PA THUC CHEBYSHEV

Ngay 9 thang 10 nam 2015

D6 Trong Dat ! -Tran Trung Kién 2

LOI NOI DAU

Da thiic Chebyshev 1a 1 moi lién két dep gitta dai s6 va luong giac. Tuy trong cac ki thi Olympic
gan day, da thiic Chebyshev it dugc xuat hién vi hé thong bai tap mang tinh chat lien quan 1i thuyét
ctia n6, nhung viéc hiéu biét va nghién citu da thitc Chebyshev van 1a mot chii dé rat duge quan tam
khi day va hoc toan Olympic. Trong bai viét nay chiing to6i sé hé thong lai nhitng tinh chat quen
thuoc ctia da thitc Chebyshev, mot s6 vi du tng dung va huéng phét trién clia nhitng bai tap xung
quanh do.

Mic dit chiing t6i da ¢ gang trong qua trinh bién soan nhung khong tranh khéi sai s6t mong
ban doc gép ¥ dé hoan thién hon.

1Sinh vien K60 16p cit nhan tai ning Toan hoc DHKHTN-DHQGHN.
2TP.H6 Chi Minh



I. LY THUYET

1 BDinh nghia

1.1 Da thitc Chebyshev loai 1

V6i moi n € N, ton tai duy nhat da thie 7, (z) thoa man :
T,(cosz) =cosnx Vo €R

Dugce goi 1a da thitc Chebyshev loai 1.
Dé thay rang To(z) = 1, Ti(z) =  va do cos(n + 1)z = 2 cos z. cos nz — cos(n — 1)x nén ta co

Toii1(x) = 22T, (x) — Thq(2)

Cong thitc nay ciing chiing té duge sy duy nhat cua T,,.
Chit T trong tén da thic 1 viét tat tén clia nha toan hoc Nga Tschebyscheff, mot vai da thitc khéi

1.2 DPa thic Chebyshev loai 2

V6i moi n € N, ton tai duy nhat da thitc U,(z) sao cho :

sin(n + 1)
sin T

U(cosx) = Vo € Ry {kr|k € Z}

Dugce goi 1a da thitc Chebyshev logi 2.
Dé thay Uy(z) = 1, Uy (x) = 2z va tit hé thic lugng clia sin ta ¢6

Upi1(x) = 22.U,(z) — Up—1 ()

Va ciing nho cong thiic nay, ta c¢6 thay sy duy nhat cta U,.
Mot s6 da thic khéi dau cta U 1a :

Us(z) = 42* — 1

Us(x) = 82 — 4x

Uy(z) = 1621 — 1222 + 1

Us(z) = 322° — 3223 + 62

Us(z) = 642°% — 802" + 242% — 1

Uz(z) = 12827 — 1922° + 802 — 8z

Ug(z) = 2562 — 4482° + 240z* — 402% + 1
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2 Tinh chat

2.1. T,,(7),U,(x) € Z[z], bac n, he s6 cao nhat lan lugt 1a 2771 va 27

2.2. T,,(x), U, (z) 1a ham chan khi n chdn va la ham 1é khi n 16.

2.3. T,,(z) ¢6 ding n nghiém thuc phan biét 1a cos
U, c6 ding n nghiém thyc phan biét 1a cos ==~ +1, k=1;
Ching minh. Do z € [—1; 1] nén dat x = cost, (t € |
T,(x) =0< cosnt =0

Phuong trinh c6 ding n nghiém ¢t =
0;n — 1 1 cac nghiém thuyc phan biét ma T c6 bac ding bang n. Khing dinh dugc chu‘ng IIlth !
Nghiém cua U,, dugc chiitng minh tuong tir trén.

(2k+1 (2k+1 k=

,k = 0;n—1 nén T,(x) c6 n nghiém cos

2.4. |T,(x)| < 1Vx € [-1;1] Dau bing xay ra tai n + 1 diém cos 22, k = 0;n dugc goi la cic diém

luan phién Chebyshev (cic luan diém).
Va ta thay thém rang

ﬂ@%@>zkm

n

Ching minh. St dung dinh nghia tuong tu 2.3.

2.5.
1

Up(z) = ——T, ()

n+1 n+1

Chitng minh. Stt dung quy nap va cong thiic truy hoi, dé dang chi ra rang
Un(z) = 2T, (x) + Up—o(z)Vn > 2

Tiép tuc quy nap dé chimg minh khing dinh ban dau, ta thay ring né ding véi n = 0,1. Gia st
khéng dinh ding dén n, ta c6 :

Toi1(x) = 22T, (x) — Tq(2)
=T (z) =221, (x) - T, ,(z)+ 2T, (x)
=2x.n.U,—1(z) — (n — 1)Up—o(x) + 2T, ()
=n.U,(z) + U,—2(z) + 27, (2)
=(n+1)U,(z)

Phép quy nap hoan tat !

