CHUYEN BE: CUC TRI HINH HOC

CUC TRI HINH HOC

A- Phuwong phap giai bai toan cuc tri hinh hoc.
1- Dang chung caa bai toan cyc tri hinh hoc :

“ Trong tdt cd cdc hinh c6 chung mét tinh chdt , tim nhitng hinh ma mot dai
lugng nao do ( do dai dogn thang , so do goc, so do dién tich ...) co gid tri Ion nhat
hodc gid tri nho nhat.” va cé thé dugc cho dwdi cac dang :

a) Bai toan vé dyng hinh .
Vi du : Cho duong tron (O) va diém P nam trong duong tron , xdc dinh vi tri cua
day di qua diém P sao cho ddy do co6 do dai nhé nhadt.

b) Bai toan vé chitng minh .
Vi du : Chitng minh rdng trong cdc ddy di qua diém P trong mét duong tron (O),
ddy vuéng goc véi OP c6 d6 dai nho nhat.

c) Bai toan vé tinh toan.
Vi du : Cho duong tron (O;R) va diém P nam trong duong tron c6 OP = h, Tinh
d6 dai nhé nhdat cta day di qua P.

2- Heong giai bai toan cuc tri hinh hoc :

a) Khi tim vi tri ctia hinh H trén mién D sao cho biéu thitc f c6 gia tri 16n nhat ta
phai chitng to duoc :
+V@&i moi vi tri cda hinh H trén mién D thi f < m (m la hang s6 )
+X4ac dinh vi tri cua hinh H trén mién D sao cho f =m

b) Khi tim vi tri ctia hinh H trén mién D sao cho biéu thitc f cé gia tri nhé nhat ta
phai chitng to duoc :
+V§&i moi vi tri cda hinh H trén mién D thi f > m ( m la hang s6 )
+X4ac dinh vi tri caa hinh H trén mién D dé f = m

3 - Cach trinh bay loi giai bai toan cyc tri hinh hoc.

+ Cdchl :Trong céc hinh c6 tinh chat cta dé bai,chi ra mét hinh réi chitng minh
moi hinh khac déu c6 gia tri ctia dai lwgng phai tim cuc tri nho hon ( hodc 16n hon )
gia tri cua dai lugng do6 cta hinh da chi ra.

+ Cdch2 :Bién do6i twong duong diéu kién dé dai lwgng nay dat cuc tri béi dai
lwgng khac dat cuc tri cho dén khi trd 167 dugc cau hoi ma dé bai yéu cau.
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Vi du : Cho duong tron (O) va diém P ndm trong duong tron( P khéng trung véi

O).Xdc dinh vi tri cta day di qua diém P sao cho ddy dé c6 d6 dai nho nhat.
Gidi :

+Cdch 1 :

Goi AB la day vudng goc véi OP tai P, va day CD la day bat ky di qua P va
khong trung v6i AB ( h.1).

Ké OH L CD.

AOHP vuong tai H= OH < OP = CD > AB

Nhuw vay trong tdt ca cac day di qua P, day vuong géc
vGi OP tai P c6 do dai nhé nhat .

+Cdch 2 :

Xét day AB bét ky di qua P (h.2). Ké OH L AB
Theo lién hé giita day va khoang cach dén tam:
AB nho nhit & OH 16n nhit A

Ta lai c6 OH < OP “
OH=0P< H=P a
Do d6 maxOH = OP 3
Khi d6 day AB vuéng goc vai OP tai P. B

B-Cac kién thivc thivong dung giai bai toan cuc tri hinh hoc.

1- St dung quan hé giita dwong vuong goc , dwong xién , hinh chiéu .
a-Kieén thirc can nho:

A
BL /L A K a
C d [ b
A3 B H C H B
h.4 h.5

a;) AABC vudng tai A (c6 thé suy bién thanh doan thang) = AB < BC..
Dau “=” xdyra < A=C . (h.3)

az) (h4)
+ AHla =AH<AB. Dau “=” xdyra< B =H.
+ AB <AC < HB <HC

az)( h.5)
AKea;B,Heb;a//b;HK La = HK <AB
Dau “=”xdyra< A=KvaB=H.
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b-Cac vi du:

Vi du 1: Trong cdc hinh binh hanh c6 hai duong chéo bdng 6 cm va 8 cm ,hinh
nao co dién tich 1én nhdt ? Tinh dién tich I6n nhat do.

Gidi :

h.6 h.7

Xét hinh binh hanh ABCD c6 AC =8 cm; BD =6 cm ( h.6)
Goi O la giao diém hai duong chéo . Ké BH L AC.

Taco: Sascp = 2Sasc = AC.BH

Ta c6 AC = 8cm, BH < BO = 3cm. Do do :

Sascp < 8.3 =24 (cm?)

Sacp =24 cm’ ©» BH=BO < H=0 < BD LAC

Vay max Sapcp = 24 cm?® . Khi d6 hinh binh hanh ABCD 1a hinh thoi (h.7) ¢6 dién
tich 24cm?.

