Giai 34 bai toan hinh trén “Toén tudi tho”

& Bai 1: Cho tam giac ABC. Céac diém M, N theo tha ty thudc cc canh AB,
AC sao cho dién tich tam gidc AMN bang mdt nira dién tich tam giac ABC
(M # B ; N # C). Chiitng minh : Trong tAm ctia tam gisc ABC niam trong tam
giac AMN.

Loi gidi : Goi G 1a trong tdm ABC. Dat L 1a giao diém caa BGva AC ; O 1a
giao diém cta BL va MN.,

Tacé: AL=CL ;GB/GL=2 (1)

Theo g1a thiét . S(AMN) =1/2. S(ABC) Mat khé.C, vi AL =CL nén : S(ABL) =12
- S(aBc)

Vay Siamny = Sasr) = Sorn) = Sioms) => SeLy) = Same) => ML // BN

=>: 0OB/OL = BN/ML = AN/AL < AC/AL =2 (2) (dinh li Talét)

Tu (1), (2) => OB/OL < GB/GL => OB/OL + 1 <GB/GL + 1 => BL/OL <
BL/GL

GL <OL => G thudc doan OL => G thudc tam giac AMN (dpcm).

& Bai 2: Cho tam gidc ABC. Cac trung tuyén AM, BN, CP ddng qui tai G. Gia
cac tam giac AGN, BGP, CGM la bang nhau. Chiimg minh rang : tam gidc AB(
tam giac déu.
Loi giai :
Nhén xét r&ng : Trong mét tam gidc canh nao lon hon khi va chi khi do dai duw
trung tuyén iing véi canh dé nhé hon.

bat BC=a, AC=b, AB=c; AM =m,,

BN =m, ; CP = m..

Khong mit tinh tdng quat gia sir BC = min {AB, BC, CA}. Theo nhén xét trén
= max {m,, my, Mc}.

Tu S(AGN) = S(BGP) = S(CGM) = 1/6.S(ABC) va su dl}l’lg céng thae S = p.r,=>:
AG + GN + AN =BG + GP + BP = GC + MG + CM (¥)
Theo tinh chat trong tam, tu (*) ta co:
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Vim, =max {m,, my, m;} néntxr (1)=>c>b="m,>m,. Tu(3)=>12.(b-a)<0Ohayb<a.
Mat khac a =min {a, b, ¢} néna=b =>m, =m,. Tu (1), 2)=>b=c.
Véy a=b=chay AABC déu (dpcm).

$Bai 3: Cho tam gidc ABC can tai A, goc BAC =40°, duong cao AH. Céac diém E, F theo thi tu thude cac doan
thing AH, AC sao cho £ EBA = £ FBC = 30°. Chiing minh ring : AE = AF.

Loi giai : ) ) . .

Trén nira mat phang bé AB, chua C, 13y diém K sao cho tam gidc ABK déu (hinh 1)

Trong tam gidc ABC, theo gia thiét, ta ¢6 :

Z ABC = Z ACB = (180° - 40)/2 = 70°

=> / ABF = Z ABC - Z FBC = 70° - 30° = 40°.



Viy £ ABF = £ BAF => AABF can tai F => FA = FB.

Theo cach dyng diem K, KA = KB. Vay KF 1a duong trung tryc cuia doan AB => KF la phén giac cua £ AKB (vi
AABK déu) => / FKB = 30° => £ FKB = £ EBA (1) (theo gia thiét)

AABC can tai A, Z BAC=40°, AH la dudong cao, => / BAE = 1/2.40° = 20°.

Mit khac/ KAF = Z KAB - £ FAB = 60° - 40° = 20°

Viy £ KAF = Z BAE (2) . Cha y ring AABK déu nén AB = AK (3)

Tu (1), (2), (3) => : AKAF = ABAE => AF = AE (dpcm)

&Bai 4: Tam giac ABC c6 E 1a trung diém canh BC

sao cho Z EAB=15°, Z EAC=30.Tinh £ C.

Loi giai :

Goi F 1a diém déi xang ciia C qua AE va I 1a giao diém cua CF va AE,
=> Al vudng gdc voi Cl. Xét tam giac vudng [AC, vudng tai |,

c6 L TAC=30°=> £/ ACF = Z ACI=60°(1). i

Ta cé Al 1a trung tryc cua CF nén AAFC can, tu (1) => AAFC déu.

Nhan xét rang, IE 1a duong trung binh ciia ABFC nén IE // FB,

ma IE vudng goc véi FC => BF vudng goc véi FC hay ABFC vuéng tai F
=> gbc BFC = 90° ; AAFC déu => £ CFA =/ CAF = 60°,

=> / BFA = Z BFC + CFA =90° + 60° = 150°

Z/ FAB =/ CAF - Z CFA - Z BAE=60° - 30° - 15°=15".

Xét AFBA, Z BFA =150° va £ FAB = 15°. => / FBA = 15° su ra AFBA cén tai F
=>FB = FA = FC. Tt d6, ABFC vudng cén tai F => / BCF =45° (2)

Tu (1), (2) => £ ACB = £ ACF + £ BCF = 60° + 45° = 105°.

Vay £ C=105°.

&Bai 5: Cho hai tam giac déu ABC, A;B;C; bang nhau va chdng 1én nhau sao cho phan giao cua chung 1a mot luc
giac ma ta ki hiéu la MNPQRS. G A
Chung minh rang : MN + PQ + RS=NP + QR + SM. !

Loi giai :
Chu y rang, cic goc cia hai tam giac déu ABC, A;B,C, bang nhau
(cung bang 60°),
hai géc dbi dinh bang nhau, ta thiy :

Céac tam giac A|MN, B,PQ, C,RS, CPN, ARQ, BMS déng dang.
Hai tam gidc dong dang thi ti s6 gitta cac do dai twong (mg bing nhau,

j—
Theo tinh chit cua diy ti s6 bang nhau, ta c6 :
MN+PQ +RS NP + QR+ SM

AM+AN+BP+BQ+CR+CS CN+CP+AQ+AR+BS+BM

Dit do dai cac canh cta hai tam gidc déu bang a,

MN+PQ+RS=x,NP+QR+SM =y.