2.6.

1

1
:—(xn—l——> Vn>0,x#0
xn

1,
2

1 +1
J— x —
2 T

Chitng minh. Ta sé chiing minh diéu nay bang quy nap, thay rang
1 n 1 1 N 1 1 N 1
2 v x 2 v z)| 2 v x
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Gia st dieu phai chiing minh ding dén n, theo cong thitc truy hoi cia T}, ta c6 :

1 +1
— :E J—
2 T

Tn+1

Ta c6 tinh chat duge chitng minh

2.7.

Uy, [l(x—l—xl)} = —:Ean > 0,7 #0,%1

2 T —x~

Ching minh. St dung dinh nghia tuong tu 2.3.

2.8.
Ton(T,) = Tn¥m,n >0

2.9. (Ty,(x),U,_1(z)) la cap nghiem ciia phuong trinh Pell da thic : P(x)? — (22 — 1)Q(z)? = 1
Vo > 1
C6 thé dé thay diéu nay tit cac da thiic khéi dau va cong thiic truy hoi.

2.10.
7 _ 1) 2 1)
T(z) = (x 4+ Va2 —1) —;(:C Var—1) V>0

Uy y(x) = (x+ Va2 —=1)"— (z — x2—1)"7 Vn > 1

2va? —1
13 1 hé qua tryc tiép ctia phuong trinh Pell va tinh chat trén (Hodc cling c¢6 thé coi 1a hé qua cia
tinh chét 2.6 va 2.7).
2.11. |Uy(x)| < n, V€ [-1;1],n € N.

Tac gid khong muoén sa da di sau vao ching minh cac tinh chat trong muc nay vi hau hét ching déu
dé thay ho#c chiing minh bang quy nap. Ban doc c¢6 thé tu chitng minh dé hiéu ré hon vé phuong
phap quy nap va da thitc Chebyshev.
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II. CAC VI DU

0 phan nay ching ta sé gidi quyét 1 s6 bai toan lien quan dén da thitc Chebyshev dé hiéu sau
sdc hon vé cac tinh chat néu trén. Mé dau véi 1 sd bai toan cuc tri da thic :

1. Ung dung da thic Chebyshev trong cac bai toan cuc tri
lién quan da thic :

1. Cho f(x) = 22% +bx + c. Tim b,c € R dé v6i moi x € [~1;1], ta co: |f(x)] < 1.

2. Cho f(z) =42® + az? 4+ bz + c. Tim a,b,c € R dé

flz)] < 1Vx € [-1;1].

Loi giai
1) Xeét [f(=DI [fO)], [f(1)] <1, taco :
2—b+c| <L;2+b+cf <15 <1

Nhung khi d6

A=2-b+c+2+b+c—2¢| <|2—=b+c|+|2+b+c|+]|—2¢ <4
Vay dong thoi phai xay ra cac déng thic ta duge b = 0; ¢ = —1 ngudc lai v6i b= 0;¢ = —1 dé dang
chiing minh duge f(z) = 22? — 1 thda (1) v6i moi x € [—1;1]
2) O cau 1 ), biing céach xét cac gia tri cia ham s6 tai cac diém bién va diém 0 da cho ching ta 1 cach
danh gia bat dang thiic dé suy ra 10i gidi, nhung & cau 2) nay viéc du doan mo diém dé ap dung gia
thiét 1a kha kho6 khan.
Nhung dé y ki chit, 6 cau 1), két qua thu duge ciia ching ta 1a f(z) 13 mot da thiic chebyshev bac
2, v cac diém dugce chon chinh 1a céc luan diém cta f(z).

Mot cach ty nhién ta nghi dén viéc két qua 6 cau nay ciing tuong ty phai 1a da thitc Chebyshev bac
3 va viec xét cac diem la cac luan diém ciing dude r6 rang do phai danh gid |f(z)] véi 1 !