Vi du 2: Cho hinh vuéng ABCD . Trén cdc canh AB,BC ,CD,DA ta ldy theo thi? tv
cdc diém E,F,G,H sao cho AE = BF = CG = DH . Xdc dinh vi tri ctia cdc diém E,
F,G,H sao cho tit giac EFGH c6 chu vi nhé nhadt .

Gidi : A

AHAE = AEBF = AFCG = AGHD

= HE =EF = FG = GH

= EFGH la hinh thoi .

AHE = BEF H

= AHE + AEH =90° = BEF+ AEH =90’

= HEF=90" D

= EFGH la hinh vuong

Goi O la giao diém cua AC va EG . T giac
AECG c6 AE = CG, AE //CG nén la hinh binh hanh
suy ra O la trung diém ctia AC va EG, do d6 O la tam cta ca hai hinh vuong ABCD
va EFGH.

AHOE vuéng can : HE? = 20E? = HE = OE+/2

Chu vi EFGH = 4HE = 4+/2 OE . Do d6 chu vi EFGH nho nhit < OFE nho nhat

Ké OK LAB = OE >OK ( OK khong doi )

OE=0K < E=K
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Do d6 minOE = OK
Nhu vay , chu vi t¥ gidc EFGH nhé nhat khi va chi khi E,F,G,H la trung diém cuta
AB, BC, CD, DA.

Vi du 3: Cho doan thang AB cé do dai 2a .Vé vé mét phia cua AB cdc tia Ax va
By vuéng goc vdi AB . Qua trung diém ctua M cta AB c6 hai duong thdng thay doi
luén vuéng goéc vdi nhau va cdat Ax, By theo thi? tv tai C va D .xdc dinh vi tri cta cdc
diém C,D sao cho tam gidc MCD c6 dién tich nho nhdt .Tinh dién tich tam gidc do.
Gidi: X Y
Goi K 1a giao diém ciaa CM va DB
MA=MB; A =88=90°, AMC =BMK
= AMAC = AMBK = MC = MK
Mat khac DM 1CK
= ADCK can = B, =9, C
Ké MH L CD.
AMHD = AMBD = MH =MB = a

1 1 1
= Swmcp =5 CD.MH 2> EAB.MH =5 2a.a= a’

A

Smcp = a2 & CD L Ax khi d6 AmC = 45° ;
BMD =45°.
Vay min Suep = a° . Cac diém C,D dugc xac dinh
trén Ax; By sao cho AC=BC =a.

h.9

Vi du 4: Cho tam gidc ABC c6 B la goc tu , diém D di chuyén trén canh BC .
Xdc dinh vi tri cua diém D sao cho téng cdc khodng cdch ti B va C dén dudng thdng
AD c6 gid tri I6n nhat .

Gidi:

Goi S la dién tich AABC Khi D di
chuyén trén canh BC ta ¢6 :

Saep + Sacp =S

Ké BE LAD,CF L AD

1 1 I __
=~ AD.BE +2 AD.CF =S o B D\<
25

= BE +CF =—— h.10
AD

Do d6 BE + CF 16n nhat & AD nho nhat <hinh chiéu HD nhd nhat
Do HD > HB (do ABD >90°)vaHD =HB <& D =B



CHUYEN BE: CUC TRI HINH HOC

Vay Khi D = B thi tong cac khodng cach tir B va C dén AD c6 gia tri 16n nhat .
2- Sit dung quan hé giita duwong thang va duwong gap khuc.

a-Kién thirc can nhg:
Vi ba diém A,B,C batky tac6: AC+CB >AB
AC +CB = AB < C thudc doan thang AB

b-Cac vi du:

Vi du 5:Cho géc xOy va diém A ndm trong goéc dé . Xdc dinh diém B thudc tia
Ox, diém C thu¢c tia Oy sao cho OB = OC va téng AB +AC la nhé nhat .

Gidi:

Ké tia Om nam ngoai goc xOy sao cho
yOm =xOA . Trén tia Om ldy diém D sao
cho OD = OA . Cac diém D va A c6 dinh .

OD =0A, OC=0B,COD=B0OA

= ADOC = AAOB = CD =AB

Do d6 AC +AB = AC +CD

Ma AC +CD = AD

=AC+AB >AD

Xay ra dang thirc khi va chi khi C e AD h.11

Vay min(AC+AB) =AD . Khi d6 C la
giao diém ctia AD va Oy , B thudc tia Ox sao cho OB = OC.

Vi du 6:Cho hinh chir nhat ABCD va diém E thudc canh AD . Xdc dinh vi tri cdc
diém F thu¢c canh AB , G thuéc canh BC , H thu¢c canh CD sao cho t¢ gidc EFGH
co6 chu vi nho nhat.

