MOT SO VAN DE VE BAT DANG THUC
BAC BON BA BIEN

Nguyén Vin Huyén!
Téng Hitu Nhan?

1. Mé dau

Trén tap chi IJPAM 2 nhom tac gia Vasile Cirtoaje 4 va Vo Qubc Ba Can ° c6 dé xuét
dinh ly:

Véi a, b, ¢ la ba so thuc, xét da thic

F(a,b,c)=> a*+A) 0’ + Babc) a+C> Ve+D> b,

Néul+ A+ B+C+ D=0, bat ding thitc F(a,b,c) > 0 sé ding khi va chi khi

31+ A)>C*+CD+ D,

V6i dinh 1y nay 16p cac bai toan bac 4 ba bién s6 da duge gidi quyét triet dé. Tuy nhién
viéc chitng minh va ap dung né trong cac ky thi khong phai 1a diéu dé dang. Theo quan
diém c4 nhan dinh 1§ nay gidng nhu mot tieu chuan trong viéc sang tao ra cac bat déng
thitc méi hon 1 mot phuong phap dé gidi quyét cac bai toan. Diéu ma ching ta quan
tam khong chi 1a nhitng dinh 1y tong quat ma con la nhitng cong cu khong qua qué phiic
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tap dé stt dung trong phong thi. Vi thé, trong bai viét nho nay, ching toi xin chia sé mot
vai k¥ thuat nhé khé hieu qua trong viec xit Iy cac bat dang thiic bac 4 ba bién.
2. Cac bai toan doi xirng

Niam 2011 trén dién dan toan hoc artofproblemsolving.com thanh vien mudok c6 dé xuat
bai toan sau day:

Bai 2.1. Cho cdc so thuc a, b, ¢ théa man a + b+ c = 0. Ching minh ring

(ab+ be + ca)? + 9abe > 3(ab + be + ca).

Loi gidi. Cach tu nhien nhat 1a ta sé rat ¢ = —a — b roi thay vao (2.1.1), va duge
[ab — (a +b)*]* — 9ab(a + b) > 3 [ab — (a + b)?],

(a® + ab + b%)* + 3(a® 4+ ab + b*) > 9ab(a + b).

Quan sat mot chit ta thay bat dang thiic lac nay chia ba dai lugng a? + ab+ b2, ab, a +b
va chiing ¢6 mdi lien hé v6i nhau thong qua danh gia

a®+ ab+ b > Z(a +b)? > 3ab,
suy ra
(a® +ab+b*)* + 3(a® + ab + b*) > %(a +b)* + 9ab.
Nhu vay ta chi can chiing minh
b 4
% + ab > 9ab(a + b).

R4t tiéc bat dang thiic nay khong ding (c6 thé kiém tra véi a = —1, b = 1). Do d6 ta sé
doi lai danh gia theo kiéu

(2 + ab+ 122+ 3(a® + ab+ b%) > (3ab)® + 3 - >(a + b)?
g (2.1.2)
= 9a°b* + Z(a +b)2,

va quy bai toan vé chiing minh

(a+0)?

2b2
a + 1

> ab(a+ ).

Bat déng thic nay dang theo bat ding thitc AM-GM, nhung c¢é mot 16i trong danh gia
(2.1.2) d6 1a (a® + ab + b*)? > (3ab)? chi ding khi ab > 0, nhung ta c6 thé khic phuc 15i
nay bang k¥ thuat sau.

Do ab - be - ca = a?b*c? > 0 nén trong ba s6 ab, be, ca sé c¢6 it nhat mot s6 khong am, gia
stt ab > 0. V6i nhitng lap luan trén, ap dung bat dang thiic AM-GM, ta c6

a’+ab+b* > %(H b)? > 3ab > 0. (2.1.3)
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Suy ra
2
(a® + ab + b*)? + 3(a® + ab + b*) > 9a*b* + w.

Ta sé chiing minh
(a+0b)?
4

Ciing theo bat dang thitc AM-GM thi

a’b* + > ab(a + b).

2 2
2B @ > o4 fa22 - @ — abla + b > ab(a + b). (2.1.4)

Dang thitc xay ra khi (2.1.3) va (2.1.4) trd thanh dang thitc, tic

a=1b
20 (a+D)?
b =
¢ 4
Giai hé nay tadugca=b=c=0vaa=b=1, c = —2. Bai dugc chiing minh. m

Bai 2.2. Cho ba s6 thuc a, b, ¢ théa man a + b+ ¢ = 3. Chitng minh rang

3a* + v+ ) a0+ 6= 6(a® + b7+ D).

L&i giai. Day ciing 1a mot bai toan doi xiing, nén ta sé tim cach dua diéu kién vé dang
tong bang 0, r6i diing phép thé nhu trén. Rat tu nhien dat a = v+ 1, b=y +1, c = 2+ 1,
khi do6

r+y+z=(a—-1)+0-1)+(c—-1)=0.

V6i phép dat nay thi

AP+ =@+ +y+1)2+ (2 +1)°
=’ +y"+22+2@+y+2)+3
=z’ + "+ 27 +3,

tuong tu

a®+0* 4+ =2 + P + 22+ 32 + P+ 2%) + 3,
a0t =2t oyt A B+ ) 6 4y 4 2% 4 3.

Bat dang thitc (2.2.1) trd thanh
3@t +yt+ )+ 6P+ + ) 2ty 22 >0 (2.2.2)
Gia st zy > 0, roi thay z = —x — y vao (2.2.2), ta dugc
Bt +yt + (2 +y)' ] + 6% + 4’ — (v + )| +2® + 7+ (2 +y)* 20,

3(z* + 22%y + 3229 + 229° + y') + 2 + 2y + y* = Yry(z + )
3(a? +ay +y°) + 2 +ay + = 9uy(r +y).
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Ap dung bat ding thic AM-GM, ta c6

P ay+yt > S (v +y)? =30y >0, (2.2.3)

>~ w

suy ra

3
3(x +ay+ )+ 2% oy + oy =277y + Z(:L’ +y)?.