Taco:x/(3a-)=y/(3a-x).=>x(3a-x)=y(3a-y)

= (x-y)B3a- (x-y)(x+y) =0 =>(x-y)3a-x-y)=0(1)

Mait khac, ta cé :

3a=BC+ CA+AB=(BM +MN +NC) ++ (CP+PQ+ QA) + (AR + RS + SB) = (CN + CP) + (AQ + AR) + (BS
+BM) + + (MN + PQ + RS) > (NP + QR + SM) + (MN + PQ + RS) (bat dang thic tam giac)
=y+x=>3a-x-y>0().



Tu(1),(2)=>x-y=0=>x=y.
Diéu d6 c6 nghia la : MN + PQ + RS =NP + QR + SM.

&Bai 6: Cho tam giac BMA c¢6 goc BMA = 135°; BM =2 ;MA=+6 LAy diém C cing phia diém M, bo AB sao cho
tam giac CAB vudng can & A. Tinh dién tich tam gidc ABC.

Loi giai :
Dyng AH vudng géc véi BM, theo gia thiét : goc BMA = 135 => g6c AMH = 45°, hay AAHM vudng cén tai H.

MA
Vi MA=J6 nénAHvE—J_

B A

G6c BMH = géc BMA + g&c AMH = 1357+ 45%= 180°
= B, M, H thang hang

= BH=BM +MH=2 +J2
Ap dung dinh 1i Py-ta-go cho tam gidc
vubdng AHB ta dudgc :
AB?*= BH?= AH%= (2 +43) + (@)= 10 + 43

VAY § 0 =;AB'= 5 + 2

©Bai 7: Cho tam gidc ABC ndi tiép dudng tron (O). Céc diém M, N e
theo thu ty 1a trung diém cua BC, CA. Tia MN cat (O) tai L. ﬂ“
Chung minh rang : BC/IA = CA/IB + AB/IC . il "'\\‘\.

rd .
Loi gidi - el |
Pt K 1a giao diém ciia tia NM va duong tron (O). \ "/ \/
ViM, N la trung diém cua BC, ’CA nén MN // AB ) B\'\\z'___ 7w 7
=> AIKB 14 hinh thang, hon th¢, 12 hinh thang can (vi AIKB ndi tiép) N
—>IA=KB ; IB=KA (1) ~—

Mit khéc, dé thiy : AMBK [ AMIC = MB = M1 ; ANAK 0 ANIC => NA =M
KB CI’ KA CI

@_& E_& MN :>@_M+MN :>2MB_2NA+2MN
KB KA CI CI (I IA IB CI IA IB CI
BC CA AB

B i W —
IA 1B CI

. (ViM, N Ia trung diém cua BC, CA)

¥ Bai 8: Cho ti giac ABCD c6 AD = BC. Ve phia ngoai cua tir gidc nay, ta dung hai tam
gidc bang nhau ADE va BCF. Chirng minh rang : trung diém ciia cac doan AB, CD, EF
cung thudc mdt dudng thang.

Loi giai :

Dung cac hinh binh hanh ABFF’, ABCC’.

Dé thdy : F’FCC’ ciing 14 hinh binh hanh.

T détacod: AF'=BF, AC'=BCvaF'C'=FC

=> AAC’F’ = ABCF = AADE (1)

GoiX, Y, Z, 2, Y lan luot 1 trung diém cia AB, DC, EF, EF’, DC".




Tu (1) =>: A, Y’, Z’ thing hang (2).

Dé thiy :
Y'Y i G'C: Y'Y I A
220 FF Z'E N RX
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'?l = J
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Do d6 : cac tr gide AXYY’ va AXZZ’ la hinh binh hanh (3)
Tu (2), (3) =>: X, Y, Z thang hang (dpcm).

Bai 9 : Cho hinh chit nhdt ABCD (nhu hinh v§), biét réng AB =30 cm, AD =20 cm, AM =10 cm, BP =5 cm, AQ
=15 cm. Tinh dién tich tam giac MRS.

Loi giai :

Gia sir duong thang PQ cit cac dudng thang CD, AB tuong ung tai E, F.

Taco : DE/EC = QD/CP =5/15=1/3 , hay DE/DC = 1/2 =>DE = 15 A M B F
cm. /
Ta thdy tam giac QDE = tam gi4dc PBF => BF = DE = 15 cm. S P

Lai c¢6 : DE/MF = DR/MR = 15/35 = 3/7 =>MR/MD = 7/10 (1). Q

ViMS/MC = MF/EC = 35/45 =7/9 => MS/MC =7/16 (2) /_,,-—

Ta co : Smpc = Sagep - SAMD - Sgmc = AB.AD - 1/2AD.(AM + MB) = .

300 (cm?) (3) E D c

Mt khac, tir (1) va (2) ta ¢6 : Swmrs/Smep = (MR/MD).(MS/MC) = 7/10 . 7/16 = 47/160
Do dé, tir (3) ta ¢6 : Surs = 300. (49/160) = 91,875 (cm?).

& Bai 10: Cho tam giac ABC khong vudng. Cac dudng cao BB’, CC’ cit nhau tai H. Goi K 13 trung diém cua AH, 1
la giao diém cua AH va B’C’. Ching minh rang : I 1a tryc tdm cua tam giac KBC.
Loi giai :

Truong hop 1 : Tam giac ABC nhon (hinh ve).

Goi L 1a diém déi ximg cua H qua BC.

Tacé : £ BLC = Z BHC = £ B ' HC ' (di dinh)

=180° - £ BAC (Vi AC 'HB ' ndi tiép)

=> / BLC + £ BAC = 180° => ti giac ABLC ndi tiép

=/ CLA=ZCBA.(1)

Mit khac, vi Z BB 'C = Z BC'C ( = 90°) nén ta gidc BC’B’C ndi tiép
= /ZAB'C'=ZCBC"'.(2)

Tu (1) va (2) = : £ CLI = £ AB 'l => t gidc CLIB * ndi tiép
=>/ZB'CI=4ZB'LI.(3)

Theo gia thiét, tam gidc AHB’ vudng tai B’, B’K 13 trung tuyén nén KB’ = KH => Z KB 'H= Z KHB '= / BHL =
Z BLH (vi tam giac BLH cn tai B) = tr gidc KB’LB nditiép , suyra £ B'BK = Z B'LK . (4)

Tu (3) va (4) => ta giac BCB’E ndi tiép (E 1a giao caa CI va BK)

=> / BEC = £ BB 'C = 90° => CI vudng gbc voi BK.

