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Bang PT

A. Khai niém cap

Bai PT.1. Xét luj thita a™ (m > 1). Do chi c6 mét sb hitu han cac 16p dong du modulo n (cé n
16p ca thay) nén phai ton tai m; > my d€ a™ = a™2 (mod n). Do (a, m) = 1 dong du nay
dan dén @™ ~™2 =1 (mod n). Nhu vy, tap cac so nguyén ducng k sao cho a®* =1 (mod n)
la khéng rong, néi riéng c6 mét phan ti nho nhat c.

Bai PT.2. Néu ¢ = ord,(a) | k thi 16 rang p | a¢ — 1 | a* — 1. Ddo lai, gia st k 13 mot
s6 nguyén duong thod man a* = 1 (mod n). Vit k = c¢q + r v6i 0 < r < c. Thé thi
1=a* = (a®)?-a" = a” (mod p). Tit dinh nghia cla c ta phai c6 r = 0, nghiala c | k.

Bai PT.3. Theo dinh 1y Euler, a®™ = 1 (mod n). Tt d6, két luin cta bai toan PT.2 cho thiy
c| ¢(n).

B. Su ton tai sO nguyén to trong mot so cap SO cOng

Bai PT.4. Gia st chi ton tai hitu han sb nguyén t6 p1, . . . , pn 6 dang 4k + 1. Xét sb 4 I, pi—1.

S6 nay nhét thiét phai c6 mét uéc nguyén té dang 4k + 3. Nhung udc nguyén t6 nay khong thé

la mét trong cac p;, vO ly.

Bai PT.5. (i) Gidstp | n?+1, pnguyéntd = 3 (mod 4). Theo dinh Iy Fermat nhé n?~! = 1
(mod p), nghiala (—1)2**! =1 (mod p), v0 ly.

(ii) Gia st chi c6 mot s6 hitu han cac sb nguyén tb = 1 (mod 4), 1a py,...,pn. Xét sb
(21T, pi)2 + 1. Theo (#), mdt wéc nguyén tb bit ki ctia sé nay (hién nhién 1a 18) déu
=1 (mod 4) va khong thé 1a mét trong cac p; dudc, vo ly.

Bai PT6. (i) Xétp | n?2 —n+ 1, nguyén tb, p # 3. Chil y ring do n? + n — 11418, ta phai c6
n =1 (mod 6) hodcn =5 (mod 6).Gidstp =5 (mod 6). Tacén® = —1 (mod p).
Tu d6
nP~! = n%*t = (—1)n  (mod p).
Két hop véi dinh Iy Fermat nhd, tasuyran = —1 (mod p). Thé nhung khi dé6 n2—n+1 =
3 (mod p), vo ly.



(ii) Gié st chi ¢6 hitu han s6 nguyén t6 = 1 (mod 6) 12 py, . .., p,. Xét n = 3[[;_, p;. Khi d6
mot uéc nguyén to ctia n? — n + 1 (hién nhién # 3) déu = 1 (mod 6) va khac cac udc
yun Vé l},]‘

C. Su ton tai s6 nguyén tb trong cap sb cong dang nk + 1

Bai PT.7. Chay rang p | k¥ — 1 nén (k, p) = 1 va theo tinh chét vé cp thi ¢ | k. it k = ck/.
Nhu vay,

kk -1 = kck:' -1 = (kc _ 1)(kc(k'—1) + kc(k:'—2) 4ot 1).

Bdivi k¢ =1 (mod p), va chtiy rang (p, k') = 1, nén ta c6

ReR' =1 4 oge®=2) 4 ... 41 =1414+---4+1=k Z0 (mod p).

Nhu vay, k* — 1 1a tich clia k¢ — 1 v6i mot s6 nguyén khong chia hét cho p. Vi vay, v, (k% — 1) =
vp(k® — 1).

Lutu ¥ rang, v6i moi d sao cho ¢ | d | k thi k¢ — 1 | k% — 1 | k¥ — 1 nén r6 rang ta cfing phai c6
vp(k¢ — 1) = v,(k% — 1) = v, (k*F — 1).