Do d6 ta chi can chitng minh

2
92%y? + @ > 3zy(x + y).
Ciing theo bat dang thitc AM-GM, thi
2 2
922y® + @ > 2\/9x2y2 : % = 3zy |x + y| = 3zy(x + y). (2.2.4)

Dang thtic xay ra khi (2.2.3) va (2.2.4) tré thanh dang thiic, tiic z, y 14 nghiém ctia hé

r=Yy
2,2 3 2
27x%y :Z(x+y)

Giai he nay tadugcx =y =0 hodicx =y = %,suyraa: b=c=1,hoaca =b= %, c= %
cung cac hoan vi. Bai toan dugce chiing minh. O]
4

Sau 2 vi du dau ta thay ¥ tudng chinh dé giai quyét cdc bat ding thic ddi xiing bac
duge “mo hinh” héa nhu sau:

(1) Néu bat dang thic c¢6 diéu kien a + b + ¢ = 3 thi ta sé tién hanh doi bién sang
r=a—1,y=0b—1,2=c—1, con néu bat dang thiic c6 cac diéu kien khéc thi
ta c6 ging thuan nhat bai toan hoic thong qua mot s6 danh gia dé dua bai toan ve
dong bac sau dé chuan héa a 4+ b+ ¢ = 3, 10i stt dung céc bién ddi

At Bt =t byt AR P ) 4 6(a ot 2P) £ 3,
A+ =2+ + 22+ 3+ P+ 2P + 3,
A+ + =2+ P+ 2243,
ab+bc+ ca =xy+yz+ zx + 3,
abc=zyz+zxy+yz+zer+1

(2) Thay z = —x — y 10i bién doi vé hai dai luong z° + xy + 4%, xy (v +y) thong qua
cac dang thic
ot +yt 42t =202 + 2y + y7)?,
2+ y? 4 23 = 3ay(z +y),
24y’ + 27 =202 +ay + ),
zy +yz +zr = — (2 + zy + y?),
ryz = —wy(r +y),
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Cubi cling ta sé thu duge bat ding thic c6 dang
A + 2y + 92 + B+ zy+ 1) + Cay (x +y) + D > 0.

Tit d6 tity vao cac hé s6 cac A, B, C, D ma ta c6 nhitng danh gia thich hgp dé gidi
quyét bai toan.

RAt vui ming vi phat hién tha vi ndy ching toi da thit 4p dung vao cic bai toan khac va
thu dugc nhitng két qua sau:

Bai 2.3. Cho ba so thuc a, b, ¢ théa man a + b+ ¢ = 3. Chiing minh rang

(ab + be + ca — 3)* = 27(abe — 1).

Loi giai. Data=z+1,b=y+1,c=z+1,thix +y+ 2z = 0. Khi d6

ab + bc+ ca = xy + yz + zx + 3.
abc = zyz +xy +yz +xz + 1.

Bat dang thitc (2.3.1) trd thanh
(zy + yz + 22)* > 27(2yz + 1y + Y2 + 12). (2.3.2)
Gia st zy > 0, thay z = —z — y vao (2.3.2) va thu gon lai, ta duge
[zy — (x4 y)*)* = 27[—ay(x +y) + 2y — (z + )7,

hay 1a
(2% 4+ zy + v + 27(2% + vy + y?) + 2Tzy(z +y) > 0.

Ap dung bat ding thic AM-GM, ta c6

oy +yt > (e +y)? > 30y >0,

1w

suy ra

81
(2% + 2y +¢°)° +27(2° + 2y + %) 2 9%y + - (w +9)”

Ta sé ching minh
9
2’y* + 2z +y)* + 3wy(e +y) >0,

4
bat dang thiic nay ding vi
9 3z + 3y + 2xy)?
x2y2+1(x+y)2+3xy(x+y) = ( 31 y) > 0.
Diang thiic xay ra khi a = b = ¢ =1, hofic a = b = —2, ¢ = 7 ciing céc hoan vi. Chiing
minh cta ta dude hoan tat. O

Bai 2.4. Cho ba so thuc a, b, ¢ théa man a + b+ ¢ = 3. Chiing minh rdng

3(a* + bt +ct) + 33 > 14(a* + b2 + ).
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Ldi gidi. Dita =2 +1,b=y+1,c=2z+1, thi 2 +y + z = 0. Bat déng thitc (2.4.1)
dugc viét lai nhu sau

3t +yt+ 2 122 + P+ 2 4P P+ 2%) > 0. (2.4.2)
Gid st zy > 0, thay z = —z — y vao (2.4.2) va thu gon lai, ta duge
3(z* + 22y + 32%y® + 22y® + ) + 4(2® + 2y + 7)) = 18zy(x + v),
3(2° + 2y + ) + 4(2® + 2y + y°) = 18zy(z + v).
Ap dung bat ding thic AM-GM, ta c6

3
Pty +yt > Z($+y)2 > 3xy > 0,

suy ra

3(2? +ay + )" + 4(a® + zy +y°) = 272y + 3(z + y)?,
lai c6

272%y* + 3(z +y)* — 18zxy(x +y) = 3(x +y — 3zy)* = 0.
Déng thic xay ra khia = b =c=1hodca = b = g, c = —%. Bai toan dugc ching
minh. O

Bai 2.5. Cho ba so thuc a, b, ¢ théa man a + b+ ¢ = 3. Chiing minh rdng

(ab+ bc+ ca)* +9 > 18abe.

Loi giagi. Dat a =2+ 1, b=y+1,¢c=2z+1, thi 2 + y + z = 0. Khi d6 bat dang thiic
(2.5.1) tré thanh

(zy +yz + 22 +3)* + 9 > 18(1 + a2y + yz + 20 + 2y2),

hay
(zy +yz + 22)* > 12(2y + yz + 22) + 182y2. (2.5.2)

Gia st zy > 0, thay z = —z — y vao (2.5.2), ta dugc
(2% + 2y +9y*)? + 12(2® + 2y + y*) + 182y (x + 1) = 0.

Ap dung bat ding thic AM-GM, ta c6

(x +y)? = 3wy >0,

>~ w

@ tay+y* >

suy ra
(% + 2y +9°)* +12(2% + 2y + 3°) = 92°y* + 9(z + y)*,
nhu vay ta can chi ra
2 2 2
7y + (z+y)" + 2ey(r +y) =0,
tuong duong véi
(z+y+zy)* > 0.

Diang thitc xdy ra khi @ = b = ¢ = 1 hoiic a = b = —1, ¢ = 5. Bai toan dugc chiing
minh. O]
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Bai 2.6. Ching minh ring bat dang thic

(a® + b* + ¢® — 2ab — 2bc — 2ca)® + 9(ab + be + ca)? = 30abc(a + b+ ¢), (2.6.1)

luon ding vdéi moi so6 thuc duong a, b, c.