Chu y rang : KI vudng géc véi BC

Vay I 1a tryc tdm cua tam giac KBC.

Truong hop 2 : Tam giac ABC tu, chung minh hoan toan twong tu nhu trudng hop 1.

&Bai 11: Cho tam gidc ABC. Mot dudng thing d di qua trong tAim G cua tam giac cat canh AB tai D va cit canh AC
tai E.
Tim gia tri nho nhét cua tdng dién tich cac ABDE va ACDE.



Loi giai : Goi M 1a trung diém cua BC, dung BI, CK song song véi d (I, K nim trén AM), Hinh 1

Hinh 1
khi dé o MI =

MK, => Al + AK =2 AM = 3AG.
Vay cé : AB/AD + AC/AE = AI/AG + AK/AG = 3AG/AG =3
Dung AH, BB, MM;, CC, vudng gbéc véid, luc do AH =2MM,.( Hinh 2)
Mat khac, MM, la dudng trung binh cta hinh thang BB;C,C nén :

BB, + CC, =2MM, = AH.

NPy, 1
Turdo: Sepe +Scpe _ %DE{EE? RRE _ EDE"AH Sape _ AD AE

Sanc Susc Sagc Saac  AB AC ,
ap dung BDT C6-si cho hai sb duong ta dugc : [A_HJ (A_E)s l(ﬁ_,,:“‘_{j] IE_
ADJVAE) 4L AD  AE 4

Do dé : Srﬂr +Srpr AD AE 2 4

Pang thirc xay ra khi va chi khi AD/AB ‘%‘EVAC hayc}?'// %%
4
hay Sgpe +Scpe 2 gSﬂEG'

VAy gia tri nh6 nhit cua téng dién tich
SA BDE + SA CDE =4/9 SA ABC, dat duoc khi d // BC. (BPCM)

&Bai 12: Cho hinh vudéng ABCD. Tim tap hop cac diém M niam trong (khdng nam trén canh) hinh vudng sao cho : £
MAB + £ MBC + £ MCD + £ MDA = 180°

Loi giai : Goi H, K, E, F 1 trung diém caa cac doan AD, BC, AB, DC. T4p hop cic diém M niam trong (khéng nim
trén canh) hinh vudng va thoa mén diéu kién £ MAB + £ MBC + £ MCD + £ MDA = 180° 1a hinh T gém cac doan
AC, BD, HK, EF.
Két luan trén duoc chung minh bang hai phan.

Phin 1 (dao) : Néu M thuc T thi £ MAB + £ MBC + / MCD + / MDA = 180° (d& nghi ban doc tu chung
minh)

Phén 2 (phan dao) : Néu M khong thudc T thi géc MAB + £ MBC + £ MCD + £ MDA khéng bing 180°

Ta ching minh phan 2 bang phuong phap phan ching. Gia st : £ MAB + £ MBC + £ MCD + £ MDA = 180° .
Go1 O la tdm cua hinh vudng. ViM khéng thuge T nén M phai nam

= trong (khdng nim trén canh) mdt trong tAm tam giac OAH, OAE,
A = OBE, OBK, OCK, OCF, ODF, ODH. Khéng mét tinh tong quat, gia
N, sir M nam trong tam giac OAH. Lay N dbi xing véi M qua HK. Dat
F: P =13 giao diém caa MN va BD. L4y Q 1a diém déi xting ctia D qua
b K MN (Q thude DC).
‘1 P \‘.“b'\
o ..\'”\1 5
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Dé thiy, MNCB la hinh thang cAn => MNCB noi tiép. (1)
Theo gia thiét phan ching, ta c6 : £ MAB + £ MBC + £ MCD + £ MDA = 180° (2)
Do M, N dbi xting véi nhau qua HK va HK 1a tryc déi xing ctia hinh vudéng ABCD nénta cé : £ MAB =/ NDC ; /£
MBC = Z NCB. (3)
Tu (2), (3)=>: £ NDC+ £ NCB + £ MCD + £ MDA = 180°
=> (£ NCB + £ MCD) + (£ NDC + £ MDA) = 180°
=>90°+ £ MCN +90° - « MDN = 180° => / MCN = MDN.
Mait khac, viD, Q dbi xung voinhau qua MN nén ta cé : £ MDN = £ MQN.
Viy : £ MCN =/ MQN => MNQC ndi tiép. (4)
Tu (1), (4) cung véi chu y rang néu hai duong tron c¢6 ba diém chung thi tring nhau => MNQCB ndi tiép. (5)
D@ thiy, tam giac PDQ vudng cén tai P => £ BPQ = 90°
Mat khac ABCD la hinh vudng nén £ BCQ = 90°. Vay PQCB noi tiép. (6)
Tu (5), (6) => : ba diém thang hang M, N, P cung thudc dudng tron ng0a1 tiép tam gidc QCB, mAu thuin ! Vay : Khi
M khéng thude T thi: £ MAB + £ MBC + £ MCD + £ MDA khéng bang 180°
Két lugn :
Tap hop céc diém M thoa min diéu kién dé bai 13 hinh T gdm cac doan AC, BD, HK, EF.
Bai 13: Cho hinh thang vuéng ABCD ¢6 AD // BC, AB vudng goc v6i AD, AD =4 cm, AB =BC =2 cm. Hay tim
mot con dudng ngan nhat di tir dinh A t6i mot diém M trén canh DC, rdi t6i diém N trén canh AB, quay lai mot diém
P trén canh DC va tro vé A.

Loi giai : Bai toan dua vé tim gia tri nho cia
tong T =AM + MN + NP + PA.

