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Loi giai va binh luan hai bai toan hinh hoc chon
doi tuyen Viet Nam nam 2016

Tém tat néi dung

Bai viét trinh bay lai 1i giai ctia hai bai toan hinh hoc chon doi tuyén Viet Nam nam
2016 va dua ra mot s6 cac mé rong cho cac bai toan do.

Dé thi chon doi tuyén Viet Nam nam 2016 ngay thit nhat c6 bai toan hinh hoc nhu sau

Bai toan 1. Cho tam gidc ABC nai tiép duong tron (O) c6 B, C ¢b dinh, A chuyén dong trén
cung BC ctia (O). Cac phan gidc AD, BE, C'F giao nhau tai I. Duong tron qua D tiép xic véi
OA tai A cit (O) tai G. GE,GF giao (O) lan thi hai tai M, N. BM giao CN tai H.

a) Chitng minh rang AH di qua mot diém c6 dinh.

b) BE,CF giao (O) lan lugt tai K, L. AH giao KL tai P. Q la mot diém trén EF sao cho
QP = QI. J la diém nim trén (BIC) sao cho IJ 1 IQ. Chitng minh réng trung diém I.J
chuyén dong trén mot dudng tron c¢b dinh.

Hinh 1.

Loi gidi. a) Ta ¢6 chum B(AE,MC) = M(AE,BC) = (AG,BC) = —£4 . €4 v chum
C(AF,NB) = N(AF,CB) = (AG,CB) = -4 . B4 Goi AX la phan gidc ngoai goc ZBAC
thi dé thay DX 1a duong kinh ctia (ADG) nén ZXGD = 90°. Lai ¢6 (BC, DX) = —1 nén GD
la phan giac ZBGC. Tt d6 2 = B8 = 48 Vay B(AE,MC) = -84 : &4 = -S4 . 24 =
C(AF,NB). Ta suy ra A, H, I thang hang.

b) Goi QI cat KL, BC tai S, R. AI cat (O) tai T khac A. Do tam gidc QPS vuong tai P va
QP = QI nén 2I1Q) =15 = IR. o) day IS = IR theo bai toan con buém. Vay theo bai toan 2
duéi day thi IQ 1 TO. Tu d6 IJ di qua (O) c6 dinh. T' ¢6 dinh ciing 14 tam (/BC) nén trung
diém I.J 1a hinh chiéu ctia T len IO. Tt d6 trung diém I.J nim trén dudng tron duong kinh
OT c6 dinh. [



Tran Quang Hung - THPT chuyén KHTN 2

Nhan xét. Trong bai toan trén hau nhu hai ¥ khong lien quan t6i nhau. Diém mau chét ciia
chiing minh cau b) 1a tim ra IJ di qua diém O c6 dinh. Khi d6 trung diém I.J la hinh chiéu
ctia diém c6 dinh khac 1a 7 lén I.J luon thudc mot dusng tron c6 dinh. Cong cu stt dung chinh
trong ¥ ching minh cau b) la bai toan 2 duéi day.

Trong 11 giai phan b) bai toan trén toi da dung bai toan 2 dudi day nhu sau

Bai toan 2. Cho tam gidc ABC v6i phan giac BE,CF cat nhau tai I, tam ngoai tiép O.
Dudng thang qua I vuong goc OI ciat BC, EF tai M, N. Chitng minh rang IM = 2IN.

Hinh 2.

Loi giai. Goi BE,CF cat (O) tai P,Q khac B,C. EF cat BC tai X. Al cit BC,EF taiY, Z.
MN céat PQ, AS tai K, L. Theo bai toan con buém dé thay IM = I K. Mat khac dé thay PQ
la trung truc AI. AX la phan gidc ngoai goc A nén I'L = 2K = 2IM hay ML = 3M1I. Lai c6
hang diéu hoa co ban (AI,YZ) = —1 nén X(AI,Y Z) = —1 chiéu chiim nay lén duong thang
MN thi hang (LI, MN) = —1, tit d6 % = 2L = 3 hay IN = 1/L = JIM. Ta hoan thanh
ching minh. O

