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PROBLEMS



10.

11.

Find all functions f: Q. — Q. that satisfies the following two conditions for all
reQy:

Lf(x+1)=f(x)+1

2.f(2?) = f(x)®

Determine all functions f:IR — IR such that:

f@®) = f(y°) = (@ + zy+y?) (f(2) — f(y))

Find all continuous functions f:IR — IR such that:
A+ f2) f(y) fz+y) = flx)+ f(y)

Determine all functions f:IR — IR such that:

f@®+y?)=af(@?) +yf(y?)
Find all functions f:R, — R satisfying

flx+y)—fly)=

y(r+y)

Determine all functions f:IR — IR such that:
flae+yf(@)+ faf(y) —y)=fz) - f(y) +2zy

Find least possible value of f(1998) where f:IN — N satisfies the following
equation:

f(n?f(m))=m f(n)?

Find all functions f:R;— R, satisfying:
fa+fy)=flz+y)+ f(y)

Let f:R— R be a function such that:

() f@)+ fy) +1> f(z+y) > fl2)+ fy)
(¢i)For all z €[0,1), f(0)> f(x)

(iii) f(1)=—f(=1) =1

Find all such functions.

Determine all functions f:IR — IR such that:
fley+ f(x)) =z f(y)+ f(z)

Find all functions f:Q — @ such that f(2z)=2f(z) and f(x)+ f(%) =1.



12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Determine all continuous functions f:R — R such that:
P )+ F () = 5 F(22)F(29)
Find all functions f:IR — IR such that:
f@) = f(y°) = (f(z) = f(y) (" + 2%y + 2y + 2y’ + y)
Determine all functions f:R — R such that:
flxf(z)+ f(y)=y+ f(z)?

Determine all functions f:IR — IR such that:
fl@)??+2yf()+ f(y) = fly+ f(x))

Determine all polynomial functions f:[R — IR, with integer coefficients, which
are bijective and satisfy the relation:

f@)?=f(a*)=2f(z)+a

where a is a fixed real.

Let k is a non-zero real constant.Find all functions f:R — R satisfying

flzy)=f(2)f(y) and f(z+k)= f(x)+ f(k).
Find all continuous and strictly-decreasing functions f:IR, — R, that satisfies

fla+y)+ f(f(@)+ f(y)=f(fx+ fy)+ fy+ f(2)))

Find all functions f:IN x N — N of two variables satisfying
flz)=z, f(z,y)=fy,2),(@+y)flx.y)=yflz,x+y)

Prove that for any function f:R— R,
fletyt+ay)=f@)+ fy) + fley) = fla+y) = f2) + f(y)
Find all functions f:7Z — 7Z such that
F@P+ P+ ()= f® +y*+ 2
Determine all functions f:IR — IR such that:

Ff@) +y) =22+ f(f(y) —2)

Find all functions f:IN— N such that:
fUfm)+ fn+1)=n+2



24. Find all functions f:R;— R, such that:
f@) f(yf(x) = flz+y)

25. Find all functions f:IR — R which satisfy this equation:
fafly)+ (@)= flyf(e)+z

26. Find all functions f:IR — IR satisfying
f@+ f(y)=y+ f(z)?

27. If any function f:R — R satisfies

F@+ ) = (@+y)(f(2)* = f(@) f(y) + [(y)*)
then prove that f(1996x)=1996 f(x).

28. Find all surjective functions f:IR — R satisfying
f(f(x—y) = f(x) = f(y)

29. Find all k£ € R for which there exists a differentiable function f:IR—IR such
that f(1)<1 and f(z)?+ f(2)*=k.

30. Find all a € R for which there exists a non-constant function f:(0,1] — R such
that

a+ flx+y—zy)+ f(x)fy) < f(z)+ f(y)

31. Find all functions f:IN— N such that
2n+2009< f(f(n))+ f(n)<2n+2011

32. Find all functions f:R; — R satisfying f(a)=1 and

r )+ 1(2) (L) =2rtew

33. Determine all functions f:@Q—C such that
(1) for any rational x1, %o, ..., T2010, f(z14+ T2+ ... +T2010) = f(x1) f(22)... f(22010)

(2d)for all ze@, f(2010) f(z) = f(2010) f(z).

34. Find all functions f:@Q — R satisfying

flaty+2)=f@)+ f(y)+ f(2) +3V/fle+y) fly+2) fz+2) Yo,y,2€Q




35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

Determine all functions f:IR — IR such that

flz)= max (2zy — f(y))

Find all functions f: IR — R satisfying
FUf @) +y)=f@*—y)+4f(2)y

Find all functions f:R;— R, satistying
f@)?+2yf(x)+ fy) = fly+ f(2))

Let £ >1 be a given integer.Find all functions f:IR— R such that
flat+ f() =y+ f(o)f

Find all functions f:IR — R that satisfy

fley)+ fx—y) > f(z+y)

Find all functions f:7Z — Z that satisfy f(1)= f(—1) and
f(m) + f(n) = f(m+2mn) + f(n —2mn)

Find all continuous functions f: R — R satisfying

fa+ fly+f(2) = @)+ F(f W) + F(F(F(2)))

Let f be a real function defined on the positive half-axis for which

flzy)=zf(y)+yf(z) and f(z+ 1)< f(x) hold for every positive z. If

f(5) =73, show that f(z)+ f(1—=x) > —zlogsr — (1 —z)logs(1 — )

for every z € (0, 1).

Let a be a real number and let f: IR — R be a function satisfying f(0) :% and
flx+y)=f(x)fla—y)+ f(y)f(a—2z) .Prove that f is a constant function.

Find all continuous functions f:IR — IR such that

f@)?= =55 @+ Ta f(2) + 16 f(2)?)

Find all functions f: IR\ {0,1} — R which satisfies

ﬂ@+¢(T%;)=1+EH%;5

Let f: Ry — R be a function such that



(i) If x <y then f(x)< f(y)

T+y
Show that f(z) <0 for some value of z.

48. Find all continuous functions f:IR — R such that

fle+y)+ flzy)= f(z)+ f(y) + flzy +1)

49.A Find all continuous functions f:IR — IR such that
f@)+ )+ fe)+ flety+z)=fle+ty) + fy+2)+ fz+2)+ f0)

49.B Find all functions f:IR— R satisfying
fafy)+ f(@))=2f(x) +xy

50. A function f:IR— IR satisfies the following conditions:
(1) f(—x) == f(x)
(i) f(x+1)=f(x)+1
G0 (5) =23
Prove that f(z)=z Vz e R.