Ldi gidi. Néu a + b+ ¢ = 0 thi (2.6.1) hién nhién ding. Néu a + b+ ¢ # 0, thay (a, b, )
bdi (—a, —b, —c) thi bat dang thiic vAn khong thay ddi nén ta c6 thé gid st a+b+c > 0,
va chuan héachoa+b+c=3. Dita=2+1,b=y+1,c=2+1,khidox+y+2=0.
Bat dang thic (2.6.1) trd thanh

[4(zy +yz + z2) + 3]° + 92y + yz + za + 3)* = 90(xy + yz + 22 + 2y2),
tuong duong véi
25(ry + yz + 21)? = 12(zy + yz + 2x) + 90xy=2. (2.6.2)
Gia st zy > 0, thay z = —z — y vao (2.6.2) va thu gon lai, ta duge
25(2% + zy + y°)* + 12(2* + 2y + y*) + 0zy(x + y) > 0.
Ap dung bat ding thic AM-GM, ta c6

P ray+yt > =(r4y)? = 3zy >0,

e~ w

suy ra
25(2? + 2y + y?)* + 12(2* 4+ zy + v*) > 2252%y% + 9(x + y)*.

Ta sé chiing minh
252%y% + (z +y)* + 102y(x +y) = 0,

diéu nay dang vi
25079 + (v +y)* + 100y(z + y) = (v +y + Say)* > 0.

Ding thiic xay ra khi a = b = ¢ hoic @ = 3b = 3¢ ciing céc hoan vi, nhu vay chiing minh
clia ta dugc hoan tat. O

Bai 2.7. Cho ba so thuc a, b, ¢ khong am. Ching minh ring

3@+ +) = (a+b+c) (\/@+\/E+\/E>+Z(b—c)2>(a+b+c)2.

(Viet Nam MO 2005)

Lai giadi. Thay (a,b,c) bdi (a?,b?, ¢®) bat dang thiic can chitng minh tré thanh
B(a’ +b' + ') > (a2 + 07+ ) (ab+be+ ca) + Y (1 — ) > (a® + 5 + ).

Ta chiing minh vé trai

3(a* + bt +cf) = (a® +0* + A)(ab+ be + ca) + 2(a* + bt + ¢t — a*b* — b — ).
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Diéu nay tuong duong vdi
a* + b+t +2(aP0? + V2P + Pa?) = (a® 4 b+ ) (ab + be + ca),
(a® + >+ c)? = (a® +b* + ) (ab + be + ca). (2.7.1)

Chuan héaa +b+c=3vadita=z+1,b=y+1,c=—z—y+1 vao (2.7.1) va thu
gon lai, ta dugc

6(a" + 2%y + 32y? + 229° + y*) + 9(2® + 2y + %) = 0,

6(z” +zy +y°)* + 9(2” + zy + y°) = 0.

Bét dang thitc nay hién nhién dang. Déng thic x4y ra khi @ = b = ¢, vé trai dugc chiing
minh. Tiép dén ta chitng minh vé bén phai

(a® +b* + ) (ab + be + ca) + 2(a* + b* + ¢! — a®b* — b’ — *a?) = (a* + b + ),
bat dang thiic nay tuong duong
a' + b+t + (a® + b7 + ) (ab + be + ca) = 4(a’V? + b2 + *a?),
a* + b+t abe(a+b+c) 4+ ab(a® + 1) + ca(c® + a?) + ca(c® +a?) = 4(a®b* + b2 + *a?).
Dé thay nay la hé qua ciia hai bat dang thic sau day
ab(a® 4+ b?) + ca(c® + a*) + ca(c® + a®) > 2(a®b* + b** + Fa?), (2.7.2)
a* +b* + c* +abe(a + b+ c) = ab(a® + b*) + ca(c? + a®) + ca(c® + a?). (2.7.3)
Bat dang thitc (2.7.2) tuong duong véi
ab(a — b)* 4+ be(b — ¢)* + ca(c — a)* = 0.
Ta ching minh (2.7.3), chuan héa cho a+b+c = 3vadita = z+1, b = y+1,c = —w—y+1
v6i xy > 0 16i thé vao bat dang thiic trén va thu gon lai, ta dugc
42° + 2y +y°)° + 32 + 2y + y°) = 18zy(z +y).
Theo bat dang thitc AM-GM ta c6
Mf+wy+ff+3@”Hw+y524-®wf+3-%x+w2

9
= 362%y% + Z(x + )%,

va

9(x +y — day)?
4

Déng thitc x4y ra khi a = b = c hodc a = b, ¢ = 0. Nhu vay bai toan dugc chiing minh. [

= 0.

9
362°y" + S (v +y)° — 18xy(z +y) =

Bai 2.8. Cho ba s6 thuc a, b, ¢ théa méan abc = —1, chiing minh rang

A+ P+ A+ad
+ + .

at+ b+t +3a@+b+c) > 2
a

(Iran MO 2005)
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Loi giai. Ta viét bat ding thic lai duéi dang thuan nhat nhu sau
a* +b* + c* — 3abc(a + b+ c) = —ab(a® + b*) — be(b? + b*) — ca(c? + a?). (2.8.1)

Vi
Z ab(a® + b*) = (ab + be + ca)(a® + b* + ¢*) — abc(a + b + c),

nén (2.8.1) tuong duong véi

a* + b + ¢ + (ab + be + ca)(a® + b* + ¢*) > dabe(a + b + ¢). (2.8.2)
Néu a +b+c=0, thay c = —a — b vao (2.8.2) ta dugc

at+ b0+ (a+b)* = (@®+ab+ ) [@® +b* + (a+b)*] >0,
tuy nhién dé thay

a' + b+ (a+b)' = (a®+ab+ V) [@® + 0>+ (a+b)*] =0,

nén bai toan dung trong truong hgp nay.

Néu a + b+ c # 0, thay (a, b, ¢) bdi (—a, —b, —c) thi bat dang thitc van khong thay doi
nén ta c6 thé gia st a + b+ ¢ > 0, vi chuan héa cho a 4+ b+ ¢ = 3.

Dita=z+1,b=y+1thic=—z—y+ 1, roi thay vao (2.8.2) va thu gon lai ta dugc
27(2* + xy + y°) = 0.

Bét dang thic nay luon ding. Dang thiic xay ra khi a = b = ¢ hodac a + b + ¢ = 0. Bai
toan dugc chiing minh. O]

Nhan xét. Bai toan 1a hé qui clia didng thiic sau

Za4+2b62a2:(a+b+c)2(a2+62+62—ab—bc—ca)+4abc(a+b+c).