Bai toan 2 ¢6 nhiéu mé rong hay, trude hét toi xin trinh bay mot md rong do minh tim ra dia
trén bai chon doi tuyén Dai Loan nam 2016 [2] nhu sau

Bai toan 3. Cho tam gidc ABC' c6 tam ngoai tiép O va P, Q 1a hai diém dang giac trén phan
gidc ZBAC. QB,QC cat CA, AB tai E, F. Dudng thang qua @ vuong géc v6i OP cit BC, EF
tai M, N. K, L 1a hinh chiéu ciia P,Q len BC. Chiing minh ring %—% =1+ %.
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Hinh 3.

Loi giai. Goi AP cat BC tai D va cit (O) ngoai tiép tam gidc ABC tai Y. YZ la duong
kinh ctia (O) va T la trung diém AB. Goi G dbi xting véi K qua trung diem I clia PQ. Lay
R thuoc M N sao cho GR || BC. EF cat BC tai X. MN cat AX tai S. OP cét QR tai H.
Taco YPYQ =YB?> =YT.YZ = YDYA, tasuy ra {5 = v5 hay gy = 57 = £5 = ¢
Vay 82 = 73 = % = 3P = B = 97, tu day QAQI = QH.QG = QR.QJ. Ta suy

ra hai tam giac QRA va QIJ dong dang. Tuf dé dé thay R la trung diéem SQ. Ta lai c6

_MQ __ s
(MN,SQ) = X(MN,5Q) = _1 nén ]z\\;g hay NQ = Mqﬂfgws? ta suy ra %Azg = MQQJ%M —
%—5 = é—ﬁ QLg QLILR =1 + . Ta hoan thanh chu’ng mmh n

Nhan xét. Khi P, @ trung nhau va tring véi tam noi tiép tam giac ABC ta thu dugc két qua
bai toan 2. Bai toan 2 con ¢6 md rong thi vi khac nhu sau, tham khéo [3]

Bai toan 4. Cho tam gidc ABC c6 tam ngoai tiép O. P 1a mot diém bat ky. PA, PB, PC cit
BC,CA,AB tai D,E,F. DE,DF lan lugt cit AB, AC tai Z,Y. Duong thang qua P vuong
goc v6i Y Z cat EF, BC tai S,T. Chiing minh rang PT = 2PS.

Sau day to6i xin dwa ra 16i giai cia minh cho bai toan nay
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Hinh 4.

Loi giai. Goi EF cit BC tai X thi X,Y,Z thing hang, goi XP cit AC tai R. Ta lai dé
thay (AR, EC) = X(AR, EC) = X(PA,ED) = —1 va (AC, EY) = —1. Vay (EC,Y A) =

1— (EY,CA) =2, tasuy ra 22 = 24E — 90 1y (EC, Y R) = —2. Tit d6 goi dudng thing

bat k¥ qua P c&t BC,EF,YZ tai M, N,Q ta c6 (MN,PQ) = X(MN, PQ) = (CE,RY) =

_ . p v PT _ PT QX _ MP . NP _ A
(EC,YR) = —2. Theo dinh ly Thales thi = = ox'Ps — 10 no = 2 Ta thu duge dieu

phai chtiing minh. ]

Nhan xét. Cac cach chiing minh cac ban c¢6 thé tham khao thém trong [3]. Trong chiing minh
cia bai toan da bao ham bai toan tong quat l1a khi thay dudong thing song song thanh duong
thang bat ky qua P.

Ta di dén bai toan tong quat nhu sau

Bai toan 5. Cho tam gidc ABC c6 tam ngoai tiép O. P 1a mot diém bat ky. PA, PB, PC cit
BC,CA,AB tai D,E, F. DE, DF lan lugt cat AB, AC tai Z,Y. Mot duong thing bat k¥ qua
P cit BC,EF,Y Z tai M, N, Q. Chting minh ring £4 = —2%:%.

