Ay) > 0.
V6i i = 1,2 chon f; € LP(Q2) sao cho || fil|, = 1 va supp (fi) C A;.
Khi do

i Llb= [ [AE£ L+ [ fix L’ = A+
Jussre]

Vi vay véi \; > 0, ta co

IAfe £ Xafolly = (A + 2 f2ll])

trong d6 [|Afi]l2 + [ A2 f2|2 = AT + A3. Néu |||, thoa man déng thitc hinh
binh hanh thi

SN
SN

= (M +23)7,

BN

(AT +XD)7 + (X + X5)» = 2(A] + A3),
= A2+ \3 v6i moi A\, Ay > 0. Dang thiic nay chi ding véi

o

tie 1 (A) + A)
p=2.
O
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Bai tap 2.7. Chiing minh rang trong khong gian tién Hilbert H, v,y € H
tric giao™ vdi nhau khi va chi khi | M|+ [|uy||* = || Az + pyll?, VA, 1 € K.

Chiing minh. (=:) Gid st z,y € H, x L y. Ta c6

Az + pyl|* = Az + py, Az + py)

(A, Az + py) + (py, Az + py)

(Az, Az) + Az, py) + (py, Az) + (py, py)
(A, M) + A (2, y) + A (y, @) + (py, py)
Azl + Nyl

(«:) Gia stt x,y théa méan
[Az]]? + [|pyl]® = [[Az 4+ py|]?, YA, n € K

Khi d6 VA, 1 € K thi

N, y) + pA (y, @)
hay o
A (2, y) + pA(z,y)
Chon A = =1, ta c6 2Re (z,y) = 0, tic la Re (z,y) =0
Chon A = 1, u =4, thi 2Im (x,y) = 0, titc la Im (x,y) = 0.
Vay (z,y) =0 hay = L y. O

Bai tap 2.8. Cho H la khong gian tien Hilbert va {zi,...,x,} C H,
n € N. Chitng minh rang

2.

(€1, )E{£1}7

n

E €;T;

1=1

Ching minh. Ta c6

2.

2

n

E € T;

(€1yems€n)E{E1}" I ] i=1 (€14es€n)E{E1} 7,j=1
n
= Z (wi, ;) €i€;
i,j=1 (€1yeery€n ) E{E1}7
Véii=j,taco Y e =20Vii£j, Y g =0
(€14ees€n)E{£1}" (€15es€n ) E{E1}"

vi trong tong nay c6 27~ thanh phan bang 1 va 2"~! thanh phan bang —1.

15Trong khong gian Hilbert phitc, = L y khi va chi khi ||z||2 + [|Jy||> = ||z + y||? va ||z + iy = ||z — iy]|.
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Vi vay
2 n

=2 (ww) =2" ) |l
i=1

1=1

n

E €;T;

1=1

2.

(617"'7671)6{:‘:1}”

L]
Bai tap 2.9. Cho (z,,)n, (Yn)n C B'(0,1) trong khong gian tien Hilbert H

va lim (z,,y,) = 1.
n—oo

1. Ching minh lim ||z,[ = lim ||y,| =1
2. Ching minh lim ||z, —y,|| =0

Chiing minh.

1. Ta co
L= (@0, yn) < llzallllynll < llza] <1
L= (@0, yn) < llzallllynll < llynll <1
Suy ra lim ||z,|| = lim ||y,| = 1.
n—oo n—oo
2. Ta co

- <37n — Yn,Tn — yn>
= <xmxn> - <$myn> - <ynaxn> + <yna yn>
- Han2 + HynH2 - <xn7yn> - <xnayn>

Hxn — Un

Vay lim ||z, —y,| = 0.
L]

Bai tap 2.10. Cho H la khong gian Hilbert, A : H — H tuyén tinh théa
man (Ax,y) = (x, Ay) ,Vo,y € H. Ching minh A lién tuc.

