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Preface

Topology is a major area in mathematics. At an undergraduate
level, at a research level, and in many areas of mathematics (and even
outside mathematics in some cases), a good understanding of the basics
of the theory of general topology is required. Many students find the
course "Topology" (at least in the beginning) a bit confusing and not
too easy (even hard for some of them) to assimilate. It is like moving
to a different place where the habits are not as they used to be, but in
the end we know that we have to live there and get used to it. They are
usually quite familiar with the real line R and its properties. So when
they study topology they start to realize that not everything true in R
needs to remain true in an arbitrary topological space. For instance,
there are convergent sequences which have more than one limit, the
identity mapping is not always continuous, a normally convergent series
need not converge (although the latter is not within the scope of this
book). So in many references, they use the word "usual topology of R",
a topology in which things are as usual! while there are many other
"unusual topologies" where things are not so "usual"!

The present book offers a good introduction to basic general topol-
ogy throughout solved exercises and one of the main aims is to make
the understanding of topology an easy task to students by proposing
many different and interesting exercises with very detailed solutions,
something that it is not easy to find in another manuscript on the same
subject in the existing literature. Nevertheless, and in order that this
books gives its fruits, we do advise the reader (mainly the students) to
use the book in a clever way inasmuch as while the best way to learn
mathematics is by doing exercises, the worst way of doing exercises is to
read the solution without thinking about how to solve the exercises (at
least for some time). Accordingly, we strongly recommend the student
to attempt the exercises before consulting the solutions. As a Chinese
proverb says: If you give someone a fish, then you have given him to
eat for one day, but if you teach him fishing, then you have given him
food for everyday. So we hope the students are going to learn to "fish"
using this book.
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The present manuscript is mainly intended for an undergraduate
course in general topology. It does not include algebraic and geometric
topologies. Other topics such as: nets, topologies of infinite products,
quotient topology, first countability, second countability and the T;
separation axioms with ¢ = 0, 3,4, 5 are not considered either or are not
given much attention. It can be used by students as well as lecturers
and anyone who needs the basic tools of topology. Teaching this course
several times with many different exercises each year has allowed me to
collect all the exercises given in this book. I relied on many references
(I cannot remember all of them but most of them can be found in the
bibliography) in lectures and tutorials. If there is some source which I
have forgotten to mention, then I sincerely apologize for that.

Let us now say a few words about the contents of this book. The
exercises on the subjects covered in this book can be used for a one
semester course of 14 weeks.

The book is divided into two parts. In Part 1, each chapter (except
for the first one) contains five sections. They are:

(1) What You Need to Know: In this part, we briefly recall the
essential of notions and results which are needed for the exer-
cises. No proofs are given. We just note that this part cannot
in any case replace a detailed course on the subject. The reader
may also wish to consult the following references for further
reading: [1], [2], [3], [6], |7], [9], [10], [11], [13], [14], [15] and
[16].

(2) True or False: In this part some interesting questions are
proposed to the reader. They also contain common errors
which appear with different students almost every year. Thanks
to this section, students should hopefully avoid making many
silly mistakes. This part is an important back-up for the
"What You Need to Know" section. Readers may even find
some redundancy, but this is mainly because it is meant to
test their understanding.

(3) Exercises with Solutions: The major part and the core
of each chapter where many exercises are given with detailed
solutions.

(4) Tests: This section contains short questions given with just
answers or simply hints.

(5) More Exercises: In this part some unsolved exercises are pro-
posed to the interested reader.

In Part 2, the reader finds answers to the questions appearing in the
section "True or False" as well as solutions to Exercises and Tests.
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The prerequisites to use this book are basics of: functions of one
variable (some of several variables calculus is also welcome though not
very much), sequences and series, and set theory.

Since the terminology in topology is rich and may be different from
a book to another, we do encourage the readers to have a look at the
"Notations and Terminology" chapter to avoid an eventual confusion
or ambiguity with symbols and notations.

Before finishing, I welcome and I will be pleased to receive any sug-
gestions, questions (as well as pointing out eventual errors and typos)
from readers at my email: mhmortad@gmail.com.

Last but not least, thanks are due in particular to Dr Lim Swee
Cheng and Ms Tan Rok Ting, and all the staff of World Scientific
Publishing Company for their patience and help.

Oran on September the 24", 2013
Mohammed Hichem Mortad
Department of Mathematics

Faculty of Exact and Applied Sciences

The University of Oran (Algeria)
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Notation and Terminology

0.1. Notation

e N is the set of natural numbers, i.e. N is the set {1,2,---}
(note that N in the French literature contains 0 t0o).

e 7 the set of all integers while Z™ is the set of positive numbers.

e Q the set of rational numbers.

e R the set of real numbers.

e C the set of complex numbers.

e [a,b] the closed interval with endpoints a and b.

e (a,b) the closed interval with endpoints a and b.

e (a,b) also denotes an ordered pair.

e | the complex square root of —1.

e > ¢” the usual exponential function.

e The complement of a set A in X is often denoted by A€ and
occasionally it is denoted by X \ A.

e The empty set is denoted by @.

e d(z, A) is the distance between a point z in X to aset A C X
where (X, d) is a metric space.

e d(A) is the diameter of a set A in a metric space (X, d).

e In a metric space (X,d), the open ball of radius r > 0 and
center x € X is denoted by B(x, 7).

e In a metric space (X,d), the closed ball of radius > 0 and
center x € X is denoted by B.(z,r).

e In a metric space (X, d), the sphere of radius » > 0 and center
x € X is denoted by S(z,r).

e The interior of a set A in a topological space is denoted by A.

e The closure of a set A in a topological space is denoted by A.

e A’ denotes the derived set of A, that is the set of limit points
of A (where A is a subset of a topological space X).

e The frontier of a set is denoted by Fr.

e card denotes the cardinal number of a set.

e R, is the lower limit topology.

o Ry is the K-topology.

xiii
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NOTATION AND TERMINOLOGY

The set of neighborhoods of a point x € X, where X is a
topological space, is denoted by V(x).

C, denotes the (connected) component of z € X where X is
a topological space.

The real part of a complex number is denoted by Re.

The imaginary part of a complex number is denoted by Im.
The conjugate of a complex number z is denoted by Z.
C([0,1]) is the space of real-valued continuous functions on
[0,1] taking values in R. If the field of values is C, then this
will be clearly mentioned.

C*(]0,1]) is the space of real-valued continuous functions de-
fined on [0, 1], differentiable and having a continuous deriva-
tive.

(R,|-|) is R equipped with the standard or the usual metric,
i.e. the absolute value function.

0.2. Terminology

There is a general comment which should be remembered by
the reader. Fzcept in the sections "True or False", if we say R
without specifying the topology or the metric, then this means
R endowed with its usual topology or metric. This applies to
C, R™ and C" too.

It will be comprehensible from the context whether "C" is for
comparing two sets or two topologies.

It will be clear from the context whether (a,b) is the ordered
pair or the open interval.

When it is not too important to specify the metric or the
topology, we simply say the topological (or metric ) space X.
From time to time the reader will see "(why?)". In such a
case, this means that this a question whose answer should be
known by the reader. This is used by other authors such as
J. B. Conway (see [4]) and also M. Stoll (see [15]). Other
expressions such as "(is it not?)" are also used.

e A clopen set is a set that it is closed and open simultaneously.
e The letters "w.r.t." stand for with respect to.
e As it is used almost everywhere, "iff" means if and only if (for

the fun, the French use "ssi" for "si et seulement si". Even
in Arabic, it has been sorted out by doubling a letter in the
end!).
WLOG, as it pleases many, stands for "without loss of gener-
ality".
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EXERCISES






CHAPTER 1

General Notions: Sets, Functions et al

1.1. What You Need to Know

In this section, we assume the reader is familiar with basic real
analysis including notions and results on sets and functions among
others. So we only recall results on countability.

DEFINITION. A set A is called finite if it is empty or if there is a
bijection f : A — {1,2,--- ,n}. A set is said to be infinite if it is not
finite.

THEOREM. If a set A is finite, then there is no bijection of A with
any proper subset of A.

EXAMPLE. The set N is infinite.

DEFINITION. A set A is called countable (or denumerable) if
it is finite or if there is a bijection f : A — N. A set which is not
countable is called uncountable.

EXAMPLE.

(1) The set of even integers is countable.
(2) Z is countable.

When looking for a bijection between N and a given set A, it may
happen that we find a function f which is injective but not surjective
and vice versa. The next result is therefore quite practical

THEOREM. A non-empty set A is countable iff one of the following
holds:

(1) There exists an injective map f: A — N;
(2) There exists a surjective map g : N — A.

PROPOSITION. [f X is countable, then so is any A C X.

THEOREM.

(1) A countable union of countable sets remains countable.
(2) A finite product of countable sets is also countable.

3
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THEOREM. Let A be a non-empty set, and let P(A) be the set of
all subsets of A. Then there si no injective map f: P(A) — A

COROLLARY. P(N) is uncountable.

We finish this section with an important set in analysis. To define
it, consider first the set Ay = [0, 1]. The set A; is obtained from Ay be
removing the middle third interval (% To obtain A,, remove from
Ay its middle thirds, namely (% Then set

3 3)

)and(g,g)

14+3p 2+3
A—Anl\U( L p>-

979

3n

DEFINITION. The Cantor set, denoted by C, is the intersection
(over n € N) of the A,, introduced just above, that is:

CzﬂAn.

neN

REMARK. The Cantor set is uncountable as will be seen in later
chapters. Its topological properties will be considered throughout the
present manuscript.

In measure theory, the Cantor set constitutes an example of an
uncountable set with zero Lebesgue measure.

1.2. Exercises With Solutions

Exercise 1.2.1. Let I be an arbitrary set. Let f : X — Y and
g 'Y — Z be two functions. Also assume that A, A; C X and
B, B; CY. Show that the following statements hold

fJ4ay=Jru

fmmngﬂﬂA
3) 1 UJB) =Ur
<@fﬂmB»=ﬂf%am
(5) F1(BY) = [F (B
(6) (g0 £)"(A4) = f(g7(A));
(7) F(F(A) A
8) B'c £ (f(B)).

Exercise 1.2.2. Let f : X — Y be a function. If f, is the re-
striction of f to A C X, then show that for any subset U of X one
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has
A1 U) =Anf7H(U).
Exercise 1.2.3.
(1) Show, using the map
fiNxNoN
(n,m) — f(n,m)=2"3",

that N x N is countable.
(2) Deduce that if A and B are two countable sets, then so is their
Cartesian product A x B.

Exercise 1.2.4. Let Q[X]| be the set of polynomials with rational
coefficients. Show that Q[X] is countable.

Exercise 1.2.5. Let X = {0,1}" be the set of all sequences having
values in {0,1}. Show that X is uncountable.

Exercise 1.2.6. Show that

m N (55) =

(2) Yl-n.n] =R;
(3) [[n,o0) = 2.

Exercise 1.2.7. Let n > 1. Find m A, and U A, in the following

(2) An = (—n,n);
(4) A, =[0,1-1];
(5) A, = (—2,1).

Exercise 1.2.8. [Young’s Inequality] Let a and b be two positive
real numbers. Let p > 1 and ¢ > 1 be such that % + % =1 (q is called
the conjugate of p). Show that we have

ab? b
ab < — + —.
p q
Exercise 1.2.9. (A bit of number theory!) Show that e ¢ Q (you
k=n
1
may use the sequences defined as x,, = o and y, = x, + #)

k=0
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Exercise 1.2.10. Show that the set of rational numbers Q is dense
in R, that is, between any two real numbers, there is a rational one.

REMARK. The precise meaning of density will be made clear in its
general context in Chapter 3.

Exercise 1.2.11. Let X = C([0,1]) and let f,g € X. Show that

/|f Dlds < s |f(o |/\g )|da

REMARK. The main purpose of the foregoing exercise is to fa-
miliarize the reader (especially the students) with the result therein.
Usually, when it is given like that they think that we have just taken
|f(z)| outside the integral which is of course not true. In the solution
below we show how to deal with this situation. This is something that
must be remembered. A similar idea will be applied to infinite series
in due time.

1.3. More Exercises

Exercise 1.3.1. Let X and Y be two sets where A C X. Let
f: X = Y be a function. Do we have

FIAS) = (F(A)°?

Exercise 1.3.2. Let X and Y be two sets. Let f: X — Y be a
function. Show that:
(1) f is injective iff f(AN B) = f(A)N f(B) for all A, B C X iff
FHf(C)=Cforall C C X.
(2) f is surjective iff f(f~1(D))=D forall DCY.

Exercise 1.3.3 (7 irrational). Let P be a polynomial of degree 2n.
Set

F(z) = P(z) — P"(z) + PW(z) — - 4 (=1)" P (x).

(1) By observing that P(z)sinz = (F'(z)sinz—F(z) cos x)’, show
that

/ P(x)sinzdr = F(0) + F () (called Hermite’s Formula).
0

(2) Assume that r is rational, i.e. 7 = § with a € N and b € N.
(a) Apply Hermite’s formula to P(z) = Z2"(a — bz)".
(b) Show that P(0) = P'(0) = --- P™~Y(0) = 0 and deduce
that F'(0), F(r) € Z.
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(¢) Now set I,, = [ P(x) sinzdx. Prove that I,, > 0 and that
lim [, = 0. Deduce from Question b) that I,, € Z and

n—-+o00
find a contradiction (leading to the irrationality of ).

Exercise 1.3.4. Show that between any two (different) reals, there
is an irrational.

Exercise 1.3.5. Show that {¢v/3: ¢ € Q} is dense in R\ Q.

Exercise 1.3.6. Exhibit an explicit dense subset of C. The same
question for C".

Exercise 1.3.7. Show that the direct image of a countable set under
any function remains countable.

Exercise 1.3.8.

(1) Show that the countable union of countable sets is countable.
(2) Deduce that Q is countable too.

Exercise 1.3.9. An algebraic number is a root of a polynomial
having rational (or integer) coefficients. The set of algebraic numbers
certainly includes Q. It also includes many irrational numbers such as
V2, V3, % and 1+ /5...etc.

A non-algebraic number is called transcendental. In number the-
ory, it is known that 7 or e are transcendental.

(1) Show that the set of algebraic numbers is countable.

(2) Need the set of transcendental numbers be countable? Why?

(3) Show that the sets of algebraic and transcendental numbers
are both dense in R.