51. Find all injective functions f: N — IN which satisfies

F(fy <L

52. Determine all functions f:IR — R which satisfies
f(f@)+y)=f@*—y) +4f(x)y

53. Find all functions f: R — R such that
fam+ f(y))=y+ fz)"

where n > 1 is a fixed natural number.
54. Find all functions f:7 — Z such that
fle—y+ f(y)=fl@)+ f(y)

55. Find all functions f:R; — R, which have the property
f@) f(y)=2f(z+yf(x))

56. Find all functions f: Q. — Q. with the property

Fa)+ F(0)+ 20 ) = E



57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

Determine all functions f:IR, — IR, such that

fle+y)— fle—y) =4 f(2) f(y)

Determine all functions f:No—{1,2,...,2000} such that
(7)For 0 <n <2000, f(n)=n
(@3) f(f(m)+ f(n)) = f(m+n)
Find all functions f:IR— IR such that
fle+ fy)=y+ flz+1)

Let n>m > 1 be odd integers.Let f(z)=2"+ 2™+ x + 1.Prove that f(z) is
irreducible over Z.

A function f:7 — 7 satisfies the following equation:
fm+n)+ f(mn—=1)= f(m)f(n)+2

Find all such functions.

Let f: Ry — R, be a function such that f(\/ab) =+/f(a)f(b) for all a,be R
satisfying a?b > 2.Prove that the equation holds for all a,be R,

Find all functions f:7Z — 7Z such that
[f(m) + f(n)]f(m —n) =[f(m) = f(n)]f(m+n)

Find all polynomials which satisfy

Plx+1)=P(z)+2x+1
A rational function f (i.e. a function which is a quotient of two polynomials)
has the property that f(x)= f(%).Prove that f is a function in the variable
T+
Find all functions f:IR— IR such that

fle=y)=flz+y)f(y)

Find all functions f:IR— IR such that
f@) fy) = f(@)+ fly) + fey) -2

Find all functions f: IR — IRy such that
(1) f(—z)=—f(z)
(“')f<xiy> — (3 + f(é) +2(zy — 1000) for all z,y € Ro such that




69.

70.

71.

72.

73.

74.

75.

76.

7.

78.

x4y € Ry, too.

Let f(n) be defined on the set of positive integers by the rules: f(1)=2 and
fln+1)=f(n)’— f(n)+1

Prove that for all integers n > 1, we have

SR SR SRS

2 () f2) T f(n) 22"
Determine all functions f defined on the set of positive integers that have the
property

1

flxf(y)+y)=yf(x)+ f(y)

and f(p) is a prime for any prime p.

Determine all functions f: R —{0,1} — R such that

f(fo( 1 >:2(1—2x)

l—x z(1—x)

Find all functions f:IR— IR such that
f@+y)+ flz—y)=2f(x) f(y)
and |f(z)|>1 VzeR
Find all functions f:R— R and ¢: R — R such that
f@?+2y) + [z +y) = g(x+2y)

1

_3{/n2+2n+1 +3/n2—1 +3{/n2—2n+1.
Determine the largest value of f(1)+ f(3)+...+ £(999997) + £(999999).

For each positive integer n let f(n)

Find all strictly monotone functions f: R — R satisfying

f(f(@)+y)= flz+y)+ f(0)

Determine all continuous functions f: R — R such that

_ @)+ )
N ) =15 1)

find all functions f:IR — R such that
vf(x) —yf(y)=(r—y)f(z+y)

For each positive integer n let f(n)=[2y/n|—|vn+1++/n—1].Determine
all values of n for which f(n)=1.



79.

80.

81.

82.

83.

84.

85.

86.

87.

88.

Let f:@Q— Q be an injective function and f(z)=2z"—22.If n >3, find all
natural odd values of n.
Find all continuous, strictly increasing functions f:IR — R such that
e f(0)=0, f(1)=1
o | f(x+y)|=|f(x)]+|f(y)] for all z,y € R such that |z +y]|=|x]+|y].
Find all functions f:R— R such that

(@—y) flety)—(z+y) fle—y) =day(2®—y?)
Find All Functions f:N—N

f(m+ f(n))=n+f(m+k)
where k is fixed natural number.
Let f be a function defined for all real numbers and taking real numbers as
its values. Suppose that, for all real numbers x, y the function satisfies
_ f(sin (T 7Y (T Ty

f<2x>_f(sm< > T )>+f<sm( 2 2 ))

and

f@=y)=@+y) flz—y+(@—-y) fz+y).

Show that these conditions uniquely determine f (1990 +3/1990 +3/1990) and

give its value.

Find all polynomials P(x) Such that
rP(x—1)=(x—15) P(z)

Find all functions f:R— R such that
f@) fy flz) =1) =2 f(y) — f(x)

Prove that there is no function like f: R, — R such that : f (z+1y) > y(f(x)?).

Let f be a function de fined for positive integers with positive integral values
satisfying the conditions:

() f (ab) = F(a) F(1)

(i7) f(a) < f(b) if a <D,

(1) f(3) > 7

Find the minimum value for f(3).

A function f:N— N satisfies
(7) f (ab)= f(a) f(b) whenever the gcd of a and b is 1,

(i) f(p+q)= f(p)+ f(q) for all prime numbers p and q.
Show that f(2)=2, f(3)=3 and f(1999)=1999.



89. Find all functions f:R — R such that:
flaety)=f@)+ fy)+ f(zy)

90.A Find all functions f:R— R such that
f(@)+ f(0)) + f(c)= f(3abc)

90.B Find all functions f:R— R such that
@)+ f(0°) + f()=a- f(a®)+b- f(b*)+c- f(?)

91. Let f be a bijection from N into itself. Prove that one can always find three
natural numbers a, b, ¢ such that a <b<c and f(a)+ f(c)=2 f(b).

92. Suppose two functions f(z) and g(x) are defined for all x such that 2 <z <4
and satisfy 2 < f(z) <4,2<g(x) <4, f(9(x)) =g(f(x)) =z and f(z)-g(z) =27,
for all such values of z.Prove that f(3)=g(3).

93. Determine all monotone functions f:R— Z such that f(x)=2,Vzr€Z and
f+y) = f@)+ fy)

94. Find all monotone functions f:R— R such that f(4z)— f(3z)=2xz.

95.A Does there exist a function f:R— R satisfying
f(f(x)=22—2

95.B Do there exist the real coefficients a, b, ¢ such that the following functional
equation f(f(z))=ax?+bx+c has at least one root?

96. Let neN, such that /n¢Nand A={a+0b+/n|a,beN,a®>—nb>=1}. Prove
that the function f: A— N, such that f(z)={[z] is injective but not surjective.