Ta can két qua sau. B C

Boé dé : Trong mot hinh thang vudng, do dai P o

doan thang néi hai diém nam trén hai canh bén khong nhé hon do dai day
N

nho (cac ban tu ching minh b dé nay).

Ap dung bd dé, taco : MN > BC ; NP > BC => MN + NP > 2BC (1). M

Dung CH cudng géc voi AD. Nhan thay tr gidc ABCH 14 hinh

vuong, =>:CH=AH=AB=BC=2cm=>DH=2 cm.

!
Ta c6 CH = AH = HD = 2 cm => ACAD vudng can tai C. A H
ViP, M thudc CD =>PA > AC ; AM > AC => AM + PA > 2AC (2).

Tu (1), 2)=T=>2(AC+BC)= 4(\6 + 1) cm; déng thic xay ra khi va chi khi P, M, C tring nhau va N tring véi
B.

Vay con dudng ngin nhét thoa main didu kién dé bai dai 4(v/2 + 1) cm chinh 13 con duéng : A dén C dén B dén C
dén A.

Nhén xét :

1) Két qua bai toan c6 thé doan nhan dugc

qua hinh sau (“1at” lién tiép ba lan hinh

thang ABCD)

OBai 14: Cho tu giac ABCD. 1, J theo thu ty 1a trung diém cia AC, BD.
Chung minh rang : AC + BD + 21J < AB + BC + CD + DA. /s
Loi giai : Trude hét, xin phat biéu, khong ching minh mdt nhin xét don A - E

gian

“Trong mdt t0 gidc, tong cac do dai hai dudng chéo 16n hon tong cac do dai hai _,f' 4
canh dbi va nho hon chu vi.” Tro lai bai todn, c6 hai trudng hop xay ra :

Truong hop 1 : ABCD la hinh binh hanh.

Vi ABCD la hinh binh hanh nén I trung J. Theo nhén xét trén, AC + BD +21J =
AC+BD <AB +BC + CD + DA.

Truong hop 2 : ABCD khéng la hinh binh hanh. Vi ABCD khong 1a hinh binh
hanh nén ton tai mot cap canh dbi khong song song. Khong mét tinh tong quat,




gia sit AB va CD khdng song song. dit E 14 giao diém cua AB va CD. Khong mét tinh tong quat, gia st E thudc tia
doi cua céc tia AB, DC.

Ta c6 : (£ DAB + £ ABC)+(£BCD+Z CDA)=360"=> / DAB + £ ABC >180°

hoac £ BCD + £ CDA > 180°

Khéng mét tinh téng quat, gia sir : £ DAB + £ ABC >180° (1)

Dyng hinh binh hanh ABCF. T (1), ta thiy : tia AF nim trong (2).

Mat khac, trong tam giac EBC, ta c6 : £ EBC + £ ECB <180°

=> i tia CD nam trong T (2) va (3) => t{r gidc ACFD 13i. Theo nhan xét trén, ta c6 : AC + DF < AF + CD. Cha y
rang DF = 2IJ, AF = BC, ta ¢6 : AC + 2IJ < BC + CD (4) Trong tam gidc ABD, ta c¢6 : BD < AB + DA (5) Tu (4) va
(5)=>:AC+BD +2IJ]<AB + BC + CD + DA.

© Bai 15: Tim cac dién tich a, b, ¢ trong hinh sau (don vi sz)

Loi giai :
Tu SIAB/SIAF = SIBC/SIFC = (IB/IF) == (b + c)/a = (30 + 40)/35 hay b+c=2a (1)
Mat khac : Siap/Sipg = Siac/Sipe (IA/ID) == (b + C)/40 =(a+ 35)/40 hay 6a= 4(3. +

35) (theo (1)=>a=70,trdé b+ c =140 (2)

LE_li vi: SIBC/SIBE = SICA/SIEA (IC/IE) nén (30 + 40)/b = (a + 35)/(3 (3)

Tu (2), (3) ta nhan dugc b= 56, ¢ = 84. Do do6 cac dién tich a, b, ¢ 1An luot 1a 70 db
cm’, 56 cm’, 84 cm’. 30

 Bai 16: Cho hinh thang ABCD c6 AB song song va bang mét nira CD. H Ia trung dlem cua CD. Dlem M nim
ngoai hinh thang sao cho MH vudng géc va bang mdt phan tu CD.

Bén ngoai hinh thang, ta dyng cic tam giac ADE, BCF vudng cén tai E, F. Chung minh ring tam giac MEF vudng
can tai M.

Loi giai :

Céch 1: Trudc hét, ta nhic lai mot bd dé quen thude.

B6 dé (*) : Cho tam giac ABC. V& phia ngoai ciia tam giac, ta dyng cac tam giac ABE, ACF vudng can tai E, F. M la
trung diém cua AB. Khi d6, tam giac MEF vudng can.

Tro lai bai toan.

Trén tia dbi ciia tia MD, 14y diém K sao cho : MK = MD (hinhk 1). Dé thdy : KC vudng géc v6i DC (1) va CK = 2MH
2)

dd>Tu (1) =>: Z KCF =360°- £ KCD - Z DCB - £ BCF = 360° - 90° -(180° - £ CBA)) - 45°

=45°+ / CBA = Z FBC + £ CBA = £ ABF,; Vay: £ KCF = £ ABF

Hinh 1

Ta(2)=>:KC=1/2CD=AB (4)
Tw (3), (4) va CF = BF (do tam giacBCF vudng cén tai F) ta c6 : A KCF = A ABF (c.g.c)
=>FK=FA ; Z CFK= £ AFB



=> / KFA= 2/ CFB + £ CFK - £ BFA = £ CFB = 90’

=> A AKF vudng can tai F.

ap dung bd dé (*) cho tam gidc ADK va cac tam gidc ADE, AKF vudng cin tai E, F ta c6 : A MEF vudng can tai M.
Cach 2 : GoiK la trung diém cta AB. Lay diém N nam ngoai hinh thang ABCD sao cho NK = AB ; NK vudng géc
v6i AB (hinh 2).