Exercise 1.3.10. Let A C R be non void and bounded. Show that

sup |z —y| =sup A — inf A.
z,y€A






CHAPTER 2

Metric Spaces

2.1. What You Need to Know
2.1.1. Definitions and Examples.

DEFINITION. Let X be a non-empty set. A metric (or a dis-
tance) on X is a function d : X x X — RT verifying:
(1) d(z,y) =0<=z =y.
(2) Va,y € X & d(z,y) = d(y, z).
(3) Vo,y,z € X : d(z,2) <d(x,y)+d(y, z) (Triangle Inequality).
The couple (X, d) is called a metric space.

EXAMPLES.

(1) The mapping d : R x R — R defined by d(z,y) = |z — y| is
a metric called the usual (or standard) metric on R. It may
be denoted by | - |.

(2) The mapping d : C x C — Rt defined by d(z,2') = |z — 2| is
a metric called the usual (or standard) metric on C. It may
also be denoted by |- | or |- |c.

Here is another example.

EXAMPLE (the discrete metric). Let X be a non-empty set. Define
a map on X X X by

_J 0, z=y,
o) ={ VI 50
Then d is a metric on X called the discrete metric (for a proof and
some properties of d, see Exercise 2.5.5).

REMARK. The discrete metric is not very useful in practise since it
can be defined on any non-empty set. However, it can be very valuable
as a source for counterexamples as will be illustrated in many exercises
in the sequel.

2.1.2. Important Sets in Metric Spaces.

DEFINITION. Let (X,d) be a metric space.
9
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An open ball of center a € X and radiusr > 0, denoted by B(a,r),
is defined by:
B(a,r)={z € X : d(z,a) <r}.

A closed ball of center a € X and radius r > 0, denoted by
B.(a,r), is defined by:

B.(a,r)={z € X : d(z,a) <r}.

A sphere of center a € X and radius r > 0, and denoted by S(a,r),
is given by:

S(a,r)={r e X: d(z,a) =r}.

DEFINITION. Let (X, d) be a metric space and let U C X. Then
we say that U is open in (X,d) (or just in X ) if:

VeeU,3r >0: B(x,r) C U.

A subset V' of X is said to be closed if its algebraic complement V¢ is
open.

EXAMPLES.

(1) An open interval is an open set (see Exercise 2.3.17 for a more
general result).

(2) [0,1] or [0,1) are not open in usual R.

(3) In usual R again, {0} is not open.

REMARK. Open and closed sets do not form a partition of the
metric space. There are sets which are neither open nor closed. The
reader will see many examples throughout the exercises in Chapters 2
& 3.

There are also sets which are open and closed simultaneously (for
example in a discrete metric space, see Exercise 2.3.5). We call them
"clopen".

REMARK. It is clear that we can define different metrics on the
same set X. Hence a given subset A of X may be open with respect
to a metric and not open with respect to another one.

THEOREM (See Exercise 2.3.15). Let (X,d) be a metric space.
Then

(1) @ and X are open.

(2) The union of any collection of open sets remains open.

(3) The intersection of a finite collection of open sets remains
open.
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REMARK. We will see in the next chapter that a space in which
the properties of the previous theorem are verified will be called a
topological space. Thus a metric space is an example (very important
though) of a topological space.

EXAMPLES.
(1) [0,1] is closed in usual R for its complement (—oo,0)U (1, 00),
being a union of open sets, is open.
(2) A similar idea gives us the closedness of {0} in usual R.

COROLLARY (See Exercise 2.3.16). A subspace of a metric space
is open iff it is a union of open balls.

EXAMPLE. Open sets in usual R are unions of open intervals.

The definition of closed sets combined with elementary set theory
yield

COROLLARY. Let (X,d) be a metric space. Then

(1) @ and X are closed.
(2) The intersection of any collection of closed sets stays closed.
(3) The union of a finite collection of closed sets remains closed.

Now we introduce the notion of a bounded set.
DEFINITION. Let (X,d) be a metric space and let A C X. Define:
d(A) = sup d(z, ).

T,yeA
Then d(A) is called the diameter of A.
REMARK. If A is a non-empty set, then d(A) < co.

DEFINITION. Let (X,d) be a metric space and let A C X. We
say that A is bounded if it is contained in a ball of a finite radius.
Equivalently, A is bounded if its diameter d(A) is finite.

EXAMPLE. Usual R is not bounded while R equipped with a discrete
metric s bounded.

DEFINITION. Let X be a non-empty set. Let (Y,d) be a metric
space. A function f : X — (Y,d) is said to be bounded if f(X) is
bounded in (Y, d).

2.1.3. Continuity in Metric Spaces.

DEFINITION. Let (X,d) and (Y,d') be two metric spaces. Let f :
(X,d) — (Y,d) be a function. Then f is continuous at a point
a € X if for every ball B(f(z),e), there exists a ball B(x,d') such
that f(B(z,d)) C B(f(z),).
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This is the natural extension of the known definition of a continuous
real-valued function defined on an interval of R. It is equivalent to the
following result (which will be the actual definition of a continuous
function between two topological spaces):

PROPOSITION (See Exercise 2.3.21). Let (X, d) and (Y,d') be two
metric spaces. Let f : (X,d) — (Y,d) be a function. Then f is
continuous iff for every open set U in (Y,d'), f~H(U) is open in (X, d).

DEFINITION. Let (X,d) be a metric space and let A C X be non-

empty. The distance between a point x € X and A, denoted by d(z, A)
is defined by:

d(z, A) = tlél/fl d(x,t).

REMARK. The function = — d(z, A) is continuous on X thanks to
the following result:

We can also define uniform continuity of a function f between two
metric spaces.

DEFINITION. Let (X, d) and (X,d') be two metric spaces and let
f (X, d) = (X,d) be a function. We say that f is uniformly con-
tinuous if:

Ve >0,3a >0, Vo,2’ € X : (d(x,2) < a = d'(f(z), f(2')) < e).
REMARK. It is plain that uniform continuity implies continuity.

DEFINITION. Let (X, d) and (Y,d') be two metric spaces. A func-
tion f(X,d) = (Y,d') is said to be an isometry if [ is surjective and:

Vo,y € X d(x,y) = d(f(2), f(y))
REMARKS.

(1) In some textbooks, they do not assume the surjectivity hy-
pothesis in the definition of an isometry (they then say an
isometry into).

(2) Tt is plain that an isometry is injective. Thus an isometry is
bijective.

(3) The inverse of an isometry is an isometry.

(4) Tt is also clear that an isometry is continuous.
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2.1.4. Equivalent Metrics.

DEFINITION. Letd and d' be two metrics on the same set X. Then
we say that d is equivalent (we may also say strongly equivalent or
Lipschitz equivalent) to d' if:

Ja, >0, Ve,y € X : ad(z,y) < d(z,y) < Bd(x,y).
There is another type of equivalence of metrics, namely

DEFINITION. Two metrics d and d' on a set X are said to be
topologically equivalent if: a subset U is open in (X, d) iff it is open
in (X, d).

REMARK. (Strong) equivalence of two metrics implies topological

equivalence, but not vice versa. For a counterexample, see e.g. Exercise
2.3.26.

EXAMPLES.

(1) The metrics d, with 1 < p < oo, defined in Ezercise 2.3.9, are
equivalent, hence topologically equivalent.

(2) In R, the discrete metric is not topologically equivalent to the
usual metric for an open set w.r.t. the discrete metric need
not be open w.r.t. the usual one. This also implies that the
two metrics are not (strongly) equivalent.

2.2. True or False: Questions

QUESTIONS. Comment on the following questions/statements and
indicate those which are false and those which are true when this ap-
plies. Justify your answers.

(1) Let X be set with cardX > 2. We can always define a metric
on X.
) Let d be a metric on some set X. Then d is a positive function.
) The set {0} is not open.
) The set {0} is not open in (R, |- |) since it is closed.
) In a metric space, a ball can contain another ball of strictly
bigger radius.
(6) The set (0,1) is bounded.
(7) Let (X,d) be a metric space and let A, B and C' be three
subsets of X. Define (not to be confused with the diameter of
a given set)

(2
(3
(4
(5

d(A,B) = (a,b)lgngd(a’ b).
Then
d(A,C) < d(A,B)+d(B,C).
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(8) Let (X, d) and (X, d’) be two metric spaces such that d and d’
are equivalent. Show that
U open in (X, d) if and only if U open in (X, d').

(9) Every closed ball is a closed set. What about the converse?
e sphere is a closed set.
(10) The sphere i losed

(11) There is a metric space in which all triangles are isosceles.
2.3. Exercises With Solutions
Exercise 2.3.1. Assume that a function d on X x X into Rt verifies

d(z,y) =0 2=y,
d(z,y) = d(y,z), Va,y € X
d(z,z) <d(z,y) + d(y,z), Vz,y,z distinct and in X.

Show that d is a metric on X.
Exercise 2.3.2. Let (X, d) be a metric space. Show that
Ve,y,z € X o |d(x, 2) —d(y, 2)| < d(z,y).

Exercise 2.3.3. Are the following functions metrics on X7

(1) d(z,y) = [2* —y?|, X =R;
(2) d(z, )Ix—yIX R;
(3) d(w,y) = e, X =R;
(4
(5

)ﬂxy*‘—u
) d(z, )Iw—le R

Exercise 2.3.4. In the usual metric of R, what is the ball corre-
sponding to the open interval (0, 1) (i.e. what is its center and what is
its radius?).

Exercise 2.3.5 (the discrete metric). Let X be a non-empty set.
Define a map on X x X by

07 x: )
R i)

(1) Show that d is a metric on X.

(2) Let » > 0 and let z € X. Find the open ball B(z,r) and the
closed ball B.(z,r).

(3) Find the sphere S(z,r).

(4) Show that every subset in a discrete metric space is open.

(5) Deduce that every subset in a discrete metric space is closed.

(6) Set X = R. Show that the discrete metric on R is not equiva-
lent to the usual metric on R.
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Exercise 2.3.6. Let (X, d) be a metric space. Show that d'(z,y) =
d(z,y) defines a metric on X.
Exercise 2.3.7. On N x N, we define

0, w=y,

xy
Show that d is a metric on N.

Exercise 2.3.8. On R" x R", define the function d by

d(z,y) = Z |z — v
k=1

for all © = (zx),y = (yx) € R". Show that d is a metric on R™ (called
in many references the tazicab metric).

Exercise 2.3.9. Let p > 1 and ¢ > 1 be such that % —I—% = 1. Let
ai, -+ ,a, and by, - -+ , b, be positive real numbers.

(1) Prove the following Holder’s inequality

k=1 k=1 k=1
(2) Prove the following so-called Minkowski’s inequality

<Z<ak - w) < (Z(aw”) T (Dw) -

k=1 k=1 k=1
(3) Let p > 1. Define the following functions on R™ x R"

(a) Show that d, and d., are metrics on R™.
(b) Show that they are equivalent metrics and deduce that

REMARKS.
(1) If p = 1, then we get back the taxicab metric whose proof does
not require the Minkowski inequality.
(2) If p = 1, then in general, we allow ¢ to be co and the same
applies for ¢ = 1. This is, however, not discussed in this
exercise.
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(3) If p = g = 2, we get back one of the versions of the Cauchy-
Schwarz inequality . Therefore, Hlder’s Inequality generalizes
Cauchy-Schwarz’s.

(4) From Question 3, b), we now know why we use the notation

oo
Exercise 2.3.10. Let M = (X, d) be a metric space.
(1) Show that both
(a) d(x,y) = min(1,d(z,y)) and
(b) plz,y) = res
define metrics on X (hint for p you may start by showing that

z+
0<zr<y=qi; < 1+y and 1+$zu <ip*t 1—3|er’ Vz,y > 0).
(2) Regardless of what X can be, is (X,d) bounded? Is (X, p)
bounded?

Exercise 2.3.11. Let (X,,d,), n = 1,2, --- be a countable family of
metric spaces. Set X = H X,,. Show that the functiond : X x X - R

n=1

defined by,

o0

1 dn mn» n
dz,y) =S — x M,

— 2" 1+ dn(2n, Yn)
for each © = (21, ,xn, - ) et y = (Y1, ,Yn, -+ ) in X, is a metric
on X.

Exercise 2.3.12. Let X be the space of real-valued continuous func-
tions on [0, 1].
(1) Show that

9= [ V@) = g(a)lde and 2(7.0) = s [0) - g(o)

z€[0,1]

" is usually called the supremum

are two metrics on X (d
metric ).

(2) Show that these two metrics are not equivalent.

(3) Does d remain a metric if X is replaced by the space of Riemann-

integrable functions?

Exercise 2.3.13. Let X = C'([0, 1],R) be the space of real-valued
continuous functions defined, differentiable and having a continuous
derivative on [0, 1]. Define a function from X x X into R by

d(f,g) = sup |f'(z) —g'(z)|
z€[0,1]

where f’ stands for the derivative of f. Is d a metric on X7
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Exercise 2.3.14. Let M = (X,d) be a metric space. Also, let
z,y € X and r,s > 0.

(1) Show that B(x,r) = B(y,s) (for all z,y and all r, s) does not
always give z =y or r = s.
(2) Give one case when this is always correct.

Exercise 2.3.15. Let (X, d) be a metric space. Show that:

(1) X and @ are open sets in (X, d),

(2) The arbitrary union of open sets in (X, d) is open in (X, d),

(3) The finite union of open sets in (X, d) is open in (X, d). Does
this stays true for an infinite union?

Exercise 2.3.16. Show that in any metric space X, a subset U of
X is open if and only if it can be written as a union of open balls.

Exercise 2.3.17. Let (X, d) be a metric space. Show that an open
ball is an open set. Is the converse always true?

Exercise 2.3.18. Are the intervals [a, b], [a,b) or (a,b] open in R?

Exercise 2.3.19. Associate with R? the euclidian metric and denote
it by d. Define on R? x R? a function § by

0, T =1y,
oz,y) = { d(xz,0)+d(y,0), x#y
where 0 = (0,0).
(1) Check that § is in effect a metric on R
(2) Let a # 0. Show that {a} is open.
(3) Is {0} open in (R? §)?
(4) What is R?\ {0} restricted to 67

REMARK. The metric defined in the previous exercise has a par-
ticular name: In the UK, it is called the British Rail Metric. The main
reason for this designation is that often when one wants to travel from
a town to another, then he/she might have to pass by some train sta-
tion in London which is represented by 0 in our exercise. For the same
reason, the French call it the SNCF Metric. As for the Americans,
they call it the Post Office Metric. This latter is probably more mean-
ingful than the other two as if one wants to send a letter from his/her
place to somewhere else it will have to pass by the post office which is
represented by 0 in the exercise.