Céc diém do6 la cos ]%T, E=0;3

That vay, tir gid thiét, ta co
1 —-1

4+a+b+c <1,

Do do

| —44+a—-b+¢ <1

LTI S
o T4V T

1 1 1
’__+—Cl—§b+c Sl

2 4
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Dé ¥ dau bang ctia bat dang thic
lay 4+ ag + ... + an| < lar] + |as] + ... + |an]

Xay ra khi cac a; cting dau, va nhd ¢6 viec dit dodn a = 0,b = —3, ¢ = 0, ta c6 thé sit dung bat dang
thitc nhu sau :
8+2b| <|[d+a+b+c|+]d+b—a—c/<2=4+0b <1

1 1 1
— 1 — < |- = —qg — =b —
| —1-0] < 5~ 1% 2b c

1 1 1
—=+-a—=b <2
—i—’ 2—|—4a 2—|—c_

Va cudi cung chi can khit b di :

3<|44+b+]-1-b<1+2=3

Vay dau bing & tat ca cac bat dang thitc dude xay ra, hay b = —3,a = ¢ = 0.

Lic d6 f(x) = 42® — 3z, véi x € [—1;1] bat ki, ton tai o € [0; 7] dé x = cos a, ltic d6 f(z) = cos3a €
[—1; 1], chinh 1a diéu kién di ctia bai toan.

Tuong tir trén, ching ta c6 thé tong quat héa bai toan :

Cho da thic f(z) € R[z], bac n va c¢6 he s6 cao nhat 1a 2",
Chiing minh ring f(z) théa man |f(z)| < 1V|z| < 1 khi va chi khi f(z) la da thic Chebyshev
bac n.

Lai gidi

Cach giai hoan toan tuong tu véi viec xét cac luan diém ctia da thitc Chebyshev bac n 1a cos kn—“, k=
0;n va them tham s6 vao dé giai phuong trinh khit hé s6 cac bac < n — 1 ciia da thic.
Day la 1 bai tap luyén tap cho ban doc.

(Dé dé nghi Olympic 30/4-2003) Tim (a,b,c) € R® dé f(z) = Tnlzix |2? + az? + bx + ¢| dat
x|<1

gia tri nhé nhat.

Loi giai
Do c¢6 diéu kién || < 1 va da thiic 1a bac 3, ta nghi ngay dén xét cac diém la cac luan diém ctia da

thitc Chebyshev bac 3.

Ki hieu f(x) = |2° + ax® + bx + | vi M = Tn‘axf(a:)
z|<1

= f()=1+a+b+cl;f(-1)=|1—a+b—|
Iy |1 a b . -1\ |1 a b
f(§>—’§+z+§“"f<7)—‘é—ﬁi—C‘
= F(1) + F(-1) > |2+ 28]

1 1
1(5)+1(5) =i
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Suy ra

( 14___{_94_ l_g é_ 0
s 1 27°)\8 172 =
) (1+a+b+c)(l—a+b—c)>0
M=-< -1
4 (2+2b)<7—2b)20
1 1 1
1: —1: — = —_— :M:_
== (5) =7 ()~ =
a=c=0
& -3
h— _°
4
Vay max |2° + aa? + bz + ¢| dat min bang § khia =c¢=0;b= -2

2| <1

f‘Viduél N

Cho f(z) = apx™ + ap_12" '+ ... +a1z + a¢ théa man |f(z)] < 1Vz € [-1;1].
Xét f*(x) = am.f () Vo #0.
a) Chiing minh rang :

@) < 1T,V € 15 1) £0

Véi T, (z) 1a da thic Chebyshev loai 1 bac n, va

Ty (x) =a".T, <%> Vo #0

b) Chitng minh ring

[f* (@) < 2" Vo € [-11]

\ v

Lai gidi

a) Bai toan tuong duong véi viéc ching minh |f(x)| < |T,,(z)| véi = & (—1,1).
Dit céc luan diém cos (’;L—k> = ay v6i k = 0,...n. Xét su noi suy Lagrange cua f(x) bac n tain+ 1

diém a;, ta co :

f(x) = Zf(ak> (z — ag)..(x — ap—1)(x — Qg41)-- (7 — an)

prd (ar, — ag)...(ax, — ag—1)(ar — ag41)...(ax — ap)

Mit khéac do |ag| < 1Vk = 0;n két hop véi gid thiét, ta co :

r — a;

n
r — a;

<2 11

ar — a; ar — a;

k i k=0 itk k 7

@l =3 fe [T o= < S Ifaol]]

k=0 ik ik

Ta thay rang v6i x > 1 hodcx < —1, tat ci cac phan tit dang x — a; c6 cing dau.
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Va do ag > a; > ... > a,, nén tich Hi#k(ak — a;) cuing dau véi (—1)%. Tt d6 suy ra :

n

=Tl — &)
ik t

k=0

S

k=0 i£k

a

Tr — a;
E— G

Mit khac ta dé ¥ tinh chat quen thuoc ciia da thitc Chebyshev :T;,(ay,) = (—1)%. Ta 4p dung khai
trién Lagrange v6i da thiic Chebyshev bac n va n + 1 luan diém thi :

n

Tr — a;
Z(—l)knr =T.(x). (3)
. k a;
k=0 i#£k

Tu (1), (2) va (3) ta c6 diéu phai chiing minh.