Gidi :
A F B
AN 1
E M \\K ? G
M NN
D C
H
h.12

h.13

Goi I ,K, L theo tht ti 1a trung diém cua EF, EG, EH (h.12).
AAEF vudng tai A c6 Al la trung tuyén = Al =1/2EF

ACGH vubng tai C c6 CM la trung tuyén = CM =1/2GH

IK la dwong trung binh cuia AEFG = IK = 1/2FG

KM la duong trung binh cuia AEGH = KM = 1/2EH
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Do d6 : chu vi EFGH = EF +FG +GH +EH =2(Al + IK + KM + MC)

Talaicé: Al +IK + KM + MC > AC

Suy ra chu vi EFGH > 2AC ( do dai AC khong doi )

Chu vi EFGH nhé nhat bang 2AC < A,ILK,M,C thang hang.

Khi do6 ta c6 EH//AC,FG//AC, AEI=FEAI=ADB nén EF//DB , twong twv GH//DB
.Suy ra tt giac EFGH la hinh binh hanh c6 cac canh song song v&i cac duong chéo
cua hinh chit nhat ABCD (h.13).

3- Sit dung cac bat dang thitc trong duong tron.
a-Kién thirc can nho:

C
C D
AN e (D
5 B
AwB A 0 ’
Q
NS A X
14 D h.16 h.17

h.

h.15

a;) AB la duwong kinh , CD la day bat ky = CD < AB (h.14)
a;) OH,OK la cac khoang cach tir tam dén day AB va CD :
AB>CD < OH < OK (h.15)
a3) AB,CD la cac cung nho caa (O) : AB>CD < AOB>COD (h.16)
as) AB,CD la cac cung nho cua (O) : AB>CD < AB>CD (h.17)

b-Cac vi du:

Vi du 7: Cho hai duong tron (O) va (O’) cdt nhau ¢ A va B . mét cdt tuyén chung
bdt ky CBD (B ndm giita C va D) cat cdc duong tron (O) va (O’) tai C va D . Xdc
dinh vi tri cta cdt tuyén CBD dé AACD c6 chu vi I6n nhat.

Gidi:

sd & =%sd}(ﬂ-n]3 ;sd B 2%56 Kan

= s0 do cac goc AACD khong doi

= AACD c6 chu vi 16n nhat khi mot
canh cda né 16n nhat , chang han AC la 16n
nhat.

AC la day cua duong tron (O), do do AC
16n nhat khi AC la duwong kinh cua dudng
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tron (O), khi d6 AD la duwong kinh cia duwong tron (O’). Cat tuyén CBD 6 vi tri C’BD’
vuong goc vai day chung AB.

Vi du 8: Cho duong tron (O) va mét diém P nam trong dwong tron . Xdc dinh day
AB di qua P sao choDAB c0 gid tri I6n nhat .

Gidi:

Xét tam giac can OAB, goc & ddy OAB 16n nhat néu
goc & dinh AOB nho nhat .

. 1
AOB= E SdAB

G6c AOB nho nhit & Cung AB nhd nhat & day
AB nho nhat < Khodng cach dén tam OH 16n nhat.

Ta c6 OH < OP

OH =0OP < H =P nén max OH = OP < AB L OP

Suy ra day AB phai xac dinh la day A’B’ vuong goc
voi OP tai P.

h.19

4- St dung bat dang thitc vé liy thira bac hai .
a-Kién thirc can nho:
Cac bat dang thirc vé liiy thira bac hai dugc st dung dwdi dang :
A?>0 ;-A%*<0
Do d6 vdi m la hang s6 , ta o :
f=A’+m>m ;minf=mvGiA=0
=—A’+m<m ;maxf=mvGiA=0

b-Cac vi du:
Vi du 9: Cho hinh vuéng ABCD ¢6 canh bédng 4cm . A _x E 4-x B

Trén cdc canh AB, BC,CD,DA, ldy theo thit tv cdc diém

E,F,G,H sao cho AE = BF = CG = DH . Tinh dé dai AE Ay

sao cho tit gidc EFGH c6 chu vi nhé nhat. i F
Gidi:

AAHE = ABEF = ACFG = ADGH H
— HE = EF = FG = GH , HEF =90°
= HEFG la hinh vuéng nén chu vi EFGH nho nhat khi

HE nhé nhat . D G ¢
bat AE = x thi HA = EB = 4-x h.20

AHAE vuong tai A nén :

HE2=AE?+AF? = x>+ (4—x)? =2x* - 8x +16 =2(x—2)+8>8
HE = \/§ =2\/§ oS x=2

Chu vi t? gidc EFGH nhé nhét bing 8+/2 cm , khi d6 AE =2 cm .
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Vi du 10: Cho tam giac vuéng ABC c6 do dai cac canh goc vuéng AB = 6 cm,
AC = 8cm.M la diém di chuyén trén canh huyén BC.Goi D va E la chan cdc duong
vubng goc ké tir M dén AB va AC . Tinh dién tich 16n nhat cua tw giadc ADME.