Exercise 2.3.20 (Ultrametric space). Let X be a non empty set.
Let d be a function from X x X into R* such that

o d(z,y) =0z =y,
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e d(z,y) =d(y,x), Yo,y € X,
o d(z,z) <max(d(z,y),d(y,2)), Vz,y,z € X.
(1) Show that d is a metric, called ultrametric.
(2) Show that at least two of d(x,y), d(y, z) and d(x, z) must be
equal. Interpret this result geometrically.
(3) Show that in a ultrametric space, every point in an open ball
is its center.
(4) Show that open balls are clopen and that so are closed balls
too.

Exercise 2.3.21. Let f : X — X’ be a function where X and X’ are
two topological spaces. Show that f is continuous on X iff whenever
U is an open set in X', f~1(U) is an open set in X.

Exercise 2.3.22. Let (X, d) be a metric space. Let

(1) Show that the function f : X — R defined for all z € X by
f(z) = d(z,a) is continuous on X where a € X and r > 0.
(2) Let B C X be non-empty. Set

g(z) = d(x, B) = inf d(x,b).
Show that ¢ is uniformly continuous on X.

Exercise 2.3.23. Let RT be equipped with the induced usual metric
| -|. Let d be the metric, defined for all z,y € R, by

Let f: (RT,|-]) = (R, d) be the identity map.
(1) Show that f is uniformly continuous.
(2) Interpret the result of the previous question differently.
Exercise 2.3.24. In usual R, give an example of a:

(1) function f: R — R not continuous at every point,
(2) function f: R — R continuous at only one point,
(3) function f: R — R continuous at only two points.

Exercise 2.3.25. Show that the open ball B(a,r) is open in the
metric space (X, d) by using the function f : z — f(x) = d(x, a) where
a€X.

Exercise 2.3.26. Let x and y be two reals. Set for all z and y

d(z,y) = | arctanx — arctany|.

(1) Show that ¢ is a metric on R. Is R bounded with respect to
this metric?
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(2) Compare the open balls B(0,2), B(0,4) and B(1,4). What do
you observe?

(3) Show that J is not equivalent to the usual metric on R.

(4) Is 0 topologically equivalent to the usual metric on R?

Exercise 2.3.27. Let (X,d) be a metric space. Let p be as in
Exercise 2.3.10.

(1) Is d equivalent to p?
(2) Are they topologically equivalent?

2.4. Tests

Test 1. Show that even if a metric d is not defined into RT, the
three properties of a metric will guarantee its positivity, i.e.

d(z,y) > 0 for all z,y € X.
Test 2. Let X = R. We define on R x R, the function d by
d(z,y) =In(1+ |z —y|), Vz,y € R.
Show that d is a metric on X.

Test 3. Let X = C([0, 1], R). Define a function d on X x X by

1 3
w9) = ([ 176~ o)
where f, g € X. Show that d is a metric on X.

Test 4. Let X = {x,y}. Let a > 0. Assume that a function d on
X x X verifies
=0,
=a.

{ d(l’,l‘) = d(y, Yy
d(z,y) = d(y, >

Show that d is a metric on X.

~— —

Test 5. Let (X, d) be a metric space and let A be some non-empty
set. Let f: A— X be a one-to-one mapping. Set

0(z,y) = d(f(z), f(y)), Y,y € A
Show that d defines a metric on A.

Test 6. Give an example of a metric which is ultrametric and an
example of one which is not.
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2.5. More Exercises

Exercise 2.5.1. Let (X, d) be a metric space. Show that

d(xy,z,) < d(xy, x2)+d(xe, x3)+ - +d(h_1,Ty), VE1,29, -+ , 2, € X.

Exercise 2.5.2. Let (X, d) be a metric space.
(1) Show that
|d(z, 2) — d(y,t)| < d(z,y) +d(z, ).
(2) Why can this result be considered as a generalization of the
inequality appearing in Exercise 2.3.27
Exercise 2.5.3. Let X be a non-void set. Assume that a function
don X x X verifies
d(z,z) =0,
L<d(z,y)=d(y,z) <2, =#y.
Show that d is a metric on X.
Exercise 2.5.4. Let d be a function defined on C x C by

_ !
0, z=2,

N —
d(z,z){ || + 17|, z# 2.

(1) Prove that d is a metric on C.
(2) Is d topologically equivalent to the usual metric on C?
Exercise 2.5.5. Describe the open sets in the metric spaces of Ex-
ercise 2.3.19.

Exercise 2.5.6. Let (X, d) be a metric space.
(1) Show that the finite union of bounded sets is bounded.
(2) What about the arbitrary union?
(3) Show that the arbitrary intersection of bounded sets is bounded.

Exercise 2.5.7. Is d a metric on X in the following cases:
(1) d(f,9) = sup,eqo |f'(2) = g'(x)|+[f(0) —g(0)| where f stands
for the derivative of f, X = C1(]0,1],R) (cf Exercise 2.3.13).
(2) d(f,9) = 5Up,eiur | (F(2) —g(2) ()] where w € X (a weight)
be not vanishing on [a, b], X = C([a, b]).
(3) d(f.9) = {/ Jy |f (x) — g(z) Pdz where p > 1, X = ([0, 1], R)
(hint: use Exercise 2.3.9).
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Exercise 2.5.8. Assume that (X, dy) are metric spaces for all 1 <
k <n. Let p > 1. Show that

d'(z,y) = (Z dy(, yk)p> ”

defines a metric on X™. Does d remain a metric if 0 < p < 17

Exercise 2.5.9. Let A = (0,2) x {1}. Show that A is open in
R x {1}. Is A open in R??

Exercise 2.5.10. Let X be a non-empty set. Define a map on X x X

by
0, ifzx=y,
5(5”’9)—{ 2 ifa .

(1) Show that ¢ is a metric on X.
(2) Is 0 equivalent to the discrete metric? Are they topologically
equivalent?

Exercise 2.5.11. On N x N, define a function d by d(z,z) = 0 for
every © € N and for z,y € N, z # y by
1 1
d(z,y) =5+—+—.
z oy
Show that d is a metric on N.

Exercise 2.5.12. Show that the metrics defined in Exercise 2.3.12
are not topologically equivalent.
Exercise 2.5.13. For all =,y > 0, let
d(z,y) =|Inz —Inyl|.
(1) Check that d is a metric on R.

(2) Prove that d is topologically equivalent to the induced usual
metric on RY.






CHAPTER 3

Topological Spaces

3.1. What You Need to Know
3.1.1. General Notions.

DEFINITION. Let X be a non-empty set. A topology T on X is
a subset of P(X) verifying the following axzioms:
(1) ,X are both in T.
(2) The intersection of two (hence of a finite collection of ) sets
i T remains in T'.
(3) The arbitrary union of sets in T is again in T.

The couple (X, T) is then called a topological space.
Elements of T are called open.

EXAMPLES.

(1) Let X be a set. Then T = {&, X} is a topology on X called
the indiscrete (or trivial) topology. Notice that this topology
s not too interesting as there are practically no open or closed
sets.

(2) Also, take T = P(X), i.e. the collection of all subsets of X.
Then T is a topology on X . It is called the discrete topology.

(3) Every metric metric space is a topological space. Hence, the
usual metric on R gives us a topology which we call the usual
topology .

(4) Let {0,1,2} and let

T ={2,{0},{2}, X}.
Then T is not a topology on X.
DEFINITION. Let (X,T) be a topological space. A set V C X is
said to be closed if V¢ is open, that is, if V< € T.
EXAMPLES.

(1) In standard R, Z is closed for its complement is a (here an
infinite) union of open intervals, hence Z° is an open set in R.

(2) In a metric space, we have seen that any closed ball is a closed
set.

23
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REMARK. As in the case of metric spaces, there are:

(1) Open sets which are not closed.

(2) Closed sets which are not open.

(3) Sets which are neither open nor closed.

(4) Sets which are open and closed at the same time (we call them
"clopen").

By elementary set theory, we have:

PROPOSITION. Let (X,T) be a topological space. Then

(1) @ and X are closed.
(2) The union of a finite collection of closed sets is closed.
(3) The arbitrary intersection of closed sets is closed.

We saw above that every metric space is a topological space. We
may therefore ask whether any topological space can be seen as a metric
space in some sense? Giving this a specific terminology seems to be
appropriate. We have

DEFINITION. Let (X,T) be a topological space. We say that T is

metrizable if there is some metric d (on X ) which gives the topology
of T.

EXAMPLES.

(1) A discrete topological space is metrizable. We can easily verify
that the discrete metric induces the discrete topology.

(2) An indiscrete topological space X (with cardX > 2) is not
metrizable.

REMARK. There are theorems giving conditions under which a
given topological space is metrizable, such as the "Urysohn Metrization
Theorem". But this is not within the scope of the present book. For
more details, see e.g. [10].

DEFINITION. Let (X,T) be a topological space and let x € X. A
neighborhood of x is any open set U € T which contains x.
The set of neighborhoods of x is denoted by V(x).

REMARK. In some textbooks, neighborhoods are not taken to be
open. For further discussion, see the "True or False" section.

DEFINITION. Let T and T’ be two topologies on a set X. We say
that:
(1) T is finer than T" of T' C T';
(2) T is coarser than T" if T' D T.



3.1. WHAT YOU NEED TO KNOW 25

If T and T' are such that T" C T or T C T', then we say that T
and T are comparable.

EXAMPLES.
(1) The indiscrete topology is coarser than any other topology which
may be defined on the same set.
(2) The discrete topology is finer than any other topology which
may be defined on the same set.

DEFINITION. A topological space (X,T) is called Hausdorff (or
separated) if:

Ve,ye X, x#y, AU, V)eV(x)xV(y): UNV =2.

EXAMPLES.

(1) Any metric space is Hausdorff (Exercise 3.5.10).
(2) An indiscrete topological space is not Hausdorff.

PROPOSITION (See Exercise 3.3.28). Let X be a topological space
which is Hausdorff. Let x € X. Then:

(1) The singleton {x} (and hence every finite set) is always closed.
(2) The intersection of all open sets containing x is {x}.

DEFINITION. Let (X, T) be a topological space and let A C X. Let
rzeX.
(1) The closure of A, denoted by A, is the smallest (w.r.t. "C")
closed set containing A. Equivalently, it equals the intersection
of all closed sets containing A.

(2) The interior of A, denoted by A, is the largest (w.r.t. "C")
open set contained in A. FEquivalently, it equals the union of
all open sets contained in A.

(3) We say that x is a limit point of A if:

VU eV(x): UNA—{z} #02.

The set of limit points of A is denoted by A" (we call it the
derived set of A).

(4) If a point z is not a limit point, then we call it an isolated
point.

REMARK. In some textbooks, they use the term cluster or an
accumulation point instead of a limit point.

REMARK. In a metric space, and in the definition of a limit point,
it suffices to consider open balls of center x rather than arbitrary neigh-

borhoods.
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REMARK. Let (X, d) be a metric space and let A C X. We may

o

easily characterize A as follows:
r€A<= Ir>0B(z,r) € A

We have the following relationship between the interior and the
closure of a set.

PROPOSITION (for a proof, see Exercise 3.3.5). Let X be a topo-
logical space and let A C X. Then:

]

A° = (A)° and A° = (A)".
EXAMPLES.
(1) In usual R, Q' = R and @ = .
(2) In usual R, if A =10,2], then A= (0,2).
(3) In usual R, if A = (0,3) U {4}, then A = (0,3).
(4) In usual R, [0,2) = [0,2].

PROPOSITION. Let (X,T) be a topological space and let A C X;
A; € X, where I is arbitrary. Then

(1) A is closed iff A= A.
(2) A is open iff A = A.
(3)

(4)

reEA=VVUeV(x): UNA+ 2.

A=AUA.

THEOREM. Let (X,T) be a topological space and let A,B C X;
A; € X, i €1, where I is arbitrary. Then

(1) AcB=ACB.

(2) A=14.

(3) AUB = AUB.

(4) .
U4 cJa
el el

(5) o
(4> A
il el

DEFINITION. Let (X,T) be a topological space, and let A C X.
We say that A is dense in X if A= X.
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REMARK. We may also say "everywhere dense" in lieu of "dense".

EXAMPLES.

(1) In usual R, Q is dense in R.

(2) In a discrete topological space X, the only dense set is X itself.

(3) In an indiscrete topological space, all subsets (apart from &)
are dense.

DEFINITION. Let X be a topological space and let A C X. We say
that A is nowhere dense in X if A = @.
EXAMPLES.

(1) In standard R, Z is nowhere dense in R for 7 = @.
(2) In standard R again, the following set

(ver)

is also nowhere dense in R.
(3) Q is not nowhere dense in standard R.

DEFINITION. Let X be a topological space, and let A C X. The
frontier (also known as the boundary) of A is (the set!) defined by:

Fr(A) = 4 — A.
EXAMPLES.
(1) In usual R,
Fr[0,2) =[0,2] — (0,2) = {0, 2}.
(2) In a discrete topological space all frontiers are empty!

DEFINITION. We say that a topological space (X, T) is separable
if it contains a countable and everywhere dense subset.

EXAMPLE. The standard R is separable for it contains Q which is
countable and dense in R.

Now we give the definition of a basis for a topology.

DEFINITION. Let X be a topological space. A basis (or a base)
for X is a collection B constituted of subsets of X wverifying:

(1) X is a union of elements of B.
(2) If By, By € B, then By N By is a union of elements of B.
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EXAMPLES.

(1) Let X = {1,2,3} and let T be any topology on X. Set B =
{{1,3},{2,3}}. Then B is not a base for T.

(2) In a metric space, the set of open balls is basis for it.

(3) Let X be a discrete topological space. Then B = {{x}}rex is
a basis for X.

REMARK. A given topological space may have different bases.

REMARK. There is a topology associated with a totally ordered
set. It may be seen as a generalization of the usual topology of R. We
shall not consider this topology in the present book (for more details,
see [10]).

Having this in mind, we set R = R U {—o00, +00} = [—00, +00].
Then we extend the order of R to R (by staying careful with some
arithmetic operations, e.g. +00 — 0o or 0 X (+00), although the latter
is acceptable in the context of Measure Theory). The set R equipped
with this order and the associated topology is called the extended
real line.