PN

Toi xin dan ra mot hé qua don gian tuong tiy bai toan 2 va cach chiing minh ciing c6 thé ding
bai toan con buém gidng nhu 15i gidi bai toan 2 ma khong can lam gidng bai todn tong quat
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Bai toan 6. Cho tam giac ABC véi duong cao BE,CF cat nhau tai tryc tam H va tam
ngoai tiép O. Dudng thang qua H vuong goc véi OH cat BC, EF tai M, N. Chitng minh ring
HM =2HN.

Trd vé cau a) bai toan 1, ban Pham Quang Toan trong [1] dd dua ra mot md rong tha vi
nhu sau

Bai toan 7. Cho tam gidac ABC noi tiép dudng tron (O) va P la diém bat ky. PA, PB, PC
cat BO,CA,AB tai D,E,F. EF cat BC tai G. Duong tron ngoai tiép tam gidc ADG cat
(0) tai Q khac A. QF,QF cat (O) tai M, N khac Q. BM cat CN tai R. Chiing minh ring
/PAB = ZRAC.

Toi xin dua ra 16i gidi ctia minh cho bai todn mé rong nay, truée hét ta can mot bo dé nhu sau

Bo6 dé 7.1. Cho hai dusng tron (K) va (L) cit nhau tai A, B. C'D la mot day cung ctia (K)

v6i C ném trong (L). CD cat (L) tai E, F v6i F nim trong (K). Thi £9.£8 — 40 B¢

Hinh 5.

Ching minh. Goi AF, BE cat (K) tai G, H khac A, B. Ta ¢6 Z/CDH = /CBE = Z/CBA +
/ABE = ZAGC + ZAFE = Z/GCD. Tt d6 CDHG 1a hinh thang can. Theo tinh chat quen
thuoc clia ti gide noi tiép ta c6 £5 = SBOH y 1O — ACGC0 Ty 46 chia y CDHG 1a hinh

An 06 _ _ oy EC FC _CB.OH ACGC _ AC BC
thang can nén AC = HD,CH = GD nén £5-55 = 58 pi 406D = A0 BD" m

Hé qua. Khi (CD, EF) = —1 thi 4¢ ¢ = ECC.
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Hinh 6.

Loi giai bai toan 6. Goi AR cat BC tai K. Ta c6 (BC,KG) = A(BC,KG) = (FE,RG) =

B(FE,RG) = B(AE,MC) = M(AE, BC) = (AQ, BC). Tt 6 suy ra #2 : 48 = 42 : 22

Ta cha § (BC,DK) = —1, ap dung hé qua bai truéc cho dusng tron (ABC) va (ADG) thi

ﬁ—g.g—g = gg;. T day ta suy ra g—g.g—g = ﬁ—gz, nhu vay AK, AD dang giac trong ZBAC. Ta

hoan tat chtn minh. O

Trude khi chuyén dén bai toan ngay thit hai, t6i xin nhéc lai va chitng minh mot tinh chat quen
thuoc lien quan t6i diém Miquel ctia tit gidc noi tiép nhu sau

Bai toan 8. Cho tam giac ABC noi tiép duong tron (O) va mot duong tron (K) di qua B, C
cat CA, AB tai E, F khac B,C. Duong tron ngoai tiép tam giac AEF cét (O) tai G khac A.
Goi BE cat C'F tai H. Chiing minh réng ZAGH = 90°.

Hinh 7.



Tran Quang Hung - THPT chuyén KHTN 7

Lai giai. Dé thay AG, EF, BC dong quy tai P theo tinh chat truc dang phuong. Lai dé c6
AP 1 KH theo dinh ly Brokard. Goi (L) 1a dudng tron ngoai tiép tam gidc AEF. Dé thay
AL || OK va OA || KL. Tu d6 tt giac ALKO 1a hinh binh hanh. Lai ¢6 A, G d6i xiing nhau
qua OL nén GLOK la hinh thang can. Tit d6 GK | OL L GA. Vay K, G, H thang hang nén
ZAGH = 90°. O

Nhan xét. Noi dung ctia bai toan ching minh /ZKGA = 90° la bai toan thi IMO nam 1985
rat noi tiéng. Ta ciing dé thay mot hé qua don gian khi tam gidac ABC vuong tai A thi céc
duong tron duong kinh BC, EF, AH va PH c6 mot diém chung la diém Miquel G.