Bai PT.8. Ta van ky hiéu ¢ cho cip clia k modulo p. Ta biét ring v6i moi d, p | k% — 1 khi va chi
khi ¢ | d. Hon nita, néu ta dit v = v, (k* — 1) thi theo nhén xét cuoi ctia trong 14p luén cda bai
toan PT.7 & trén, v6imoid € D = D; U D,,

plkt—1 = v,(k*—1) = .

Tu d6 suy ra, v,(A) = s,v,v,(B) = spv, trong do s, (tuong ung, sp) ki hiéu sb cac phﬁn ta
d € D, (tuong Ung, d € D) sao cho ¢ | d, nbi cach khac, sao cho f—; 1a u6c cta %

Chuy rang theo dinh Iy Fermatnhé ¢ | p — 1 nénnéuc=kthik | p —1 hay p= 1 (mod k),
trai véi gia thlet bai toan. Nhu vay, ¢ < k. Ta ki h1eu qis- -5 4N 13 tht ca cac Lr0c nguyen tb
phén biét ctia ; (nhu vay, N > 1). Thé thi s, bang s6 cac cach chon1,3,..., phan t cua tap

{q1,--.,qn}, néicach khac, bang (]f) + (1;’) N — % (A+1)N —-(1- 1)N} = 2N~-1 Tuong
tu, sy bang sb cac cach chon 2,4, ..., phén td cua tap {qi,- - -, qn} (chiy diéu kién d # k, hay
E#1),dodébang 2 [(1+1)N + (1 —1)N] —1 =2N"1 — 1. Tasuyra v,(A) = 2N "'y =
vp(B) + vp(k* —1).

Bai PT.9. Ta suy luan bang phan chu’ng Gia st moi u6c nguyen tb ctia k* — 1 déu ;,—é 1 (mod k).
Cha ¥ rang moi ude nguyen tb clia A va B déu la u0c nguyen t6 clia mot nhén td cb dang kd—1
v6i d | k nao do6 nén ciling 1a uéc caa k* — 1. Vi thé, theo két ludn clia bai toan PT.8 & trén, ta
phai c6



A= (k¥ —-1)B. (%)

Bay gid, cht v ring D # 0 nén ta c6 thé chon do 13 phan td nhé nhit cia D = D; U D,. Thé
thimoid € D,d #dotacdéd > dyvak?® —1 = —1 (mod kd+!), cing nhu k* — 1 = —1
(mod kd+1), Nhu vy, trong dazlng thttc (x) 6 trén, méi nhan tl, ngoai trit nhan tit k% — 1, déu
= —1 (mod k%*'). Chinh vi vy, rit gon (*) modulo kd+! cho ta (—1)" = ( 1)° (k% + 1)
(mod k:d0+1) vGi Ty s nao do. Thé nhung hién nhién dong du trén khong thé x4y ra. Diéu mAu
thudn nay ching té su tdn tai ciia mot udc nguyén tb clia k¥ — 1 dong du v6i 1 modulo k.

Bai PT.10. Viéc ton tai v han sbé nguyén t6 1& 13 hién nhién (chdng han dudc suy ra tit PT. 4)
nén ta sé gia st k > 3. Két luan cla bai toan PT.9 cho théy ton tai it nhit mét sé nguyén tb = 1
(mod k). Gia su chi ton tai mot sb hitu han cac s6 nguyén td cé dang nhu Vay va goip = knyg —|— 1
13 s6 nguyén t6 16n nhét trong cac sb nguyen tb=1 (mod k). Thé nhung, van theo két luin cta
PT.9, bay gio ap dung cho kn, thay Vi k, c6 it nhit mot s6 nguyén tb 9= 1 (mod 2kng). Thé
nhung khi d6 ¢ =1 (mod k) va ¢ > p, mau thuln véi tinh cuc dai cta p.