Dé théy : tam gidc MHC = tam giac BKN => MC = NB ; mat khac, AB // CD va tam giac BCF vudng can tai F nén A
FMC = A FNB (c.g.c) => A MFN vudng cén tai F (ban doc tu chiing minh).

Tuong ty nhu vay, A MEN vudng cén tai E. => MENF la hinh vuéng => tam giac MEF vu6ng cén tai M.

& Bai 17: Cho AABC. Trén cac tia dbi cua céc tia CB, AC, BA lan luot 14y cac diém A, B, C; sao cho AB, =BC, =
CA,. Ching minh rang néu AAB;C, déu thi AABC cling déu.
Loi giai : ‘ '
Gia su AAB,C; déu. Khong mat tinh tong quat ta c6 thé gia thiét :

CA{B; = ABC; =2 BC4A (*)
Kh1 dé : CB1 > AC1 >BA, hay CA > AB > BC (do AB, = BC; = CA)), suyra
ABC > BCA = CAB (1) i
Mat khac, tur (*) suy ra : (do AA;B;C; déu). Nhung

e — e, e,

ABC - BC. m +cqma -

CAB = AB1C + 818 A = ABC < CAB (2). _ 2
Tu (1), (2) suy ra AABC déu (dpem). B, G

A

&Bai 18: Cho ba diém A, B, C thang hang, AB = BC. M6t dudng tron (O) di qua A, B. Céc tiép tuyén v6i (O) ké tir
A, C cit nhau tai S. T 1a tiép diém ciia SC va (O). SB cat (O) tai E (E khac B). Chiing minh ring : ET // AB.
Loi giai ; A
Vi SA, ST tiép xic v6i (O) nén ta c6 : '
£ STE=/ SBT ; Z SAE = £ SBA
=> ASTE ddng dang voi ASBT ; ASAE dong dang véi AABA
TE BT  AE BA
~ST SB'SA sB
gl ﬂ (vi ST = SA)
AE

TE _ 'ra
F " cg MBA=CB)(1)

Mit khéc, vi tir gidc AETB ndi tiép nén : ZTEA = £ TBC
Tu (1), (2) ta ¢6 : ATEA ddng dang v6i ATBC => £ EAT =
Tur do, véichi y rang : £ EAT = £ ETS, tac6 : £ BCT = £ ETS
=> ET // AB (hai gbc dong vi bang nhau).

c (2
/ BCT.

& Bai 19: Cho tam giac ABC vudng cin £ A = 90°, AB = AC = a. Trén tia ddi cua tia CA 1an luot liy cac diém E, F,
I sao cho : AE =2a; AF =5a; Al = 8a.

Tinh téng : ~ BEA + / BFA = / BIA.

Loi giai :

Trén tia dbi cia tia EC, lay diém D sao cho ED =a.

Theo tinh chét gbc ngoai clia tam giac ta c6 : ZADB = £ DFB + £ DBF (1)

Xét hai tam giac DIB va DBF, —
ta thiy chung ¢6 chung géc £ BDI ; M
mit khac, theo dinh 1 Py-ta-go : BD* = BA? + AD* = 10a° = = ety
2a.5a = DF.DI => DI/DB = DB/DF, do d6 hai tam gi4c DIB v | F D E C A

DBF déng dang. Suy ra: £ DIB =/ DBF (2)
T (1) va (2) => £ BDA = £ BIA+ Z/ BFA (3)




Xét tuong tu nhu trén, ta ciing c6 hai tam gidc BCE va DCB dong dang
=>/ BEC =2 DBC

=> / DBA + Z BEA= /11 BDA+ ZDBC=/ZBCA=45° (4)

Tu (3) va (4) => £ BEA + Z/BFA + £ BIA = 45°,

QyBéi 20: Cho tam giac ABC c6 AB > AC. Trén cac canh AB, AC léy cac
diém N, M tuong ung, sao cho AN = AM. Goi O la giao diém cua BM, CN.
Chung minh rang : OB > OC.

Loi giai :

ViAB > AC > AM = AN nén tdn tai diém K thudc doan BN sao cho : AK =
AC.

Goi L la giao diém cua KM va CN. ViK thudc doan BN nén L thudc doan
ON

=> || OMN > [ILMN.

Mit khéc, d& thiy tam gidc LMN cén tai L => [J LMN = [/ LNM.

Vay: £ OMN > Z ONM =>ON>0M (1).

AAKM = AACN (c.g.c)==KM=CN (2).

Vi AK = AC nén tam giac AKC cén tai A

=> / AKC <90°=> / BKM > 90°

= / BKM > Z KMB =>BM >KM (3).

Tx(2)va(3)suyra: BM>CN (4)

Tu (1) va(4) suyra: BM-OM > CN - ON=> OB > OC. (dpcm)

&Bai 21: Cho tam gidc ABC vudng cin tai A. Trong £ BAC lay diém
M sao cho MA = MC va £ AMB = 75°. Tinh £ AMC.

Loi giai : Lay diém M’ trong sao cho AM’AC déu.

Khi do6 do

AB =AM’ (= AC) va £ BAM’ = 30° (=£ BAC - Z M’AC)
=/ AM’'B=75"= / AMB

=> v6i M khac M’ thi ta gidc AMM’B ndi tiép duong tron
=> / BMM’ = £ BAM’ = 30° (cung chan cung BM’)

(3] (3] (3 3Oo 0
=> /£ AMM’ = 75° + 30° = 105", 757AM

Mat khic AAMM’ = ACMM’ (c.c.c)
—> / CMM’ =/AMM’ = 105° A c

=> /AMC = 360° - 105° x 2 = 150°.

Néu M 6 vi tri caa M” thi LI AMC = 60°.

Theo gia thiét, M chinh 13 giao diém cta duong thang trung tryc ciia doan AC va cung chia géc 75° vé& trén doan AB
nén chi xay ra hai truong hop nhu trén.

Két lugn :

- Néu M 6 trong AABC thi LI AMC = 150°,

- Néu M & ngoai AABC thi LI AMC = 60°.