Chiing minh. Ta sé ching minh A la anh xa déng. That vay, goi (x,,, Ax,) C
G va (z,, Ar,) — (20, 90), ta can chiing minh yy = Axy.
V6i moi y € H ta ¢6

<Ax07y> - <£E‘0,Ay> - <hm :CnvAy>

= lim (xn,Ay> = lim <Axn7y>

n

— <lim A:L‘n,y> = (Y0, )

n—oo

Suy ra (Axg — yo,y) = 0,Vy € H. V6iy = Axg—yo thi (Axg — yo, Axg — yo) =
0. Khi d6, Azg = yo = 0 hay Axg = yo.
Vay A la toan t1t dong trong khong gian Banach H va do d6, A lién tuc. [
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Bai tap 2.11. Cho khong gian Hilbert H va tap M théa M C H, M # ().
Chatng minh rang

1. M CcMc (M*H)*
2. Néu M la khong gian con cia H thy (M*)*+ = M.
Ching manh.

1. M C M: 16. o
M C (M)t Lay x € M, khi d6 ton tai (z,), € M sao cho z, —
r,m — 00.

V6i moi y € M+ ta co

(x,y) = <lim xn,y> = lim (z,,y) = lim 0=0

Vay = € (M*+)*.

2. Theo cau a) ta c6 M C (M*)*+. Bay gio ta chiing minh (M*)+ C M.
That vay, H = M ® M = M+ @® M nén v6i moi v € (M*)* duge
biéu dién duy nhat duéi dang x =y + 2z, trong d6 y € M+, 2 € M C
(MYt Suyray =2 —2€ (M+)*.

Vayy € (MY UM+ nény =0. Titdé z = z € M, tic la (M*)*+ C
M.
[]

Bai tap 2.12. Cho khong gian Hilbert H, f € H*, f # 0. Ching minh
M la khong gian con mot chiéu cia H, trong dé M = ker f

Ching minh. Vi f # 0 nén ton tai zg € M+ sao cho f(zg) = 1. Ta sé
chitng minh M+ = ({z4}).

V6i moi x € M+, 2 # 0, f(x) = a # 0 nén f(z) = af(x). Suy ra
f(z —axg) =0 hay © — axy € M.

Mit khac, vi x, 79 € M+ nén x—axg € M. Khi d6 (z — axzg, 2 — azy) =0
nén r — axrg = 0 hay r = ax.

Vay M+ = ({zo}). [

Bai tap 2.13. Cho E = {e,}nen la hé truc chuan trong khong gian Hilbert
H. Ching minh E la tap dong bi chan nhung khong compact. Suy ra H
khong compact dia phuong.

Chiing minh. Ta c6 {e,}neny C B'(0,1) nén né bi chan.
Lay day (z,), C F, x, — z. Luc d6 (x,), 1a day ding, tic la ton tai
ng € N sao cho a,, = a,,, Vn > ng. Suy ra a € £ nén E dong.
Mat khac, |le, — en|| = V2, ¥m,n € N,;m # n nén moi day (z,), C E
khong c¢6 day con nao hoi tu. Vay E khong compact nén B’(0,1) khong
compact va do dé6 H khong compact dia phuong.

O
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Bai tap 2.14. Goi {e,}nen la co 56 tric chuan trong khong gian Hilbert
n

H, Py(z) = > (z,en) e, x € Hn=1,2,... la day phép chiéu tryc giao.
k=1
Chatng minh {Px} hoi tu diém dén dnh za dong nhat I cia H nhung khong
hoi tu theo chuan dén I
Chamg minh. Vi {e, }nen 18 co 86 truc chuan trong khong gian Hilbert H
o0

nén Ve € H, z = > (z,e,) e,. Khi do,
k=1

1Pu(a) = I(2)|* = HZ e ei— Yy (we) el
i= 1 i=1
:HZ:CeZ H2 Z\xez

1=n—+1 i=n+1
Mat khac
l)|* = Z\ T, €;)]
nén
(0.]
Z [z, e)|* — 0,n — oo
1=n+1

Do d6 lim ||P,(x) — I(z)]|*> = 0 nén hm | Po(x) — I(z)]| = 0.

Vay Py(x) — I(x),n — oo.
Gia st (P,)nen hoi tu theo chuan dén I khi d6 lim || P, — I|| = 0, nén ton

tai ng € N sao cho || P,, — I]| < 1.
Chon x = e,41, ta cb

[(Prg = Dengall < [[Bn = Ilfleng41] <1
Tuy nhién
[(Pry = Deng1ll = |1 Pag(€ng+1) — €ngr1ll = lleng1ll =1
Vay 1 < 1, vo ly. ]
Bai tap 2.15. Cho E = {e,}nen la hé tric chuan trong khong gian Hilbert
H, (A)nen la day s6 bi chan. Chitng minh rang

o0
1.5 A (z,en) e, hoi tu voi moi x € H
k:

0
2. Az = > My, ep) e, la todn ik tuyén tinh lien tuc. Tinh || A||.
k=1
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Ching minh.
1. Ta c6

Z An (, en>‘2 = Z |)‘n‘2 |(z, en>‘2
k=1 k=1

(An)nen 12 day s6 bi chan néen ton tai K > 0 sao cho sup [\,| < K.
neN

Khi do,

&)
ZP\ z,en)|’ < K22| z,en)]” < K2||z)|? < 400
k=1
0 9 o
Vay > |\ (z,e,)|” hoi tu nén > A\, (x,e,) e, hoi tu.
k=1 k=1

(0]
= > A\ (2, e,) €, 12 toan tii tuyén tinh. That vay,
k=1

A(O‘x + ﬁy) = Z An <Oél’ + By, €n> €n

= aAx + Ay
Mat khac
1Az|* = Z [Aa (2, e0)|” < K2
nén ||Az| < K||z||. Vay A lién tuc va ||A]| < K.
[]

Bai tap 2.16. Cho z,y,u,v la bon vecto trong khong gian tien Hilbert H.
Chatng minh rang 1

[z = wlllly = ol <z = ylllu = vl| + [ly = ulllz = v]

16B4t dang thiic Ptolémée
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Chatng minh. Trudc hét ta ching minh Va,y € H,z,y # 0 thi

[z]* lyll? z*[[y]]?

Ta xét hai truong hop:
e r = 0: bat dang thic tré thanh

lulllly = vl < llyllflw = vl + [ly = ull[[2]

Ta co
Y v Y u u v
I — el < s — el + s — el
lyll> ol lyl* lull? [l flol?
Suy ra
ly — vl _ lly —ull |, Ju—vl
lylllloll = Tlyllllull — fulllo]

Vay [lulllly = vll < llyllllu = vll + ly = wlllv]]

e 2 A£0:Tadita=2—ub=x—vy,c=x—v. Khi d6 bat dang thiic
trd vé truong hgp trén

[]

Bai tap 2.17. Cho M, N la hat khong gian con dong cua khong gian Hilbert
H sao cho M L N. Ching minh M + N cing la mot khong gian con dong
cua H

Ching minh. Ta c6 Yo € M + N,x = y + z trong d6 y € M,z € N. Biéu
dién nay 1& duy nhat vi néu c6 ¢/ € M,z € N sao cho x = ¢/ + 2/, lic d6
y—y =z—2€MNN={0}. Suyray =y vaz =z
Lay (z,)n € M + N, 2, — z9,n — o0. Ta can chiing minh zp € M + N. Ta
co 2y, =Ty + Ypn, Tn € M,y, € N, Vn € N.
Mat khac

|20 — ZmH2 = [|Zn + Yn — T — ymH2

= llzall* + llyn — ymll”

Suy ra (Z,)n, (Yn)n 1 day Cauchy vi ||z, — 2| < |20 — 2| — 0 va

190 — ymll < [|2n = 2|l — 0 khi m, n — oco.

Vi M, N dong trong khong gian Banach nén M, N Banach va do d6 x,, —

x9o € M,y, — yo € N,n — o0.

Vay z, = xo+yo =20 € M + N, tiic la M + N la khong gian con dong.
O
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Bai tap 2.18. Cho H la khong gian Hilbert va P € L(H) sao cho P* = P
va ||P|| < 1. Ching minh rang P la mot todn ti chiéu.'”.

Ching minh. Dat M = P(H) va N = ker P. Khi d6, M 1a khong gian con
dong va x € M tuong duong véi x = Px. N cing la khong gian con dong
vi tinh lién tuc ctua P. Trong phan tich x = Px+ (I — P)(z), tac6 Px € M
va (I — P)(z) € N do P(I — P) = p— P2 = 0.
Vi vay ta sé ching minh M+ = N. V6imoi z € H,y = Pr —x € N
vi P2 = P. Do d6, néux € N L thi Pz = 2 + y v6i (z,y) = 0. Suy ra
|z||? > [|Px||* = ||z|* + ||y]|* v& do d6 y = 0. Nhu thé z € N+ thi Px ==«
hay N+ C M. Nguge lai, V2 € M,z = Pz. Vi H = N @ N+ nén gia st
z=x+y, trongdéy € N,x € N*. Suyra 2 = Pz = Px + Py = Px =
x € Nt. Diéu nay chiing t6 M C N+. Vay M = N+. Vi (N+)* = N nén
M+ =N.