b) V6i diéu da chiing minh & cau a), ta chi can chi ra them rang |7 (z)| < 2"~ Vz € [-1;1] 1a du.
Do da thic Chebyshev T}, c6 bac n, hé sd cao nhat 1a 271, ¢6 n nghiém thitc phan biét

2k +1
$k:cosu,k:0;n—1
2n

Nén n6 c6 dang :
To(z) =2"" ' (z —z0)(x —21)... (T — 2pp_1)

Vay nén
1
T:(x) = 2".T, (—) = 2" (1 — 220)(1 — 211). .. (To2py)
x
V6i moi x # 0 nhung vi n6 la da thiic nén ding v6i moi = € R.

Ta nhan thay do cos(m—a) = — cos @ nén day (xg, 1,. . ., 2,_1) la day doi cia day (2,1, Tn_2;- - -, To)
(hay x,_1_ = —xxVk = 0;n — 1). T d6 ta cing c6 :

T+ (2) = 2" 11 + 22, 1) (1 + 2200_9). .. (1 + 220)

Tit 2 dang thiic trén suy ra :

(T7 () = 471 (1 = (220)?) (1= (x21)?) ... (1 = (22,1)?)

Vay

(Tr(2))? <47 = T (2)| < 2" Vo € [-1;1]
Phép chiing minh ctia bai toan dugc hoan tat.
Nhan xét: O cau a), nho ¢6 gid thiét |f(z)| < 1¥z € [—~1;1] nén viec nghi dén chuyen danh gia tai
cac diém lam cho |T;,(x)| = 1 14 khé 16 rang, va that tién thay lai c6 n+ 1 diém nhu vay khi ta mudn
danh gia da thtc bac n. St dung noi suy Lagrange la 1 huéng di hoan toan tu nhién !

f‘ViduE') N

Cho z1, 9, ... 1, v6i n > 2 la cdc sd thyc phan biet trong doan [—1;1]. Chting minh réng :
(S0 A S
th oty b, ’

Véi ty, = [ [z (zi —2p) |,k =1,2...n.

Lai gidi
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O bai trude, ta da thay dugc tu tudng sit dung noi suy Lagrange tai cAc nit noi suy la cac luan
diém.O bai nay, céc s6 thuc thuoe doan [—1;1] va diéu phai chiing minh 1a so sanh vé6i dai lugng
2"~2 ciing lam ta nghi tdi viec st dung Lagrange va sit danh gia hé s6 dan dau.

Xét su noi suy Lagrange ctia da thic Chebyshev T),_;(z) bac n — 1 tai n diém xq, 2o, ..., z, ta cb :

(x —21)( — 1) (T — Tpy1) ... (x — )
ZT” () (@ — @1)- (T — Th-1) (T — Thp1)- (T — @)

Dong nhat hée s6 2 vé ctia da thiic, ta c6 :

n

n—2 __ Tn_l(‘rk)
D D

P T — Tpo1) (T — Tpr) (T — )

Nhung ta dé ¥, |T,,_1(z)] < 1V|z| < 1, va 25, € [-1;1]Vk = 1;n nén

on— 2<Z\Ik—x1

Bai toan dugc chiing minh !

‘Tn—1<mk)| &

1
xk — Tp_ 1)($k - $k+1)-~(xk - xn)} k=1 b

IN

2. U’ng dung da thitc Chebyshev vao giai cac phuong trinh bac cao :

V6i 1 s6 cong thiic bac cao ciia da thitc Chebyshev sit dung véi ham hyperbolic doi khi cho ta
huéng suy nghi dit an phu va dua bai toan phuong trinh cong kénh vé dang hoi quy dé giai quyét
dé dang hon !

Tinh chat 1: Gia st cosnt = P,(cost) véi P,(z) 1a da thiic bac n. Khi d6

A (3(er )3 (e )

Tinh chat 2: Gia sit sin(2k + 1)t = Py, 1(sint), trong d6 Payi1 () 1a da thiic dai s6 bac 2k + 1. Ki
hieu Qar41(x) 12 da thitc dai s6 bac 2k + 1 sinh bdi Py 1(x) bang cach gitt nguyén nhiing he s6 ting
v6i lity thita chia 4 du 1 va thay nhiing hé s6 ting véi lity thita chia 4 du 3 bang hé s6 doi dau khi do.