Bai 2.9. Chitng minh rang vdi moi sé thuc a, b, ¢ ta luon cé

4
(a+b)*+ (b+e) + (c+a)t = - [a* + 0"+ + (a+ b+ ). (2.9.1)

L&i gidi. Néu a +b+c =0, thay c = —a — b vao (2.9.1) va thu gon ta dugc

a* + 2a3b + 3a%b* + 2ab® + b* > 0,
ta co
a* + 2a3b + 3a*V? + 2ab® + b* = (a® 4 ab + b*)? > 0.

Néu a + b+ c # 0, thay (a, b, ¢) béi (—a, —b, —c) thi bat déng thitc vin khong thay doi
nén ta c6 thé gia st a + b+ ¢ > 0, va chuan héa cho a + b+ ¢ = 3.

Dita=z+1,b=y+1l,c=z+1,thio+y+z=0vaa®+9°+2%=3zyz tacod

(a+b)*+(b+e) +(c+ta) =2 +y* + 2" +24(2® + y° + 2%) — 24wyz + 48,
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tuong tu thi
al+ b+t (a+b+o) =2 +yt + 2+ 6(2 +y7 + 2%) + 122y + 84,
Nhu vay bat dédng thic tré thanh
'+ yt + 2+ 48(2% + P + 2°) = T2ayz. (2.9.2)
Gid st zy > 0 10i thay z = —2 — y vao (2.9.2), bat ding thitc duge viét lai dusi dang
2(2% + 2y + y*)? + 96(2® + zy + y?) + T2xy(x +y) = 0.
Theo bat dang thitc AM-GM., ta c6
2(2% + 2y + yH)? + 96(2® + zy + y?) = 182%° + 72(x + y)*,

lai c6

182%y? + 72(z + y)* + T2xy(x +y) = 18(2z + 2y + xy)* > 0.
Diang thiic xay ra khi va chi khi a = b = ¢ hoic —3a = —3b = ¢. Chitng minh ctia ching
ta vi thé hoan tat. O

Nhan xét. Bai toan la mot két qua manh hon ctia bat ding thic sau

4
(a+b)*+ b+ + (c+a) > ?(a4+b4+c4).

(Viet Nam TST 1996)

Bai 2.10. Vi ba so thuc a, b, c. Chitng minh rang vdi moi so thuc k ta luon co

> (a—b)(a—c)(a—kb)(a—ke) > 0.

(2.10.1)

Loi gidi. Lap luan nhu trén gid st a + b + ¢ > 0, vi chuan héa cho a + b + ¢ = 3. Dat
a=z+1,b=y+1,c=—x—y+1v6i ry > 0, khi d6 bat dang thitc (2.10.1) dugc viét
lai dudi dang

(k+2)2%(@* +ay+y»)? +3(k - 1)*(@* + a2y +y*) = 9k +2)(1 — k)zy(z +y). (2.10.2)
Theo bat dang thitc AM-GM., ta c6
3
4

P ray+yt > S(z+y)? > 3zy > 0.

Suy ra
(k+2)%(2* + 2y +y°)° + 3(k — 1)*(2* + 2y +y*) = 9(k +2)°2%y + %(k —1)*(z +y)*,

Ta sé chiing minh

2.2 9 (k—l)Q(:z:+y)2>
4 =

(k+2)%2°y” + (k+2)(1 = k)ay(z +y),

tuong duong véi
[(k —1)(z +y) + 2(k + 2)zy]*> > 0.

Ding thiic xy @ = b = ¢ hoic a = kb = kc. Chiing minh hoan tat. [

10
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Nhan xét. Bai toan 1a hé qui clia déng thiic
2) (a—b)(a—c)(a—kb)(a—ke)=> (a—b)[a+b—(k+1)>.

Day 1a mot két qua thia vi, chiing ta c6 mot s6 két qua kha dep mat nhu sau
Néu k = 0, bat dang thiic tré thanh

a*(a —b)(a—c)+b*(b—c)(b—a)+c*(c—a)(c—b) >0,
day chinh la bat dang thitc Schur bac 4 v néu khai trién ta sé duge bat dang thic (2.7.3).
Néu k = 2, bat dang thiic tré thanh

9(a* + b* + ) +126(a®b® + b*c* + 2a®) = 5(a + b+ o)t

a

Déng thitc x4y ra khi s=b=c

3. Dua bai toan vé dang bac bon

C6 rat nhiéu bai toan dang phan thitc, can thiic, ... thoat nhin sé khong c6 dang da thrc
bac 4 nhung néu thong qua mot s6 danh gia va bién doi, ta cé thé chuyén ching vé dang
da thiic bac 4 va c6 thé ap dung phuong phap trén. Dé hiéu ré hon, mai ban doc xét qua
cac bai toan sau.

Bai 3.1. Cho a, b, ¢ la cdc so thuc khong am théa man ab + be + ca > 0. Chiing minh
rang bat dang thic sau luon ding

(a+b)?  (b+c)? (c+a)? 56

2+ ab a? + be B2 +ca =

Loi giadi. Ap dung bat déng thitc Cauchy-Schwarz ta c6

> (a+0)? [(a+0)*+ (b+ )+ (c+a)?f

c24+ab ~ (ab+ c2)(a+b)2 + (be+ a2)(b+ )% + (ca+ b2)(c + a + b)?
B 4(a® 4+ b* + ¢ + ab + be + ca)?
~ (ab+ ) (a+b)2+ (be + a?)(b+ c)? + (ca + b2)(c +a + b)?’

Vi thé dé chitng minh bai toan ta can chiing minh dugc

(a® +b* + ¢ + ab + be + ca)?
(ab+ c®)(a + b)2 + (be + a2)(b + ¢)% + (ca + b?)(c +a)? ~

DN W

Bing cach khai trién tryc tiép ta thay diéu nay tuong duong véi
2[a* + b* + ¢t +abe(a+ b+ c) — Zab(a2 +b%)] + SZab(a —b)*>0.

Bat déng thitc cudi ciing ding theo bat dang thic (2.7.3), ding thitc x4y ra khi va chi
khi a = b = ¢ hodac a = b, ¢ = 0 va cac hoan vi. Bai toan dugc chiing minh. O

Bai 3.2. Cho a, b, ¢ la cdc so thiuc khong am théa man a® + b* + ¢ + ab + be + ca = 6.
Chatng minh rang

NI SN S (3.2.1)
4—ab 4—bc 4d—ca
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Mot s6 van dé vé bat dang thic bac bon ba bién

L&i giai. Bai toan nay dugc lam chat tir dé thi Moldova TST 2005 va c6 dén hai dau bang
lha=b=c=1vha=>b=+2, ¢c=0. Mudn sit dung bat déng thiic Cauchy-Schwarz ta
phéi diing dén ky thuat them bét dé lam dao chiéu bai toan. Ta xét

1
Pla,b) =k — ——.
(a7) 4_ab
Ta co 1
P1,1)=k— -
(1,1) 1

1
P (\/5 \/5) — k-3
Ta can tim k sao cho P(a,b) > 0 va danh gia nay cang chit cang tot tir cc tinh toan
trén ta thay k > 1 la gid tri tot nhat can tim, tit d6 dan dén déng thic

2 2 —ab

1 — =
4—ab 4—ab’

bat dang thiic (3.2.1) duge viét lai nhu sau

2—ab+2—bc+2—bc>1
4—ab 4—bec 4—be”

Do a? + b? + ¢ + ab + bc + ca = 6, nén
3(2 —ab) = (a — b)* + c* + bc+ ca > 0.