[]

Bai tap 2.19. Cho H la khong gian Hilbert vdi hé tric chuan (x,),. Ching
minh (x,), hot tu yéu tdi 0.

Chatng minh. Xét z* € H*. Khi do6, theo dinh 1i Riesz, ton tai duy nhat
x € H sao cho 2*(y) = (y,x), Vy € H. V6i mdi x € H, theo bat ding

)

(0.9]
thitc Bessel, ta c6 >

i=1

lim z*(z,) =0 O

n—aoo

(z, z,)” < ||z|? va do d6 lim (x,,z) = 0, tic 1a
n—oo

Bai tap 2.20. Cho H la khong gian Hilbert v (e,)nen la mot co sd truc

chudn, x* : H — K la phiém ham tuyén tinh lién tuc. Ching minh ring
o

y = > x*(ey)e, la phan ti duy nhat trong H théa man x*(z) = (x,y),

n=1

Yy € H va ||z*]| = \/Z:1 |:U*(en)]2.

Chitng minh. Theo dinh 1{ Riesz, ton tai duy nhat y € H sao cho z*(z) =
(x,y), Vo € H. Néirieng, x*(e,) = (en, Vn € N. Vi (e,)nen 1a o 6 truc

v),

" 0
chuan nén y = > (y,e,) e,, do do y = > x*(e,)en.

n=1 n=1

(0]
Vi [|z*]] = y v& (en)nen 12 co sG truc chuan nén ta cé ||z*|| = \/Z 2+ (e,
n=1

[]

Bai tap 2.21. Cho A la todn ti tuyén tinh lién tuc trong khong gian
Hilbert H. Chiing minh rang A la tu lien hgp khi va chi khi ||z + iAz||* =
lz* + [l A,

7Xem Yosida, Functional Analysis, Theorem 8, trang 8/
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Ching minh.
i) Vi A 1a tu lien hgp nén A = A*. Suy ra (Ax,z) = (v, A*zr) =

(x,Ax) = (Az,x), v6i moi x € H, tic la (Az,z) € R, Vo € H.
Do do,

|z + iAz|* = (x +iAz, x + iAx)
= (z,z) + i (Az, x) + (z,1Ax) + ({Ax,iAz)
= ||=||* + | Az|*,Vz € H.

ii) Nguoc lai, néu ||z +idx|]? = ||z]|?> + || Az||* thi (Az,z) — (x, Az) = 0.
Do d6, (Az,z) € R. Vay A tu lién hgp.
[l
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"Life is good for only two things, discovering mathematics
and teaching mathematics"- Siméon Poisson

3 Toan ti¥ compact va phoé ctia toan ti& com-
pact

Bai tap 3.1. Cho X = X1 ® Xy, A € L(H) sao cho A(Xy) C Xy va
A(X3) C X1. Chitng minh néu X la gid trj riéng cia A thy —\ ciing la gid
tri riéng cua A.

Chatng minh. Vi X 1a gia tri rieng clia A nén ton tai  # 0 sao cho Az = Ax.
Khi d6, x = x1 + w9, trong d6 x1 € X1, 20 € Xo. Ta c6 A(z + x2) =
Ax1 + x2), hay Azy — Axe = Axs — Axy. Theo gid thiét thi Axy — Azy =
Axyg — dAx1 =0 € X7 N Xs.

Dit y = 21 — 228, Ta ¢6 y # 0, vi néu nguge lai thi o1 = 25 = 0, tic la
x =0, vo ly. Lac d6, A(y) = A(x1 — x9) = —Ay, va do d6 —\ cing la gia
tri riéng ctua A. O]

Bai tap 3.2. Cho H la khong gian Hilbert , A € L(H), A= A*, A € C.

1. Néu H # R(A)) thy X la gid tri riéng clia A.

2. Néeu H = R(A)) va H # R(A)) thy A € o(A) nhung khong phdi la
gid tri riéng cua A.

8. Néu H = R(A)) thy X la gid tri chinh quy ciia A.

Ching minh. Ta c6 H = N(A}) @ R(A)).

1. Néu H # R(A)) thi Ay khong la toan anh, do d6 khong song anh.
Suy ra A € o(A). B
Vi A= A nen A € R. Ta c6 (A — AI)* = A* — XI* = A — L. Ti

H # R(A)) taco N(Ay) = N(A}) # {0}. Vay A la gia tri rieng.