Gidi:

ADME 1a hinh chi¥ nhat .

bat AD = x thi ME = x A
EM CE x CE 4 D 8-x
ME //AB= —=—=-=""=CE=-x
AB CA 6 8 3 E
4
::AE—B—EX B ~ C
h.21

4 4
Ta co ISADME =AD .AE:X(8—§X):8X—§X2

4
= —g(x —-3)°+12 <12

SADME =12 sz = x =3
Dién tich 16n nhét cida tit gidc ADME béng 12 cm? ,khi d6 D la trung diém cta AB
, M la trung diém cda BC va E la trung diém cua AC.

5- St dung bat dang thirc Co-si .

a-Kiéen thirc can nho:

, +
Bét dang thitc Co-si :V&ix>0;y>0 taco X 5 yZ«/xy

Dau “=” xdy ra khi va chi khi x =y

Bat dang thitc Co-si thwong dugc st dung dwdi cac dang sau :

2
+Dang 1: x> +y* > (X+TY) > 2xy Dau “=” xay ra khi va chi khi x =y

2 Xy 1

+ Dang 2: (x+y) >4 ; ZSZ
Xy (x+y)

(X+y)2<2 . X2+y2221

Xyt T T (x+y) 2

Dau “=” xday ra khi va chi khi x =y

+ Dang 3:V&ix>0;y=>0; x +y khong d6i thi xy I6n nhat khi va chi khi x=y
+ Dang4: V&ix >0 ; y >0 ; xy khong d6i thi x+y nhé nhat khi va chi khi x =y

8
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b-Cac vi du:

Vi du 11: Cho dogn thdng AB, diém M di chuyén trén doan thdng dy . Vé cdc
duong tron co duong kinh MA va MB . Xdc dinh vi tri cia diém M dé téng dién tich
cua hai hinh tron cé gid tri nho nhdt .

Gidi :

bat MA=x,MB =y

Taco:x+y=AB (0<x,y <AB)

Goi S va S’ theo thi ty 1a dién tich
cua hai hinh tron c6 duwong kinh la
MAva MB .

Taco:

vore g X)L Xy
S +S ﬂ{Zj T@E_ T. 2

Ta c6 bét dang thic : x* + y* >

(x+y)" .
2

2 2
(x+y) _ - AB
8 8
Dau dang thitc xdy ra khi va chi khix =y

AB?

S+S’>m.

Do d6 min (S+S’) =m. .Khi d6 M la trung diém ctia AB.

Vi du 12: Cho diém M ndm trén doan thang AB .Vé vé mét phia ctia AB cdc tia
Ax va By vuong goc véi AB . Qua M c6 hai dwong thdng thay doéi luén vuéng goc véi
nhau va cat Ax, By theo thi? tu’ tai C va D . Xdc dinh vi tri cua cdc diém C,D sao cho
tam gidc MCD c6 dién tich nhé nhat .

Gidi :
1
Ta co : SMCD = EMCMD
PitMA=a, MB=b X
AMC =BDM =« C
MC = , MD = —
CoSsOl S1in o
1 ab
Smecp = ——— A

2 COosO.sin o
Do a,b 1a hing s6 nén Sycp nho nhit < 2sino.cosoe 16n had8.
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Theo bat ding thitc  2xy < x* +y? ta co :

2sino.coso < sin“ot +cos’0c =1 nén  Smcep > ab

Smcp = ab & sina = cosa < sina = sin(90°-a) < o = 90°—a < o = 45°

< AAMC va ABMD vudng can.

Vay min Sucp = ab .Khi d6 cac diém C,D dwgc xac dinh trén tia Ax ; By sao cho
AC=AM,BD=BM.

Vi du 13: Cho AABC , diém M di dbng trén canh BC . Qua M ké cdc duong
thdng song song véi AC va véi AB , chiing cdt AB va AC theo thi? tw & D va E.Xdc
dinh vi tri cua diém M sao cho hinh binh hanh ADME c¢ dién tich lon nhdt.

Gidi :

SADME

Sapme 16N nhat < 16n nhat

SABC

Ké BK 1L AC cat MD 6 H.
SADME =MD . HK
1

Sasc = EAC.BK
Suome _ p MD HK
S«  AC BK
baitMB=x,MC=y,

MDA 12 g MR _BM __x HK MC vy
@CO:NCc " BC x+y ' BK BC x+y
, Xy 1 S 2Xy 1
Theo bét ding thitc 7~ 7 < 4 = o= 7S 5
(X+y) Sasc (X+Y)

Dau dang thitc xdy ra khi x =y
1 .
Vay maxSapme :E Sasc khi d6 M la trung diém ctia BC.

Vi du 14: Cho A ABC vubng cdn cé canh huyén BC = a . Goi D la trung diém
cua AB. bBiém E di chuyén trén canh AC. Goi H,K theo thit tv la chdn cdc duong
vubng goc ké tir D, E dén BC . Tinh dién tich I6n nhdt cua hinh thang DEKH . Khi dé
hinh thang tro thanh hinh gi ?

