HOI TOAN HOC VIET NAM  KY THI OLYMPIC TOAN SINH VIEN HOC SINH NAM 2016
,\ Mon thi: Giai tich
o Thoi gian lam bai: 180 phut

DAP AN

Loi giai bai

Cong thite truy hdi duge viét lai thanh Uni1 = Up + (un — 1)?%; suy ra day s6 (un)e , don diéu
khong giam.

2. Néudayhdituvé £thie =20+ (£ —1)2 = £ =1.
1. Vi ddy don diéu khong gidm nén néu né hoi tu vé £ thi u, < £ =1 (¥n > 1). Dic biét,

a?—a+1=u<1=0<a<1.

Dao lai, cho0 < a < 1.Khidb, 0 < u; < 1.Gidstvlin > 1naodd, tadac60 < u,, < 1.
Suy ra:
Un(Up, — 1) <0=up?—u,+1<1.

Theo cong thtic truy hoi, bat dang thiic cudi nay cé thé viét duge thanh u, 11 < 1; vay, 0 <
Un < Uny1 < 1. Nguyén ly quy nap chota 0 < u,, < 1 v6i moin > 1.
Day da cho don diéu va bi chan nén hoi tu.

Két ludn: cac gid tri cAn timcllaa 140 < a < 1.
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e Néu a,b € N* thi ta c6 ngay:

nll_)l’rolo (a{nb} + b{na}) = 0. 1)

~ 1 \
e Dao lai, gid st da c¢6 (1). Dé thay 0 < {na} < b (a{nb} + b{na}), nén theo dinh ly vé gi6i
han kep thi (1) kéo theo

lim {na} = 0, va tuong tu, llm {nb} = 0. (2)

n— 00

Pén day cé thé chiing minh a, b € N* theo cac cach khac nhau nhu sau:
Cach 1:

e Gia st a vo ti. Khi d6 trong biéu dién thap phan

a=(C,cica.. )10—C+Z

10
ton tai mét chit sé ¢ # 0 xuét hién v6 han 14n; tic 13, ton tai cac chi sb6 i1 < 42 < --- sao cho
c=c¢jy =cj, =... Xétn =10%"1 — oo,tacd
(k—00)
na = (C’cl « e Cip—15Cip +« - Cip g+ )10 = {na} > (0 C)10 = E > 0,

mau thuln véi (2).

e Viya hituti: a = Bvéip,q € N*. Xétn = kq+1 (k—> ) oo, tacod {na} = {kp+a} = {a}
q —>00
nén (2) = {a} = 0. Tt d6, a € N*. Tuong tu, b € N*.

Cach 2:

e Ta sé chitng minh rang {a} = 0. Gia st dpcm la sai. Khi d6 0 < {a} < 1. V6ie := min{l —
{a},{a}} > 0, theo (2) va dinh nghia clia gi6i han, ton tai ng € N* sao cho 0 < {na} < ¢
v6i moi n > ng. Dac biét,

0 < {noa},{(no+1)a} < e. 3)

e Laico
{(no + 1)a} = {[a] + {a} + [roa] + {noa}} = {{a} + {noa}}. (4)
Nhung 0 < {a} < {a} + {noa} < {a} + & < 1 nén (3)-(4) kéo theo e > {(no +1)a} =
{a} + {noa} > {a}, mau thuan véi dinh nghia clia ¢! Mau thuin d6 chiing t6 rang {a} = 0,
ticla a € N*. Tuong tu, ta co b € N*,
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e Trong diéu kién tht nhét, chon z = 0 ta thiy £(0)2 < 0 = F(0) = 0. V6i = # 0, tit diéu kién

2
ax

f(3 2) > 0. Vay, f(x) > 0 v6i moi x.

a“x

nay ta cling ¢ f(x) >

e Néu a = 1, diéu kién thtt nht tré thanh f(z)? < x2f(x), tasuyra f(x) < x2 véi moi sb thuc
@, nén dpcm la dung. Bay gio, xét trudng hop a > 1.
_ f@) _ f(=)

e Dit g(x) := 2/a ~ 2?/a > 0 v6i moi x # 0. Tu nay, xem & #% 0 va chi con phai ching

2
minh rang g(z) < 1. Theo dinh nghia ctia g, ta c6 f(z) = m—g(a))
a

e Tir d6, viét lai theo g diéu kién thd nhit nhu sau:

((aw)2 ?

1132
- g(aw)) < Cib‘“’wz;g(w) & g(ax)? < g(=). (1)

Dung (1), bing quy nap theo n € N, ta thiy:
Zr 2
g(z) < g (an) Vn € N. @

e Theo diéu kién thit hai, ton tai m, M € (0, c0) sao cho (0 <) f(t) < M khi |[t| < m (trong

bai B2, m = 1). Via > 1 nén ciing ton tai ng € N (phu thudc vao z) dé —| <m v6i moi
a

n > ng; va véi cac sb tu nhién n nhu thé, (2) kéo theo

2—"n

7 () :
- 2n+41
L < a2 MZ_". (3)

x \2 - 2"
an

= 0 (c6 thé dung quy tac I'Hospital), nén bang cach cho n — oo trong

g(z) <

~ 2n +1
e Dé thay lim +

n—oo

(3), tacd ngay g(x) < 1, dpcm.
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1. Néu f’(x) > 0 v6i moi > 0, thi néi riéng, £/(0) > 0, nén diéu kién diu clia bai toan kéo
theo £(0) > 0; nhung lic nay f ting ngit trén [0, co) nén diéu kién thit hai khong thé thda
man dudc.