& Bai 22: Cho hinh thang ABCD (AB // CD). O 1a giao diém ciia AC va BD. M 1a trung diém cta CD. Cac duong
tron ngoai tiép cac tam gidc AOD, BOC cat nhau tai K khac O. Chiing minh rang : LI KOC = LI MOD.
Loi giai :
Trén tia dbi ciia tia MO, 14y diém I sao cho MI = MO.
DE thiy ODIC 1 hinh binh hanh, DI // OC => L1 IOC = LI OID (1).
Mat khéc ta thdy :
CA OC

DB OD 9



+) AB // CD

+) AOKD ; BOKC la cac t gidc ndi tiép nén £ OAK = £ ODK ; £ OCK = ZOBK

AKAG @ aKBD _» FA _CA
KD DB
+) ODIC 1a hinh binh hanh nén OC = DL
|
Suyra — = —,
Y™ %0 Do

Chu y rang £ AKD = Z11 AOD (vi AOKD ngi tiép) va ZAOD = £
IDO (vi AO // DI)suy ra £ AKD = £ IDO.

Vay AAKD t AIDO=> || OID = LI DAK => L OID = LI DOK (vi
AOKD nbi tiép) (2).

Tu (1) va (2) suyra: LI I0C = L) DOK => [ KOC = L) MOD
(dpcm).

& Bai 23: Cho hinh vudng ABCD. Goi E 14 trung diém ciia AD. Qua E vé& dudng thang vudng géc véi BE, cit CD tai

F. Tinh ti s6 EF/EB

Loi giai
Qua A ké duong thang vudng goc véi BE, cat CD tai M. Tathdy : [/ ABE = A B
LI DAM (hai géc c6 canh tuong ing vudng goc).

Mat khac, vi ABCD 1a hinh vudng nén AB = AD => A ABE = A DAM
=> BE = AM. E
Lai c6 EF va AM cung vudng goc v6i BE nén EF // AM ;

E 1a trung diém ctia AD nén EF 1a dudng trung binh trong ADAM. Suy ra

1 1 EF 1
EF ==~ BE hay —— =
2 2 YBE 2 D F M c

& Bai 24: Cho tam giac déu ABC ndi tiép dudng tron tm O, ban kinh R. D 14 diém di dong trén canh BC. AD cat
(O") tai E (E khac A). Goi Ry, R, 1§n luot 1a ban kinh dudng tron ngoai tiep cac tam giac EBD, ECD. Xac dinh vi tri
diém D dé R,.R; dat gia trj 16n nhét.

Loi giai : Ta ¢6 nhan xét rang, néu R 1a ban kinh duong tron ngoai tiép mot tam giac déu canh a thi

R_ &3 {,,}

3 Tré la@ bai toan. .
Dung hai tam giac déu BDF va CDG vé phia ngoai tam giac ABC,
khidé LI BFD= 1| BED:60° ) .
suy ra BDEF va CDEG déu la cac tu gidc ndi tiep hay Ry, R; lan luot
la ban kinh ctia cac dudng tron ngoai tiép céc tam gidc déu BDF va CDG.
Theo (*)taco :

s o

R. =¥;Rz _ECDyv3 5 R.Ry = BD:.;.';D_
Mat khéc (BD + CD)” > 4.BD.CD suy ra

2 2 2
BD.cnswzﬁzﬁ:,mstRT_

Dang thire xay ra khi va chi khi BD = CD, .
nghia 12 R|.R; dat gi4 tri 16n nhit bang R%/4 khi D 1a trung diém cua BC.
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& Bai 25: Cho tam gidc cAn ABC (AC = BC) véi LI ACB = 80°. Trong tam gidc ABC

¢6 diém M sao cho L MAB = 10° va LI MBA = 30°. Tinh LI BMC.

Loi giai :

Céch 1 : Dung CH LI AB (H thudc AB), CH cat MB tai O, AO cat CM tai K (hinh I).

Ta nhan thdy &8710;0AB cin tai O nén : LI OAB = ] OBA =30°=> 11 OAM =20°; |1 OAC = I BAC - LI OAB =
(180°-80°) : 2-30°=20°

=> || OAC = L1 OAM =20° (1) 5
Mait khac : LI AOC
=180° - LI AOH = 180° - 60° = 120 ; LI AOB

= 180° - 2.30° = 120° => L AOC = L1 AOB = 120° (2)

Tu (1) va (2) suy ra AAOC = AAOM (g.c.g) => AC =AM |

=> AACM cén tai A, c6 AK 14 phéan giac cia || CAM => AK L/ CM.

Céch2: M

Trén nira mit phing c6 b 1a duong thang AB va chia diém C, i e b

dung tam giac déu ABD (hinh 2).

Ta c6 ADAC = ADBC (c.c.c),suyra:

I ADC= LI BDC=30°= 1] ABM;

DAC = 60° - (180° - 80°) : 2=10°= ] ABM.

=> ADAC = ABAM (g.c.g) => AC = AM

=> AACM cantai A

=> || AMC = (180°-40°) :2=70°;

mat khac LI AMB = 180° - 30° - 10° =140° => || BMC = 360° - 140° - 70° = 150°.

& Bai 26: Cho tu gidc ABCD ndi tiép duong tron tim O. AC cat BD tai L.
(01), (02) theo thi ty 1a cac duong tron ngoai tiép cta cac tam giac ABI, CDI.
Mot dudng thing bét ki di qua I cat (O) tai X ; Y va cat (O)) ; (O,) theo tht ty tai Z ; T (Z va T khac ).
Chirng minh rang XZ = YT.

Loi giai :

C6 hai truong hop xdy ra :

- Puong thang chaa X, Y, Z, T cat cac doan thing AB, CD (hink ).

- Puong thang chia X, Y, Z, T khong cat cac doan thing AB, CD (hinh 2).
Phép chiing minh dudi day cé hi¢u lyc cho ca hai truong hop.

