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Tém tat ndi dung

Chic han ching ta déu da timg nghe thay, hay da ting sit dung phuong phap an
tugng nay dé chitng minh cac bat dang thiic tit don gidn dén phiic tap. Hom nay (nhan
dip nong nhan), minh ciing xin phép dugng trinh bay mot s6 hiéu biét nho nhé ciia minh
vé phuong phap nay.

Néi dén U.C.T thi chiing ta dang néi dén phuong phap chitng minh bat ding thiic
bing cac bat dang thiic phu. D6i véi nhitng ban chua titng biét vé phuong phap nay thi
viec dua ra cac bat déng thic phu that su 1a mot cau héi kho. Phuong phép nay ciing
kha rong nén hom nay minh ciing chia sé cach ma chung ta sit dung phuong phap nay
dé giai mot dang bai quen thuoc.



1 Bai toan 1:
Cho a; b;c > 0 théa man f (a) + f (b) + f (¢) = 3k. Chiing minh réng:
g(a)+g(b)+g(c) = 3K

(Bai toan c6 cyc tri (dau bang xay ra) tai tam nghia la a = b = ¢ = xg)

1.1 Cac kién thic can s dung:
Dinh 1y Fermat: Cho ham f : (a;b) — R néu ham f dat cuc tri tai ¢ € (a;b) thi f'(¢) =0
Céc cong thiic logarit: Inabc = Ina + Inb + Inc v6i a; b; ¢ > 0 Cong thiic nay gitp ta chuyén
BDT c6 diéu kien dang tich vé dang tong.
Dao ham ctia ham Logarit:
, 1
(Inz) =

T
Bat ding thic Jensen
*) Cho f 1a ham 16i trén (a;b) véi x; € (a;b) i = 1;n ta co:

fa) + f(xa) +--- 4 f(20)

n

*%) Cho f 1a ham 16m trén (a;b) véi x; € (a;b) i = 1;n ta co:

@)+ f(x) + -+ f(2)

n

§f<$1+x2+--~+xn>

n
Vi du: y = 2% 1a ham 16

Dé don gian hon thi cac ban chi can nhé rang f7 (z) > 0 v6i = € (a;b) thi f 16i trén (a;b) va
ngudgce lai.

Nguon: http://mathworld.wolfram.com/JensensInequality.html

1.2 Cach xay dung cac bat dang thic phu. ( Vé6i bai toan toi da
néu G trén)
Ching ta sé hé s6 bat dinh nhu sau.
g(x) 2 K +alf(z) -k
Van dé 1a ta can tim « (goi 14 he s6 bat dinh)
Ta c6 bat dang thitc ma ta gia sit sé tuong duong véi:
h(z)=g(x) =K —alf(x) -k

Sé dat cyc tri tai x = o hay theo dinh ly Fermat 1a h'(xy) =0
Hay




Vay bat dang thiic clia ta can tim sé c6 dang:

/ g/ ('TO)

o) > K+ S (@) 1
Bay gio sé lai ndy sinh ra van dé mdi, bat ding trén luon diang hay khong? Néu né khong phai
luon dang thi ta sé sit Iy ching ra lam sao?
C6 thé tra 1oi luon, bat dang thic tren khong phai luon ding, va cong viec clia ta sau khi
xay dung bat ding thic trén xong la kiém tra lai bat dédng thitc d6 (c6 thé khao sat ham so,
hay bién doi tuong duong). Néu bat dang thiic clia ta 1a luon ding thi xong luon (di ngt),
néu khong phai luon ding ( cai nay mét 16i day) thi ta khoang vimg nhitng diém nhay cam
(thuong 14 nhitng diém lam cho BDT déi chiéu, hay cac diém la cho ham s6 chuyén tit 16i sang
16m ...) v& cudi ciing la chia trudng hgp dé xit Iy.
Chi don gian 1a c6 vay thoi, nhung stic manh ctia né thi da duge kiém chiing. N6 c¢6 thé chiing
minh nhitng bat ding thic khé ma khong can dong dén nhing phuong phap trau bo nhu
EV,LCF — RCF..
Vi duy: (dé t6i minh sé lay, gio phai di nau com da) :D

2 Vi du 1: Bat dang thic AM — GM

Cho n s6 khong am ay; as; ..; a, chung minh rang:

CL1+G/2—|—"'+CL”
n

> MYaj.ag - Gy,

2.1 Chiting minh:
*) Néu ton tai z; = 0 bat ddng thitc hién nhien ding.

**) Néu x; > 0

Ta dit 2, = ————~ khi d6 ta c6 BDT da cho theo bién méi la:
War.as - - - an
1+ 2o+ +x,
n
Véi xyxg- - x, =1 < In(z) +In(xe) +---+1n(z,) =0
Bat ding thic duge viét lai la:

> Vx1.x9 - Ty,

1+ T+ - +xTH 2N

Bay gio bat ding thic da cho da tré vé ding dang ciia bai toan ta dang xét. :D
Heé s6 bat dinh:
z>14+alnz

Dao ham hai vé va cho x = 1 ta dudc o = 1
Vay ta gia cat du duge bat dang thic sau:

r>1+Inx



Tiép theo 1a kiém tra bat ding thitc nay: Xét ham s6 f(x) =2 —Inz — 1 véi z > 0:

f'(x) =

Dé thay f'(z) doi dau tit am sang duong khi z qua 1

T d6 suy ra f(z) > f(1) =0

Nhu vay bdt da cho duge chitng minh. :D

PS: *) Loi giai trén toi da st dung kha nhiéu ki thuat can thiét khi sit dung phuong phéap nay.
Ban dau la chuan hoa bdt da cho dé co diéu kien & dang tich, tiép theo sit dung cong thiic
ham Logarit dé dua diéu kién dang tich vé dang tong giéng nhu bai toan ban dau. Véi cach
nay thi chic han cac ban sé hiéu vi sao toi khong chia ra lam nhiéu bai toan con véi diéu kién
dang tich hay bat dang thtc can ching minh c¢é dang tich. Thi ba, khi bat déng thiic cta
ta c6 dinh dén ham siéu viét thi viéc sit dung ham s6 1a diéu bat buoc phai lam ( khong thé
diing bién ddi tuong duong & day duge). :D

**) Ngoai cdch chuan héa nhu trén thi ching ta c6 thé chuan hoéa diéu kién theo dang tong
na;

ap +az+---+ay

r—1

=0zx=1

bang cach dat x; = cac ban c6 thé lam thit cach nay. :D

3 Baitoan 2: Cho z,y,z>0vazx+y+z2=1.

Ching minh rang
102+ 9% + 2%) —9(2® +4° + 2°) > 1

3.1 Chiing minh:

Z 2 Z NS 2 1
Nhan xét bat dang thic nay c6 dau bang tai 2 diem la a = b =c = 3 hoaica=0=0;c=1

nhung ta ctt gid vo 1a minh khong biét bdt nay cé cue tri tai bién di xem thé nao?

3.2 Phan tich:

Bang phuong phap U.C.T ta dit doan c6 bdt:
25 16

102® — 92° > 9% o (1)

& (3x - 1)° (272" 4 182% — 21w — 16) < 0

RO rang bdt nay khong phai 1a luon dung, né phu thudc vao dau cla
f(x) = 272° + 182% — 21x — 16
Ta co

Q

flx)=0e2=120~09---

flx)<0er<zy~09--- (1) T'rue

Q

=
f@)>0&2>20~09--- =

Q

SRS

(1) False

Dén day ta sé tién hanh giai bang cach chia truong hop.
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. . 9
e) THI: Trong ba s6 ¢6 1 56 € [10; 1}

9 1
upd 2 1 . .
Gia st x € 0 }:y,zE{O,m]

Ta co:
1023 — 52° > 1

10y —54° >0 = True
102* —52° > 0

p 9
e) TH2: ca ba s cing € [0; 10}
Khi do

10y® — 9y° > Z—y — — = true

9 27
BDT da dc chiing minh.
1
Dau ” =7 x4y ra khi va chi khi { a—b—0 - Cungcichoan vi.
c=1

PS: Nhu vay ta c6 thé thay ring phuong phap nay ciing c¢6 thé gidi quyét nhitng bat ding
thitc ¢6 cue tri khong chi tai tam, :D

4 Vidu 3:

Cho a, b, ¢ 1a cac s6 thiyc duong thod man abc = 1 .CMR:
1 n 1 i 1 S
(142a)?  (1+20)? -

1
(1+2¢)2 =3
Loi giai:
. . . 1 1
THI: trong ba so a, b, ¢ c6 it nhat mot so € (O; } gia st a € <0' ]

20 ' 20
Khi dé ta co:
1 100 1

—_— > >
(20+1)> 121~ 3

P 1 . N
TH2: ca ba so deu € <20; +oo> khi d6 khong may khé khan ta chitng minh duge rang

1 1 4
= > " a
20117279 27

1 >1 41[) ;
—>-——In
@120 27 = true

1 1
——>-——lnc
(2c+1) 9 27

BDT dugc chimg minh. Dau” =7 xdy rakhia=b=c=1
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5 Vidu 4:

(Trau bo huc) Cho a;b; ¢ > 0 théoa man a + b+ ¢ = 3. Chiing minh ring:
1 . 1 s s
vai—3a+3 Vb2—-3b+3 c2—3c+3 "

Lai giai:
Minh xin dugc nguyén van 16i gidi trong sach minh:
Khong mat tinh tong quat, ta gid st a > b > ¢ > 0.