1 1 I T 1
Q2k+1 <§(Cl—a)>§<a T2k )

No6i rieng, ta c6 1 s6 hée thic lien quan dén ham Hyperbolic thuong duge st dung sau : T cos 2t =

2cos’t — 1 ta dudc ,
1/, 1 1 1
e —9 -
2(@ +a2> [2 (a—l—a)

Tt cos 3t = 4cos®t — 3cost ta dudc

— 1Va #0

3

14 1 1 1 1 1

Z — ) =4l|= - —3|= Z

2<a +a3) [2 <a+a) 3[2 (a+a> Ya # 0

Tt cos bt = 16cos’t — 20cos®t + Hcost ta dude

1705 1 5 3 1 1

il — =1 ) i il

5 (a +a5> 6m 0m° +5m  (m 5 (a—ira))
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Tt sin 3t = 3sint — 4sin®t ta duge

8-l -0)

Tt sin 5t = 16sin’t — 20sin®t + Hsint ta dudc

1 1

1
“a® = =) =16m° +20m° S (7 p—
5 (a a5) 6m° 4+ 20m° +5m  (m 5 | @ )

Stt dung nhing dang thiic trén ta cé thé gidi quyét nhitng bai toan

Giai phuong trinh 2 + 1023 4 20z — 18 = 0

L&i giai

Ta ¢6 cong thic sau

1 1
—a®> = =) =16m>+20m> + 5m
2 ad

Trong d6 m = 1 (a — ) (da thic Chebyshev) (1)
Tadit z =v2(a—1) (a #0)

(c6 thé dat duge do a— £ 1a ham lien tuc trén khodng (—oo, 0) va (0, +00) dong thoi n6 vét hét toan
bo tap R)

Tt d6, phuong trinh dude viét lai

4\/§(a—é)5+zox/§(a—%>3+2O\/§(a—1> —18=0

a
1 1\> 5 1\* 5 1\ 92
il P N2 g 2) =22 (9
@2(a a> +2(“ a> +2<a a) s @
Ap dung cong thitc (1) vao phuong trinh (2) ta duge

1 1 9v2 9v2 9+ V113
—|a® - = ziﬁ(as)z——\/_a‘r’—120<:>a=5—
2 a’ 8 4 42

Phuong trinh c6 nghiém duy nhéat

S 9+V113
VTR

Chitng minh ring phuong trinh :162° — 2023 + 5z + 2 = 0 ¢6 nghiém duy nhat. Tim gi4 tri clia
nghiém do6.

Lai gidi
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TH1: |z| < 1. Dat x = cosavéi 0 < a < 7. (1) trd thanh:

16 cos® a — 20 cos® a + 5cosa + 2 = 0 < cosba = —2
Phuong trinh nay vo nghiém a nén (1) vo nghiém z ma |z| < 1.

1 1
TH2: |z| > 1. Dat x = 3 (a + —>V6i a € R. (1) tr6 thanh:
a

1 1\’ 1 1\* |1 1 B
<:>G5+—r

Sa+4a°+1=0

a’=—-24+V3
udl PR
=a;=v -2+
a=ay=v—-2—

(e i)

9

A

:

]

Mat khac, cha § ring ajas = 1 = ;1 = x9. Do vay, (1) ¢6 nghiém duy nhat la:

()

—2++/3

Tr =

| —

Vi du 8

Cho r 1a 6 thyc duong thdéa man &/r + % = 6. Tim gi4 tri cia /r — %

L&i giai

Tt dang thic

Ta c6
\/7_“+%:66—36:198
Vi vay
1 2
(%_%) 1082

Va gia tri clia /r — —é—; 1a 14.

3. U’ng dung cua da thic Chebyshev trong cac bai toan lugng giac lién
quan dén sbé hitu ti
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Vi du 9

Chttng minh rang néu « va cos ar hitu ty thi 2cosar € Z.

Phan tich huéng di :
Do « hitu ti nén dat o = E, (p;q) = 1.
q

That ty nhién ta nghi dén chuyén xét da thitc dang Chebyshev nhan cos ar la nghiém roi chi ra 2
lan nghiém d6 nguyen.

Ta thay T,(cos ar) = cos pr = £1 suy ra phuong trinh 7,(z) =1 = 0 (ho#ic cong hodc trir) ¢6 nghiém
cos am va mat khéc ta c6 bo dé :

Néu da thiic nguyeén a,.z"” + a,_1.2"'+... +a nhan s6 httu ti £ 1a nghiém thi u|ag, v|a,.

Nhung nhu vay ta chi méi chi ra duge 2"~ 1. cos ar nguyén, bai toan van chua duge gidi quyét.