Chiing ta tiép tuc v6i dé thi chon doi tuyén Viet Nam nam 2016 ngay thit hai c6 bai toan hinh
hoc nhu sau

Bai toan 9. Cho tam giac ABC nhon c¢6 ZACB < ZABC < ZACB + 24 Lay diém D
thuoc canh BC' sao cho ZADC = LZACB + £24€. Tiép tuyén véi dudng tron ngoai tiép tam
gidc ABC tai A cit BC tai E. Phan giac ZAEB cét AD va cét (ADE) tai G va ', DF giao
AFE tai H.

a) Chitng minh réng céc duong tron duong kinh AE, DF, GH c6 mot diém chung.

b) Trén phan giac ngoai ZBAC va trén tia AC lan lugt lay cac diém K va M sao cho KB =
KD = KM, trén phan gidc ngoai ZBAC va trén tia AB lan lugt 1ay cac diém L va N sao cho
LC = LD = LN. Duong tron di qua M, N va trung diém I ctia BC ciat BC tai P (P # I).
Chitng minh rang BM,CN, AP dong quy.

H

7

A\\"

»
)
E

Hinh 8.

Lai giai. a) Goi AW, AR la duong cao va phan giac ctia tam gidc ABC. Tt d6 cha § do tam
giac AER can nén E'F vuong goc AR, ta suy ra ZRAW =90°— ZARW = /WEF = ZDAF.
Tit d6 A, F, W théng hang. Ap dung nhan xét bai toan tren cho tam giac WAE ta thu dugc
diéu phai chitng minh.
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Hinh 9.

b) Goi AW, AR la dudng cao va phan giac ciia tam gidc ABC. Dé thay ZARB = ZACB +
/BA . .
¢ = /ZADC nén R va D doi xing nhau qua W. Goi Y, Z la trung diem DB, DC' thi

% = % = %—12/ = % = fl—g. Két hop K, L ndm trén phan giac ngoai nén ZKAB = ZLAC
do d6 AKAB ~ ALAC suy ra ZAKB = ZALC. Mat khdc AK la phan gidc ngoai cua
/BAM va K thudc trung triic BM nén ti giac AK BM noi tiép. Tuong ty ALC'N noi tiép
nén /BMC = /ZAKB = ZALC = Z/BNC tu day suy ra BCM N noi tiép. Goi M N cat BC
tai Q thi QI.QP = QM.QN = QB.QC ma I la trung diém BC nén (BC, PQ) = —1. Tit day
dé thay AP, BM,CN dong quy. O

Nhan xét. Bai todn 6 cau b) kha mdi. Thyc chat cd bai toan chi quy vé chiing minh ti giac
BCM N nai tiép, sau d6 ta xit Iy bai toan bang tinh chat quen thudc ctia hang diéu hoa.

Bai toan cau b) ¢6 mot mé rong nhu sau

Bai toan 10. Cho tam giac ABC véi géc A tu va duong cao AH. Céac diém E, F thuoc BC
sao cho ZEAB = /FAC. Goi P,Q la dbi xiing clia E, F qua H. Lay K trén trung tryc BP
sao cho AK 1 AF. Lay L trén trung tryc CQ sao cho AL | AE. Lay M, N lan lugt thuoc
doan CA, AB sao cho KM = KP va LN = LQ. Chiing minh ring bén diém B, C, M, N cung
thuéc mot duong tron.

Tai liéu
[1] Dé chon ddi tuyén Viet Nam nam 2016 http://diendantoanhoc.net

[2] Topic Prove that A, X, O, Y are concyclic tit dién dan AoPS.

[3] Topic Metric relation XP=2YP tir dién dan AoPS.
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