CUC TRI HINH HOC

A-Phwong phap giai bai toan cuc tri hinh hoc.
1- Hwéng giai bai toan cwc tri hinh hec :

a) Khi tim vi tri caa hinh H trén mién D sao cho biéu thic f c6 gia tri I6n nhat ta
phai ching to duoc :
+Véi moi vi tri ctia hinh H trén mién D thif<m (m I3 hing s )
+X4c dinh vi tri cia hinh H trén mién D sao cho f=m

b) Khi tim vi tri ctia hinh H trén mién D sao cho biéu thic f ¢ gia tri nho nhét ta
phai ching to duoc :

+V&i moi vi tri ctia hinh H trén mién D thif>m (m I3 hing s )

+X4c dinh vi tri cia hinh H trén mién D dé f=m
2 - Cach trinh bay loi giai bai toan cwec tri hinh hoc .

+ Cach1 :Trong cac hinh c6 tinh chat cua dé bai,chi ra mét hinh rdi ching minh
moi hinh khac déu cé gia tri cua dai luong phai tim cuc tri nhd hon ( hodc 16n hon )
gia tri cua dai luong d6 cua hinh da chi ra.

+ CA&ch2 :Bién ddi twong duong diéu kién dé dai lwong nay dat cuc tri bai dai
lwong khac dat cuc tri cho dén khi tra 11 dwoc cau héi ma dé bai yéu cau.

Vi du : Cho dwong tron (O) va diém P ndm trong dwong tron( P khéng tring véi
0).Xdc dinh vi tri cia ddy di qua diém P sao cho ddy dé ¢é dé dai nhé nhat.
Gidi :

+Cach 1:

Goi AB la day vudng géc véi OP tai P, va day CD la day bat ky di qua P va
khong trung véi AB (h.1).

Ké OH L CD.

AOHP vuéng taiH > OH< OP = CD > AB

Nhu vy trong tat ca cac day di qua P, day vudng goc
véi OP tai P ¢6 do dai nhé nhat .

+Cach 2 :

Xét day AB bat ky di qua P (h.2). Ké OH L AB

Theo lién hé giira day va khoang cach dén tam:

AB nho nhit < OH 16n nhat

Ta lai c6 OH <OP

OH=0P < H=P

Do d6 maxOH = OP

Khi @6 day AB vuong goc véi OP tai P.

B-Cac kién thirc thwong dung giai bai toan cuc tri hinh hec. )
1- Sir dung quan hé giira dudng vudng goc , dwdng xién , hinh chiéu .
a-Kien tharc can nho
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A Th3 B H C H B
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a;) AABC vuong tai A (c6 the suy bien thanh doan thang) = AB <BC .
Dau “=" xayra< A=C . (h.3)

a) (h.4) ’
+ AHla = AH<AB. Dau “="xayra< B=H.
+ AB<AC < HB<HC

as)(h.5)

AKea;B,Heb;a//b;HK La = HK<AB

Diu“="xayra< A=KvaB=H.

b-Cadc vi du:

Vi du 1: Trong cdc hinh binh hanh cé hai dwrong chéo bang 6 cm va 8 cm ,hinh
nao c¢é dién tich 16n nhdt ? Tinh dién tich 16n nhdr do.

Gidi :
B C T:I
A D
D
h.6 h.7

Xét hinh binh hanh ABCD co AC =8 cm; BD = 6 cm ( h.6)

Goi O la giao diém hai duong chéo . Ké BH L AC .

Taco: Sipep = 254pc = AC.BH

Taco AC = 8cm, BH<BO =3cm Do @6 :

Spscp < 8.3 =24 (cnf)

Sascp =24 cnf < BH=BO < H=0 < BD 1AC

Vay max Sagcp = 24 cn? . Khi d6 hinh binh hanh ABCD B hinh thoi (h.7) c6 dién
tich 24cnt.

Vi du 2: Cho hinh vuéng ABCD . Trén cac canh
AB,BC ,CD,DA ta ldy theo thit tw cdc diém E,F,GH A
sao cho AE = BF = CG = DH . Xac dinh vi tri cua
cac diém E, F,G,H sao cho ti gidgc EFGH c6 chu vi
nhé nhdt .

Gidi : H

AHAE = AEBF = AFCG = AGHD

= HE=EF=FG=GH
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= EFGH Kk hinh thoi.
AHE = BEF
— AHE + AEH=90° = BEF + AEH =90°

= HEF =90°

= EFGH & hinh vubng

Goi O la giao diém cua AC va EG . T giac AECG c6 AE = CG, AE //CG rén R
hinh binh hanh suy ra O la trung diém cua AC va EG , do d6 O la tdm cua ca hai hinh
vudng ABCD va EFGH.

AHOE wudng can : HE? = 20E? = HE = OE+/2

Chu vi EFGH = 4HE = 4/2 OE . Do d6 chu vi EFGH nhé nhit < OE nho nhét

Ké OK LAB = OE >OK ( OK khéng d6i )

OE=0K < E=K

Do d6 minOE = OK

Nhu vay , chu vi tir giac EFGH nho nhat khi va chi khi E.F.G.H la trung diém cua
AB, BC, CD, DA.