Theo bat dang thitc Cauchy-Schwarz, ta co

Z 2—ab >2(2 — ab)]? _ (6 — ab — bc — ca)? (> +b* + *)?
4—ab” Y (2—ab)(4—ab) D (2—ab)(4—ab) >.(2—ab)(4—ab)
Nhu vay, ta can chiing minh

(@ +0*+c*)? = (2 — ab)(4 — ab),
tuong duong véi

a* + b+t + a®? + b* + ?a® + 6(ab + be + ca) > 24,

hay duéi dang thuan nhat

Sat S+ (S (S b)) > (Yar e+ See)
Khi trién va thu gon lai ta dugc
at + '+ +abe(a+ b+ c) = ab(a® + %) + be(b* + ¢*) + ca(c? + a?).
Day chinh 1a bat déng thitc (2.7.3). Bai toan dudc chitng minh. O

12



Mot s6 van dé vé bat dang thic bac bon ba bién

Bai 3.3. Cho ba s thuc x, y, z thuoc [—1,1] théa man x +y+ z = 0. Chiing minh rang
Vidto+y2+V1+y+24+V1i+z+22>3

L&i giai. Binh phuong hai vé, ta dudgc
:132+y2+z2+2Z\/(1+x+y2)(1+y+22) > 6.

Ap dung bat ding thic Cauchy-Schwarz ta c6
S VA+z+y?)0+y+22) 2 ) VI+a)dl+y)+ ) vz
> VU +a)1+y) - vz

Ta dua bai toan vé chitng minh

Zm2—22y2+22\/(1+x)(1+y)26.

Dat 142 =a?, 1+y =% 14+2 = c2vdia, b, cla cac sd khong am, khi d6 a®+b*+c2 = 3,
bat ddng thic trén tré thanh

Za4—226202+22a2+22bc—920,

Za4—22b202+22bc—2a2 >0,
3Za4—62b202+ (22bc—2a2> (ZaQ) > 0,

khai trién v thu gon lai, ta dugc

a4+b4—|—c4+abc(a+b+c)—Zab(a2+b2)—|—22bc(b—c)2 > 0.

tuong duong véi

Bat déng thiic nay ding theo bat dang thitc (2.7.3), ding thitc xay rakhi x =y = z = 0.
Bai toan dugce chitng minh. O]

Bai 3.4. Cho ba so thiuc khong am a, b, ¢ théa man a® + b* + c* > 0. Chiing minh ring

N Vabe(ab + be + ca)

a® + b > 2(ab + b + ca).
Loi gidi. Ap dung bat déng thitc AM-GM ta c6

3 Vabe(ab + be + ca) < 3v/3abe  3v/3abeva? + 0% + 2 < 3abc(a+ b+ c)
Va2+2+& e+ +E  a+bP+eE T a4+

Ta can chitng minh

3abc(a+ b+ c)

2,12, 2
N
“ ¢ a? 4+ b? + ¢2

> 2(ab + bc + ca),

quy dong va thu gon lai ta dugc
a* + bt + ¢t +abe(a+ b+ c) = ab(a® + b?) + be(b* + ¢2) + ca(c? + a?).
Day chinh 1a bat dang thic (2.7.3), dang thiic x4y ra khi @ = b = ¢ hodc a = b, ¢ = 0

ciing cac hoan vi. Ching minh hoan tat. [

13



Mot s6 van dé vé bat dang thic bac bon ba bién

Bai 3.5. Cho ba s6 thuc khong am a, b, ¢ théa man a® + b3+ ¢ + abc = 12. Chiing minh
rang bat dang thic sau luon dude théa man

19(a® + b* 4 ) + 6(ab + b
(a®* 4+ 0%+ c*) + (a+c+ca)>36‘

a+b+c

Loi giadi. Ap dung bat déng thitc AM-GM, ta c6

19(a* + b* + ¢®) + 6(ab + be + ca) = 8(a* + b* + ) + 8(a* + b* + ¢*) + 3(a + b+ ¢)?
> 12¢/3(a2 + b2 + 2)2(a + b+ )2

Suy ra

19(a® +b* + ¢*) + 6(ab + be+ ca) 12\3/3(a2 + b2 + ¢2)2
a+b+c - at+b+c
Ta quy bai toan vé chiing minh

(@®+0*+*)?=9a+b+c),

hay
4(a* +0* +A)? > (a®+ b+ E +abe)(a + b+ c).

Chuan héaa+b+c=3vadata=2+1,b=y+1, c= —x—y+ 1, v6i 2y > 0 bat ding
thitc can ching minh tré thanh

16(2? + 2y + y*)? + 3(2* + zy + y*) + 362y(x +y) > 0.

Theo bat dédng thic AM-GM thi

9
16(z% + 2y + y*)? + 3(2® + zy + y°) > 1442”y* + Z(x + )%

lai ¢6
9 9 8zy)*
Dang thitc x4y ra khi a = 2b = 2¢ ciing cac hoan vi. Bai toan dugc chiing minh. O]

4. Xung quanh bai toan trong ky thi British MO 1986

Trong k¥ thi vo dich toan British MO 1986 c6 mot bai toan bat dang thitc thi vi sau

Bai 4.1. Vdia, b, ¢ la ba 5o thuc théa man dong thoi cdac diéu kién
a+b+c=0,a*+b*+c*=6.

Chitng minh rdang

a’b + b*c + *a < 6.