T d6 ta mong muoén tim duge 1 da thidc c6 hé s6 cao nhat nhé hon, tét nhat 1a 1, nhan 2 cos an
lam nghiém, va c6 dang gan giong da thitc Chebyshev.

Loi giai
V6i méi n € N ton tai duy nhat 1 da thice T sao cho :

T, (2cosz) = 2cosnx

Va dong thoi T,, duge xac dinh theo cong thic truy hoi : To(z) = 2, Th(z) = x, Thy1(z) = 2.T,(x) —
To-1(z). (Do cos(n + 1)z = 2 cosz. cosnz — cos(n — 1)x)

Béng quy nap, ta thay 7T, (x) monic (c6 hé s6 cao nhat bang 1) va T, (z) € Zlx].

Ma T,(2cosarm) = 2cospr = £2 (Do p € Z).

Vay ltc d6 da thic :R(z) = T, + 2 néu p 1é hodc S(z) = T, — 2 néu p chin sé nhan 2 cosar lam
nghiém hitu ti ma 2 da thic dé déu € Z[x] va ¢6 he s6 cao nhat bang 1.

Vay 2cosam € Z.

No6i them do cosam € [—1;1] nén ta c6 thé suy ra cosar € {0;£3; £1}

Vi du 10

Tim tat ca céc s6 hitu t @ € (0;1) théa méan diéu kien sau :

cos(3ma) + 2 cos(2ma) =0

Lai giai

Dit cosma = t, stt dung hé thic gidm bac, ta c6 phuong trinh : 4¢3 +4t> — 3t —2 =0
Twong duong
(2t+1)(2t* +t—2) =0

Néu 2t + 1 = 0 thi dé 16i, ta xét 2t> +t —2 =0, hay t = cosma = = i‘m

Do a la s6 hitu ti, dat a = Evoi p,q € Z,(p; q) = 1. Lidc d6 Ty(cosm.a) = cosm.p = £1, v6i Ty(z) la
da thitc Chebyshev bac g, T,(x) € Z[x] va ¢6 he s6 dan dau la 2971,

Gia sit p chan, lac d6 T, (cosm.a) —1 =0, dat T,(z) — 1 = T(z).

Xét Q(x) = 22% + x — 2 va phép chia da thitc T(x) = P(x).Q(z) + R(z)v6i R(z), P(z) € Z[z], bac
R(xz) < 1.

Thay = = t vao dang thtc trén ta c6 R (%) =0 hoac R ( W) 0

Nhung R(z) € Z[x] vay nén R khong thé c6 bac 1, hay R 1a hing sd, suy ra R(x) = 0Vz € R.
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Vay Q(z)|T (x).
Xét phuong trinh T'(z) = (22% + z — 2)P(z), ta thay T(z) = T,(z) — 1 = 207 ]2} (q: — cos 2’%)
(Chting minh cong thitc ndy bang lugng giac va sit dung tinh chat 2.5) vay nén khi xét sy phan tich

tieu chuan cta 2 vé, 222 + x — 2 phai nhan 2 nghiem cos %Tﬂ nao dé lam nghiém hay 222 + 2 — 2 =

a <.1: — oS 2;“) <.CE — oS 2;”) v6i a 1a s6 thue.

Dong nhat hé s6 bac 2 ta ¢6 a = 2. Vay nén phai ton tai u,v € {0;1;...;¢ — 1} sao cho :
2 2
202+ —2=2. (x—cos—u> (x—cos—v)
q q
Hay cos 2. cos 2 = —1
q q

Nhung ca 2 déu c6 tri tuyet ddi < 1 nén cd 2 déu phai bang £1.
Nhung lic d6 hé s6 bac 1 ctia vé phai sé bang —2(cos 2?“ + cos 27”) 12 1 s6 chén, khac 1. Vo 1i.

Truong hgp p 18 1i luan tuong tu ta cling c6 dieu vo li. Vay t = —% hay a = %

Gia st k > 2 1a s6 nguyen duong va x 1a s6 thuc sao cho cos(k — 1)x va cos kx 1a s6 hitu ti.
Chitng minh rang c6 s6 nguyén duong n > k sao cho cos(n — 1)x va cosnx 1a s6 hitu ti.

L&i giai

Ta c6 nhan xét rang néu cos x 14 s6 hitu ti thi cos(kz) ciing 1a s6 hitu ti, v6i k 1a s6 nguyen duong (do
cos(kx) = Py(cosz), véi Py(z) la da thitc Chebyshev loai 1 véi bac k, 1a mot da thiic hé s6 nguyen).
Vi vay theo yéu cau dé bai, ta chi can chiing minh hé dong du sau c6 nghiém 13 du :

n=0 (mod k)

n=1 (mod k£ —1)

Nhung hé nay luon c6 nghiém theo dinh ly thing du trung hoa ( chang han lay n = k? ). Ta c6 diéu
phai chiing minh.