Vi du 3: Cho dogn thang AB ¢é dé dai 2a .\ vé mot phia cia AB cdc tia Ax va
By vuéng géc véi AB . Qua trung diém cua M ciia AB cé hai dwong thang thay doi
luén vuéng géc véi nhau va cat Ax, By theo thir o tai C va D .xdc dinh vj tri cia cdc
diém C,D sao cho tam giac MCD c¢é dién tich nho nhdt .Tinh dién tich tam gidc dé.

Gidi:

Goi K 1a giao diém cua CM va DB X Y

MA=MB ; A=B=90°, AMC=BMK

= AMAC = AMBK = MC = MK

Mat khac DM 1CK

— ADCK can = D =D
Ké MH L CD .
AMHD = AMBD = MH = MB = a

= Swep =+ CDMH > %AB.MH :% 2a.a= &

D

Smep = a2 < CD L Ax khi d6 AMC = 45° ;
BMD =45°.
Vay min Smcp = a° . Cac diém C,D duoc xac dinh h.9
trén Ax; By sao cho AC = BC =a.

Vi du 4: Cho tam giac ABC c6 B la gbc
tiy , diem D di chuyén trén canh BC . Xdc
dinh vi tri cia diém D sao cho tong cdc
khodng cdch tir B va C d@én dwong thang AD
c6 gid tri 1on nhat .

Giai:

Goi S la dién tich AABC Khi D di chuyén
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trén canh BC ta ¢co :
Saep + Sacp =S
Ké BE LAD,CF 1 AD

:%AD.BE +%AD.CF =S

= BE +CF -2
AD

Do d6 BE + CF I6n nhit < AD nhé nhat < hinh chiéu HD nho nht

Do HD > HB (do ABD >90°)vaHD=HB < D=B ,

Vay Khi D = B thi tong cac khoang géch tr B va C dén AD co gia tri 16n nhat .

2- St dung quan hé gitra dwong thang va dwong gap khic.

a-Kien thirc can nhg:

Véi ba diem AB,C bat ky ta co: qAC +CB > AB

AC +CB = AB < C thuoc doan thang AB

b-Cac vi du:

Vi du 5:Cho goc xOy va diém A ndm trong géc dé . Xac dinh diém B thugc tia
Ox, diém C thugc tia Oy sao cho OB = OC va téng AB +~AC ia nhé nhdt .

Gidi:

Ké tia Om nam ngoai goc xOy sao cho
yOm=xXOA . Trén tia Om lay diém D sao
cho OD = OA. Cac diém D va A cb dinh .

OD =0A, OC = OB ,COD=BOA
= ADOC = AAOB = (CD = AB
Do @6 AC +AB = AC +CD
Ma AC +CD > AD
=AC +AB > AD
Xay ra dang thire khi va chi khi C e AD h.11
Vay min(AC+AB) =AD . Khi @ C la
giao diém cua AD va Oy , B thugc tia Ox sao cho OB = OC.
Vi du 6:Cho hinh ché nhagt ABCD va diém E thugc canh AD . Xdc dinh vj tr{ cdc
diém F thugc canh AB , G thudc canh BC , H thugc canh CD sao cho ti giac EFGH
¢ chu vi nhé nhat.

Gidi :
A F B
]
” ;\‘ K V4
E 7AY \\\\ Ay G
D M JdC
H
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Goi | ,K, L theo th ty la trung diém cua EF, EG , EH (h.12).

AAEF vuong tai A co Al la trung tuyén = Al =1/2EF

ACGH vudng tai C c6 CM la trung tuyén = CM =1/2GH

IK Ia duong trung binh cua AEFG = IK = 1/2FG

KM la duong trung binh cia AEGH = KM = 1/2EH

Do d6 : chuviEFGH = EF +FG +GH +EH =2(Al + IK + KM + MC)

Talaico: Al+ 1K+ KM+ MC > AC

Suy ra chu vi EFGH > 2AC ( d6 dai AC khong d6i )

Chu vi EFGH nhé nhit bing 2AC < A,1,K,M,C thang hang.

Khi d6 ta co EH//AC,FG/IAC, AEI=EAI =ADB nén EF//DB , tuong tuw GH//DB
.Suy ra tir giac EFGH la hinh binh hanh cé cac canh song song véi cac duong chéo
cua hinh chir nhat ABCD (h.13).

3- Sir dung cac bat ding thic trong dwong tron.

a-Kién thirc can nhg-

a;) AB la duong kinh, CD la day bat ky = CD < AB (h.14)
a2) OH,OK la cac khoang cach tr tam dén day AB va CD :
AB>CD < OH<OK (h.15)

as) AB,CD la cac cung nho ciia (O) : AB>CD < AOB>COD (h.16)
a4) AB,CD la cac cung nho cua (O) : AB>CD < AB>CD (h.17)

b-Cac vi du:

Vi du 7: Cho hai dwong tron (O) va (O’) cat nhau ¢ A va B . mét cdt tuyén chung
bat ky CBD (B nam giiza C va D) cdt cdc duwong tron (O) va (O’) tai C va D . Xdc
dinh vj tri cia cdt tuyén CBD dé AACD c¢6 chu vi lén nhat.