2. Vi H # R(A)) nén A) khong kha nghich nén A € o(A), va két hop
voi A = A* taco X € R.

H = R(A)) nén N(A}) ={0} = N(A)). Vay A € 0(A) nhung khong
la gia tri riéng cua A.

3. A= A*nén o(A) C R. Do d6, néu A € C\ R thi X 1a gia tri chinh
quy. Xét A € R. Vi H = R(A)) nén A, la toan anh. Mat khac,
N(A}) ={0} = N(A)) nén A, la don anh. Vay A, la song anh, tic
la A la gia tri chinh quy.

1BCM.Q
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[]

Bai tap 3.3. Cho A la todn ti tu lién hiép, A o A* la toan ti compact
trong khong gian Hilbert H. Ching minh A la todn ti compact.

Chitng minh. Goi B 1a hinh cau déng don vi. Vi Ao A* 1a toan tit compact
nén A(A*(B)) la tap compact tuong ddi. Goi (z,), 1a day cic phan ti
thuoc B. Khi d6 day A(A*(x,)) ¢6 mot day con A(A*(z,y)) hoi tu trong
H va do d6 A(A*(x,;)) la day Cauchy. Ta ¢

A" (znr) — A (@)l = (A" (@ — Tr), A (T — Tii))
= (@ng — Tk, ALA (@0 — Ti)))
< lznk = 2milll|ACA (2nk — 2mi)) |
< 2| A(A™(@nk — zmr))|| — 0.

Suy ra A*(z,;) la day Cauchy trong H. Vi H la khong gian Hilbert nén
A*(xy) hoi tu. Vay A* 1a toan tit compact, tit d6 A cling compact. ]

Bai tap 3.4. Cho A la toan ti ty lién hop trong khong gian Hilbert H va
A™ la todn ti compact vdi m la s6 nguyén duong nao dé. Chitng minh A
la todn tir compact.

Chitng minh. Vi A 1a toan tt tu lien hop nén A2 = A o A*. Ta sé ching
minh A% compact!?, tit d6 suy ra A compact.

Vi A™ 13 compact nén A% o A2" ™ 1a compact. Vi A2" 71 1a ty lién hiep va
(AZ""12 = A¥ nen A?"~! 1a toan tit compact. Tuong tur, A" 2 1a toan
tit compact. Tiép tuc qua trinh nay ta suy ra A2 1a toan ti compact. [

Bai tap 3.5. Cho X = Cjoq) la khong gian dinh chuan vdi chuan max va
A, B € L(X) zdc dinh bdi cong thic:
(1) (Az)(t) = =(0) + tx(1)
1

(ii) (Bz)(t) = Ofetsa:(s)ds, vdi moi x € X,t € [0,1].

1. Ching minh A, B la todn ti compact trong X .

2. Datv =1 — B vdi I = idx la todn ti dong nhat. Ching minh rang
néu E la tap compact trong X thi v '(E) N B%(0,1) la tap compact
trong X.

Chiing minh.

19T ciing ¢6 thé chitng minh A™~! compact theo cach tuong tiu bai 3.3
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1. Ta c6 |Az(t)| = |2(0) +tz(1)| < 2||z|. Do dé, ||Ax| < 2|z, hay
A(B(0,1)) bi chan. Hon nita, v6i moi t1,ts € [0, 1], véi moi x € B(0,1)

|Az(t1) — Ax(tz)] = [(t1 — t2)z(1)] < [t — to] [|2]] < [t — 22

Suy ra A(B(0,1)) la dong lien tuc déu. Theo dinh 1i Arzela-Ascoli ta
c6 A(B(0,1)) 1a tap compact tuong d6i. Vay A 1a compact.
Tuong tu, B cling compact.

xz € B'(0,1) (I -B)(z)e E

T d6 ¢ — Az € E hay x € Bex + E C B(B(0,1)) + E. Vay
v Y E)NBY(0,1) € B(B'(0, 1))+ E. Mt khéc, vi B(B'(0, 1))+ F la
tap compact va v~ 1(E) N B%(0,1) 1a tap déng nén v~ (E) N B%(0,1)
la compact.

E B'(0,1
2. Tacoz € v H(E)NB%(0,1) & {v(:z:) < {x € B'(0,1)

H
Bai tap 3.6. Cho todn tu tuyén tinh

A: 12 — I?