3.1.2. The Subspace Topology.

DEFINITION. Let (X,T) be a topological space, and let A C X.
Set
TA:{AOUI UGT}
Then (A, Ty) is a topology on A (for a proof see Exercise 3.3.16). We
call it the subspace topology.
It may also be called relative or induced topology.

REMARK. Going back to the definition of an isolated point, com-
bined with the subspace topology we may state with ease that: x is an
isolated point of a A (A C X, X is a topological space) iff {x} is open
in A as a subspace of X.

REMARK. The set A = [0,1) is not open in usual R, but it is open
in T4. So one has to be careful when using the word "open" when
dealing with the subspace topology. However, there are cases when the
"two" open sets coincide. We have

PROPOSITION. Let X be a topological space, and let A C X be
equipped with the subspace topology. Then if U is open in A and A is
open in X, then U is open in X.

The next result tells us what closures and closed sets are in the
subspace topology.
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PROPOSITION. Let X be a topological space and let A C X be
endowed with the subspace topology. Then:
(1) The closed sets in A are of the form VN A where V is a closed
set in X.
(2) The closure of B in A is BN A where B is the closure of B
mn X.
3.1.3. The Product and Quotient Topologies.

DEFINITION. Let X and Y be two topological spaces. We call an
elementary open of X XY every set of the form U x V', where U is
open in X and V is open in'Y .

DEFINITION. Let X and Y be two topological spaces. Let B be the
collection of elementary open sets in X X Y.

The product topology on X x Y is the topology having B as a
basis.

REMARK. An open set in a product space is not necessarily an el-
ementary open! For a counterexample, see the "True or False" section.

THEOREM (for a proof, see Exercise 3.3.34). Let X and Y be two
topological spaces. Let A and B two subsets of X and Y respectively.
Then

(1) Ax B=AxB.
Pu—— o o
(2) Ax B=Ax B.
We finish this section with the quotient topology.

PROPOSITION (for a proof, see Exercise 3.3.37). Let X be a topo-
logical space and let R be an equivalence relation on X. Let ¢ : X —
X/R be the quotient map. Let

T={AcX/R: ¢ '(A) is open in X}.
Then T is a topology in X/R.

DEFINITION. The topology defined on X/R in the previous propo-
sition is called the quotient topology.

3.2. True or False: Questions

QUESTIONS. Comment on the following questions/statements and
indicate those which are false and those which are true when this ap-
plies. Justify your answers.

(1) Let X be a non-empty set. We can always define a topology
on X.



30

3. TOPOLOGICAL SPACES

(2) To prove a given part, T say, is a topological space we need to
show (among others) that the finite intersection of elements in
T is again in T. But it is always sufficient to do that for the
intersection of two elements. Why is this?

(3) Let T and T" two topologies on the same set X. Then T"U T’
is a topology on X.

(4) Let T and 7" two topologies on the same set X. Then 7N 7"
is a topology on X.

(5) Let X be a topological space and let A C X. The mappings

A Aand A+ A are "monotonic" with respect to "C".
(6) Let X be a topological space and let A C X. Then it may

well happen that A = X.
(7) Let X be a topological space. Let A C X. If A is dense in X,

then A = @.
(8) Let X be a topological space and let A C X. Then it may
well happen that A = @.
(9) Let X be a topological space. Whether we say X is separable
or separated, we are talking about the same thing!
(10) Let X be a topological space and let A be a topological sub-
space of X. Then

A Hausdorff = A Hausdorff.

(11) Every subspace of a Hausdorff space is Hausdorff.

(12) Let T and T" be two topologies on X such that 7" is finer than
T. If T is Hausdorff, then so is 7".

(13) Every subspace of a separable space is separable.

(14) There exists a topological space X in which all subsets (except
@) are dense.

(15) Let X be a topological space and let Y be a subset of X
endowed with the induced topology of X. Then

oY o X
A =YNA
(16) There is a definition of a bounded set in an arbitrary topolog-

ical space.
(17) Let X and Y be two given sets and let A and B be two subsets
of X and Y respectively. Then
(Ax B)°= A° x B°.
(18) Let X and Y be two topological spaces. If Q@ = U x V is open

(respectively closed) in X x Y, then U is open (respectively
closed) in X and V' is open (respectively closed) in Y.
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(19) Let X and Y be two topological spaces. We endow X x Y with
the product topology. Then there is an open set in X xY which
is not of the form U x V where U is open in X and V is open
inY.

(20) Let X be a topological space and let A C X. If we unify the
interior of A together with its exterior we get back the whole
of X.

(21) Let X be a topological space and let A C X. Then A = E

(22) Let X be a topological space and let A C X. Then A = A.

(23) Let (X,d) be a metric space. Let A be a closed set in X.
Every point in A is a limit point of A.

(24) Let X be a topological space and let A C X. Denote the
derived set of A, i.e. the set of limit points of A, by A’. Then
A’ is always closed.

(25) Let X be a topological space and let A C X. Then A and A’
can be disjoint, comparable and they can be equal as well.

(26) Let X be a topological space and let A and B be two subsets
of X. Then

ACcB«< A cB.

(27) Let X be a topological space and let A C X. Then
Fr(A) = Fr(A).
(28) Let X be a topological space and let A C X. Then

o

Fr(A) = Fr(A).
(29) Let X be a topological space and let A, B C X. Then
Fr(AU B) = Fr(A) U Fr(B).
(30) Let X be a topological space and let A C X. Then
FrA C A
(31) Let X be a topological space and let A C X. Then
FrAc A

(32) Let X be a topological space and let A, B C X such that
A C B. Then
Fr(A) C Fr(B).
(33) Let (X,d) be a metric space and let © € X. Let: B(z,r) be
the open ball, B.(z,r) be the closed ball and S(z,r) be the
sphere, all of radius » > 0 and center . Then

Fr(B(z,r)) = S(x,r) or Fr(B.(z,r)) = S(x,7).
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(34) In usual R, the sets
(—=1,1], (-2,2), (0,2], [-1,0] and [0, 1]

are neighborhoods of 0.

(35) Let T"and T" be two topologies on the same set X. If " C T”,
then every open set in T is so in 7”. For closed sets, every
closed set in 7" is so in T

(36) The quotient of a separated space is separated.

3.3. Exercises With Solutions

Exercise 3.3.1. List all possible topologies which can be defined
on the sets X = {1} and Y = {1,2}.

Exercise 3.3.2. Let X = {a,b,c,d,e}. We define the subset T of
P(X)as T ={9,{a},{c,d},{a,c,d}, {b,c,d e}, X}.

(1) Show that T is a topology on X.

(2) What are the closed sets in 77

(3) What are the closures and the interiors of {a}, {b} as well as
their boundaries?

(4) Give the closure of {a,b}. What can deduce from that?

(5) Give the neighborhoods of ¢ and d.

(6) Is T" Hausdorft?

Exercise 3.3.3. Let n € N. Set A, ={n,n+1,n+2,---} and
T = {QaAn}nGN'

(1) Verify that T is a topology on N.

(2) Is {1,3,5,7,---} open in T?

(3) Determine V(2) and V(3).

(4) Is T separated?

(5) What are the closed sets in 77

(6) What is the interior and the closure of {4} and of {2,4,6,8,---}?
(7) What are the dense sets in 17

Exercise 3.3.4. Let T be a topology on the set X = {a, b, c}. Show
that if the singletons {a}, {b} and {c} are open in T, then T is the
discrete topology.

Exercise 3.3.5. Let (X, T) be a topological space and let A C X.
Show that

o o

Ac = (A)¢ and (Z)c = (A9).
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Exercise 3.3.6. Let X be a topological space. Show that for every
subset A of X and for every open set U we have

ANU=0 < ANU = o2.

Exercise 3.3.7. Let R be endowed with its standard topology.

(1) Find the closures of Q, R\ Q, (0, 1] and {1} U (2, 3].
(2) Find the interior of Q, R\ Q and (0, 1].

(3) Do we always have

(ﬂAn>O:O;1norUAn= A

n>1
(4) Is R Hausdorff?

Exercise 3.3.8. Let (X, d) be a metric space and let A C X be an
open set. Show that every point in A is a limit point of A.

Exercise 3.3.9. Let R be endowed with its usual topology and let
A= {% n > 1}.
(1) Find the interior, the isolated and the limit point(s) of A.
(2) Find A and check that A is not closed. What is then the

frontier of A.
(3) Show that A is nowhere dense in R.

Exercise 3.3.10. Give an example of a set A for which the sets A,
A, A, A and A are pairwise different.

Exercise 3.3.11. Let X be a non-void set. Equip it with the dis-
crete topology and let A C X. What is A’ worth?

Exercise 3.3.12. Let R be equipped with its usual topology. Let
A be a non-empty and bounded subset of R.
(1) Show that inf A, sup A € A.
(2) Does this result remain valid in other topologies on R?

(3) Do we have an analogous result for A?
Exercise 3.3.13. Let A be a non-void and bounded above subset
of R.

(1) Show that in usual R, sup A = sup A.
(2) Show that the previous result need not hold in another topol-
ogy of R.

(3) In the usual topology of R again, do we have sup A = sup A?
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Exercise 3.3.14. Let (X,d) be a metric space. Let r > 0 and let
r € X. We denote the open ball in X of center z and radius r by
B(z,r) while the closed ball in X of center z and radius r is denoted
by Be.(z,r).
(1) Show that B(z,r) C B.(z,r).
(2) Give two examples (one in R and one in an arbitrary metric
space) which show that the backward inclusion is not always
true.

Exercise 3.3.15. Let X be a non-empty set and let (Y,T") be a
topological space. Let f: X — Y be some function. Show that

T ={f'U): UeT}

is a topology on X.

Exercise 3.3.16. Consider a non-empty set X with a topology T'.
Let A C X. Show that

TA:{AQUZ UET}
is a topology on A.

Exercise 3.3.17. Let R be endowed with its standard topology. Let
A be a topological subspace of R.

(1) Is {3} open in A =[0,1) U {3}?

(2) Are [0,1) and (0, 1) open in A = [0, 1]?

(3) Let n € N. Is {n} open in A = N?

(4) Show that [0, 1] and (2, 3) are both open in A = [0,1] U (2, 3).
What can you deduce from that?

(5) What is the closure of (0,1) in A = (0,1]?

(6) Go back to Exercise 3.3.2 and set A = {b,c,d}. Give the
subspace topology on A. Give the closure of {b,d} in A by
two methods (you will need to find its closure in X as well).

Exercise 3.3.18. Endow both A = Q and B = R\ Q with the
induced usual topology of R.
(1) Is X = AN [v/2, 7] clopen in A?
(2) IsY = BN |0,2| clopen in B?
(3) Is Z = AN [v2,7) closed or open in A?
(4) Is Z' = BN [V/2,7) closed or open in B?
Exercise 3.3.19. Show that in R, [0,1] N Q is dense in [0, 1].
Exercise 3.3.20. Consider the set
X—{IG[O,I]: :E—Z%thrcan—iioran—f)}.

n=1
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(1) Describe the elements of X.
(2) Show that X is not dense in [0, 1].

Exercise 3.3.21. Let X a set with cardX > 2. Endow X with

the indiscrete topology. Show that X is not metrizable using different
approaches.

Exercise 3.3.22 (Co-finite Topology). Let X be an infinite set and

let T" be the family given by

T={o}U{U C X : U* finite }.
This will be called in the sequel the Co-finite topology. It is a

particular case of more general topology called the Zariski topology.
In this exercise X is taken to be R except for the last equation.

(1) Show that T is a topological space in R.
(2) Describe the closed sets in this topology.
(3) Compare T with the usual topology.
(4) Is it Hausdorff?
(5) Is it metrizable?
(6) (a) Let A be a finite subset of R. Find A, A and the boundary
of A.
(b) The same questions if we assume that A is infinite.
(7) Is R separable with respect to 17

(8) What does T become if X is a finite set?
Exercise 3.3.23. Is T'= {@,R} U{U C R : U infinite} a topology

on R?

Exercise 3.3.24 (co-countable topology). Let X be an uncountable

set. Put

T ={o}U{U C X : U°is countable}.

(1) Show that 7" a topological space on X (called the co-countable
topology).

(2) Is it Hausdorff?

(3) Let A be a proper closed set of X. Show that all subsets of A
are closed.

(4) Prove that the countable intersection of open sets in 7' remains
open. Is this result true in usual R?

(5) Show that the finite intersection of open sets is non-empty. Is
this result true in usual R?

(6) Is Q dense in R endowed with the co-countable topology?
What about R\ Q or [0, 1]7

(7) Give an example of a set X so that T reduces to the discrete
topology.
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Exercise 3.3.25. Let X be a non-empty set. Let a € X be fixed
and set

T={otUu{UcCX: acU}

) Check that 7" is a topology on X.

) Is T Hausdorff?

) Find {a}'.

) Deduce that open sets (except @) are all dense in 7.

) Let A be a set containing a. Prove that A’ = X — {a}.

) Is X separable? What about X — {a}?

) Show that every proper subset of X is nowhere dense.

(8) What is T,)e, the induced topology on {a}°? Is it Hausdorff?

(1
(2
(3
(4
(5
(6
(7
8

Exercise 3.3.26. Let a > 0. Let X = [—a, a]. We declare
U "open" in T' <= {0} ¢ U or (—a,a) C U.

(1) Show that T is actually a topology on X.
(2) Give all the closed sets in T'.
(3) Set A= {5}. What is A7
(4) Show that 0 is a limit point of any subset of B C (—a,a).
Exercise 3.3.27. Let X = [0,2). Define
T={[0,a): 0<a<2}

(1) Show that T is a topology on X.

(2) Give an example which shows that the arbitrary intersection
of elements of T need not be in 7" again.

(3) Is T Hausdorft?

(4) What are the closed sets in T'7

(5) Show that the closure of A = [1,%] in T is [1,2) and that its
interior is the empty set.

(6) Is X separable with respect to T°?

Exercise 3.3.28. Let T be a topology on X. Assume that T is
Hausdorff and let z € X.

(1) Show that {z} (and hence every finite set) is always closed.

(2) Show, by an example, that the separation hypothesis cannot
be dispensed with.

(3) Give an example of a non-separated space in which singletons
are closed.

(4) Show that the intersection of all open sets containing x is {x}.

(5) Give an example of a non-separated space in which the previ-
ous result holds.
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Exercise 3.3.29 (Lower Limit Topology). Set
B ={la,b) : a,be R}.