Gidi:

Taco:

2Spexn = (DH +EK).HK = ( BH +KC ) .HK

Ma (BH + KC) +HK =BC = a khong doi

Nén (BH + KC) .HK 16n nhit <BH + KC) = HK = %
10
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Do do:

a2

d
max SDEKH = .
2 8

N | —
N |

Khi dé duong cao HK = % suy ra :

KC=BC4%LHK=a—%—%:—

JEK=KC= < .
4
Hinh thang DEKH la hinh chit nhat , E la trung

diém cua AC.

Do d6 DH =HB =

Ao

h.25

6- Sit dung ti sé hrgng giac.
a-Kién thirc can nho: B
Heé thitc gitta canh va gbc trong tam giac vuong

+ b = a.sinB = a.cosC
+ b = c.tgB = c.cotgC

h.26
b-Cac vi du:

Vi du 15: Chitng minh rdng trong cdc tam gidc can cé6 cung dién tich tam gidc c6
canh day nho honla tam gidc co goc ¢ dinh nho hon.

Gidi:
Xét cac tam gidc ABC can tai A c6 clng A
dién tich S. Ké duvong cao AH . Bat BAC = o
AAHC vuong tai H, ta c6 :
o

a 1 o
AH = HC .cotg— =—BC.cotg—
2 2 2

1 1 1 a 1 o
Do d6:S = =BC.AH = —BC.=BC.cotg— =— BC*cotg—
2 2 2 2 4 2

4S o
—BC= | o '8
COth

Do S khong doi nén :
11
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> ~ (x kd ~ a kd ~ kd ~N kd ~
BC nhé nhit < th nhoé nhiat < By nho nhat < o nhé nhat < BAC nhé nhat

Vi du 16: Cho hinh chi¥ nhdt ABCD. Trén cdc canh BC,CD lan luot ldy cdc diém
K,MsaochoBK: KC=4:1,CM: MD =4 :1.Tim ti s6 AB : BC dé s6 do goc KAM
I6n nhat .

Cho cong thitc bién déi tg( x +y )= ~ ot P
( Cho cong thirc bién doi tg( x +y )= I—tgxtgy
Giadi:
bit BAK=x ,DAM=y (x+y<90°)
KAMI6n nhit & BAK + DAM nhé nhat X
< x + ynho nhit < tan (x + y) nhé nhat
GiastAB:BC =1:m(m>0)
BK BK BC 4m K
AB BC AB 5 D
DM:DM.DC: 1 h.08
AD DC AD b5m

tgx+tgy _(4m 1\( i _25(4m 1\
1-tgx.tgy 5rn7k 5 5 21 5m7

4 1
tg (x + y) nho nhdt & —— +— nho nhat
5 5m

Theo bat dang thirc Co-si ta co:

g xX=

gy=

tg(x +y )=

4m 1
D4u dang thttc xdyra & —=— & m= —
5 5m 2

—_

1
Vay x +y nhoé nhét khi va chi khi m :E
Do d6 KAM 16n nhat khi vachikhiAB:BC=2:1

12
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Phan 3: Bai tap on luyén

Bai 1 : Cho hinh vuéng ABCD . Hay xac dinh dwong thang d di qua tam hinh vudng
sao cho tong cac khoang cach tr bon dinh cta hinh vuéng dén dwong thang do 1a :
a) Ldn nhat

b) Nho nhat
Hudéng dan: d
Xét truong hop d cdt hai canh déi BC va AD (h.29) B’

Goi m la tong cdc khodng cdch tir bon dinh hinh g
vuéng dén D.

m =2(AA’ +BB’) N

Goi M, N lan luot la trung diém ctia AB va A’B’

Suy ra: m=4MN do do:

m Ion nhdt < MN I6n nhdt >

m nhé nhdt < MN nhé nhat

a) MN <MO = m Ién nhdt < M=0 < d//AB A D

b)ké MH _L OB . Chitng minh MN >MH = MN nho
nhat & N =H < d=BD hodc d =AC.

Bai 2 : Cho AABC vudng can tai A cac diém D,E theo thi tw di chuyén trén cac
canh AB ,AC sao cho BD = AE . Xac dinh vi tri cac diém D,E sao cho :

a) DE c6 do dai nho nhat .

b) T gidc BDEC c6 dién tich 16n nhat .