Mot cach tuong tu, néu f/(x) < O v6i moi & > 0, thi ta cling gip mau thuln. Vay, 3z, >
O, f’(ml) = 0.

Gid st v6i k > 1 nao do, ta di chting minh dudc sutdn tai clia ksd 0 < o1 < w2 < +-+ < Tp
sao cho f(™ (x,) = 0 v6i moi s6 nguyén duong n < k. Néu f*+1 (z) > 0 véi moi x > xy,
thi £() ting ngit trén [xy, co); suy ra

FB () > F O (2 +1) > F®(2x) =0 Vo > xp + 1.

V6i mbi & > xp, + 1, liy Jz, 41 dt hai vé clia bt ddng thiic £F*) () > £®) (2, + 1) ca thay k
14n, ta sé thu dugc mét bat dang thiic c6 dang

————&

o + mot da thiic ¢6 bic bé hon k clia bién

f(x) >
vithé, lim f(x) = oo, mau thuin véi diéu kién thit hai.
r——+o00o

Mot cach tuong tu, néu f£*+1) (z) < 0 v6i moi x > @y, thi ta sé ¢6 liT f(x) = —oo, cling
r—r+00

mau thuln véi diéu kién thit hai. VAy, 3zgyq > @k, f&TD (2p41) = 0. Nguyén Iy quy nap cho
ta két ludn cta bai toan.
2. Cubi cung, mét vi du vé ham sb f théa man moi yéu ciu ctia dé bai, va khong déng nhit bang
2 2 A , 4y LA A , . R Y Z
0, dugc cho chang han bdi cong thire f(x) = — (di€u kién thit hai duge kiém tra bang quy tac
e
I'Hospital).
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1. Dung dinh Iy co ban ctia phép tinh vi-tich phin (vé dao ham theo can cta tich phén x4c dinh):

ax 1 z21 -1

! = — = \ 1.
fa(x) In x> Inx Inx T >

Vi thé: néu a > 1 thi f!, > 0 nén f, tang ngdt trén I := (1, 00); con néu0 < a < 1thi
f) < 0nén f, gidm ngat trén I. VAy, f, luon la mot song anh kha vi (nén lién tuc) tit khoang
I 1én mot khoang I, C R, 1a anh cla f,. Anh xa ngugc g := f;' : I — I cfing kha vi,

1 3
gl (y) = (@) voi moi y = fo(x) € 14, suy ra f, 1a moét phép dong phoi.
€r
«
2. bé tim I, trong trudng hop a > 1, ta danh gia

1 x* —x x ol —1
> (2% — i —rx<t<zxz*; = = — — 1
fa(@) 2 (@%—2) mln{lnt Ter=® } In z> e" Inz (z—4o0) +oo (1)

(quy tac I'Hospital).

alnx

2. 1 .4 A . du _ . . .
Doi bien s0 t = e¥, talai ¢6 fo(x) = [,, €e“—.V6imoix > 1, khilnz < u < alnz, ta
u

cox < e” < x, suyra

alnxz d,, alnz d,, .
wlna:w/ <fa(w)<wa/ — =z%ma= lim fo(z) =lna (2)
1 u 1 z—1+

ne ne u
Tit (1)-(2), ta thiy I, = (In o, +00).
DéE tim I, trong trudng hop 0 < a < 1, ta ¢ thé diing mot trong cac cach:
Cach 1: Tuong tu trudng hop o > 1, 14n nay ta danh gia
o _ o 1 _ gl

1
fo(x) < —(x — 2% min — 2 <t <z, = —ge. 2T L L
Int Inx Inx (z—+00)
(3)

(quy tic I'Hospital).

Ciing ddi bién sb ¢t = e*, va d€ y: véimoiz > 1, khialnz < u < Inz, tacd z* < e* < x,
suy ra

Inz  qq, Inz  qq, .
rlna = —cc/ — < fal(z) < —:130‘/ — =z%lha=> 11m+fa(a:) =lna 4
r—1

alnz U alnz U
Tit (3)-(4), ta thiy I, = (—oo, In ).

Cach 2: Tacod fo(z) = —f1(2) V6iz := 2%, ma — > 1, lim z = +oovaz — 17 khi
o [0 T—r—+00

x — 1% nén dung chinh két qua cta trudng hop da ching minh & trén ta ¢ ngay:

lim fo(x) =— lim fi(z) = —o0, lim fo(x) =— lim fi(z) = —In(1/a) =1lna.
r—+o00 z—to0 « Tz—1+ z—1t o

Suyra I, = (—oo,lna).