97. Find all functions f:N— N such that f(f(m)+ f(n))=m+n.
98. Find all functions f:R; — R, such that
f@+y?)=f(xy)
99. Find all functions f:Z— 7Z such that:
(i) £(1) = F(~1)
(00) f(x) + fy) = f (z+22y) + [ (y =22 y).

100. Determine all functions f:R— R such that f(x+y) < f(x)+ f(y) and
flz)<e*—1.



101.

102.

103.

104.

105.

106.

Let f:R— R be a function such that f (zy)+ f(z—y) > f(z+v).
Prove that f(z)>0.

Find all continuous functions f: (0, 4o00) — (0, +00), such that
f(z)=f(V22*—2x+1), for each 2 >0.

Determine all functions f:Ng— N such that f (a®— %)= f?(a) — f2(), for
all a,b €Ny, a>b.

Find all continues functions f: R — R for each two real numbers z, y:
fla+y)=f(z+ f(y)

Find all functions f:IR — IR such that

e f(f(x)y+z)=xzf(y)+ f(z) , for all real numbers =, y and

e the equation f(t) = —t has exactly one root.

Find all functions f: X — R such that

flaety)+f@y—1)=(f(2)+1)(f(y)+1)
forall z,y € X, ifa) X=7Z. b) X=Q.



SOLUTIONS



1. Find all functions f: Q. — Q. that satisfies the following two conditions for
all v € Q4
Lf(z+1)=f(z)+1
2.f(a?) = f(z)

Solution: From (1) we can easily find by induction that for all n € N,
flx4+n)=f(z)+n
Therefore by (2), we have
fl(x+n)®) = fz+n)*s f(2®+2nz+n?)=(f(z)+n)?
= f(2*+2nx) +n?= f(x)?+ 2f(z)n+n’s f(2?+2nz) = f(2)*+2n f(z)

Now let’s put :E:% p,q € Np and let n— gq.

=) vw=i() ()

So f(%) :§ Va € @@, which satisfies the initial equation.

2. Determine all functions f:IR — IR such that:

f@®) = f(°) = (2% + zy+y*) (f(x) — [(y))

Solution: WLOG we may assume that f(0) = 0.(Otherwise let F(z) = f(z) —
f(0).It’s easy to see F' also follows the given equation.)

Now putting y =0 we get f(z%) =22 f(z).Substituting in the main equation

we get f(x) ==z f(1).So all the functions are f(z)=az+b where a,b€R

3. Find all continuous functions f:R — R such that:
(14 f(@) f(y) fle+y) = fz)+ f(y)

Solution: If f(0) is not 0, then P(0,0) gives 1+ f(0)?=2= f(0) =1,
P(0,z) gives f(x)==1 each time and so by continuity we get f(z)=1or f(z )
o If £(0)=0
P (z,—x) gives f(—z)=—f(x) if f(u)=0 with u=#0 then f(z+u)= f(z)
u u u u
13)=-1(-5)=-1(3)=1(5)=0
we also have f(2u)=0 (and also f (nu
SO f(%u):() for every n,k €N so f(x

\_/v

=0 by induction)
=0 for every x € R. (Take limits and use

~—

continuity)
o If f(u)=0 only for u=0



now suppose there exist an a: f(a) > 1 so there is x for which we have f(z¢) =1 now
let z=y=0.5z0s0 f(xo/2)=1 Dby [f (0.5z0) — 1]>=0 and because of continuity
f0)=1

or f(0)=—1 by the same argument.

So | f(x)| <1 for every x now let f(z)=tanh (g(x)) (this may be done, by the domain
of tanh)

so g(z+y)=g(x)+g(y) so g(x)=cx so f(x)=tanh (cx).
4. Determine all functions f:R — R such that:

f@?+ )=z f(2*) +yf(y°)

Solution: Let P(z, y) be the assertion.The following things can be proved easily:
f(0)=0; f(2*) =2 f(2); f (z+y)= [(2) + f(y)V(z,y) ER?

flle+y)?)=@+y) [(+y)?)=(x+y) (f(@®) +2 [ (xy)+ f(¥°)

flla+9)?) = @)+ f(y*) +3 f(zy (z+y))

Comparing these two we find that

zfy)tyfle)+2(@+y) f(ry)=3 f(zy(r+y))

___>f<x2):xf(1)+<2x_1) f(z)

2
So f(z% = z* f(1)+ (2x23 — 1)z f(2?)
Also notice f(xﬁ) = 72 f(x4) :xQ(xQ f()+ (2;2 ~1) f(xz))

From these two, we get
(x—1) f(z?)=(z — 1) 2 f(1)

Let’s assume z # 1.So f(2?) = 2% f(1).The last formula also works for x = 1.So0
f(@®) =z f(z*) = 2* f(1) Vz € R. So the only function satisfying P(z, y) is
f(z)=ca Vx €R where c is a fixed real.

5. Find all functions f:R; — R satisfying

flx+y)— fly)=

y(r+y)

Solution: WLOG we may assume that f(1) = —1.(Otherwise let F(x) = f(x) —
f(1) = 1.1t’s easy to see F'(1)=—1 and F also follows the given equation.)Now let

P(x,y) = f(x+y)—f(y):y<x+y)

P(z,1) gives f(x)= —%.So all the functions are f(z)= —% + ¢ where ce R.



6. Determine all functions f:R — R such that:
flae+yf(@)+ flaf(y) —y)=fz) - f(y) +2zy

Solution: Let P(z,y) = f(z +yf(x)) + f(z f(y) —y) = f(x) = f(y) + 22y.
P(0,0)= f(0)=

P0,z) = f(-z)=—f(z)

Suppose f(a)=0.Then P(a,a)== 0=2a*= a=0.S0 f(z)=0<+= z=0.Now let

x#0. P 250 4 p(EHY ) fon s )= 20() 1 ()
f(x) flz)

It is obviously true for z =0.Now make a new assertion Q(z,y) = f(2x+y)=

2f(x) + f(y)
forallz,yeR. Q(x,0)=> f(22)=2f(x) and so f(2x+y)= f(2x)+ f(y).Therefore
flx+y)=f(z)+ f(y)Vz,y € R and the function is aditive.

Ply,z)= fy+xf(y)+ fyf(z)—2)= f(y) = f(z) + 22y
= —f(~y+a(=f(y) = fly(=f(2)) +2)=—f(z) = (= f(y)) + 22y

So if f(x) is a solution then — f(x) is also a solution.Hence wlog we may consider

f(1)>0.