The topology generated by B is called the lower limit topology and
it is denoted by R, (it is called in some references the Sorgenfrey
Topology).

(1) Check that B is in effect a base for R.

(2) Show that R is strictly coarser than R,.

(3) Give examples of closed, open and clopen sets. What is the

nature of (a, b]?
(4) Is R, Hausdorft?
(5) Is Ry separable?

REMARK. Likewise, we may define a topology on R using the base
B ={(a,b] : a,b € R}. This new topology is called the upper limit
topology.

Exercise 3.3.30 (K-topology). Set K = {2 : n € N}. The K-
topology on R is generated by the basis

B = {(a,0)} U{(a,b) - K}

where a,b € R. It is denoted by Rg.
(1) Show that Ry is strictly finer than R.
(2) Is R Hausdorff?
(3) Are R, and Ry comparable?
(4) Is K closed in Rg?
(5) Calculate K'.
Exercise 3.3.31.

(1) Show that B = {(a,b) : a,b € Q} is a basis generating the
usual R.

(2) Show that B’ = {[a,b) : a,b € Q} is a basis that gencrates a
topology, denoted by Ry, different from R,.

Exercise 3.3.32. Find
d((0,1) N Q) and d((0,1) "R\ Q).

Exercise 3.3.33. Let (X, d) be a metric space and let A be a non-
empty subset of X. Let x € X. Define

d(z, A) = inf d(z, a).

acA

(1) Justify the existence of d(x, A).
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(2) Show that
d(z,A)=0& 1z € A
Deduce yet another proof that singletons are closed in metric

spaces (cf. Exercise 3.3.28).
(3) Show that d(x, A) = d(z, A).

Exercise 3.3.34. Let X and Y be two topological spaces. Let A
and B two subsets of X and Y respectively.

(1) Show that A x B = A x B.
(2) Show that

]

/“\ o o
Ax B=AxB.

Exercise 3.3.35. Show that the finite product of separable spaces
is separable.

Exercise 3.3.36. On usual R?, consider the sets
1
A= {(x,y) D y=sin—, x> 0}, B ={(z,z): z € R},
x

C={(v,y) eR*: |z| <2, |y <3}and D ={(1,1)} x C
(D being defined on usual R*). Determine the interior and the closure

of each of these four sets.

Exercise 3.3.37. Let X be a topological space and let R be an
equivalence relation on X. Let ¢ : X — X/R be the quotient map.
Set

T={Ae€X/R: ¢ '(A)is open in X}.
Show that T is a topology in X/R.
Exercise 3.3.38. Equip R with its usual topology. Define a relation
R on R by
TRy<—=zz—-yeQ
for all z,y € R.

(1) Check that R is indeed an equivalence relation on R.

(2) Show that the quotient topology R/Q is not Hausdorff (cf.
Exercise 4.5.15).

(3) Show that R/Q is in fact the discrete topology.
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3.4. Tests

Test 7. Let (X,T) be a topological space. Let A C X. Assume
that
Vee A, JU €T : ze€ U C A.

(1) Show that A is open in (X, T).
(2) Does this result remind you of something you are familiar
with?
Test 8. Is the set A = {1,2%23% .-} closed in R?
Test 9. Does every closed set in R intersect Q7
Test 10. Is the function assigning to each set its closure one-to-one?

Test 11. Let X = N—{1}. Define A, ={de€ X : d|n}forneN
where d | n stands for d divides n. Is T = {A, },en a topology on X7

Test 12. Let X = {a,b,c}. Find the topologies on X having exactly
four open sets.

Test 13. Give an example of a bounded set having five limit points.

Test 14. Let X be a topological space. Let A C X. Find A’ in
the case of the the discrete topology and in the case of the co-finite
topology.

Test 15. Is the topology of Exercise 3.3.27 metrizable?

Test 16. Are the co-countable (see Exercise 3.3.24) and the usual
topologies comparable on R?

Test 17. Is R separable when endowed with the discrete topology?
Test 18. Let
T ={(—a,a): a>0}U{R}.
(1) Check that T"is a topology on R.

(2) Find the interior and the closure of [—1, 2].
(3) The same question for {0} and {1}.

Test 19. Let A C X where X has the topology of Exercise 3.3.25.
When does A inherits the discrete topology?

Test 20. Let X be a topological space and let A C X. Can Fr(A)
be equal to some open set in X7

Test 21. Is {1,1,3,--- } U {0} closed in Rg?
Test 22. Show that {(z,y) € R?: xy < 2} is open in usual R? but
it is not an open ball.



40 3. TOPOLOGICAL SPACES

3.5. More Exercises
Exercise 3.5.1. Let X be a non-empty set and let A, B be two
non-void proper subsets of X. Let T = {&, A, B, X }.
(1) Is T" always a topology on X7
(2) What are the conditions so that T" becomes a topology on X7

Exercise 3.5.2. Do all the questions of Exercise 3.3.2 for the couple
(X,T) where X = {a,b,c,d} and

T ={2,{a},{b},{a,b},{a,b,d},{a,b,c}, X}.
Exercise 3.5.3. Let n € Z*.
T ={@}U{nZ}.
Show that T is not a topology on Z.

Exercise 3.5.4. Let X be an indiscrete topological space and let
AcC X. Find A"

Exercise 3.5.5. Let A be some subset of a topological space X.
Show that A’ = A  where the "" is for the derived set.

Exercise 3.5.6. Find ((3) in R the following cases:
(1) R equipped with the co-finite topology;
(2) R endowed with the co-countable topology.
Exercise 3.5.7. Let T' C P(N) be such that U C T is "open" iff
U=gorlel.
(1) Verify that T is indeed a topology on N.
(2) Check that {1} is dense in N.

Exercise 3.5.8. What is the topology generated by the intervals of
the form [z, z + 1] where x € R?

Exercise 3.5.9. Let A be a non-void and bounded below subset of
R.

(1) Show that in usual R, inf A = inf A.
(2) Show that the previous result need not hold in another topol-
ogy of R.

(3) In the usual topology of R again, do we have inf A = inf A?
(4) Give an example of a topological space in which inf A = inf A.
Exercise 3.5.10. Show that a metric space is Hausdorft.

Exercise 3.5.11. Let X be a set endowed with the discrete topol-
ogy. Let A C X.
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(1) Find 4, A and the boundary of A.
(2) What are the dense parts of X7
(3) When is X separable?
Exercise 3.5.12. Set
T ={2,R} U{(a,0)}ser.
(1) Show that T is a topology on R.
(2) Is T Hausdorff?
(3) List the closed sets in T'.
(4) What are the closures of the sets {0}, {0,5,11} and [2,8).
(5) What is the interior of the interval [0, co).
(6) Would T have remained a topology on R have we taken a € Q7
Exercise 3.5.13. Let A = [—2,2] considered as a topological sub-
space of R. Which of the following sets are open in A or in R?
(1) B={zeR: 1< |z| <2}
(2) C={zeR: 1< |z|] <2}
B) D={zeR: 1< |z| <2}7?

Exercise 3.5.14. We say that a topological space T on some set X
is T1 if
Ve,y € Xsx £y, U e T withx e U and y € U.

(1) Show that all Hausdorff spaces are 7T7.
(2) Show that the co-finite topology on R is 7} (but not Haus-
dorff).
(3) Is R Ty with respect to:
(a) the countable complement topology?
(b) the topology of Exercise 3.3.257
(c) the topology of Exercise 3.3.267

Exercise 3.5.15. We say that a topological space 1" on some set X
is first countable if it has a countable neighborhood basis at each of
its points. We say that T is second countable if it has a countable
basis.

(1) Show that any second countable spaces is necessarily a first
countable one. What about the converse? (hint: consider R
equipped with the lower limit topology).

(2) Show that a second countable space is separable. Is the con-
verse true? (hint: consider again R equipped with the lower
limit topology).

(3) Show that the usual topology and more generally, metric spaces,
are first countable.
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(4) Show that R is not first countable in the co-finite topology.
(5) Are the topologies of: Exercise 3.3.25, Exercise 3.3.26 first
countable? second countable?

Exercise 3.5.16. We say that a number is dyadic if it is a rational
written as %, m € Z and n € N. Show that the set of dyadic numbers
is dense in R.

Exercise 3.5.17. Let X be a topological space. Let A be an open
subset of X and let B C X. Show that
(1) fANB =2, then ANB=0.
(2) If B is dense in X, then AN B = A.
(3) Deduce that if A and B are both dense in X, then so are AUB
and AN B.

Exercise 3.5.18. Give A and ;1 where

A:{l: nGN}
n

with respect to each of the following topologies:

(1) the co-finite topology,

(2) the co-countable topology,

(3) the lower limit topology,

(4) the topology of Exercise 3.3.26 with a = 1,
(5) the topology of Test 18.

Exercise 3.5.19. Let X be a topological space. Let A C X.
(1) Show that

A is clopen <= Fr(A4) = @.

(2) Is Fr(A) always nowhere dense?
(3) Show that Fr(A) is nowhere dense whenever A is either open
or closed.

Exercise 3.5.20. Let X be a topological space and let A C X.

(1) Show that A is nowhere dense iff A” is dense in X.

(2) Does the arbitrary union of nowhere dense sets remain dense?

(3) Show that the finite union of nowhere dense sets remains
dense.

Exercise 3.5.21. Let X be a topological space. If A and B are
nonvoid elements of X such that AN B = &, then show that

ANB=2.
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Exercise 3.5.22. Let us endow R? with the metric defined, for all
z = (21,22) and y = (y1,92), by
doo(,y) = max(|z1 — y1, [v2 — o).
Let B.((0,0),1) be the closed ball in R?. Let A= {(z,2): z € R}.

f—/o\—-\
(1) Show that B.((0,0),1) = B((0,0), 1).
(2) Show that A = @.
Exercise 3.5.23. Let A C R.

(1) Show that if in usual R we have A # &, then A must be
uncountable.
(2) Is this result always true in other topologies on R?

Exercise 3.5.24. On R?, consider the collection (B(0,r)), where r
is a positive number allowed to be +o00 as well.

1) Show that the collection (B(0,r)), defines a topology on R2.
( gy

(2) Is this topology Hausdorff?

(3) Is this topology finer than the standard one on R??

Exercise 3.5.25. Show that the product of two separated spaces is
separated.
Exercise 3.5.26.
(1) Show that the product of two discrete spaces is discrete.
(2) Show that the product of two indiscrete spaces is indiscrete.
Exercise 3.5.27.
(1) Show that usual R \ Q is separable.
(2) Show that usual C is separable.
Exercise 3.5.28. Let (X, d) be a metric space. Let A C X be
bounded.
(1) Is d(A) = d(A)?
(2) Is d(A) = d(A)?






CHAPTER 4

Continuity and Convergence

4.1. What You Need to Know
4.1.1. Continuity.

DEFINITION. Let (X,T) and (Y, T") be two topological spaces. We
say that the function f: (X, T) — (Y,T") is continuous if

YU eT', [FL(U)eT.

EXAMPLES.

(1) Let (X,T) be a topological space let f: (X, T) = (X,T) be a
function defined by f(x) = x. Then f is continuous.

(2) Let (X, T) and (Y, T") be two topological spaces let f : (X, T) —
(Y, T") be a function defined by f(x) = a, where a € Y. Then
f is continuous.

PROPOSITION. Let (X,T), (Y,T") and (Z,T") be three topological
spaces. Let f : (X, T) — (Y, T") and g : (Y,T") — (Z,T") be two
continuous functions. Then go f: (X, T) — (Z,T") is continuous.

The next results gives a characterization of continuity:

THEOREM (cf. Exercise 4.3.3). Let (X, T) and (Y,T") be two topo-
logical spaces. Let f: (X, T) — (Y,T") be a function. Then the follow-
ing are equivalent:

(1) f is continuous;
(2) for any A C X, f(A) C f(A);
(3) for any closed element V in T', f~*(V') is closed in T.

DEFINITION. Let (X,T) and (Y,T") be two topological spaces. We
say that the bijective mapping f : (X,T) — (Y,T") is a homeomor-
phism if f and f~1 are both continuous.

We say that two topological spaces are homeomorphic if there ex-
ists a homeomorphism between them.

45
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EXAMPLES.
(1) Let f: R — (—1,1) be defined by:
X
@ =13

Then f is a homeomorphism (see Exercise 4.3.7).

(2) Ewvery isometry is a homeomorphism.

(3) Any two open intervals in standard R are homeomorphic (see
Ezercise 4.3.7).

REMARK. Let X and Y be two topological spaces. Let f: X — Y
be a function. Then it is clear that f is a homeomorphism iff the
following three conditions hold:

(1) f is a bijection;
(2) for any open U in Y, f~*(U) is open in X;
(3) for any open V in X, f(V) is open in Y.

DEFINITION. Let X andY be two topological spaces. Let f : X —
Y be a function. Then

(1) f is said to be open if for any open set U in X, f(U) is open
Y.

(2) f is said to be closed if for any closed set V in X, f(V) is
closed in'Y .

PROPOSITION. An open, continuous and bijective map is a home-
omorphism.

DEFINITION. A topological property is a property shared by a
given topological space and any other topological space homeomorphic
to it.

EXAMPLES.

(1) We saw above that R is homeomorphic to (—1,1). Thus two
consequences arise:
(a) Boundedness is not a topological property (see also Exer-
cise 4.3.5);
(b) The length is not a topological property either
(2) Closedness is not a topological property either. In the usual
topology, the closed R is homeomorphic to the open R’ via the
function "n".

REMARK. Throughout this book, many examples of topological
properties will be met.
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DEFINITION. Let f: X — Y be a function where X and Y are
two topological spaces. The graph of f, denoted by Gy, is defined as:

Gr=A{(z, f(z)): =€ X}.
4.1.2. Convergence.

DEFINITION. Let (X, T) be a topological space. A sequence (xy,)
in X converges to x € X if:

YU e V(z), AN e NVYNeN (n> N =z, € U).
EXAMPLE. Let X = {1,2,3} be equipped with the topology:

T= {Q, {Q}a {17 Z}a {Qa 3}a X}
Then the sequence defined by x,, = 2 converges to 2. It also converges to

1 and 3. Thus a sequence in an arbitrary topological space can converge
to more than one limit.

REMARK. One has to be careful with sequences in topological
spaces. The topology which equips a set may give us "surprises". For
example, sequences like x, = n or (—1)" may converge.