Huéng dan: (h.30)
a)Goi M la trung diém cua BC .
ABDM = AAEM = BMD = AME
= DME = DMA + AME = DMA+ BMD = BMA =90’
Goi I la trung diém cua DE .
DE = DI+IE =Al + IM > AM
Min DE = AM < 1 la trung diém cua AM
& D la trung diém ctia AB va E la trung diém cta AC

x(a—x)

b)bdt AE = x, AB =AC =athiAD = a —x , Sapr = 5

Sspec nho nhat < Sape 1ONn nhat < x(a —X) I6n nhat
Do x +(a-x) = a khong doi nén x(a —x) Iénnhdt x =a -x &x = a/2
Khi do D la trung diém ctia AB va E la trung diém cua AC

13
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Bai 3 : Cho A ABC vuong tai A ¢6 BC = a, dién tich 1a S . Goi m la trung diém cta
BC . Hai duong thang thay déi qua M va vuéng goc vGi nhau cat cac canh AB , AC
oD ,E .Tim:

a) Gia tri nho nhat cua doan thang DE .

b) Gia tri nho nhat cua dién tich A MDE A

Huéng dan:
a) (h.31)Goi O la trung diém cua DE
Ta co OA = OD =OE = OM

a

=DE=0A+O0OM > AM = 5

minDE = a/2 < O la trung diém cua AM h.31
& D la trung diém ctia AB va E la trung diém cua AC

b) (h.32)Ké MH L AB , MK L AC
ME > MK , MD > MH.
AC AB
2

2Svwpe = MD.ME > MH.MK =——.

2
. S .
minSwor = Z(:)DEH va E=K

h.32

Bai 4 : Cho diém m di chuyén trén doan thang AB .Vé cac tam giac déuAMC va
BMD vé mot phia cia AB . Xac dinh vi tri cia M dé tong dién tich hai tam giac déu
tren la nho nhat .

Huwéng dan: (h.33) K

Goi K la giao diém ctia AC va BD .

Cdc tam gidc AMC ,BMD dong dang vdi AAKB

DitAM =x BM=y,AB=a tacé: D

i:(i\z.iz[ﬂZ

S (da] 's \d ¢
:Sl+52:x2+y22(x+y)2: a 1 VA 2
S a’ 2> 2d° 2 X MY B

Dau ddng thire xdy ra khi va chi khix =y
1 .
Do dé : min (S; +S5) 25 & M la trung diém cua AB.

14



CHUYEN BE: CUC TRI HINH HOC

Bai 5 : Cho tam giac nhon ABC c6 cac canh a,b,c twong tng duong cao AH =H.
Hay dung hinh chir nhat MNPQ ndi tiép trong tam giac ABC sao cho n6 c6 dién tich
l6n nhat . BiétM e AB; Ne AC; P,Qe BC.

Hudéng dan: (h.34) A
Goi I la giao diém cua AH va MN
Ddt NP =x; MN=y;Al=h-x h-x
AAMN S AABC M\__I _____ N
MN Al y h—x h—x y
= — === = y=a.
BC AH a h h
a
= Sunveg = Xy = —. x(h —x) B
h Q H P C

= Swunpg 10N nhdt < x(h —x)Ién nhdat

x +(h —x) = h khong doi nén

x(h —x) lonnhit  x=h-x & x=h/2
Khi do MN la dvong trung binh cua AABC

h.34

Bai 6 : Cho A ABC vuong tai A . T mot diém I nam trong tam giac ta ké IM L BC,
IN L AC,IK LAB . Tim vi tri cda I sao cho téng IM* +IN?* +IK* nhd nhat.

Huwong dan: (h.35)

Ké AH [BC, IE LAH

ANIK ,IMHE la cdc hinh chit nhat. B o
K+ IN? = IK? +AK? = AP > AE? o "
IM = EH
nén IK2+ IN? + IM? = AP +EHP > AE’+EHP K/ =1
2 2 - =
Ba“tAE=x,EH=ytacé:x2+y22(X+2y) =A12-I A N ¢
AH? h.35

= IK?+ IN? + IM? > 5

Dau “=” xdy ra khi I la trung diém ctua duwong cao AH.

Bai 7 : Cho tam giac nhon ABC .Tt mot diém I nam trong tam giac ta ké IM L BC,
INLAC,IK1AB.DatAK=x;BM=y;CN=1z.
Tim vi tri ctia I sao cho téng x* +y* +z° nho nhat.

Huwong dan: (h.36)
bitBK =k,CM=m,AN =n,
BC=a,AC=b,AB=c.




CHUYEN BE: CUC TRI HINH HOC

Xy 4z =

=(IA? —IK? ) + (IB? —IM? ) + (IC* —IN?)

= (A’ —IN?) + (IB* —=IK? ) + (IC* —=IMP ) = n* + I + m?
=2y + ) =Xyt A+’ K+’

= (X )y m (2 )

X2+k22(x+k)2:AB2:i }’2+m22(y+m)2:BCZ:a_2
2 2 2 2 2 2
2 2 2
242 (z+n)”  AC b
2 2 2
a’+b’ +c*
= Xy 77>
y 4
2 2 2
min(x2+y2+zz)=% & x=k,y=m,z=n

& I la giao diém cua cdc duong trung truc cua AABC.

Bai 8 : Cho ntta duong tron c6 duong kinh AB = 10 cm .Mot day CD c6 do dai 6cm
c6 hai dau di chuyén trén nita duwong tron . Goi E va F theo thi ty 1a hinh chiéu cta
A va B trén CD. Tinh dién tich 16n nhét cta tt giac ABFE.