Now using aditive property the original assertion becomes

Rz, y): fe f(y) + [y f(z)) =2y

R(x, %) = f is surjective.So 3b such that f(b)=1.Then R(a,a) = a*=1=—
a=1.
(Remember that we assumed f(1)>01i.e. f(—1)<0)
R(z,1)= f(x)+ f(f(x)) =2z hence f is injective.
R(z,x)= f(z f(z))=2% and so f(z?)= f(f(x f(x))).Now R(z f(x),1) gives

f@?)+a?=2x f(z)

Eo f(ilx+y)2)+(w+y)2=2(w+y)f(x+y): flxy) +ay=xzf(y)+yf(z).So
we have the
following properties:
Rz, y) = f(z f(y) + [(yf(x)) =22y
Az, y) = flzy) =z f(y) +yf(x) —zy

B(l“) f(f(2))= 29€—f( )-So
A( ( ))=>f(fcf( D)= (@) + f@P 2 () . (2)

So — )+(2)4—3:(3):0:3:2—1—f(x)Q—Qxf(:c):(f(:c)—:c)zz(): flz)=x
So all the functions are f(z)=zVzr € R and f(z)=—aVzeR.

7. Find least possible value of f(1998) where f:IN — N satisfies the following



equation:

f(n?f(m))=m f(n)?

Solution: Denote f(1) = a, and put m = n = 1, therefore f(f(k)) = a® k and
f(ak?) = f4k), VkeN

Thus now, we have: f*(z) f*(y) = f*(z) f (ay®) = [ (2  (f (ay?))) = [ (+* @’ y*) =
flalazy)’)=[*(azy)

= [flazy)=[f(x) f(y)= f(az)=af(z)

af(ry)=f(z) f(y), Yo,y e N.

Now we can easily prove that f(z) is divisible by a for each z, more likely we have
that f*(z)=a*"1. f(a*) is divisible by a*~1.

For proving the above asertion we consider p® and p” the exact powers of a prime
p that tivide f(x) and a respectively, therefore ko > (k — 1) 5, Vk € N, therefore

a >3, so f(x) is divisible by a.

Now we just consider the function g(z) = (1)=1,g9(zy) = g(x) g(y),
g(g(x))==x. Since g(x) respects the initial condltlon of the problem and g(z) < f(z),
we claim that it is enough to find the least value of ¢(1998).

Since ¢(1998) =g (2-3%-37) = g(2) - ¢3(3) - 9(37), and g(2), g(3), g(37) are disting
prime numbers (the proof follows easily), we have that ¢(1998), is not smaller than

23.3.5=120. But ¢ beeing a bijection, the value 120, is obtained for any g, so we
have that ¢(2) =3, g(3) =2, g(5) =37, g(37) =5, therefore the answer is 120.

8. Find all functions f:R; — R, satisfying:
flat+ ) =f@+y)+ f(y)
Solution: Find all functions f: R, — R, satisfying:
fla+fy)=Fflz+y)+ f(y)
For any positive real numbers z, we have that
fle+ f(y) +z=flx+y)+ f(y) +=
= f(fle+ fy)+2)=ffle+y)+ fy)+2)
[+ fy)+2)+fla+ fy)=fle+y+ fy)+2)+ fle+y)
= flaty+2)+fy)+ ety +fy)=Ffle+2y+2)+ fy)+ flz+y)
= fle+y+2)+ f(y)=flz+2y+=z)

So f(a) + f(b) = f(a+ b) and by Cauchy in positive reals, then f(z)= ax for all
x € (0,00). Now it’s easy to see that =2, then f(z)=2zVrecRy.

9. Let f:R— IR be a function such that:

O)f(@)+ fly) +1= f(x+y) > f(2)+ f(y)
ii)For all x €]0,1), f( ) > f(x)

(
(
(i0d) (1) == f(=1) =
F

ind all such functlons



Solution: No complete solution was found.

10. Determine all functions f:IR — R such that:

flry+ f(x) =z f(y)+ f(2)

Solution: Let P(x,y) be the assertion f (zy+ f(z))=xz f(y)+ f(x)

f(z) =0 Vz is a solution and we’ll consider from now that Ja such that f(a)#0.
Suppose f(0)#0. Then P(z,0) = f(f(z)) ==z f(0)+ f(z) and so f(z1) = f(z2)
—> x1=u19 and f(z) is injective. Then P(0,0) = f(f(0))= f(0) and, since f(z)
is injective, f(0)=0, so contradiction. So f(0)=0 and P(x,0) = f(f(x))= f(z)
P (f(a), ~1) = 0= f(a)(f(~1)+1) and 50 f(~1) =1

Let g(x) = f(z) 2

Suppose now 3b such that f(b)#b

P(ﬁ’b):”{ ORT f( OE b)):f(bgc—bf@Hf(f(b;C—b)

wdso 7 (bt 1 5= )))(bf(bfﬁf( i)

BV
andsog<bf(b;” +f<f(b)x b) —z and g(R)=R
)

but P (z,—1) = f(f(z)—x)= f(x) —z and so f(z)=2x Vze g(R)
And it’s immediate to see that this indeed is a solution.

So we got two solutions :

f(z)=0Vx

flz)=2z Vz

11. Find all functions f:Q — @ such that f(2z)=2f(z) and f(x)+ f(%) —

Solution: Inductively f(2"z)=2"z from the first equation for all integer n.Since
2f(1) = 1 = f(1) = 5;.We get f(2") = 2"7!, hence f(27") = 1 —
2"~1 But also f(27")=2"""1

Then 1 —2""1=27""1 which is obviously not true for any positive integer n. Hence
there is no such function.

12. Determine all continuous functions f:R — R such that:

P )+ F () = 5 F(20)F(29)

Solution: In this proof, we’ll show that when f is not constant, it is bijective on
the separate domains (—oo, 0] and [0, c0), (not necessarily on R) and then find
all solutions on those domains. Then we get all functions f, by joining any two
functions from the separate domains and checking they work. I mentioned some of
the solutions in an earlier post.

Assume f is not constant and let P(z, y) = f (v f(y)) + f (v f(x)) =
Lr2a) F2y).