Day la mot bat dang thitc kho vi dédng thitc clia n6é khong tai tam, ciing khong tai bien ma
tai a = 2cos %’r, b=2cos %™ ¢ =2cos %’r ciing cac hoan vi, chinh vi dau bang “ky la” nay
ma bai toan da gay kho khin cho cdc phuong phap ma ta da biét tham tham chi 1a cic
phuong phap rat manh nhu S.0.S, don bién, ... Trong quyén sach “ St Dung Phuong Phdp
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Mot s6 van dé vé bat dang thic bac bon ba bién

Cauchy Schwarz Dé Ching Minh Bat Dang Thic” hai tac gia Vo Qubc Ba Can, Tran
Qudc Anh ¢ da dua ra mot chiing minh rat doc dédo bang bat dang thitc Cauchy-Schwarz
nhu sau

L&i giai. Ta c6 mot s6 tinh toan don gian

b 2 2 b2 2
ab%—bc%—ca:(ajL +9) 2(a—|— +C):—3,

a’b® + b*c® + *a® = (ab+ be + ca)® — 2abc(a + b+ ¢) = 9.

Stt dung dang thiic
3(a®b + b*c + cta) = a(2ab + ¢*) + b(2bc + a®) + c(2ca + b*), (4.1.1)
va bat déng thic Cauchy-Schwarz, ta c6

(a® + 0% + ) [(2ab + ¢*)* + (2bc 4 a®)* + (2ca + b?)?]
9
2[(2ab + ¢*)* + (2bc 4 a®)* + (2ca 4 b%)?]
2 :

(a®b+ b*c+ ?a)® <

Bing cach khai trién tryc tiép, ta thay

> @2ab + A = (a* + 0 + ¢2)? + 2(a®V? + B + Bc?) + dabe(a + b+ ¢) = 54,

nén
|a2b + b+ 62(1‘ <6,
suy ra
a’b + b*c + ?a < 6.
Bai toan dugc ching minh. ]

Nhén xét. C6 thé n6i mau chot clia 15i gidi nay chinh 1 viéc sit dung ding thic (4.1.1) dé sau
do st dung thanh cong bat ding thitc Cauchy-Schwarz. Trong sach céc tac gia ciing 1y giai viec
tim ra ding thiic (4.1.1) bing cach st dung phuong phap nhan tit Langrange (sé duge hoc trong
chuong trinh toan cao cap ctia bac dai hoc) nhu sau. Béng cach dat

F(a,b,c) = a®b+b*c+ca+ i (a+b+c)+ da(a® + b2 + c* — 6).
Ta thay diém cyc tri cia ham F(a, b, c) 1a nghiém ctia hé phuong trinh sau day
OF OF O0F
da  O0b  Oc
a+b+c=0
A+ +c*=6
tuong duong véi
(2ab+ c® + A\ + 2X2a =0
2bc + a* + A1 + 2X2b =0
2ca + b% + A\ + 2X9c =0 (4.1.2)
a+b+c=0
(> + 0+ =6

6Ha Noi
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Mot s6 van dé vé bat dang thic bac bon ba bién

Cong tuong ting theo vé cac phuong trinh thit nhat, thit hai, thit ba lai véi nhau ta dugc
(a+b+¢) +3\ +2 2 (a+b+c)=0,

Tu d6 suy ra Ay = 0, vi thé he (4.1.2) lac nay trd thanh

2ab+ ¢® + 2 2a =0

2bc + a® + 222 =0

2ca+ b2 +2X0c =0

a+b+c=0

a?+b*+c*=6

Tu ba phuong trinh dau, ta rat ra duge
2ab+c*  2bc+a®  2ca+ b?
a - b - c
Néu dé § ta sé thay déng thic trén chinh la diéu kién xay ra ddu bang trong bat dang thiic
Cauchy-Schwarz va diéu nay ly giai cho viéc tach ding thitc (4.1.1).
Khong dimg lai ¢ day, bing k§ thuat tuong tu ching ta ta c6 thé gidi quyét tron ven duge bai

toan tong quat clia bat déng thic trén, mot bai toan rat hay.

= —2)\.

Bai 4.2. Vi a, b, c la ba 56 thuc vat > 0 la mot so cho trude théa man dong thoi

a+b+c=0,a®+ b+ =6t

Chitng minh rang vdi moi s6 thuc k ta luon cé bat dang thic sau day

|a®b + b*c + Pa + kabe| < 28°VE? — 3k + 9. (4.2.1)

L&i giai. T gia thiét ta tinh dugc
ab + be + ca = —3t2,
a’b® + b*c? + c*a® = 9t

Lai ¢6

a*b+ b*c+ cta —ab® — b — ca® = —(a+b+c)(a—b)(b—c)(c—a) =0,
nén a®b + b*c + c3a = ab® + bc® + ca®, suy ra
ab(a® + b%) + be(b* + ¢2) + ca(c® + a?)
ab(a® + b*) + bc(b22—|— c?) + ca(c* + a?) + abc(a + b+ ¢)

2

_ (ab+bc+ ca)(a®* + 0>+ *) o4t
= > — ot

Tt d6 4p dung bat dang thitc Cauchy-Schwarz, ta c6
[3(a’b + bPc+ Pa + /mbcﬂ2 = [3(a®b + b%c + *a) + 3kabc + kt*(a + b+ ¢)] ?

— [Z a(2ab + ¢* + kbe + k;t?)} i
< (@®+ 0+ ) [Z (2ab + ¢ + kbe + k:tzﬂ

= 612 [Z (2ab + ¢ + kbe + thﬂ :

a*b + e+ Pa =
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Mot s6 van dé vé bat dang thic bac bon ba bién

Bing khai trién truc tiép ta thay

> (2ab + ¢ + kbe + kt?)” = 6t1(k* — 3k +9).

Suy ra

}aQb +b%c+ Fa+ kabc} < 288Vk?2 — 3k + 0.
Bai toan dugc chitng minh. O]
Nhan xét.

(1) Ngoai ra dé tinh a®b + b3c + c3a = —9t* ta c6 thé sit dung hing ding thiic

(a+b+c)(a®b+b%c+ c*a) = 0.

(2) Chon k = 3 thi bat déng thic (4.2.1) trd thanh
‘2(a2b + b?c+ Pa) + 3abc| < 6v/3t3. (4.2.2)
Do a + b+ c =0 nén ta dé dang kiém tra dugc
2(a®b + b%c + c*a) + 3abe| = |(a — b)(b—¢)(c — a)|,
khi d6 bat dang thic (4.2.1) tuong duong véi
l(a—b)(b—c)(c—a)| < 6V3t5. (4.2.3)

Liic nay chon tiép ¢t = 1, ta sé& dugc bai toan rat dep sau day:
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Mot s6 van dé vé bat dang thic bac bon ba bién

Vi a, b, ¢ la ba s6 thuc cho trudc théa man dong thoi a +b+c = 0, a®> + b> + ¢? = 6.
Chitng minh bat ding thic

l(a—b)(b—c)(c—a)| <6V3.
(JBMO Turkey 2014)

Nhitng bai toan bat dang thiic kho, hinh thic don gian, dep mat va c6 dau ding thiic xay
ra khi cac bién léch nhau (léch tam va léch bién) thuong khong c6 nhiéu, vi dé xay dung
dude nhitng bai toan nhu vay doi héi ngudi ra dé phai c6 mot trinh do 1o luyén. Chac
hin trong mdi ching ta ai ciing da ting doi lan cham tran véi nhitng bai toan nhu vay.
C6 thé néu ra ¢ day mot bai toan dai dien cho nhiing tieu chuan néi trén, mot bat déng
thitc rat noi tiéng ciia gido su Vasile Cirtoaje.