5—1
V6i moi x > V5 , ta co
2

=<1 +1

Va2 —3r+3
That vay, BDT tuong duong (z — 1)*(2z* + 2 — 1) > 0.
Suy ra
* Néu ¢ > — st dung BDT trén vdi a, b, ¢ rdi cong lai ta dé c6 dpem.
* Néu ¢ < —— ta xét 2 kha ning

-TH1: b <1, ta co
a* —3a+3=(a—1,52+0,75> 0,75

bV —3b+3=(b—-1)*4+2-0>1

V5 -1 V5 —1 16
—3c+3=(c—10°+2—c>(1- 2 — +2=—1—o
( ) = 2) 2 (V5 4 1)2
2 V5+1
Do d6 VT < —= + +1<3
BRVE] 2 '
-TH2: b>1suyra2>a>0b>1xét f(r) = ——=——— trén [1;2], ta c6
Va2 —3x+3
8% — 24x + 15
(@) = z T+ <0

- 4(2? — 3z +3)25

Do do6 theo BDT Jensen ta co

Fla) + 7)< 25(“0 2

) =Y = =

Vay ta can c6
2 1

+ <
VP =3t+3 (3 20)2—3(3—2t) + 3

(t — 1)%(36t% — 252¢° + 749t* — 1202¢3 + 1099¢? — 546t + 117) >0
(t2 — 3t + 3)2(4t% — 6t + 3)? -

BDT trén dang, vay ta c6 dpem.

Dau ding thic xady rakhia =b=c = 1.

Hay



WhjteShadow da néi:

1
va? —3a+3

Taco0>1< 1 do do6 theo dinh Iy LCF thi ta chi can cm
2f(w) + f(y) <3f(1)Vo,y >0 va 2 +y =3

cai m= nay thi cm gidong anh Viét thui :))

Ta xét ham f(x) = thi ta c6 ham nay 16m trén khoéng |0, Z]

J

6 Két hop bdt Vacs va phuong phap UCT

Trude tién ta néi vé bat dang thitc Vacs
Cho a; b; ¢ > 0 théa man abc = 1. Chitng minh ring:
1 N 1 N 1 S
a4+a+1l PP+b+1 4+e+l™

Ching minh:
Bai nay ta hoan toan cé thé ding ki thuat § trén dé chiing minh, nhung minh sé chitng minh
né bang bat dang thic Cauchy — Schwarz.

R . z zZr x
Do abc = 1 nén sé ton tai z;y; z > 0 sao Choa:y—z;bzﬁ;c:—y
x

Y 22
Khi dé ta co:
1 xt

yz—i—yi—f—l—l :§x4+x2yz+y2z2

2

LHS =)

cyc
- (22 + y* + 22)° -1
Tt Yyt A dayz (v by 4 2) + 2%y Y222 4 222 T
That vay BDT cudi tuong duong:

o2 4P+ P > wyz (o 4y + 2)
Day 1a bdt quen thudc. Nén ta c6 diéu phai ching minh. :D
Ap dung cfia bdt nay thi minh sé& post sau. :D git ¢6 viec ban réi.

7  Ung Dung Cua Vacs

Nhu chiing ta da néi 6 trén la ta c6 bdt:

1 1 1
>1
a2k+ak+1+b2k+bk+1+62k+ck+1 -
V6i dieu kieén abe = 1
Ngoai ra ta c6 thé viét bat dang thitc nay dusi dang khac:
k k k
a”+1 b +1 " +1 <9

+ +
a2kz+akz+1 b2k+bk+1 C2k+Ck+1_
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V6i cuing diéu kién tren.
That vay bat dang thic nay duge viét lai:

ab +1
l—-———— | >1
Z( a2k+ak+1 -

cyc
1

= _— >

et tl”

Day la bat dang thic da ching minh trén. :D

Hai dang nay la tuong duong v6i nhau, nhung & nhitng bai toan khéac nhau thi ta cé thé ap
dung chiing mot cach linh hoat.