Taco L XZB=Z1AB=ZCYB; £LZXB=ZYCB

—> AZXB dbng dang véi AYCB

= XZ/XB =CY/CB =>XZ =BX.CY/BC (1)

Tuong ty ta c6 ATYC ddng dang véi AXBC
=>YT/YC=BX/BC=>YT =BX.CY/BC (2)
Ta(l)va(2)suyraXZ=YT.

0\B€1127: Cho tam giac ABCc6 BC=a, CA=b,AB=cvaa+b+c=9;
z lan lugt la d§ dai cac phan giac trong cua cac goc A, B, C.

Chung minh rang :

1 1 1

—d==>51,

X Yy 2 . , .
Loi giai : Goi AD 1a phén giac cia Dung qua B dudng thang song song véi AD cat dudng thang AC tai E.
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Khi d6 : ZCAD = ZAEB (hai gbc dong vi) ;

« DAB = Z ABE (hai goc so le trong)

ma / DAB = / CAD nén / ABE = / AEB R
=> A ABE cintai A=>AB=AE =c.

Mat khac : AD/BE = CA/CE hay x/BE =b/(b + ¢)

suy ra BE = x.(b+c)/b A
Trong tam giac ABE cé BE < AB + AE hay BE <2c (2).
Tu (1), (2) ta co x < 2ab/(b+c)<=> 1/x > 1/2 (1/b + 1/c)
Tuong tu 1/y>1/2 (1/a+1/c) ; 1/z 1/2 (1/a + 1/b)
Dodé 1/x+1/y+1/z>1/a+ 1/b+1/c

Ap dung bt déng thuc Co -si cho ba sb duong ta c6 :

a+b+cz33abc; aabc

11
:>(a+b+c)[;+E+CJP9
Ket hop voigia thita+b+c=9tadugc l/a+ 1/b+ 1/c>1
Tu (3), (4) suyra 1/x + 1/y =1/z> 1, dicu phai chung minh.

& Bai 28: Cho tam giac nhon ABC, tryc tdm H. Ching minh rang :
HBHC HC.HA HAHB

ABAC BCBA CACB

Loi giai

Goi A’, B”, C’ 1an luot 1a chan cac duong cao ha tor A, B, C cua A ABC.
ViA ABC nhon nén H nim trong tam giac. Vay :

S(HBC) + S(HCA) + S(HAB) = S(ABC).

Mit khac, dé thiy A CHB’ ~ A CAC’ (g.g)

;
cH _cB' _ HBHC _ 3"PCB" _ saB)
CA ~CcC'~ ABAC 1 asce: ~ S(ABC)’ -

T-ongtu:
HCHA S(HCA) HAHB Si{HAB)
BCBA S(ABC) CACB S(ABC)
. HBHC HCHA HAHB _
ABAC BCBA CACB
_ S(HAB) — S(HCA) + S(HAB) _
S(ABC)

Vay

& Bai 29: Cho tam gidc ABC. H 1a diém bt ki trén canh BC. AD la dudng phan giac trong ciia /BAC; Duyng AL
déi xing v6i AH qua AD (L thude BC).
Ching minh rang : BH.CH/(BL.CL) = HD*/LD’.
Loi giai : Gia sir cac duong thang AH, AL cit duong tron ngoai tiép tam A
gidc ABC lan luot tai E va F.
T gia thiét => | BAD = |1 CAD ; LI HAD = LI LAD
=> || BAE = LI CAF ; LIl BAF = L] CAE
=> BE = CF ; BF = CE.
Dé dang nhan ra :
AABL dbng dang véi ACFL nén
CL/AL = CF/AB = BE/AB (1); H L
ABHE dong dang voi AAHC nén AH/BH = AC/BE (2). B D c
T (1) va (2) suy ra LC.AH/(AL.BH) = AC/AB (3).
Theo tinh chét dudng phan giac, trong tam gidc AHL c6
HD/LD = AH/AL (4)

12



Tur (3) va (4) suy ra LC.HD/(BH.LD) = AC/AB (5)

Tuong ty, ABLF dong dang v6i AALC va ACEH dbng dang véi AABH

dan dén HD.BL/(LD.LC) = AB/AC (6).
Nhén theo tung vé cac hé thuc (5) va (6) tacd :

LC.HD’.BL/(BH.LD*.CH) = 1 => BH.CH/(BL.CL0 = HD*/LD",

& Bai 30: Cho tam gic déu ABC ndi tiép dudng tron tim O c¢6 ban kinh bang 1. Mgt dudng thing di qua O cit hai

canh AB va AC lan luot tai M va N. K{ hiéu SAMN 1a dién tich tam giac AMN.

e
, . X 3 < Sanyn = 3‘{5
Chung minh rang : 3 8

Loi giai : Trude hét xin phat biéu (khéng ching minh) mot nhan xét quen thude : “Néu AABC va AA’B’C’ ¢6 L

BAC = LJ B'A'C', khi d6 S(ABC)/S(A'B'C' = AB.AC/(A'B"A'C")”

Tré lai viée giai bai toan. Goi H 1a giao cua BO va AC ; K 1a giao cia CO va AB. Qua O ké dudng thing song song

v6i BC, dudng thang nay theo thir ty cat AB, AC tai E, F.
C6 hai trudng hop xay ra.

Tru’(:rng hop 1 : M thudc doan BE ; N thudc doan FH.

+ Néu M trung E thi N trung F, ta c6 :

S(AMN) = S(AEF) = ?

+Néu M trung B thi N trang H, ta 6 :

33
S(AMN) = S(ABH) = f
+ Néu M khac E va M khéac B thi :
MO > EO = FO > NO (vi LI MEO >90° ; | FNO > 90°)

S(OEM) OEOM OM
— — 1—> S(OEM) > S(OFN
2 S©OFN) " OFON ~on 1= S( ) > S( )

= S(OEM) + S(AEON) > S(OFN) + S(AEON)
= S(AMN) > S(AEF) = S(AMN) > ‘f

b OB _OBOM . OM . o454
S(OHN) OH.ON ON
— S(OBM) > S(OHN)

— S(OBM) + S(AMOH) > S{(OHN) + S(AMOH)

= S(ABH) > S(AMN) = S(AMN) < %.
S(AMN) = ? < M triung E va N trang F ;
S(AMN) = 3—;@- <= M tring B va N tring H.