Bai 4.3. Cho ba so thuc a, b, ¢ thay doi bat kj. Ching minh ring

(a® + V" + ¢?)* = 3(a’b + b’c + c*a).

An ben trong vé bé ngoai don gian nay la mot bat dang thic vo ciing khoé vi ngoai trusng
hop tam thudng a = b = ¢ dé ding thic x4y ra thi vAn con mot trudng hop nita diic biet

nta la (a, b, ¢) ~ (sin2 z, sin? 27”, sin? 4—“) , chinh vi thé ma mot 10i gidi binh thuong cho

7
bat dang thic c6 dau bang “bat thuong” nay duong nhu la khong c¢6 ! Nhitng chiing minh
ban dau da phan déu dua bai toan vé dang tong cac binh phuong (ngay ca bang phuong
phép tam thitc bac hai ciing budc ta phai phan tich biét thitic A thanh mot tong binh
phuong) diéu nay doi héi ngudi lam toan phai c6 mot nhan quan nhay bén dé nhan biét
dugce s ton tai clia cac dai lugng binh phuong dé. Bang bai toan téng quat trén chung
ta c6 mot 16i giai kha tha vi sau day.

Loi gidi. Tuong tu bai (2.9) ta chuan héa a + b+ ¢ = 3, khi d6 ton tai s6 thuc t > 0 sao
cho
a® + b+ =3+ 6t°.
Tiépdéndita=1+a,b=1+y,c=1+2zthiz+y+ 2z =0 va tinh duge
2* +y? + 27 = 617
Bat ding thtc can chitng minh tré thanh
3(1+ 2232)2 > a’b + b’c+ ca.
Trong (4.2.1) chon k =1, véi chu ¥y |A| > A, ta duge
a’b + b’c + ?a + abe < W71
Bién dodi vé trai
ABb+bc+ca=1+2)°1+y)+0+y)’A+2)+1+2)>1+2)
= (2® + 3%y + 3wy + 2%y + 327 + 1)
=2+ + 22+ 3%y + 9%z + 22w) + 3 (sz —l—Zyz) +Zx3y+3
= 3xyz + 3(2%y + vPz + 2%2) — 9t 4+ 9t + 3
= 3(2%y + yP2 + 222+ xyz) — 9t + 92 + 3
<3-2V7- 18— ott 4 9¢% 4 3.
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Mot s6 van dé vé bat dang thic bac bon ba bién

Nhu vay ta chi can chitng minh
(142627 > 268V7 — 3t* + 32 + 1,
hay la
T2 > 2V T,
Ap dung bat ding thic AM-GM ta c6
T2 > 2V 2 = 2V
Bai toan dugc chimg minh. ]

Nhan xét. V6i a+b+c = 3 thi 6 1a hing s6 t6t nhat (vé mat tinh toan) dé a® + b+ % = 3+ 6t2.
That vay, theo bat ding thitc Cauchy-Schwarz ta c6

(a+b+c)?

A+ +> 3

=3,

nén ton tai sé thuc k khong am va 0 < t < 1 sao cho a? +b? +c? = 3+ kt2. Ta c6 thé chon k tiy
v k=1, k=10, ... nhung ta phai chon k sao cho nhitng ddnh gia tré phai nén don gian nhat.

Ciing theo bat dang thitc Cauchy-Schwarz thi

b 2 3 — 2
a2+b2+c2>a2+7(+c) :a2+7( a)’
2 2
suy ra
3+ kt2>a?+ (3_2a)2.
Giai bat phuong trinh nay, ta dudc
3 —tv6k <a< 3+ tV6k
3 AN ~ 3 9

cho k = 6, thi
1-2t<a<<1+2t.

Nhu vay k& = 6 1a hang s6 t6t nhat.

Bai 4.4. Tium hing s6 M nhd nhat sao cho bat ding thic
|ab(a® = b*) + be(b® — ¢*) + ca(c® — a®)| < M(a® +b° + ¢*)?,

luon ding véi moi so6 thuc a, b, ¢ bat ky.

(IMO 2006)

N e _ 3v/2+42 _ 2-3V2 o < 9v/2 ~ . . - 9\/5 <
Lai giai. Choa—TJ“,b—T,C—ltthE3—2,tasechur1gm1nh]\/[—3—21a

gid tri nho nhat can tim, tiic chiing minh

9v2

3—2((12 + b2 + 02>2.

|lab(a® = b*) + be(b® — ¢*) + ca(c® — a®)| <

That vay bat déng thic tuong duong véi
(a+b+c)(a—0b)(b—c)(c—a)| < 93125(@2 +b* + c*)2 (4.4.1)
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Mot s6 van dé vé bat dang thic bac bon ba bién

Chuan héa a + b+ ¢ = 3, khi dé ton tai s6 thuc t > 0 dé a? + b> + ¢ = 3 + 62, lic nay
(4.4.1) duge viét lai dudi dang

(0= b)(b—c)(c—a)| < %i(urzt?)?. (4.4.2)

Dita=2+1,b=y+1, c=z+116i thay vao (4.4.2) ta dugc

272

[z =y)y = 2)(z —2)] < 5 —(1+2%)"

Ap dung bét déng thiic (4.2.3) ta dua bai toan vé ching minh bt ding thiic manh hon

la
27v/2
6v3- 13 < 3—‘2/_(1 +2t2)2,

hay

326
1+2t22>—\/_-t3.
9

Ap dung bat ding thic AM-GM, ta c6

2 2 2 ’ 8
1422 =14+ 2422+ 2>40/1- (= 12) =4¢/—-16
* Tyt tty 27
binh phuong hai vé ta dudc
32v6
(1+26%)2 > Tf 1,

Diéu nay cho phép ta két luan M = %i, 14 gia tri nhé nhat can tim. O

Khong chi 4p dung dugc véi 16p céc bai toan bac 4, bo dé tong quat nay con ap dung tot
véi cac bai toan khac, ching ta cing xem

Bai 4.5. Vdia, b, c la ba s6 thuc théa man dong thoi cac dieu kién
a+b+c=0,a*+b+c*=3.