Vi du 1: Cho cac s6 duong a; b; ¢ théoa man abe = 1 chitng minh réng:

1
_— >
Z4a2—2a+1_

cyc

1
Bai giai:
Phan tich: Thit nhat bai toan yéu cau chitng minh theo chiéu > nghia la ta can danh gia:

1 1
>
4a2 —2a+1 — a?* +ak 4+ 1

v6i k 1a hé s6 bat dinh.

Va yéu cau clia chiing ta bay gio 1a tim & thich hgp. Céach lam thi khong khéac gi ddi véi loai
bai trén.

Ta c¢6 BDT vita roi tuong duong:

a?* + a* > 4a® — 2a

dao ham hai vé vichoa =1taco k =2
Nhu vay ta co bdt:

1 1
>
4a?2 —2a+1 " at+a?2+1

<:>a<a3—3a+2)20

luon dang theo AM — GM.
Vay BDT cua ta duge chiing minh. :D
Vi du 2: Cho céc s6 duong a; b; ¢ thda man abc = 1 chiing minh réng:

1
Za2—a+1§3

cyc
L3i gidi:
Bay gio bai todn can chiing minh véi chiéu < khi do ta sé can danh gia nhu sau:

1 <3 a® +1
a?—a+1" 2a%*4+ak+1
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Viéc tim & tuong ty nhu nhiing bai toan tit dau dén gio, xin nhuong ban doc. :D

Nhan xét: BDT Vacs 1a mot BDT kha chit, vi thé nén né c6 ting dung kha 16n trong ching
minh cac bdt cling loai. Cac ban c6 thé ap dung nhiing phuong phap nay dé chiing minh céc
bdt khac. Viéc ty nhién cho ra cac bdt phu va két hop né véi mot bd dé trén troi roi xudng
sé lam cho cach giai clia ta tré nén doc déa ( doi véi nhitng ngudi chua biét dén pp nay) :D

8 Vidu 5. Cho a;b;c > 0, chitng minh rang
a? b? c? a+b+c
+ + >
V2a2+ab+ 102 V202 +bc+ 2 22+ ca+ 2 2
WhjteShadow da néi: Ung ho anh Viet 1 bai kha hay ding hé s6 bat dinh :-?
Xét 1 bat dang thiic phu sau:

2 11a — 3b
a S Ha=3b g bs0
vV2a? + ab + b2 16
*TH1: Néu 11a — 3b < 0 Thi lic d6 hién nhién c6
a? 11la — 3b
>0> ———
V2a? 4+ ab + b2 16
*TH2: Néu 11a — 3b > 0 Ta thuc hién phép bién doi:
a? 1la —3b  16a* — (11a — 3b)v/2a? + ab + b?
V2a? + ab + b2 16 164/2a2 + ab + b?

25642 — (11a — 3b)(2a2 + ab + b?)
[16a2 + (11a — 3b)v/2a2 + ab + b?2].16v/2a% + ab + b2
(a —b)*(14a — 3b)(a + 3b)
[16a2 + (11a — 3b)v/2a% + ab + b2].16v/2a% + ab + b2

Nhung do 11a — 3b > 0 nén 14a — 3b > 0 Hay bat déng thiic nay ding. Vay ta cé Va,b > 0
thi:

a? S 11la — 3b
V2a2 +ab+ b2 — 16

Xay dung céc bat ding thitc tuong tu va cong lai ta dé& dang c6 Q.e.D Dau bang xay ra khi
a=b=c

**¥Cach dé tim ra bat dang thitc phu trén:
2

a >ma—+nb Va,b>0

V2a?% 4+ ab+ b2

Ta nghi dén viéc phai tim m,n sa0 ch0

1
+Ch0a:b:1tacém+n:§

+Ch0 b =1 roi dao ham 2 vé ta dugc:

4a(2a®> +a+1) —a(4a + 1)

2v2a® +a+1.(2a>+a+1)
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11
ChOa:1tasétimmdu_’ocm:——>n:—i
16 16

P/s: Em nhé a c6 1 topic bén toanphothong vé cai bdt Vacs d6. Anh thtt tim + cop lai xem :-?

Ngoai cach nhu ctia Dat thi ta ¢6 thé lam nhu sau:

2 _b
a a t=2 a

\/2a2+ab+b2_\/1+b+<b>2 VItt+ 2

Biang phuong phap hé s6 bat dinh ta c6 du doén:

1 11 3
R S
Vi+t+t2 — 16 16

Thay ngudc lai sé c6 két qua nhu ciia Dat. :D

t
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