P(0,0): 4f(0)=f(0)>= f(0)=00r4 ... ... (1)



Injectivity
As f(z)=|x|is a solution, we cannot prove that f is injective on R, instead we show

it is injective on the domains (—oo, 0] and [0, 00). So suppose there were two reals
a# b such that f(a)= f(b), then we have

DT 1 @V =T f@) + [0 FO) = f (af0)+ [ f@) =
5/ (2a) F(20)

Which implies ¢ [/ (2a) — f (2D)?=0=> [ (20)= f (2})
Moreover,

Faf@)+ ] @ fla)=5 f (20) f (22)
= £ @) f20)= F (b F(@)+ f (2 /()

This then implies f (a f(z))= f (b f(z)) for all z €R (%).

eCasel: f(0)=0

First we will show that f is injective on [0, c0). So for the sake of contradiction
assume there existed a > b> 0 such that f(a)= f(b). Since f(z) is continuous and
not constant when x > 0, there must be some interval [0, ¢;] or [—¢y, 0] such that f
is surjective onto that interval. wlog that interval is [0, ¢;]. So, motivated by (x) we

define a strictly decreasing sequence ug € [0, ¢1], Uy 41 = % up,. We find that u, € [0, ¢1]

for all n and therefore f (aug)= f (buo)= f(auy)=...= f (auy,).
Now lim u,— 0, so by the continuity of f we have
lim f(au,)= f( lim aun> = f(0)=0

. This implies that f (aug) =0 for all uy € [0, ¢1], and therefore f(x)=0 when z € |0,
acyl.

But then for any x € [0, ac;] we have P(z,x)= 0= f (x f(x)) :% f (22)% hence
f (2 2) = 0. Inductively we find that f(x) =0 for all 2 € R". Contradicting the
assumption that f was not constant on that domain. Hence f is injective on the
domain [0, c0).

As for the domain (—o0, 0], simply alter the original assumption to a <b <0 such that
f(a)= f(b) and the same proof applies. Hence f is injective on (—o0, 0] and [0, c0)
eCase 2: f(0)=4

Again we will consider the case z € [0, 00). Assume there exists a >b >0 such that

fla)= f(b).

p(%,o) — f(20)+4=2f(z) = f(22)—4=2[f(z) — 4]
and inductively f (2" x) —4 =2"[f(x) — 4]. So assuming there exists atleast one
value such that f(z) —4#0, we will have f(2") — o00. And since f is continuous,
f will also be surjective onto at least one of: [4,00) or (—o0,4]. wlog, we will assume
it [4, 00)



Similar to the previous case we define the increasing sequence ug € [4, % 4] and uy,41=
T, Again uy, €[4, 00) and therefore f (bug) = f (auo) = f (bur) =... = f (buy).
Now for any y € [4,00) there must exists a ug € [4, % 4], such that y=bu,,=b Z—: ug for
some n. Hence for any value, v in the range of f, there exists some value in x € [4 b,
4 a) such that f(z)=wv.

But f is continuous on the domain [4b,4 a] therefore achieves a (finite) maximum.
This contradicts the fact that f is surjective on [4,00), hence our assumption is false
and f(x) is injective on the domain [0, 00).

We handle the negative domain (00, 0] by changing the assumption to a <b <0 and
f(a)= f(b). Therefore f(x) is injective on both domains z € (—o0c,0] and [0, c0). (in
fact, it is bijective)

Surjectivity We already know that f(z) is surjective on either (—o0,4] or [4,00) when
f(0)=4, so consider, f(0)=0. We know that there exists some interval [—cy,0] or [0,
¢1] such that f is surjective onto that range and f is monotonic increasing/decreasing
(following from f being injective and continuous), so we consider two cases.

Case 1: f is surjective on [0,c4]

Suppose f is bounded above, let lim, ., f(z) — L;. Then when f(y) > 00 we have

P(oo,y): Lt f (Lig) ==L f (24).
L T
have: Ly + f(0) = 71 f(0)= L, =0.

But this implies f is constant, and contradicts that f is surjective on [0, ¢;], hence
f is not bounded above, and must be surjective onto [0, ).

Case 2: f is surjective on [—c;,0]

Suppose f is bounded below, let lim f(x)— Lo, then when f(y) <0 we have

n—oo

P(oco,y): Lo+ f (L1 y) :% f (2y). By a similar argument to case 1, we find Ly=0,

So let y=up>0, and u,41 = and as we send n— 0o, by the continuity of f we

contradicting that f is not constant. Hence f(z) has no lower bound and must be
surjective onto [0, —o0)

Conclusion

functions when f(0)=0

When f(0) =0, we know that there exists 2 ¢ € R such that f(2c¢) =4, hence

f(efle)= i f(2¢)>’=4= f(2c¢) So by the fact that f is injective ¢ f(c) =2 c=
Fle)=2.
Pz, c): f2x)+ f(cfx)=

———>f(a:):%x

SFEA D=2 20, =] (cfx)=]2)

Since ¢ can be any real value, let %: k we have f(z)=kx (%*).

functions when f(0)=4

When f(0) = 4 the above doesn’t work because ¢ = 0. But we do know that
f@2rx)=442"[f(x)—4]. Solet f(x)=g(x)+4 so that g(2"x)=2"¢g(z) (2).

Now Ple,2) = [ (¢ f(2)) =+ | (22)* = (f(x) — 2)* <= g (2 gla) + 4 2) =

g(x)* +4g(x).
Applying (2) gives g (2" z g(x) +2)=2" g(x)*+ g(x), which holds for all n € Z,r € R*™

1
1



Now there must exist ¢ € R such that f(c) =1, so, letting z =c gives: g (2"c+c¢)=
2"+ 1 and applying (2) gives

f@2rtme42m) =2ntm y om (3) which also holds for all n,m € Z and x € R.

So now we will define a sequence that has a limit at any positive real number
we choose, let that limit be a € RT, and show that ¢ (a ¢) = a, it will follow that
g (cx)=ux for all z e R".

So pick two integers k, £ € Z such that 2% +2¢ < a, and let uo= 2% 4 2°.

Now the next term in the sequence is defined by w, 1 = 2"+t u2 + u,,, where k. is
the largest possible integer such that u,,; < a. Then the limit of this sequence as
n— 00 IS a.

But from (3) we have g (cu,)=u, for all n € N, so by the continuity of g,

lim g (cu,)=g ( lim cun) =g(ca)=a.

This is true for all real a € RT, so we have g(x) == or f(z)==+4, for some ¢+ 0.
S0 let%:k and f(x)=kx+4 (Fork)

All the solutions of f

flx)=kzx EeR

flx)=kx+4 keR

And when when k; <0, ky >0, we also have

kix <0

f(x):{ kyr >0

ki +4 2<0
f(x)_{k2x+4 x>0

13. Find all functions f:IR — IR such that:
F@®) = f(y°) = (f(@) = f) (@' + 2%y + 2y + 2y + o)
Solution: WLOG assume f(0)=0. (Otherwise let F'(x) = f(z) — f(0). Then you

can easily see F' works in equation!).
Define P(z,y) = f(2°) — f(y°) = (f(2) — f(y))(a" + 2’y +2°y* + 2y’ + 7).
P(z,0)= f(2°) =2*f(z). Now rewrite P(z,1) to get

f@) (@342 +z+ 1) =P +22+x+1)f(1)x

Now suppose x# —1. Then f(z)=xf(1). Now use P(2,—1) to prove f(—1)=—f(1).
So all the functions are f(x)=xzf(1)+ f(0).