Chaing minh rang

a’b+ bPc+ Pa < 3.

Loi gidi. Do a® + b + ¢ = 3 nén tit bai (4.2) ta dwge ¢ = 5. Ta ¢6 ¢6 mot 6 tinh todn

3
ab+bc+ca:—§,

a*b + e+ ta = —Z.

a’b + b*c + c2a + 3abc = —(ab® + bc® + ca®)

27
a +0°c’+c’a’ = (ab+ bc+ ca)” + sa = —— +93a°0°c".
3b3 b3 3 3.3 ( b b )3 3 2b2 2 8 3 2b2 2

20



Mot s6 van dé vé bat dang thic bac bon ba bién

Ta c6 bién doi

a’b = a’b- a* = a®b(3 — b* — ¢*) = 3a’b — a’b® — a’bc?,

suy ra
a’b+b°c + Pa = 3(a®b+ b’c + c*a) — (ab® + b*c + *a®) — (ab® + bc? + ca®)abe
9 27
=3- (_Z) — <—§ + 3a2b202> + (a*b + b*c + c*a + 3abc)abe

2
= —g + abe(a®b + b%c + c*a).

Bai toan quy vé chiing minh

3
abe(a®b + bc + c*a) < 3
Trong (4.2.1) chon k=3, t = \%, ta dudc
3
a’b + b*c + ?a + 3abe| < —. 4.6.1
| <2 (6
Ap dung bat ding thic AM-GM, ta c6
1
abc(a®b + b*c + cfa) = 3 3abc - (a*b + b*c + c*a)
1 (3abc + a®b+ b%c + 2a\’
=3 2
3
<z
8
2 P 2 N 2 . 2m 137 i g
Déng thitc xay ra khi va chi khi (a,b,¢) = [ v/2cos R V2 cos 9 \/§COS? , hoic
2 13 7
(a,b,c) = (—\/5005 g, —V/2cos Tﬂ, —v/2cos g) cling cac hoan vi.
Bai toan dugce chitng minh. O

Nhan xét. Chic han ban doc sé thic mic tai sao ta lai chon k = 3 dé c6 danh gia (4.6.1). Ta
c6 thé ly giai diéu nay nhu sau:

Dot = %, nén tir (4.2.1) ta duge

k2 — 3k
‘a2b+620+c2a+kabc}< ¥

Ap dung bat déng thic AM-GM ta c6

1
abe(a?b + b2+ ¢?a) < 'k' . |k:abc - (a®b + b*c + CQCL)’

~

k 2
k2 —3k+9
8|k

'1' (kabc+a2b+620+02a>2

~X

Nhu vay ta can tim k sao cho

k? —3k+9 =3kl
Giai phuong trinh nay ta duge k = 3.
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Mot s6 van dé vé bat dang thic bac bon ba bién

5. Bai tap ren luyén

Bai 5.1. Cho a, b, ¢ 1a ba s6 thiic khong am sao cho ab + bc + ca > 0. Chiing minh rang

a? b? c?

1< <
2a2+(b—|—c)2+2b2+(c+a)2+202+(a+b)2

wl o

Bai 5.2. Chitng minh ring bat ding thiic
7[a2+b2+cz+(a+b+c)2]2 >12[a*+ 0"+ + (a+ b+ )],
luon ding véi moi s6 thuc a, b, ¢ thay doi bat ky.
Bai 5.3. Cho a, b, c 1a cac s6 thyc khong am.Chiing minh rang
a' +b* + ¢ —abe(a+b+c) = 2v2]a’b + bic + Pa — ab® — be® — ca®|.
Bai 5.4. Cho ba sb thyc z, v, z c6 tong bang 3. Chting minh rang
4(x* + oyt + 2h) +45 > 19(2 + 92 + 2.
Bai 5.5. Cho a, b, ¢ 1a do dai ba canh ctia tam giac. Chiing minh rang
a* +b* + ¢t + 9abe(a + b + ¢) < 10(a®b? + b*c® + c*a?).
Bai 5.6. Cho a, b, ¢ 1a ba s thyc thdéa man a? + b* + ¢ = 3. Tim gi4 tri 16n nhat cla
P =a*+b*+c* +3(ab+ be + ca).
Bai 5.7. Cho a, b, ¢ 1a ba s thyc thdéa man ab + be + ca = 3. Tim gia tri nhé nhat clia
F =4(a* +b* + ) + 1labc(a + b + c).
Bai 5.8. Tim hing s6 k 16n nhat sao cho bat dang
at + bt +c* >3+ k(a® + b + ¢ + 3abe — 6),
luon ding v6i moi s6 thie duong a, b, ¢ théoa man a +b+ ¢ = 3.
Bai 5.9. Ching minh rang véi moi sé thuc khong am a, b, ¢ thi
at + bt + = a?? — b2 — Pa® > 2 |a3b + e+ a— ab® — b — ca3| .
Bai 5.10. Cho ba s6 thuc «, 3, v thda man 1+ o + 3 = 27. Chitng minh ring bat dang

thic
Za4+a2b202+5ab02a > 72bc(b2+02),

luon ding v6i moi sé thie a, b, ¢ khi va chi khi 1 4+ o > ~2

22



TAI LIEU THAM KHAO

[1] Vo Qubc Ba Can, Chuyén Dé Bat Dang Thite Hién Dai, 2008.

[2] Vo Qudc B4 Can, Tran Quoc Anh, St Dung Phuong Phdp Cauchy Schwarz DE Ching
Minh Bat Dang Thite, Nha Xuat Ban Dai Hoc Su Pham, 2010.

[3] Le Viet Hai, Phuong Phdp Nhan T Langrange € Bat Dang Thite Cauchy-Schwarz,
Cau Lac Bo Toan Truong Pho Thong Nang Khiéu Thanh Phé Ho Chi Minh, 2011.

[4] Vasile Cirtoaje, Algebraic Inequalities Polynomial Rational Symmetric Inequalities,
GIL Publishing House, 2011.

[5] Vasile Cirtoaje, Vo Qudc Ba Can , On Some Cyclic Homogeneous Polynomial Inequal-
ity Of Degree Fourth In Real Variables Under Constraints, International Journal of
Pure and Applied Mathematics, 2012.

[6] Art of Problem Solving: http://artofproblemsolving.com

23