In a metric space we have the following definition (equivalent to the
previous one in this setting)

DEFINITION. Let (X,d) be a metric space. A sequence (x,) in X
converges to x € X if:
Ve >0, INeN,VYNeN (n > N = d(z,,x) <e.).

EXAMPLE. In a discrete metric space, the only convergent se-
quences are the eventually constant ones.

THEOREM. In a separated (Hausdorff) topological space, a se-
quence cannot converge to two different points.

Since any metric space is Hausdorff (Exercise 3.5.10), the previous
result implies

COROLLARY. In a metric space, if a sequence converges, then its
limit is unique.
We now give a fundamental and very practical result in metric

Spaces:

THEOREM. Let (X, d) be a metric space. Let A C X be non-empty.
Then we have:

(1)

r€Ae= T, € A: x, — 1.
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(2)
A is closed <= Vr, € A: (v, — x =z € A).

EXAMPLES.

(1) In standard R, (0, 1] is not closed.
(2) In standard R again, {* : n € N} is not closed.

REMARK. Doubtlessly, the second result in the previous theorem
can also be used to show that a given set is (or is not) open. See
Exercises 4.3.21 & 4.3.22.

4.1.3. Sequential Continuity. We now come to a practical def-
inition of continuity. But, in a general setting, it not as strong as the
definition of continuity seen in the beginning of this chapter.

DEFINITION. Let X and Y be two topological space and let f :
X =Y be a function. Then we say that f is sequentially continuous
at x € X if for any convergent sequence (x,,) to x, (f(x,)) converges
to f(x).

As usual, if f is sequentially continuous at each x € X, then we
say that f is sequentially continuous on X.

REMARK. Continuity implies sequential continuity but not vice
versa. See Exercise 4.3.16. However, the two notions match in a metric
space and we have

PROPOSITION (For a proof see Exercise 4.3.16). Let (X,d) and
(Y,d') be two metric spaces and let f : (X,d) — (Y,d') be a function.
Then f is continuous on X iff it is sequentially continuous on X.

4.2. True or False: Questions

QUESTIONS. Comment on the following questions/statements and
indicate those which are false and those which are true when this ap-
plies. Justify your answers.

(1) The identity function between two topological spaces is always
continuous.

(2) Let X and Y be two topological spaces. If f is a continuous
function from X into Y, then for each open set U in X, f(U)
is open in Y.

(3) Let X and Y be two topological spaces. Assume that f: X —
Y is some function and let f4 be its restriction to A C X. Then

f is continuous <= f4 is continuous.
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(4) Let X be a topological space and let A C X. Then
re€A< Iz, €A z, — .

(5) The sequence (1) converges to zero.

(6) Criticize the following proof: In the co-finite topology on R,
the sequence % converges to any point in R. To prove it,
assume that }L # x for all x € R. This means that

1
U € V(z),YN € N3dn (n > N and - ZU).

Hence % € U¢ for all but finitely many n and this is a contra-
diction since U® is finite!

(7) Find fault with the following reasoning: In usual R, consider
the set

A={z,=n*: neN}L

Then A is not closed as (x,) does not converge and hence it
cannot have a limit belonging to A.

(8) In the usual topology, let f : R%. — R be such that f(z) =Inx.
Then f is continuous, but [0,1] is closed in R and yet its
preimage is not closed in R. Is there anything wrong with
that?

(9) If f is continuous and —f is well-defined, then — f is continu-
ous.

(10) Let X be a topological space and let (x,) be a convergent
sequence in X. Then

X is Hausdorff <= (z,,) has a unique limit.

(11) Let X be a topological space. Endow R with its usual topology.
Let f : X — R be some function. If we come to show that
/7 '((a,b)) (a and b real numbers with a < b) is open in X,
then f is continuous.

(12) When are two sets homeomorphic? When are they not home-
omorphic?

(13) Let X and Y be two topological spaces and let f be a contin-
uous mapping from X into Y. Assume that A C X is dense.
Then f(A) is dense in f(X).

(14) Separability is a topological property.

(15) A bijective mapping between two topological spaces is contin-
uous.

(16) An open, closed and bijective mapping between two topologi-
cal spaces is continuous.
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(17) Let X be a topological space and let A C X. Let f: X —» X
be a bijective mapping. Then

f is a homeomorphism iff f(A) = f(A).

(18) Every continuous bijection is a homeomorphism.

(19) Every continuous and open bijection is a homeomorphism.
(20) Hausdorffness is a topological property.

(21) Let X and Y be two topological spaces and let f : X — YV

be a continuous function. Let A C X. If z € A’, then f(x) €
(F(A))"

(22) Let f be a map between two topological spaces X and Y
such that Y is also assumed to be separated. Let Gy =

{(z, f(x)): € X} CX xY be the graph of f. Then

f is continuous <= G/ is closed.

4.3. Exercises With Solutions

Exercise 4.3.1. Let X and Y be two topological spaces. Let f :
X — Y be a function. If f continuous in the following cases?

(1) f(x) = x, X is the indiscrete topology and ¥ = X equipped
with the discrete topology;

(2) f(z) =¢€", X = (R,|-|) and Y = R endowed with the discrete
topology.

(3) f(z) =2 X =(R,T) and Y = (R, |- |) where

T ={2,R}U{(a,+00), a € R};

(4) f arbitrary, X discrete and Y arbitrary;
(5) f is the constant function;
(6) f is the canonical injection.

Exercise 4.3.2. Let X = {a,b,c} and let T' = {@, {a}, {b}, {a, b}}
be a topology on X. Let f : X — X be the function defined by

fla) =a, f(b) =cand f(c) =0.

Is f continuous at a? at b? at ¢?

Exercise 4.3.3. Let X and Y be two topological spaces. Let f :
X —Y be a function. Show that

o
[e]

1 ’ '

f is continuous <= YU C Y : f~(U) c f1(U).
Exercise 4.3.4. Let X be an uncountable set. We endow X with
the co-finite topology (see Exercise 3.3.22) and denote it by 7. We also
equip X with the "co-countable topology" (see Exercise 3.3.24) and we
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denote it by 7”. Let f : 7" — T be defined for any x € X by f(z) = x.
Is f a homeomorphism?

Exercise 4.3.5. Let (X, d) and (X, d') be two metric spaces, where
d' is defined for all 2,y € X by
d(z,y)

d =——""
O day)
Let f: (X,d) — (X,d) be defined by f(z) =z for all z € X.

(1) Show that f is a homeomorphism.
(2) Deduce that boundedness is not a topological property.

Exercise 4.3.6. Show that Hausdorffness is a topological property.

Exercise 4.3.7.

(1) Show that:
(a) Any two open intervals in R are homeomorphic.
(b) Show that that R is homeomorphic to (—1,1). Is R home-
omorphic to any open interval in R?
(2) Is R (the extended real line) homeomorphic to [—1,1]?

Exercise 4.3.8. Let f be a continuous function from a topological
space X into R. Let a be a real number and set

A={zre X : f(x)=a}.
Verify that A is closed in X.

Exercise 4.3.9. Show that following sets are closed in X
(1) A={(z,y) e R*: zy =1}, X =R%
(2) B={(z,y) e R?: 22 +4y? <1}, X =R?
(3) (A bit of linear algebra) C' = {A € M, (R) : detA = 0},
X = M, (R), the (vector) space of square matrices of order n
with real entries and we associate with it any metric.

Exercise 4.3.10. Let a € R. Let f : R — R be a continuous where
R is endowed with the usual topology. Set

A={zeR: f(z) <a}.

(1) Show that A is closed in R.
(2) Is the converse always true?

Exercise 4.3.11. Let T be a topology on X. Let R be endowed
with its usual topology. Let f : X — R be a function and let a € R.
Show that

f is continuous iff f~*((a,+00)) and f~'((—o0,a)) are open in T.
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Exercise 4.3.12 (Different limits of (1)). Let (%) _, be a sequence

in R. To what point (s) does (%)n>1 converge to (if there is any) with

respect to:

(1) the usual topology;

(2) the co-finite topology;
(3) the discrete topology;
(4) the indiscrete topology.

Exercise 4.3.13. Set z,, = % for all n € N, and let

K—{l: nEN}.
n

(1) Prove that (x,) does not converge to any point of R in the K-
topology Ry (defined in Exercise 3.3.30). What about (—,,)?

(2) Show that —K is not closed in Rg.

(3) Show that (z,,) — 0 in R,. Can (x,) have another limit in R,?

(4) Is f: Rx — R, defined by f(z) = —z, continuous?

(5) Is f : Ry — Ry, defined by f(x) = —x, continuous?

Exercise 4.3.14. Let X be an infinite countable set endowed with
the co-countable topology (see Exercise 3.3.24).

(1) Show that the only convergent sequences are the eventually
constant ones.
(2) Set X =10,3] and A = [2,3].
(a) Show that 1 € A’
(b) Let (z,) be a sequence in A. Can (x,,) converge to 17
(c) What is then the conclusion?

Exercise 4.3.15. Let (X, d) be a metric space. Let (z,,) and (y,)
be two convergent sequences to x and y respectively.
(1) Show that d(z,,y,) — d(z,y).
(2) How can this result be interpreted?

Exercise 4.3.16 (Continuity Vs. Sequential Continuity). Let X
and Y be two topological spaces and let f : X — Y be a function.

(1) Show that if f is continuous, then it is sequentially continuous.

(2) Give an example that shows that the converse is not always
true.

(3) If X and Y are metric spaces, then show that f is continuous
iff it is sequentially continuous.

Exercise 4.3.17. Prove that every continuous and monotonic map-
ping from R into R is open.
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Exercise 4.3.18. Let P : R — R be a polynomial. Show that P
is a closed mapping (hint: if (z,) is a sequence and P(z,) is bounded,
then is (z,,) bounded?).

Exercise 4.3.19. Let X and Y be two topological spaces and let
f: X = Y be a continuous function. Assume that A C X. Show that
f is continuous on A.

Exercise 4.3.20. Using sequences, are the following sets closed in

X
(1) A=(0,1], X = R;
(2) B={l:n>1}, X =R;
(3) C={(z,y) e R?: 22 +y? < 1}, X = R
(4) D=A{(z,y) e R*: 1 <2?+y* <3}, X =R*?

Exercise 4.3.21. Using sequences, show that the set
A={(z,y) €R?*: 0<y<l,ay=1}
is neither open nor closed in R? (endowed with the euclidian metric).
Exercise 4.3.22. Is the set A = {7—11 Tn> 1} open in R?
Exercise 4.3.23. Let f and g be two continuous functions defined

on a metric space X into another metric space Y.

(1) Let A={z € X : f(z) =g(x)}. Show that A is closed in X.
(2) Let B be a dense subset in X. If f and ¢ coincide on B, then
show that they do coincide on X.

Exercise 4.3.24. Check that the following function is not continu-

ous at (0,0)
_ [ =¥ (y) #(0,0),
e = { § o)

Exercise 4.3.25. Let f : X — Y be a continuous and one-to-one
mapping where X and Y are two topological spaces.
(1) Show that if Y is Hausdorff, then so is X.
(2) Give a counterexample showing that the hypothesis of the con-
tinuity cannot merely be dropped.
(3) Give a counterexample showing that the hypothesis of the in-
jectivity cannot be completely eliminated.

Exercise 4.3.26. Let (X,d) be a metric space. Let A # & and
B # @ be two closed sets such that AN B = @. Define a real-valued
function f on X by
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(1) Show that if g is a real-valued continuous function defined on
X, then its zero set is closed. Recall that the zero set of g,
denoted by Z(g) as in [11], is defined as

Z(g) ={r e X: g(x) = 0}.

(2) Show that f is a continuous function on X.

(3) Find f~1({0}) and f~1({1}).

(4) Deduce a converse of the result of Question 1, that is, every
closed set can be regarded as the zero of some continuous real-
valued function.

(5) (cf. Exercise 4.5.10) Establish the existence of two disjoint
open sets U and V such that AC U and BC V.

REMARK. The property in Question 5 (plus the closedness of
points!) is usually referred to as normality or regularity which is part
of the separation axioms in topological spaces (the reader may eas-
ily check that normality is more powerful than Hausdorffness). Thus
the previous exercise tells us that a metric space is necessarily normal.
The other properties of normal spaces are not discussed in the present
manuscript.

Exercise 4.3.27 (The moving bump). Let (f,,) be the sequence of
functions defined as

0 0<ax< 1
’ 1 L 2
fu(z) = 2n(n+1)(z - =57), 77 <2 <5ty
! —2(n+ 1)@= 3) gy <7<
0, % <z < 1.

(This sequence is usually called the "moving bump"). Then all f,s are
obviously continuous on [0, 1]. Show that for all n,m € N with n # m:

dw(fm f’rH) =1

(where do, denotes the supremum metric).

REMARK. The importance of this sequence of functions will be
illustrated in the coming chapters.

Exercise 4.3.28. Let X = C([0,1],R) and
A={feX: f(0)=0}.

_ Endow X with the metrics ¢ d and d’' of Exercise 2.3.12. Show that
A = A with respect to d’ and A = X with respect to d.

Exercise 4.3.29. Let X = C([0, 1], R) be endowed with the supre-
mum metric and let A, = {f € X : f(a) =0} where a € [0, 1].
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(1) Show that A is closed in X.
(2) Deduce that the set

B={feX: g=0},
where g is f restricted to I C [0,1], is closed in X.
Exercise 4.3.30. Let X and Y be two topological spaces.
(1) Show that the projections
p: XxY—>X
(z.y) = play) ==
and
g: X xY =X
(.y) —aqlz,y)=y
are continuous but they are not closed.

HINT. You may consider the set A = {(x,y) € R* : zy =
1}.
(2) Show that p and ¢ are open mappings.

Exercise 4.3.31. Let X be a topological space. The diagonal of
X is defined to be the set

A ={(z,z): v € X}

(1) Show that X is Hausdorff iff its diagonal is closed.
(2) Deduce from the preceding question another proof of the first
question of Exercise 4.3.23 in a more general context, that is,

f,g: X = Y are continuous, X is any topological space and
Y is Hausdorff.

Exercise 4.3.32. Let A, X and Y be three topological spaces. Let
f:A— X XY be a function defined by f(z) = (g(z), h(x)).

(1) Show that f is continuous if and only if g and h are so.

(2) Can we have a similar result for functions of the type f :
X xY — A ie. if f is continuous at any x € X and f is
continuous at any y € Y, then f is continuous on X x Y?