Huéng dan: (h.37) D 4
Ké OH _LCD , ta tinh duwoc OH = 4cm
Sasee = 1/2(AE + BF).EF =
= OH.EF <OH. AB = 4.10 =40
max Sager =40 cm’ A S B
< EF //AB |, khi do OH L AB

h.37
Bai 9 : Cho hinh vuong ABCD canh a .Vé cung BD tam A ban kinh a (ndm trong
hinh vu6ng ) .mot tiép tuyén bat ky vGi cung do cé}\BC, CD theo tht ty c’fBM va N.
Tinh d6 dai nhé nhat cia MN. \

Hudéng dan:(h.38) M
bitCM =m,CN =n, MN = x
m+n+x=2CD=2a vam? +n®* = X° :

2 H |m
Do dé : x*= m2+n22—(m+n)

2
= 2> (2a -xf = x\/2 > 2a —x D N n Ue
h.38
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CHUYEN BE: CUC TRI HINH HOC

S 2a
= X>
\/§+1

min MN =2a(~2=1] e m = n. Khi d6 tiép tuyén MN // BD , AM I tia phén gidc

=2a(~/2-1)

cua BAC , AN la phan giac cua DAC

Bai 10 : Cho hai duong tron (O) va (O’) tiép xic ngoai tai A .Qua A vé hai tia vuéng
goc véi nhau , ching cat cac duong tron (O) , (O’) lan lwgt tai B va C. Xac dinh vi
tri ca cac tia d6 dé A ABC c6 dién tich 16n nhat .

Huwong dan:(h.39)
Ké OD L AB; O’E L AC ta co:

1 1
Sapc = EAB.AC 25.2AD.2AE = 2.AD.AE

DatOA=R; O’A=r; AOD=0'AE =0
AD = R sina ; AE =r coso
= Sapc = Rr. 2sina .cosa
2sina .cosa < sin‘o + cos’or =1
= Sasc < Rr h.39
Do do :
max Sagc = Rr & sina = cosa < sina=sin(90°-«a) & a=90"-a < o=45"
Vay néu ta vé cdc tia AB,AC lan lugt tao vdi cdc tia AO, AO’ thanh cdc goc
OAB =0O'AC =45°thi AABC c6 dién tich Ién nhat .

Bai 11 : Cho duong tron (O;R) duong kinh BC , A 1a mét diém di dong trén duwong
tron . V& tam giac déu ABM c6 A va M nam cung phia déi v6i BC . Goi H la chan
duwong vuong goc ké tir C xudng MB. Goi D, E , F, G theo thit ty 1a trung diém cta
OC, CM, MH, OH . Xac dinh vi tri cia diém A dé dién tich tt gidc DEFG dat gia tri
16n nhat.

Huéng dan: (h.40)

DEFG la hinh binh hanh. M A
Ké OI LFH , ta co OI la duong trung binh cua A
BHC nén OI = ¥» HC = GD

MO la duong trung truc cua AB nén MO = 30°
=0I =% 0OM = GD =% OM

Ma ED =% OM = EG = GD G
= DEFG la hinh thoi

h.40 17



CHUYEN BE: CUC TRI HINH HOC

HFG = HMO = 30° = EFG =60° =AEFG déu

s (BB (PG s
YR = 2 <\ 2 =

=S =28crc = 2.
DEFG EFG 2 7 7 2
2 2
2
max S = RZ\/§ H=B & MBC=90°< ABC =30°<AC = R.

Bai 12 : Cho AABC ndi tiép duwong tron (O) D la diém bat ky thudc cung BC khong
chita A va khong trung v6i B,C. Goi H,I,K theo thi tv la chan cac dwong vudng goc
ké tir D dén cac duong thang BC , AC, AB.batBC=a,AC=b,AB=¢,DH=x,
DI=y,DK=1z.

Chitne minh rine : 2+ S =2
a) g minh rang : vz x
. a b oc
b) Tim vi tri cua diém D dé tong < + ; + ~ nho nhat .
Huéng dan: (h.41)
a) Lay E trén BC sao cho CDE = ADB
ACDE dong dang véi A ADB
DH CE x CE c
=2 —=— e
DK AB z ¢ z X
Tuong tw ABDE déng dang vdi A ADC

CE

DH BE x BE b BE
:—:—:}—:—:}—:—
DI AC 'y b y X
b ¢ BE+CE a
:—4——:—:—
y z X X
a b ¢ a a 2a . . a . [ ~
b) —+—+—=—+—=— Do do S nho nhat < — nho nhat < x lon nhat <
X Yy Z X X X X

D=M ( M la diém chinh giira cua cung BC khong chita A)

Bai 13 : Cho AABC nhon , diém M di chuyén trén A
canh BC .Goi P ,Q la hinh chiéu cia M trén AB , AC .
Xac dinh vi tri cta diém M dé PQ c6 do dai nho nhat .
Huwong dan: (h.42)

Twr gidc APMQ la ti gidc noéi tiép . Goi O la tdm
duwong tron ngoai tiép ti gidc APMQ.