= (r1,22,...,%n,...) — (T1,F, ..., 521, -)

Chiing minh A la toan ti compact.

Ching minh. Xét toan tit A,z = (1:1, Ty 0, ) Vi A, 1a toan tu
hitu han chiéu nén moi tap M C [* bi chan, tap A, (M) bi chin trong
khong gian hitu han chiéu A,(I%), do d6 A,(M) compact tuong déi. Vay
A, 1a toan t1t compact.

Mat khac,

A — Axl = | 3

1=n+1

X
9i—1

T d6 ||A, — A|| — 0 khi n — oo. Suy ra A 1a toan tit compact, do khong
gian cac toan tu compact tir khong gian Banach X vao khong gian Banach
Y la khong gian con dong.

]

Bai tap 3.7. Toan tu A la compact trong khong gian Hilbert H khi va chi
khi A bién moi day hoi tu yéu thanh day hoi tu manh.

Chiing minh. —>: Gia st A 1a toan tit compact va (z,), C Hsao cho z,
hoi tu yéu vé . Khi d6 day (z,), bi chdn va do d6 (Ax,), la compact
tuong doi. Hon nita, Az, hoi tu yéu vé Azy nén Az, hoi tu vé Ax,.
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<: (Gia st A bién day hoi tu yéu thanh day hoi tu manh va M 1a tap bi
chan trong H. Ta ¢6 M 1a tap compact tuong doéi yéu. Lay day (Ax,), C
A(M) bat ki, ta lay ra mot day con (z,, ) hoi tu yéu vé xq. Luc d6 Az, hoi
tu ve Axg, do d6 A(M) 1a compact tuong doi, hay A la toan tit compact. [

Bai tap 3.8. Trén tap compact tuong doi M, hoi tu manh va hoi tu yéu
trung nhau.

Chaing minh. Gia st ton tai day (x,), C M hoi tu yéu dén zy nhung khong
hoi tu manh. Khi d6 (z,,), khong hoi tu dén zg, tiic 1a ton tai € > 0 va day
con Ty, sao cho ||, — xo|| > € v6i moi k € N.
Vi z,,;; C M nén c6 day con z,,; hoi tu manh hoi tu dén a, 16 rang a =
V1 @y,,.; hoi tu yéu dén . Suy ra € < ||z,,; — 2ol — 0, vo Iy

[]

Bai tap 3.9. Todn ti compact trong khong gian vo han chiéu khong cé
toan tu nghich dado lién tuc.

Chiing minh. Gid st A 1a toan tit compact trong khong gian vo han chicu
X. Néu A~ ! lien tuc thi Id = Ao A~! 14 compact. Mat khac, toan ti don
vi trong khong gian vo han chiéu khong compact. Vay néu A~! ton tai thi
khong lién tuc. ]

Bai tap 3.10. Cho H la khong gian Hilbert . Gia si (T,,), la mot day
trong L(H) va T € L(H) va S la mot todn ti& compact trong H. Néu
Ve € H,Tyox — Tx,n — oo trong H thi T,,S — TS trong L(H) khi
n — oo.

Chiing minh. Gia st T,,S — T'S khong hoi tu vé 0 trong L(H). Lic do, ton
tai € > 0 sao cho?

VN € N,dn > N,dx, € H, v6i ||z,|| =1 va

(TS — TS)za| > e.

Do d6, ta c6 the xay dung day (2,1, )ren trong H thoa ||z,;|| = 1 va |[(T,,S —
TS)xn| > €.

Vi day (2,;)ken bi chén trong H va S la compact nén ton tai day con
(SZnp,)ien clia day (Sapg)keny hoi tu vé y. Khi d6

¢ < |[(Tur,S = TS)xp || = [(Toky = T)y + (T, = T) (ST, — 9|
< NToury = Tyl + 1Tk, = T (S 20k, = )

20Ta, phit dinh ménh dé

Ve > 0,3N € N, sao cho Vn > N,Vx € H thoa ||z| =1, ||(T.S = TS)z| <e.
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Theo nguyén li bi chan déu, ta c6 M = sup ||T,|| < oo. Ta c6 thé chon
neN

L € N du 16n sao cho khi [ > L thi

€

(M +[|T1)

6 N
Ty = Tyll < 5 v (S, — )] < 5

Tu do6 suy ra € < €, mau thuan. ]
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