Exercise 4.3.33. Let f : X — Y be a map between two topological
spaces X and Y where Y is Hausdorff.

(1) Show that if f is continuous, then its graph, G, is closed.
(2) Can the graph of a non-continuous function be closed?
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4.4. Tests

Test 23. Let R — R, be the function defined by f(x) = 2? where
R is equipped with the discrete topology and R, is the lower limit
topology on R. Is f a homeomorphism?

Test 24. Let f : R — R* be a continuous function. Let
A={zeR: f(z)=0}.
Why is A closed in R?

Test 25. Is the identity map continuous from R endowed with the
co-finite topology into R endowed with the topology of Exercise 3.3.257
What about its inverse?

Test 26. Equip R with the topology of Exercise 3.3.25. To what
point (if there is any) does the sequence defined by x, = % converge
to?

Test 27. Does the sequence (—=) converge to 0 in R,?

Test 28. Let X be a topological space and A C X. Let Y = {0,1}
be equipped with the topology T' = {&,{1},Y}. Define a function
f: X =Y by

ro={q 254

Show that f is continuous on X iff A is open in X.

Test 29. Let X be an indiscrete topological space. When is f :
X — R (R equipped with the usual topology) continuous?

Test 30. In R? endowed with the euclidian metric, let

A:{G«é): x>0} and B = {(4,0): y € R},

(1) Show that A and B are closed in R
(2) Is A+ B closed?

Test 31. Let X be a topological space and let A be its diagonal.
Show that X and A are homeomorphic.

Test 32. Is the "topological property" an equivalence relation?
Test 33. Show that (0, 1) is homeomorphic to (0, +00).

Test 34. Let f: (X,T) — (X, T) the identity map, i.e. f(z) = x.
Show that f has a closed graph if and only if X is Hausdorff.
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4.5. More Exercises

Exercise 4.5.1. Let X and Y be two topological spaces. Let A, B C
X be such that A = B. Let f : X — Y be a continuous function. Show

that f(A) = f(B).
Exercise 4.5.2. Let T and T” be two topologies on a set X. Show
that the following statements are equivalent:
(1) TcT,
(2) The identity map id : (X,7") — (X, T) is continuous;
(3) The identity map id : (X,T) — (X,T") is open;
(4) The identity map id : (X,T) — (X,T") is closed.

Exercise 4.5.3. Consider the topology of Exercise 3.3.27 and let
(xn)n be a sequence in X = [0,2) which is convergent in R to 1. Show
that (z,,), converges with respect to T to any point of [1,2).

Exercise 4.5.4. Using Exercise 4.3.30 and known results on the
sum and scalar-multiplication of continuous functions, show that real-
valued polynomials on R™ (and taking their values in R) are continuous.

Exercise 4.5.5. If X and Y are two topological spaces, show that
X XY and Y x X are homeomorphic.

Exercise 4.5.6. Let a € R. Let f : R — R be a continuous where
R is endowed with the usual topology. Set

A={zeR: f(z)>a}.

(1) Show that A is open in R.
(2) Is the converse always true?

Exercise 4.5.7. In the usual topology, define a real-valued function
f on R by
1, x =0,
flz)=4 0, zeR\Q,
1 z2€Q

where z in the last line is written as %, p € Z,q € N and p and q are
coprime. This function is called the Riemann function.

Show that f is continuous at every irrational and it is not contin-
uous at every rational number.

Exercise 4.5.8. Let X and Y be two topological spaces. Let A and
B be two closed sets in X such that AUB = X. Let f: A — Y and
g : B — Y be two continuous functions. Assume that f and g coincide
on AN B.
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Define a function h as follows

| flx), zeA,
hix) = { g(x), x € B.

Show that h is continuous.

REMARK. The result in the previous exercise is usually called the
"pasting lemma".

Exercise 4.5.9. Show that the Cantor set does not have isolated
points.

Exercise 4.5.10 (cf. Exercise 4.3.26). Let (X, d) be a metric space.
Let A and B be two subsets of X such that either they are closed and
disjoint or they satisfy ANB=ANB =@. Set

U={reX: dz,A)<d(z,B)} and V={x € X : d(z,B)<d(z,A)}.

Show that U and V are two disjoint and open sets in (X, d) which
contain A and B respectively.

Exercise 4.5.10 (cf. Exercise 4.3.17). Show that if f : A — R is
increasing and open (A C R), then f is continuous.

Exercise 4.5.11. Prove that two discrete spaces are homeomorphic
iff they have the same cardinality.

Exercise 4.5.12. Show that a circle deprived of one point is home-
omorphic to a straight line.

Exercise 4.5.13. Let X and Y be two topological spaces, and let
f X — Y be a continuous function. Show that the graph of f is
homeomorphic to X.

Exercise 4.5.14. We endow R with its usual topology. Let
1
A={-p: p22}andB:{n+_; nZQ}.
n

(1) Show that A and B are two closed sets in R.
(2) Is A+ B closed in R?

Exercise 4.5.16 (see [5] and the references therein). Let f,g: R — R
be two functions.
(1) Can f and g have closed graph but f + ¢ does not?
(2) Show that if f and g are nonnegative and have a closed graph,
then f + g has a closed graph.
Exercise 4.5.17 ([8]). Let X and Y be two topological spaces. Let
f: X =Y be any function. Denote its graph by G/.
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(1) Show that if f is an open surjection such that Gy is closed,
then Y is Hausdorff.

(2) Show that if f is one-to-one and continuous with Gy closed,
then X is Hausdorff.

(3) Deduce that if f is a homeomorphism of X onto Y, then both
X and Y are Hausdorff.

Exercise 4.5.15. Let X be a topological space and let R be an
equivalence relation on X. Define

Gr={(z,y) € X*: 2Ry}
(called the graph of R).

(1) Show that if X/R is Hausdorff, then Gg is closed.
(2) Is the converse always true? Justify your answer.

(3) Assume now that G’z is closed and that the quotient map is
open. Show that X/R is Hausdorff.

Exercise 4.5.16. A direct set is a couple (I, <) where I is a set
and < is a relation which is: reflexive, transitive and such that: For
any a,b € I, thereisc€ A: a < cand b < c.

A net in a set X is a sequence (x;); C X indexed by a direct set
(1,=).

It is clear that this notion generalizes that of a sequence. We also
use the definition of a convergent net as the one of a sequence (with the
obvious changes). Other topological notions involving sequences may
be defined in terms of a net too.

(1) Give an example of a direct set.
(2) Let X,Y be two topological spaces and let A C X and z € A.
Prove that:
(a) x lies in the closure of A iff z is a limit of a net (z;)cs
from A.
(b) X is Hausdorfl iff every convergent net has a unique limit.
(¢) A function f : X — Y is continuous at z iff for every
net (z;);e; converging to x, the net (f(z;))icr converges

to f(x).






CHAPTER 5

Compact Spaces

5.1. What You Need to Know
5.1.1. Compactness: General Notions.

DEFINITION. Let A and I be two sets. A collection {U,}icr of sets
is said to be a cover (or a covering) for A if

AclJu.

iel
If all U; are open, then we say an open cover.

EXAMPLES.

(1) Let X be a topological space. Then {X} is an open (and a
closed) cover for any subset A of X.

(2) Inusual R, {[—n,n)}nen is a cover for R. Similarly, {(—n,n) nen
is an open cover for R.

DEFINITION. Let (X,T) be a topological space. Then X is called
compact if every open cover of X has a finite subcollection (also called
subcover) that still covers X.

REMARK. In this book we do not impose the separation (i.e. the
Hausdorflness) in the definition of compact sets. This is adopted by
many authors. But, in some references, especially the French ones,
they do add the separation in the definition of compact sets. One of
the reasons, is to exclude spaces not too interesting in the compactness
such as the indiscrete spaces. But this a dilemma as many interesting
spaces will be excluded too such as R in the co-finite topology.

However, many applications arise in the setting of metric spaces
where the two definitions coincide.

REMARK. We may say a compact space or a compact set (or a
compact subspace or a compact subset), but we should not consider
this as a source of polemic.

REMARK. Let X be a topological space and let A C X. Open
sets in A are of the form A N U where U is open in X. So if we want

61
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to prove that the subspace A is compact, we may just consider covers
constituted of open sets in X (instead of open sets in A).

EXAMPLES.
(1) In usual R, A =[1,00) is not compact since {(0,n)},en is an
open cover for A which is not reducible to a finite subcover for
A as the union of elements of any finite subcover is of the form
(0,N) for some natural N.
(2) Ewvery finite set (in any topological space) is compact. For a
proof see Exercise 5.3.8.

Another (fundamental) example is the following (for a proof see
Exercise 5.3.5):

THEOREM (Heine-Borel). Every closed and bounded interval [a, b]
in (usual) R is compact.

In point of fact, the previous extends to R™ (also due to Heine-
Borel) and we have

THEOREM. [In the usual topology, every bounded and closed space
of R™ is compact.

The next two results are devoted to properties of compact spaces.

PROPOSITION. Let (X,d) be a metric space and let A C X be
compact. Then A is bounded.

THEOREM. FEvery closed subspace of a compact space is compact,
and every compact subspace of a Hausdorff space is closed.

DEFINITION. Let X be a topological space and let A be a subspace
of X. We say that A is relatively compact if A is compact.

EXAMPLES. In the usual topology, (—1,2) is relatively compact in
R since [—1,2] is compact.

Now, we give a definition (more commonly known in R as the
Bolzano-Weierstrass property) of a different concept of compact-
ness in general topological spaces (see [10]):

DEFINITION. A topological space X is called limit point compact
if every infinite subset of X has a limit point.

The next result tells us the relationship between compactness and
limit point compactness:

PROPOSITION. Every compact space is limit point compact.
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REMARK. The converse of the previous result is not always true.
As a counterexample (borrowed from [10]): Let Y = {a,b} and equip
it with an indiscrete topology. Then X = N x Y is limit point compact
but not compact.

DEFINITION. A topological space X is said to be locally compact
at © € X if there exists a compact subspace A of X such that U C A
where U is a neighborhood U of x.

We say that X is locally compact if it is so at each of its points.

EXAMPLES.

(1) Obviously, every compact space is locally compact.

(2) R and, R™ in general, are locally compact with respect to their
usual topologies.

(3) A discrete topological space is locally compact.

Here are some properties of locally compact spaces:

PROPOSITION.

(1) A closed subspace of a locally compact space is locally compact.
(2) An open subspace of a locally compact Hausdorff space is locally
compact.

5.1.2. Compactness and Continuity.

THEOREM. Let f : X — Y be a continuous map between two
topological spaces. If X is compact, then so is its image f(X).

COROLLARY. Let (X,T) be a compact topological space and let
(Y,d) be a metric space. If f : X — Y is continuous, then it is
bounded.

COROLLARY. Let X be a compact topological space. If f : X — R
is continuous, then sup f(X) and inf f(X) exist (i.e. f altains its
bounds on X ).

The following examples show that the hypotheses in the previous
results cannot merely be dropped:

EXAMPLES. Let f: X — Y be a function.

(1) X =Y =R, f(z) = x is not bounded on the non-compact
(non-bounded) X .

(2) X = (0,1] and Y = [1,00), f(z) = 1 is not on the non-
compact (non-closed) X .

B)X =R and Y = (-1,1), f(z) = T3] does not attain, its

bounds on the non-compact (non-bounded) X .
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(4) X =Y = (0,1), f(x) = x does not attain its bounds on the
non-compact (non-closed) X .

We have already defined uniform continuity in metric spaces. The
next is an important result:

THEOREM (Heine). Let (X,d) and (X,d') be two metric spaces
such that (X,d) is compact. Let f : (X,d) — (X,d’) be a continuous
function. Then f is uniformly continuous.

We finish with a fundamental result on products of compact spaces.

THEOREM (Tychonoff). If X and Y are two compact spaces, then
so 1s their product X xX Y.

REMARK. By induction, the previous result can be easily gener-
alized to a product of finitely many spaces. In fact, the result remains
valid even for an arbitrary product. This latter generalization is actu-
ally the Tychonoff theorem.

The reader is asked in Exercise 5.3.16 to prove the converse of the
previous theorem.

5.1.3. Sequential Compactness and Total Boundedness.

DEFINITION. Let X be a metric space. Then X is said to be se-
quentially compact if every sequence (z,) in X has a convergent
subsequence in X.

REMARK. A priori, there seems to be no direct link to the defini-
tion of compactness met above. The next result tells us that, in fact,
compactness, limit point compactness and sequential compactness all
coincide in a metric space:

THEOREM. Let (X,d) be a metric space. Then the following are
equivalent:
(1) X is compact;
(2) X is sequentially compact;
(3) X is limit point compact.

The proof of the previous result necessitates the notion of total

boundedness, so we recall it here together with some of its properties.
We shall need it again in later chapters.

DEFINITION. Let (X,d) be a metric space. Let € > 0. An e-net
for X is a subset A of X wverifying X C U B(x,¢).

z€EA
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DEFINITION. Let (X,d) be a metric space and let A C X. We say
that A is totally bounded if A has an e-net for all €.

REMARK. A bounded set is not necessarily totally bounded. For
a counterexample, consider the following infinite set

A:{elz(170707"')762:(071707"')763:(070717'”)7'”}

which is obviously a subset of ¢? (cf Exercise 7.3.9). Then A is bounded
but not totally bounded.

Now we list some properties of totally bounded sets:

THEOREM.

(1) A subset of a totally bounded set is totally bounded.
(2) A totally bounded set is bounded.
(3) The closure of a totally bounded set is totally bounded.

The connection between compactness and total boundedness is elu-
cidated in the next theorem.

THEOREM. A sequentially compact set is totally bounded.
We finish this subsection with a practical result on uncountability.

THEOREM (see [10]). A non-empty compact Hausdorff space X
without any isolated point is uncountable.

COROLLARY. Fvery closed interval in R is uncountable.

REMARKS.

(1) Of course, the previous corollary is not concerned with the
very particular closed interval of the form [a, a] (a € R).

(2) The fact that the result is concerned with closed sets is not
a weakness. Indeed, if, for example, we want to prove that
[—1,1) is uncountable, we consider [—1,1] which is uncount-
able by the previous corollary. Then taking out a point of an
uncountable set does not make it countable!

(3) The Baire’s theorem (see Chapter 8) can also be used to give
a short proof of the uncountability of [a, b].

5.2. True or False: Questions

QUESTIONS. Comment on the following questions/statements and
indicate those which are false and those which are true when this ap-
plies. Justify your answers.