4. Ung dung da thiic Chebyshev trong cac bai toan s hoc :

Sy truy hoi bac 2 ctia da thitc Chebyshev rat thuong dude gap trong cac bai toan day sb
va dong thoi né cling giéng véi sy truy hoi ctia day nghiém phuong trinh Pell.Stt dung da thiic
Chebyshev cung cac tinh chat ctia né doi khi cho ta nhitng 16i giai tha vi trong nhiing bai toan s6
hoc ho#c day s6 s6 hoc. Chiing ta cliing xem xét vi du sau :

Vidu 12 .

(M6 rong TST 2012)
Cho p nguyén t6 1é va xét day (z,) thoa x; = 1,20 = p Va Tpi0 = 2Tt — Ty
Tom + 1

Chiing minh: 12 s6 chinh phuong véi moi s6 nguyén duong m.

Lai gidi
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Xét cac da thic Chebyshev loai I va loai IT :
To(x) =1,Ti(z) = x,Tyyo = 22U, 1 (x) — Up(2)
Up(x) = 1,Uy(x) = 22, U190 = 22U 41 (2) — Uy ()
Ta c6 mot ding thic quen thuoc lien hé giita hai da thitc nay duéi dang kiéu phuong trinh Pell :

T2(z) — (2> = U _,(z) = 1 & To(z) =1 Ty(z) +1

. _ 2
-1  z+1 n-1(7)

Ta sé chiing minh :

T,(x)—1 T, 1
L) =1 oz vnen v @) +1
z—1 z+1
Thuc vay, ta c6 tinh chat quen thuoc sau ctia da thiic Chebyshev loai I 1a :

€Z,VYneN,n=1 (mod 2)

T,(1) =1, ¥Yn € N*

Dicu nay dong nghia véi viec da thiic Ty, (x) — 1 nhan z = 1 lam nghiém, hay nhan z — 1 lam nhan

T(x)—leZ

b, tite
z—1
Ta ctng ¢6 : T,(—1) = (=1)", ¥n € N*
Do d6 néu n 1& thi T,,(—1) = —1. Diéu nay cho thay da thic T,,(z) + 1 nhan z = —1 lam nghi¢m,

T, 1
&EZ, VYneN,n=1 (mod 2)
r+1

Dé dang nhan thay rang ,,; = T,(p) véi moi s6 tunhién n.
o) day, ta chi xét nlé :

hay nhan z 4+ 1 lam nhan ti, tic

L -1 T +1 _ 0

(p) (*)

p—1 =~ p+1
Goi :
To(p) — 1 Tu(p) +1
d=ged ()L L@ LY gy
p—1 p+1

T d6 suy ra U, _1(p) 1a mot s6 chdn, nhung dicu nay vo 1f vi v6i n 1é thi n — 1 chin va moi da thic
Chebyshev loai II ¢6 bac chin déu la s6 1é néu bién s6 1a s6 nguyen.
T.(p) +1  ap1+1

1 1 1a mot s6 chinh phuong véi moi
p p

Nhu vay phai c6 d = 1. T (%) ta suy ra ngay

s6 nguyén duong n 18.

Vi du 13

Tim n nguyén duong dé (2" — 1)(3" — 1) 1a s6 chinh phuong.

L&i giai

Truong hgp n = 1, 2, bang tinh toan ta thay dai lugng khong phai 14 s6 chinh phuong, loai, Vi n > 3,
dat (2" — 1)(3™ — 1) = m? v6i m 14 s6 nguyen duong. Néu n 1& thi 2" — 1 = 3 (mod 4),3" —1 =2
(mod 4) = m? =2 (mod 4) (vo 1i). Vay n phai chin, dat n = 2k. Ltc d6 ta c6 (a* —1)(b* — 1) = m?
véia=2"b=3"=
(ab)? —a®>—=b*+1=m?= (ab+1)®> = m? + (a+ b)* day la phuong trinh Pythagore quen thuoc, do
m phai chan nén ta ¢o :

ab+1=u?+v?

a+b=u?—?

m = 2uv
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2F 4 3% = u? —?