Truong hop 2 : M thudc doan EK ; N thudc doan CF. Tuong ty truong hop 1,taco :

13



ﬁ = S(AMN) = ﬂ
3 8
S(AMN) = % — M iring E va N Imiing F ;
33

S(AMN) = 777 < M trling K va N triing C.
Két hap ca hai tr-¢ing hop trén ta co -

—“?- < S(AMN) < ?

A3

S(AMMN) = ? < Mtrung E va N trang F ;

S(AMN) =

& Bai 31:
Cho tam giac ABC (AB < AC) va P 1a diém nam trong tam giac sao cho £ PBA = / PBC Goi H va K 1an luot 12
chin cac dudng vudng géc ha tir P xudng AB va AC ; I 14 trung diém caa BC. Ching minh rang : £ HIB < £ KIC

343 - [M tring B va N tring H.
8 M trang K va N trung C.

Loi giai : Goi E, F 1an luot 1a trung diém cua PB va PC.
Xét cac tam giac vudng HBP va KPC, ta thiy
ZHEP=2/PBH; ZKFP=2 ZPCK

ma £ PAB = Z PCA (gt) =>«£ HEP = Z KFP (1).
Mat khac do tu gidc PEIF 1a hinh binh hanh,

suy ra £ PEI = £ PFI (2).

Tt (1) va (2) ta nhan duge £ HEI = £ KFI.

Lai c6 EI = KF (=1/2 PC) ; IF = HE (=1/2 PB),

do d6 A HEI = A FIK (c.g.c) = ZHIE = Z IKF (3).

Vi AB < AC nén Z/PBC > £ ACB,

két hop voi Z/PBA = 2 PCA => / PBC < £ PCB, tir d6 PB < PC din dén IF < FC suy ra = / FIC < Z FCI hay /
FIC < £ EIB (4).

Ti (3) va IF < FK = / KIF < £ IKF hay ZKIF < / HIE (5).

T (4) ; (5) suy ra £ HIE + £ EIB < Z KIF + / FIC hay £ HIB < / KIC (dpcm).

& Bai 32: Cho tam giac ABC khéng cin, ngoai tiép duong tron (0). Goi D, E, F 1an luot 1a céc tiép diém cta (O) véi
cac canh BC, CA, AB. GoiM la giao diém cua cac duong thé‘ing AO, DE ; N 1a giao diém cua cac duodng thé‘ing BO,
EF ; P 1a giao diém cia cac dudng thang CO, DF. Chirng minh cac tam giac NAB, MAC, PBC c6 cung dién tich.

Loi giai :

Goi A, B, C 13 s6 do cac gbc cua tam giac ABC.
Vitam giac CDE cén tai C nén:

ZMDC =(180° - C)/2 = (A + B)/2

Mat khac, ZMOB = £ OAB + ZOBC=A/2 + B/2
Vay: ZMDC = £ MOB

=> Ty gidc MOBD ni tiép

=> / OMB = Z ODB = 90>sup>o (1).
batL=BM N AC.

T (1) tacd A ABL cén tai A

=>ML = 1/2 BL (2).

Goi H, K 1a hinh chiéu ciia M, B xubng AC.

Tt (2) tacdo MH =1/2 BK




—> 1/2 MH.AC = 1/2 x 1/2 BK.AC
=> S(MAC) = 1/2 S(ABC).
Tuong tu ta c6 : S(NAB) = 1/2 S(ABC) ; S(PBC) = 1/2 S(ABC)

Viay : Cac tam giac NAB, MAC, PBC c6 cung di¢n tich. (dpcm)

& Bai 33: Cho tam giac déu ABC c6 diém M thudc BC. Goi E va F 14an luot 13 hinh chiéu vudng géc cua M trén AB
va AC ; O la trung diém cua EF ; Q 14 hinh chiéu vudng goc cua A trén duong thang OM. Chiing minh rang khi M
chuyen dong trén BC thi Q luén thuoc mot duong tron ¢d dinh.

g

Duyng AH 1 BC(HEBC).NéuM = Hthi Q= A. Néu M # H thi MO cat AH tai .

Ta thiy cic diém E, H, F, M, A cung nam trén dudng tron duong kinh AM, tm J 13 trung diém ctua AM, suy ra JE =
JF = JH, mit khac ZHJF = 2/HAF = 60° => AJHF déu,

ZEJH = 2/EAH => AJEH déu. Tt d6 JE = JF = HF = HE hay t( gidc JEHF 13 hinh thoi =>OH =0J v O, H, J
thing hang.

Goi N 1a diém déi xang caa M qua O, suy ra OJ / NA va OJ = 1/2 NA => OH // NA va OH = 1/2 NA => AANI ~
AHOI => AI/HI = AN/OH = 1/2 =>1 1a trong tdm AABC (I 14 diém c6 dinh). Lai vi ZAQI = 90° nén khi M di déng
trén BC thi Q ludn nam trén dudng tron duong kinh Al ¢b dinh (luu y Q #1).

& Bai 34: Cho lyc giac noi tiép duong tron ABCDEF c¢6 AB = AF ; DC = DE.
Ching minh rang : AD > 1/2 (BC + EF)
Loi giai : Goi H, K 1a hinh chiéu cta D trén AC, AE.
Vi tir gihe ACDE ndi tiép nén LJHCD - UKED mat khac theo gia thiét
= DE nén AHCD = AKED suy ra HC = KE
=> AH+ AK=AC+ AE =>2AH=AC + AE
=>2AD > AC + AE (1)
Tuong tuta cé : 2AD > DB + DF (2)
Tu (1), (2)suyra:
4AD > (AC + DB) + (AE + DF) (3)
batM=ACNDB;N=AENDF. Tacd :
Tur (3), (4) suyra : 44D > 24D + BC + EF
=>AD >1/2 (BE + EF) (dpcm)

DC

PHH suu tdm va chinh If b6 sung hinh minh hoa 2 -5-20"13
Nguon “Toan tuoi tho”
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