14. Determine all functions f: R — R such that:
flaf@) +f)=y+ f(x)

Solution: Let P(z,y) = f(z f(x)+ f(y)) =y + f(x)’

P(z,— f(x)*) = there exists an a such that f(a)=0.

P(a, x) = f(f(x)) = x.So the function is injective.Now comparing P(z, y) and
P(f(x),y)

we find f(z)*=22So f(z)=xzor —x at each point.Then f(0)=0.Suppose Ja,b such
that



f(a)=a and f(b)=—band a,b+0.P(a,b) = f(a*—0b)=b+ a> . We know that
f(a®>—b)=a?—b or b— a®But none of them is equal to b+ a? for non-zero a,b.Hence
such a, b can’t exist.So all the functions are f(z)=z Vr € R and f(z)=—x Vx €R.

15. Determine all functions f:R — R such that:

f@)?+2yf(x)+ f(y)=fly+ f(z))

Solution: Let P(z,y) be the assertion f(z)?>+2y f(x)+ f(y)=f (y+ f(z))
f(z)=0 Vx is a solution. So gve’ll look from now for non all-zero solutions.

Let f(a)#0 : P(a, %) —> u = f(something) — f(something else) and so
any real may be written as a difference f(v)— f(w).

P(w, = f(w)) = —f(w)*+ f(=f(w)) = f(0)

P (v, = f(w)) = f(v)*=2f(v) f(w)+ f(=f(w)) = f (f(v) = f(w))

Subtracting the first from the second implies
f)? =2 f(v) f(w) + f(w)*=f (f(v) = f(w)) = £(0)

Therefore f (f(v) = f(w)) = (f(v) = f(w))*+ f(0)
And so f(x)=22+ f(0) Yz € R which indeed is a solution.
Hence the two solutions : f(z)=0Vz f(zr)=2*+a Vx

16. Determine all polynomial functions f: R — R, with integer coefficients, which
are bijective and satisfy the relation:

f@)?=f(a*)=2f(z)+a

where a is a fixed real.

Solution:Let g(x) = f(x)+ 1. The equation can be written as g(r)?= g(2?) +a and
S0
g(2?) = g(—x)? and there are two cases:
e g(x) is odd:
So ¢g(0) =0 and so a=0.Thus we get g(z)?= g(x?).It’s easy to see that if pe? is a
root of g(x),
then so is \//F.So only roots may be 0 and 1.Since 1 does not fit, only odd poly-
nomials matching g(z)*= g(x?) are g(z) =0 and g(x)=x*"*1.
eg(x) is even:
Then,

(i)Either g(r)=c € Z such that ¢ —c=a.

(i7)Or g(z) = h(z?) and the equation becomes h(z?)?> = h(z?) + a and so
h(x)?=h(z?) + a (remember these are polynomials)
By the same argument as before the conclution is the only solutions are g(z) = ¢
and g(z) =z
So all the solutions for f(z) are:
1. If 4 ¢ € Z such that ¢ — ¢=a, then no solution.
2. If 3 ¢ € Z such that ¢* —c=a, then f(z)=c—1.



3. a=0, then f(z)=2a"—1.

17. Let k is a non-zero real constant.Find all functions f:R — R satisfying

flzy)=f(x)f(y) and f(z+k)=f(x)+ f(F).

Solution: f(y) f(x)+ f(y) f(k)=f(y) [ (x+ k)
fley)+ fky)=fxy+yk)

Now we are going to prove f (x + ky) = f(x) + f (ky). If y =0, it’s easy since
f(0) =0. If y # 0, then we can put%inxof fly+flky)=fy+yk).
So f(z + ky) = f(x) + f (ky). Now, since k isn’t 0, we can put % in y of
fx+ky)=f(x)+ f(ky). So f (x+y)= f(z)+ f(y). Since is an Cauchy equation,
we can know that for some constant ¢, that f(¢) =c ¢ when ¢ is an rational number.
But because of f (zy)= f(z) f(y), cis 0 or 1. If c=0, then we can easily know that
f(z) =0 for all real number z. If ¢=1, then f(q) = ¢q. Now let’s prove f(x) = z.

Since f (zy)= f(z) f(y), f(z?) = (f(z))* Soif x>0, then f(x)>0 since f(x)+0.
But f(—z)=—f(x). Soif x <0, then f(z) <0. Now let a a constant that satisfies
f(a)>a. Then if we let f(a)=0, there is a rational number p that satisfies b> p > a.

So, f(p—a)+ fla)= f(p)=p. So, f(p—a)=p— fla)=p—b<0. But, p—a>0.
So a contradiction! So we can know that f(x)<z. With a similar way, we can know
that f(z) >x. So f(x) =x. We can conclude that possible functions are f(z) =0
and f(x)==x.

18. Find all continuous and strictly-decreasing functions f:R, — R, that satisfies

fla+y)+ f(f(@)+ f(y)=f(fx+ fy)+ fy+ f(2)))

Solution: No complete solution was found.

19. Find all functions f:IN x N — N of two variables satisfying

flz,z)=x, f(z,y)=f(y,2),(x+y) f(z,y) =y f(z,2+y)

Solution: Substituting f(z, y) = g(iyy) we get g(z,z)=x,g(x,y)=g(y,x), g(x,

y)=g (x,x+y). Putting z— = + y, the last condition becomes g(z,2)=g (z,z —x)
for z >x. With g(z,x) =2 and symmetry, it is now obvious, by Euclidean algorithm,
that g(x,y)=ged (z, y), therefore f(z,y)=Ilem(z,y).

20. Prove that for any function f: R — R,

fla+y+ry)=f(x)+ f(y)+ flzy) = flx+y)=f(z)+ f(y)

Solution: Let P(x,y) be the assertion f(x+y+xy)= f(z)+ f(y)+ f(xy)
1) f(z+y)=f(z)+ f(y) = P(z,y)

Trivial.