6% +1 = u? +0?
= (3* +1)(2F + 1) = 2u® Tu day suy ra k phai chin vi néu k 1é thi 3* +1 = 4 (mod 8) hay khi
phan tich 2 vé ra thanh tich cac thita s6 nguyén t6 thi s6 mil ctia thita s6 2 clia vé trai sé 1a 2 — mot
s6 chin con ¢ vé phai thi s6 mii ctia 2 14 s6 1 do s6 mil ciia s6 nguyen t6 bat ki khi khai trién u? déu
14 chén.
Vay ching ta da tim dugc 1 s6 tinh chat ciia nrang n:i4.
Bay gio dat (2" —1,3"—1)=d=2"—1=d.r? 3" — 1 =d.s*v6i (s;r) = 1,dsr = m.
Xét phuong trinh Pell X2 —d.Y? = 1. Don > 3 va 3" — 1 = d.s? nén d khong thé 14 s6 chinh phuong.
Vay phuong trinh trén 13 phuong trinh Pell loai 1, nhan (2%,7), (3%, s) 1a cac caip nghiém nao do.
Ta sé& chitng minh ring néu phuong trinh nay c6 day nghiém (X,,,Y,) thi 2¥ va 3% khong thé cling
thuoc day {X,}.
Gia stt ddy nay c6 nghiém khéi dau 1a Xy = 1, X, = ¢ > 1 va cong thiic truy hoi X, = 2t.X,, —
Xn_l‘v’n 2 1.
Luc do gia tri ctia X,, chinh bang T),(t).
Ta di chitng minh néu 2 xuat hién trong day thi n6 phai la X;.
That vay bang quy nap don gian, ta thay rang T, (t) 1é néu n chdn va T,,(¢) bang 1 s6 1¢ > 1 nhan
véi t néun 1é > 1 (Do t > 1), vay nén nhitng trudong hop do, T,(t) luon ¢6 wde nguyen 6 1¢é.
Tu day suy ra 2% phai 1a X; néu mudn c6 mat trong day.
Nhung mat khac, theo tinh chat da chiing minh & trén thi k¥ chdn nén X; = Xy =1 (mod 3).
Va ta sé quy nap rang X,, = 1 (mod 3)Vn € N. That vay gi sit n6 dung t6i n thi :

Xy =2 X, - X, 1 =2X, - X, =1 (mod 3)
Vay 3% khong thé xuat hién trong day.Phuong trinh vo nghiém nguyén.

Qua chuyeén de, tac gid hi vong cic ban c6 cai nhin 16 hon vé da thitc Chebyshev va cach sit
dung qua céc bai toan khac nhau. T d6 thay duge niém vui khi nghién citu va lam viéc véi nhitng
chuyen dé tuy it khi dugc thi nhung rat dep va dang duge biét dén ctia toan Olympic. Chic cac ban
luon say mé nghién citu va hoc tap tot !

Moi déng gép cho chuyén dé xin gii vé email: trongdat.math@gmail.com
Sau day la mot s6 bai tap dé cac ban luyen tap.
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I1I. BAI TAP DE NGHI

Bai 1.
Cho s6 nguyén duong n va xy, = cos 2%k = 0;n Chitng minh réing :

a)

—1)k,
H(xk—xj): (2 )1n,1§k§n—l

J#k
b)
- n
H To — ;) n—1
7=1
c)
n—1 (_1)n n
H(.Tn o 33']) - on—2
7=0
Bai 2.

Cho n 1a 1 s6 nguyéen duong va da thic P(x) € R[z] bac khong qua n— 1 théa man /1 — 22| P(z)| <
1V|z| < 1. Chiing minh réng :

a) He s6 bac cao nhat ctia P khong vugt qua 271

b) |P(z)| < nVz € [—1;1]

Bai 3. Cho da thic ludng gidc P(z) = > 7_(a;cosjz + b;sin jz) théa man |P(z)| < 1Vx € R.
Chitng minh rang :
|P'(z)] < nVx eR

Bai 4. (Dinh ly Berstein — Markov) Cho da thic P(z) € R[z] bac n théa man |P(z)| < 1Vx €
[—1;1]. Chiing minh rang :
|P'(z)| < n?Vo € [—1;1]

Bai 5. Cho A;, A, ..., A, 1a n diém trén mat phang. Chitng minh ring trén bat ki doan thing cé
do dai [ nao ciing ton tai diém M sao cho : MA.MA,...MA, >2 (ﬁ)
Bai 6. Ching minh ring v6i moi n > 1 ta c6 :
T (7) = 2.Ty(z) — (1 — 2*)U,_1(2)
Up(z) = 2U,—1(x) + T, ()
Bai 7. Tim tat ca cac bo 5 s6 thuc (z,y, 2z, u,v), tat cd déu € [—2;2] théa man he
r+y+z+tut+v=0

B+ 2w+t =0
20 +9° + 25 +ud + v’ = —10
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