Gidi:

sdC :%sd,@ns ;sd D :%Sd AnB

= s do cac goc AACD khong doi

— AACD c6 chu vi Ién nhat khi mot
canh cta no 16n nhat , chang han AC la 16n
nhat.

AC la day cua duong tron (O) , do d¢6 AC
I6n nhat khi AC la dudng kinh cta duong
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tron (O), khi d6 AD la duong kinh cua duong tron (O?). Cat tuyén CBD & vi tri
C’BD’ vudng goc véi day chung AB. 9 ‘

Vi du 8: Cho duong tron (O) va mgt diem P nam trong dwong tron . Xac dinh day
AB di qua P sao cho ©AB ¢4 gid tri lén nhat .

Gidi:

Xét tam giac can OAB , goc & day OAB 16n nhat néu
goc & dinh AOB nho nhit .

%B:%sd@ls

Goc AOB nhé nhit < CungAB nho nhit < day A
AB nho nhit < Khoang cach dén tam OH 16n nhat.
Tacoé OH<OP
OH=0P«< H=P nénmax OH=0P < AB 1L OP
Suy ra day AB phai xac dinh la day A’B’ vuong goc
véi OP tai P .
4- Sir dung bt ding thiec vé lity thira bac hai .
a-Kién thirc can nhg-
Céc bat dang thac vé iy thira bac hai duoc sir dung dudi dang :
A >0 ;-A?<0
Do d6 véi m 1a hang sb , ta co :
f=A2+m>m ;minf=mvoi A=0
=—A’+m<m ;maxf=mvsiA=0

b-Cadc vi du:
Vi du 9: Cho hinh vuéng ABCD cé canh bang 4cm . A_x E 4-X B
Trén cdc canh AB, BC,CD, D4, Idy theo thir tur cac diém E,
F, G, Hsao cho AE = BF = CG = D . Tinh dé dai AE sao

cho ti¢ gidc EFGH c6é chu vi nhé nhdt. X F
Gidi:
AAHE = ABEF = ACFG = ADGH H

— HE = EF = FG = GH , HEF = 90°

— HEFG B hinh vudng nén chu vi EFGH nho nhét khi
HE nhé nhét . D G C

bat AE = x thi HA = EB = 4-x h.20

AHAE vuéng tai A nén : '

HE?= AE? +AE? =X + (4-x)? =2X¢ - 8x+16 =2(x-2)*+8>8

HE= 8 =22 o x=2

Chu vi tt giac EFGH nhé nhit bing 8+/2 cm , khi d6 AE = 2 cm.

Vi du 10: Cho tam gidc vuong ABC co do dai cac canh goc vuéng AB = 6 cm,
AC = 8cm.M la diém di chuyén trén canh huyén BC.Goi D vd E la chdn cdc dwong
vuéng géc ké tir M @én AB va AC . Tinh dién tich lén nhdt cia ti gigc ADME.
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Gidi:
ADME I hinh chir nhat .
bat AD = x thi ME = x

ME//AB = EM _CE __ X _CE_ p_4,
AB CA 6 8 3
:>AE:8—%X

Taco :Saome = AD .AE = x(8—§x) 8x——x2

= —% (x—3)?+12<12
SADME =12 CrT12<’Z>X:3 . i
Di¢n tich l6n nhat cua tir giac ADME béng 12 cm?® khi dé D 1a trung diém cua
AB , M la trung diém cua BC va E la trung diem cua AC.
5- Sir dung bat dang thirc Co-si .
a-Kien thac can nho:
Bat ding thic Co-si Véix>0;y>0 taco :XJr LN Jxy
DAu “=” xay ra khi va chi khl X=Yy

Bat dang thuc Co-si thuong duoc st dung dwdi cac dang sau

2
+Dang 1: X* +Y° 2@ >2xy Dau “=" xay ra khi va chi khi x = y
-
+ Dang 2: Mz-—l , 2_1
Xy (x+y) 4
(x+y) 5 Xy 1
Y2+V2 B ’ (x-|-y)2 -2
DAau “=" xay ra khi va chi khi x =y

+ Dang 3:Véi x>0 ;y>0; x +y khong doi thi xy I6n nhat khi va chi khi x=y
+ Dang4: Véi x>0 ;y>0 ; xykhdng d6i thi x+y nho nhat khi va chi khi x=y
b-Cadc vi du:
Vi du 11: Cho dogn thang AB, diém M di chuyén trén doan thang dy . Vé cdc
dwong tron co duwong kinh MA va MB
. Xdc dinh vi tri cia diém M dé téng
dién tich cua hai hinh tron co gia tri
nhé nhat .
Gidi : A
bat MA=x, MB =y
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