2) P(x,y) = f(z+y)=f(z)+ f(y) Va,y

P(z,0) = f(0)=0 P (z,-1) = f(-2)=—f(2)

2.1) new assertion R(z,y) : f(x+vy)= f(x)+ f(y) Ve, y:x+ y+ —2



Let z,y such that x + y+ —2

rt+y xT—yY Tty r—y x? — y?
P( 2 ’x+y—2>::>f(x)_f< 2 >+f(x+y—2>+f<x+y—2)

r+y y—x Tty r—y r? — y?
P( 2 ’x+y—2):>f<y)_f< 2 >_f(x+y—2)_f<x+y—2)

Adding these two lines gives new assertion Q(z,y) : f(z)+ f(y) =2 f(#) Y,y
such that z +y# —2

Q(x+y,0) = f(:p+y):2f(m;ry) and so f(z+y)= f(x)+ f(y)

2.2) f(x+vy)=f(x)+ f(y) Vz,y such that x + y=—2

If t=-2,theny=0and f (x+y)= f(z)+ f(y) If ©# -2, then (v +2) + (—2)# -2
and then R (v + 2, -2) = f(z)=f(x +2)+ f(=2) and so f(z)+ f(-2—2)=
f(=2) and so f(z)+ f(y)=f(z+y).

21. Find all functions f:7Z — 7Z such that
f@y+ f)+ f(2)*= f@® +y° + 2%)

22. Determine all functions f: R — R such that:
f(f(@)+y) =22+ f(f(y)— )

23. Find all functions f:IN — N such that:
fUfm)+ fn+1)=n+2

24. Find all functions f:IR,; — R, such that:
f@) [y f(e)=flz+y)

25. Find all functions f:IR — R which satisfy this equation:
f@f(y)+ f(x) = f(yf(x)) +

26. Find all functions f:R — R satisfying
f@+ f(y)=y+ f(z)?

27. If any function f:R — R satisfies

f@+9°) = (@ +y)(f(2)* = f(2) f(y) + [ (9)*)
then prove that f(1996x)=1996 f(x).

28. Find all surjective functions f:IR — R satisfying

f(f(x—y))=f(x)— f(y)



29. Find all £ € R for which there exists a differentiable function f:R—IR such
that f(1)<1 and f(z)?+ f(2)*=k.

30. Find all a € R for which there exists a non-constant function f:(0,1] — R such
that a+ f(z+y —zy)+ f(2) f(y) < f(2) + [ (y).

31. Find all functions f:IN— N such that
2n+2009< f(f(n))+ f(n)<2n+2011

32. Find all functions f:R; — R satisfying f(a)=1 and
a a
F(@) f () + f(;)f(g) ~2f(wy)
33. Determine all functions f:@Q—C such that

(1) for any rational x1, %o, ..., Z2010, f(z14+ 22+ ... +T2010) = f(x1) f(22)... f(22010)

(2d)for all z€@, £(2010) f(z) = f(2010) f(x).

34. Find all functions f:Q — R satisfying

flaty+2)=f@)+ fy)+ f(2) +3V/ fle+y) fly+2) fz+2) Yo,y,2€Q

35. Determine all functions f:IR — R such that

fz) =max (2zy — f(y))

yeR
36.
37. Find all functions f: R — R satisfying
fUf(@) +y)=fa?—y)+4f(2)y
38. Find all functions f:R; — R, satisfying
f@)?+2yf(@)+ f(y) = fly+ f(z))

39. Let k>1 be a given integer.Find all functions f:IR — IR such that

fa+ f(y) =y + fa)*
40. Find all functions f: R — R that satisty

fay) + fle—y) = f(z+y)

41. Find all functions f:7Z — 7Z that satisfy f(1)= f(—1) and
f(m) + f(n) = f(m+2mn) + f(n —2mn)



42. Find all continuous functions f:IR — R satisfying
e+ fly+ ()= @)+ F(f )+ F(F(f(2)))

43. Let f be a real function defined on the positive half-axis for which
flzy) —xf( )+ yf(z) and f(z+1) < f(z) hold for every positive z. If

f(%) 27 show that f(z)+ f(1—2)> —xloger — (1 — z)loga(1 — z)
for every x €(0,1).

44. Let a be a real number and let f:IR— R be a function satisfying f(0) :% and
fle+y)=f(x)fla—y)+ f(y) f(a—x) .Prove that f is a constant function.

Solution:

Let P(z,y) be thelassertion fla+y)=f(x)fla—y)+ f(y) fla—x).
P0,0) = f(a)=3
P(z,0)= f(x)= f(a—z).So P(z,y) can also be written as

(

Qr,y) = f(r+y)=2f(z)f(y)

Q(a, —z) = f(a — )= f(—x).Hence f(z)= f(—x).Then comparing Q(z, y) and

Q(z,—y) gives f(z+y)=f(z—y).Choose z="2"and y="_" (u)= f(v) and
f is a constant function.

45. Find all continuous functions f: IR — R such that

fla)?= —E(x + 7z f(x) +16f(2)?)

46. Find all functions f: R\ {0,1} — R which satisfies

o)t

47. Let f:R; — R be a function such that
(i) If x <y then f(x)< f(y)

T+y
Show that f(z) <0 for some value of z.

48. Find all continuous functions f:IR — R such that
fle+y)+ fley) = @)+ f(y) + fley+1)

49.A Find all continuous functions f:IR — IR such that
f@)+ fy)+f)+ fe+yt+z)=Fflz+y)+ fly+2)+ fz+2)+ f(0)



49.B Find all functions f: R — R satisfying
f@f(y)+ f(x) =2f(x) +xy

50. A function f:IR— R satisfies the following conditions:
(1) f(—2) = —f()
(i) f(z+1)= f(z)+1
(iid) £ () =23

Prove that f(x)=z Vx eR.

51. Find all injective functions f:IN — N which satisfies

)+

IO ESi s

52. Determine all functions f:IR — R which satisfies
F(f(@)+y)=f(2*—y)+4f(2)y

53. Find all functions f: R — R such that
fa+ f(y))=y+ fz)"
where n > 1 is a fixed natural number.
54. Find all functions f:7 — Z such that
fle—y+fy)=flz)+ f(y)

55. Find all functions f:R; — R, which have the property
f@) f(y)=2f(z+yf(z))

56. Find all functions f: Q; — Q4 with the property

f(zy)
flz+y)

57. Determine all functions f: R, — R, such that
fle+y) = flx—y) =4/ f(2) f(y)

flx)+ f(y) +2zy f(ay) =

58. Determine all functions f:Ng—{1,2,...,2000} such that
(1)For 0<n <2000, f(n)=n
(@3) f(f(m) + f(n)) = f(m+n)
59. Find all functions f: R — R such that
fle+ f(y)=y+ f(z+1)



60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

Let n>m > 1 be odd integers.Let f(z)=2"+ 2™+ x + 1.Prove that f(x) is
irreducible over Z.

A function f:7 — 7 satisfies the following equation:

fmA+n)+ f(mn—1)= f(m)f(n)+2

Find all such functions.