Ké OH L PQ . Ddt BAC =« thi pOH = «

PQ =2PH = 2.0P sinx = AM sinx




CHUYEN BE: CUC TRI HINH HOC

Do a khéng doi nén
PQ nhé nhat & AM nhé nhat < AM LBC.
Bai 14 : Cho doan thang AB va mot diém C trén AB .Vé trén cung mot nita mat
phang bo AB céac nita duong tron cé duwong kinh AB,AC,BC . Xac dinh vi tri cta
diém C trén doan AB dé dién tich phan giéi han b&i ba nita duwong tron do dat gia tri
16n nhat.
Huéng dan: (h.43)
Goi (01;r1);(02.13);(0s5:13) la cac duong tron co duong kinh la Ab,AC,BC
DatAB =2a ,AC=2x thi ry=a,r,=x SuyraBC=2a-2xvdrs;=a-x
Goi S la dién tich gioi han bdi ba duong tron
arl (z}  wr))  nd nd n(a—x)z
5 5 F 27— S T, =7x(a—x)
S lon nhdt < x(a —x) Ion nhat

Mat khdc x + (a —x) = a khong doi nén
x(a—x)Ilonnhdit @x=a-x o x = % & C =0,
S e o ma

Tacé: S=

Licdotaco S = o
4 2

Bai 15 : Cho duong tron (O;R) . Trong duwong tron (O)

vé hai duong tron (O;) va (O,) tiép xiic ngoai nhau va tiép xtc trong vaGi (O) trong
dé ban kinh duwong tron (O,) gap doi ban kinh dwong tron (O;). Tim gia tri nho nhat
caa dién tich phan hinh tron (O) nam ngoai cac hinh tron (O,) va(O») .

Huéng dan:
Goi x la ban kinh duong tron (O;) Khi do 2x la ban kinh
duong tron (O;) (h.44) 'Q
Xét AO00O;0O; ta co: 0:0, <0 0O; +00;

l’
=3x<(R-x)+(R-2x) =6x<2R = x <—
Goi S la phan dién tich hinh tron (O) ndm ngodi cdc duwong

tron (Oy)va (0O2),taco :
S = TR’ — X’ —w4x’ =7L'(R2 —5x2)

R R? 47 R’
Dox_<§nén x2_<? =527 R

. A R? R
min S = &EX =

h.45



CHUYEN BE: CUC TRI HINH HOC

, R
Khi do 0:,0,0; thang hang va ban kinh cac duong tron (O,) va (0.) la 3 va
2R
— (h.45).
~ (h45)

Dé kiém tra (tham khdo)
Thoi gian : 45 phut

Cho hinh vuéng ABCD c6 canh bang 1, diém M nam trén dwong chéo BD .

a) Néu cach dyng duong tron (I) di qua M va tiép xtc véi hai canh AD va CD.
Néu cach dyng duong tron (K) di qua M va tiép xuc vdi hai canh AB,BC.

b) Chitng minh rang khi difm M di chuyén trén duong chéo BD thi tong chu
vi hai duong tron khong dai .

c) Xac dinh vi tri cia diém M trén BD dé tong dién tich cta hai hinh tron dat
gia tri nho nhat .
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CHUYEN BE: CUC TRI HINH HOC

2-Dép an , biéu diém :

a) Qua M ké duong vuéng goc voi BD cdat AB,BC,CD,DA tai P,Q,F,E .

Do AB,BC tiép xtic vdi (K) nén K € MB
PQ L KM nén PQ la tiép tuyén cua (K) p

A

Vay (K) la duong tron noi tiép APBQ

Tuong ty (I) la duwong tron néi tiép AEDF (2 d)
b) Tong chu vi hai duong tron (I) va (K) bdng: E
2nIM + 27n.MK =2r.IK

MD =1ID +IM =
207 +IM =N2.IM +IM =(N2 +1).IM

MB = KB +MK =
J2.KH + KM =~J2.KM + KM =(~2 +1).KM

= BD =MD + MB = (V2+1|(IM + MK) = D

(V2+1) IK
—>IK = —=2—=BD(N2-1) DoBD = ABYZ =
V2+1
V2
=IK=J2(V2 -1)=2-2
Vay tong chu vi hai duong tron bing 2z(2 — J2) (4 d)
c) Goi x vay la ban kinh cac duong tron (I) va(K)
Tacé:x+y=2-2
Goi S; ,S; la dién tich cdc hinh tron trén
2
(x+y) __[2-V2]
2 T2
S: + S> nhé nhdt & x =y < M la trung diém cta BD. ( 4d)

S; +8;=7x? +Tcy2:7[(X2+y2)2ﬂ-

h.46
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