Let f:IRy — R be a function such that f(vab)=+/f(a)f(b) foralla,be Ry
satisfying a®b > 2.Prove that the equation holds for all a,be R

Find all functions f:7Z — 7Z such that
Lf(m) + f(n)]f(m —n) =[f(m) = f(n)]f(m+n)

Find all polynomials which satisfy

Plx+1)=P(x)+2z+1
A rational function f (i.e. a function which is a quotient of two polynomials)
has the property that f(z)= f (%).Prove that f is a function in the variable
T+ %
Find all functions f:IR— R such that

fle—y)=flz+y)f(y)

Find all functions f:IR— IR such that
f@) f(y) = f(x)+ fly) + flzy) =2

Find all functions f: IR — IRy such that
(1) f(—2)=—f(z)
<”>f<:v41ry> = f(%) + f<§> + 2(zy —1000) for all x, y € Ry such that
x4y € Ry, too.

Let f(n) be defined on the set of positive integers by the rules: f(1)=2 and
fln+1)=f(n)’— f(n)+1

Prove that for all integers n > 1, we have

1 1 1 1 1

_22"71<f(1)+f(2) ++m<1—ﬁ

Determine all functions f defined on the set of positive integers that have the
property f(xzf(y)+vy)=vyf(x)+ f(y) and f(p) is a prime for any prime p.
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Determine all functions f: R —{0,1} — R such that

Fo) + f( 1:73) - 21?(11‘_23

Find all functions f:IR— IR such that
fat+y)+ fle—y)=2f(z)f(y)
and |f(x)|>1 VzeR
Find all functions f:R— R and ¢: R — R such that
f@?+2y) + [z +y) =gz +2y)

1

_?{/n2+2n+1 w3m2 1 4nZ—on+1
Determine the largest value of f(1)+ f(3)+ ...+ £(999997) + £(999999).

For each positive integer n let f(n)

Find all strictly monotone functions f: R — R satisfying

f(f(x)+y)= flz+y)+ f(0)

Determine all continuous functions f: R — R such that

_ S+ )
N ) =15 1)

find all functions f:IR — R such that
wf(x) =y fly)=(@—y)fz+y)

For each positive integer n let f(n)=|2v/n] —|[vn+1++/n—1]. Determine
all values of n for which f(n)=1.

Let f:Q— @Q be an injective function and f(z)=2z" — 2z.If n >3, find all
natural odd values of n.

Find all continuous, strictly increasing functions f: R — R such that
e f(0)=0, f(1)=1
o [f@+y)]=1f(2)]+[f(y)] forall z,y € R such that [z +y]=[z]+ [y].

Find all functions f:R— R such that

(z—y) flet+y)—(z+y) flz—y)=dzy(@®—y?)

Find All Functions f:N—N
fm+f(n))=n+f(m+Fk)



83.

84.

85.

86.

87.

88.

89.

where k is fixed natural number.
Let f be a function defined for all real numbers and taking real numbers as
its values. Suppose that, for all real numbers x, y the function satisfies

f(2x):f(5in<%+%y)>+f<sin(7r2—x—%y>)

f@=y)=@+y) flz—y+(@—-y) fr+y).

Show that these conditions uniquely determine f (199043/1990 +3/1990) and
give its value.

and

Find all polynomials P(x) Such that
rP(x—1)=(x—15) P(z)

Find all functions f:R— R such that
f@) £y fle)=1) =2 f(y) — f(x)

Prove that there is no function like f: R, — R such that : f (z+1y) > y(f(x)?).

Let f be a function de fined for positive integers with positive integral values
satisfying the conditions:

(i) f (ab) = (a) F(1)

(13) f(a) < f(b) if a <D,

(19d) f(3) =7

Find the minimum value for f(3).

A function f:N— N satisfies
(7) f (ab)= f(a) f(b) whenever the gcd of a and b is 1,

(i) f(p+q)= f(p)+ f(q) for all prime numbers p and g.
Show that f(2)=2, f(3)=3 and f(1999)=1999.

Find all functions f:R— R such that:
flety)=f@)+ fy)+ f(xy)

90.A Find all functions f:R— R such that

f@®)+ f(0°) + f(®) = f (Babe)

90.B Find all functions f:R— R such that

91.

F@®)+ fO) + f()=a- f(a®)+b- f(b) +c- f(c?)

Let f be a bijection from N into itself. Prove that one can always find three
natural numbers a, b, ¢ such that a <b<c and f(a)+ f(c)=2 f(b).



92. Suppose two functions f(x) and g(x) are defined for all x such that 2 <z <4
and satisfy 2.< f(x) <4, 2.< g(x) <4, (9(x)) = g(f(z)) =2 and f(z)- g(z) =%
for all such values of x.Prove that f(3)=g(3).

93. Determine all monotone functions f:R— Z such that f(x)=2,Vzr€Z and

f+y)= f@)+ fy)
94. Find all monotone functions f:R— R such that f(4z)— f(3z)=2xz.

95.A Does there exist a function f:R— R satisfying
J(f (@) =22 =2

95.B Do there exist the real coefficients a, b, ¢ such that the following functional
equation f(f(z))=ax?+bx+c has at least one root?

96. Let neN, such that v/n¢Nand A={a+0b+/n|a,beN,a®>—nb>=1}. Prove
that the function f: A— N, such that f(z)=]z] is injective but not surjective.

97. Find all functions f:N— N such that f (f(m)+ f(n))=m+n.

98. Find all functions f:R; — R, such that
f@+y?)=f(zy)

99. Find all functions f:Z— Z such that:
(1) F(1) = f(=1)
(i) f(e)+ fy)=f(@+2zy)+ f(y—2zy).

100. Determine all functions f:R— R such that f(x+y) < f(z)+ f(y) and
f(z)<e®—1.

101. Let f:R—R be a function such that f (zy)+ f(x —y) > f(x+y).
Prove that f(z)>0.

102. Find all continuous functions f: (0, +00) — (0, +00), such that
f(z)=f(V22* =2z +1), for each z > 0.

103. Determine all functions f:Ng— Ny such that f (a®— %)= f?(a) — f2(b), for
all a,beNpy,a>b.

104. Find all continues functions f: R — R for each two real numbers x, y:
fla+y)=f(z+ f(y)

105. Find all functions f: R — R such that
o f(f(x)y+z)=xf(y)+ f(z), for all real numbers x, y and
e the equation f(t) = —t has exactly one root.

106. Find all functions f: X — R such that

flrt+y)+fly-1)=(f(x)+1)(f(y)+1)



forall z,y e X, ifa) X=7Z. b) X=Q.