(1) Let X be a non-empty set. Let {U; }ier be a cover for X. Then
X - Uie]Ui.
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(2) We saw in the first example of covers in the "What you need
to know" section that in any topological space X, {X} is an
open cover for X and any subset of X. It is also clearly a
subcover for X. Hence every subset of X is compact.

(3) The fact that we use open covers to define compact spaces is
purely conventional. We could adopt the same definition using
closed covers.

(4) In every topological space X, the countable intersection of
closed, non-empty and decreasing subsets in X is non-empty.

(5) Let (Cy,) be a sequence of non-empty decreasing and closed
sets in a metric space X. If f: X — X is continuous, then

f(ﬂ Cn) = ﬂ f(Cn)

neN neN

) @ is compact.

) The interval [a, b] is always compact.

) The closure of a compact subset is compact.

) Let X and Y be two topological spaces. Let f: X — Y be a
continuous function and let A C Y be compact. Then f~1(A)
is compact.

(10) In a topological space, a subspace is compact if and only if it

is closed and bounded.

(11) Let T and T" be two topologies on the same set X such that
T CT'. If X is compact with respect to 7", it will be so with
respect to T. What about the converse?

(12) Criticize the following proof of the compactness of R with re-

spect to the co-finite topology: Let {U;};e; be an open cover

(6
(7
(8
(9

of R, ie. R C U U;. Now, assume R ¢ U U;. Then

icl i=1

R C (U Ui> = ﬂUf (a finite set),
i=1 i=1
i.e. R would have to be finite and we arrived at a contradiction.
Thus R is compact with respect to the co-finite topology.
(13) Let f : [a,b] — R be a continuous function. Then f is
bounded.
(14) (0,2) is relatively compact.
(15) The closed unit ball is always compact.
(16) Every compact set is closed.
(17) Compactness is a topological property.
(18) Sequential compactness is a topological property.
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(19) Local compactness is preserved under continuous maps.

(20) Local compactness is a topological property.

(21) The union of two locally compact spaces remains locally com-
pact.

(22) In a metric space, every finite part is totally bounded.

(23) Total boundedness is a topological property.

5.3. Exercises With Solutions

Exercise 5.3.1. Using (only) the definition of a compact set show
that R, [0, +00) and (0, 1) are not compact in R (in the usual topology).

Exercise 5.3.2. Indicate which of the following sets are compact in

X
(1) A=Q, X =R;
(2) A:{%: n e N} X =R;
(3) A=QnJ0,1], X =R,
(4) A = [a,b], B = R, C an infinite set; X endowed with the
discrete topology;

()

(6)
(7)

{(w,y)GRQ:x2+y2=1},B:{(x,y)€]R2:x2+y2<
O ={(r,y) eR?: 22 +¢y* > 1}; X =R%
{(:):y)ER2 r>1, 0<y<ih X= R2
{( ) O<x<1} B = {(xsm) 0<x§1};X:

1
) A= B 2,1+ = ]; X =R??
(8 m (0R7 +n>7

neN
(The topology of R? in Questions 5 to 8 is the standard
one).

'_‘Cb
I

D>D>
H

Exercise 5.3.3.

(1) Show that the following set is not compact in R? with respect
to the standard topology

A={(z,y) eR?: z+y* =1}
(2) What about the set
B={(z,y) e R?: 2* 4> =1}

Exercise 5.3.4. In the usual topology of R, show that

A:{l; nGN}
n

is not compact using open covers.
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Exercise 5.3.5. Show that the closed bounded interval [a, b] (a and
b are reals with a < b) is compact in usual R.

REMARK. Another proof of the compactness of [a, b] may be found
in Exercise 7.3.23.

Exercise 5.3.6. Consider Rg, the K-topology on R.
(1) Is [0, 1] compact in Rg?
(2) What about any set that contains K = {1 : n € N}?

Exercise 5.3.7. Let X be a topological space which is Hausdorff.
Let (x,), a sequence in X which converges to a. Show that the set
A={z,: neN}U{a} is compact.

Exercise 5.3.8. Let X be a topological space.

(1) Show that every finite set in X is compact.
(2) Deduce that if X is given the discrete topology, then a set is
compact if and only if it is finite.

Exercise 5.3.9.
(1) Show that the union of two (and hence of a finite number) of
compact sets is compact. Is this true for an arbitrary union?
(2) Show that the arbitrary intersection of compact sets in a Haus-
dorff topological space is always compact.

Exercise 5.3.10. Let (X, d) be a metric space and let A C X. We
know from earlier chapters that the union U,e4B.(x,7) need not be
closed, where B.(x,r) is the closed ball of center z and radius r > 0.

Show that if A is compact, then for any r > 0, UzeaB.(x,r) is
closed in X (hint: you may show that

U B.(z,r)={t € X : inf d(z,t) <7}).
seA TEA
Exercise 5.3.11. Is R compact with respect to X = R endowed
with the co-finite Topology?
Exercise 5.3.12. Consider R with respect the co-countable topol-
ogy (see Exercise 3.3.24).

(1) Is R compact?
(2) Is [0, 1] compact?
(3) Let A be a countable set. Is A compact?

Exercise 5.3.13. On R, we define
T ={o}U{U C R:U°is compact in the usual R}.
(1) Show that T is a topological space on R.
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(2) Can T be Hausdorff?
(3) Show that R is separable with respect to 7T
(4) Show that R is compact with respect to 7.

Exercise 5.3.14. By going back to Exercise 3.3.26 and taking a = 1,
show that [—1,1] is compact in 7.

Exercise 5.3.15. In the usual topology, explain why (0,1) is not
compact using limit point compactness.

Exercise 5.3.16. Let X and Y be two topological spaces. Show
that if X x Y is compact, then X and Y are also compact.

Exercise 5.3.17. Let Q be the metric space associated with the
metric d defined by d(z,y) = |z — y|.

(1) Show that the set A = {z € Q: 2 < 2? < 3} is closed and
bounded but not compact.
(2) Is A open in Q7

Exercise 5.3.18. Consider the following metric defined on R by
d(a,b) = inf{|b —al|, 1}.
(1) Is (R, d) bounded?
(2) Usmg the sequence defined by a, = n or otherwise, show that
(R, d) is not compact with respect to this metric.
(3) What can you deduce from the previous question?

Exercise 5.3.19.

(1) Show that R is not sequentially compact with respect to the
metric 0 of Exercise 2.3.26.
(2) What can deduce from the previous question?

Exercise 5.3.20. Let X = C([0, 1], R) be equipped with the supre-
mum metric.
(1) What is dim X7
(2) Show that unit closed ball is not sequentially compact in X.
(3) Can the unit closed ball be compact in X?
(4) Is X locally compact?

Exercise 5.3.21. We endow R with two topologies, one is the co-
finite one and we denote it by X, the other is the discrete one and we
denote it by Y. Let f : X — Y be a function defined for all z € R by
J(a) = a2

(1) Is f(R) compact?
(2) What can you deduce from the previous question?
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Exercise 5.3.22. In the usual topology, is [0, 1] homeomorphic to
[0,00)? to (0,1]7?

Exercise 5.3.23. Let X be a compact metric space. Let f: X — X
be continuous. If (A4,) is a sequence of decreasing nonvoid and closed
sets in X, then show that

f(ﬂAn) = mf(An)

neN neN
Exercise 5.3.24.

(1) Indicate among the following spaces X those which are locally
compact and those which are not:
(a) X is a compact topological space,
(b) X =R in the usual topology,
(¢) X = Q in the usual topology,
(d) X =R\ Q in the usual topology,
(e) X is a discrete topological space,
(f) X equipped with the topology of Exercise 3.3.25.
(2) Give an example of a Hausdorff space which is not locally
compact and one which is locally compact.

Exercise 5.3.25. Give an example that shows the continuous image
of a locally compact space need not be locally compact.

Exercise 5.3.26. Let X be a locally compact space.

(1) Show that every closed subspace in X is locally compact.

(2) Show that every open subspace in X is locally compact pro-
vided X is Hausdorff.

(3) In usual R?, say why {(0,0)} and {(z,y) € R* : z > 0} are
locally compact.

(4) In the usual topology again, is

{(0,0} U{(z,y) eR® 12> 0}
locally compact?
(5) What is then the conclusion?

Hint: For the second question, use the following result: Let X be a
locally compact Hausdorff space. Let x € X and U be a neighborhood
of . Then there is a neighborhood of x, denoted by V such that its
closure is compact and it is included in U.

Exercise 5.3.27. Let (X,d) be a compact metric space. Let f :
X — X be a function satisfying

d(f(x), f(y)) < d(z,y), Vo #y.
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(1) Can we say that there exists a k € [0,1) such that

d(f(x), f(y)) < kd(z,y), Va,y.

(2) Show that f has a unique fixed point, that is, there is one and
only one point x € X such that f(z) = x.

Exercise 5.3.28. Let (X, d) be a compact metric space. Prove that
(X, d) is separable.

Exercise 5.3.29. When is (X, d) totally bounded if X is an arbi-
trary set and d is the discrete metric?
5.4. Tests

Test 35. Using open covers, show that A = (0,1] U {2} is not
compact w.r.t. usual R.

Test 36. In the topology of Exercise 3.3.25, is {a} compact? What
about X7 What can you deduce from that?

Test 37. Let (X, T) be separated topological space. Let (X, S) be
a compact topological space. Show that if T C S, then T'=S.

Test 38. Show that N is not compact with respect to the topology
of Exercise 3.5.7.

Test 39. Is R compact in R,?

Test 40. Is Q relatively compact in R with respect to the co-finite
topology?

Test 41. Is the unit sphere in R?® homeomorphic to R??

Test 42. Let X be a topological space. Let A be a finite subset of
X. Show that A is sequentially compact.

Test 43. Does the quotient of a compact space remain compact?

Test 44. Define a function f on [0, 1] by

0, x =0,
f(x)_{xln:c, 0<ax<1.

Is f uniformly continuous on [0, 1]?

Test 45. Let A; = {1, —1}. Without caring much about the (arbi-

trary) product topology involved, is H A; compact (I is a set)?
iel
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5.5. More Exercises

Exercise 5.5.1. Consider the topology of Exercise 3.3.27. Is [0, 2)
compact in this topology?

Exercise 5.5.2. Show that the set
A={(z,y) eR?: 2* —ay +1y* <1}
is compact in R?.
Exercise 5.5.3. Let N be endowed with the co-finite topology.

Show that the set of even integers is compact in this topology. Is
it closed?

Exercise 5.5.4. Show that N endowed with the co-countable topol-
ogy is not compact.

Exercise 5.5.5. Find an example of two compact subspaces A and
B (in a non-Hausdorff space) such that AN B is not compact.

Exercise 5.5.6. Let T and T” be two topologies on the same set X
which are assumed to be compact and Hausdorff. Prove that T" and T”
are either equal or not comparable.

Exercise 5.5.7. Show that each compact metric space is separable.

Exercise 5.5.8. Show that the Cantor set is compact. Show also
that it is uncountable.

Exercise 5.5.9. Let X and Y be two separated topological and
compact spaces. Let Gy be the graph of f. Show that f is continuous
if and only if Gy is closed in X x Y.

Exercise 5.5.10. ([5]) Let f : R — R be a function having a closed
graph. Show that if K is a compact set in R, then f~'(K) is closed in
R.

Exercise 5.5.11. Show that C([0, 1], R) (with respect to the supre-
mum metric) is not compact using open covers.

Exercise 5.5.12. (Hausdorff metric) Let (X, d) be a compact metric
space. Denote the collection of closed sets in (X, d) by CI(X). Define
a function d on CI1(X) x Cl(X) by

dy (A, B) = max(sup d(a, B),supd(b, A))

acA beB
where d(z,C) = inéd(x, c).
ce

Show that dy is a metric on CI(X) (dy is called the Hausdorff
metric).
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REMARK. [t is important to consider closed sets in X which they
then become compact. If the compactness hypothesis is dropped, then
dg need not remain a metric anymore. For instance, the Hausdorff
"metric" applied to the sets {1} and (—oo,1] is infinite, hence it is
necessary to have bounded sets. It is also necessary to have closed sets
(take A =[—1,1] and B = (—1,1)).

Exercise 5.5.13. We know that "a non-empty compact Hausdorff
space X without any isolated point is uncountable". Give an example
showing that the hypothesis Hausdorff cannot be dispensed with.

Exercise 5.5.14. (cf. Exercise 4.3.26) Show that every compact
Hausdorff space is normal.

Exercise 5.5.15. Show that local compactness is a topological prop-
erty.

Exercise 5.5.16. Let (X, d) be a compact metric space. Let f be
an isometry from X into X. Prove that f is onto (hint: show that

X C f(X)).

Exercise 5.5.17. Let X be a locally compact topological space.
Set X = X U {00} where oo is something which does not belong to X.
Then X is called the Alexandroff one-point compactification of
X. Then a topology can be defined on X by declaring a set open iff it
is either open in X or it is of the form X \ K where K is compact in
X. This will be the topology associated with X by default.

A known result then says that X is homeomorphic to X \ {oco}.

(1) Prove that X is compact.

2) Verify that X is closed in X iff it is compact.

) Deduce that if X is not compact, then it is dense in X.

) Show that if Y and Z are two compact spaces, then a home-
omorphism f : Y \ {y} = Z\ {z} (where y € Y and z € Z)
can be extended to a homeomorphism ¢ : Y — Z by setting
gly) = z.

(5) Show that in the usual topology, the Alexandroff one-point

compactification of (—1,0] is [—1,0] and that of R is homeo-
morphic to the unit circle in R2.

Exercise 5.5.18. Show that bounded subsets of R™ are totally
bounded.

(
(3
(4

Exercise 5.5.19. We first give the following definition:

DEFINITION. Let X be a metric space and let A C X. LetU =
{U;}ier be an open cover for A. A real number ¢ > 0 is said to a
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Lebesgue number for U if for any x € A, there is some setU (U 3 x)
in U verifying B(x,e) C U.

Prove that any open cover of a sequentially compact metric space
has a Lebesgue number.



CHAPTER 6

Connected Spaces

6.1. What You Need to Know
6.1.1. Connectedness.

DEFINITION. A topological space X is said to be connected if the
only closed and open sets (that is, the only clopen sets) in X are & and
X itself.

EXAMPLES.

(1) Evidently, every indiscrete topological space is connected.
(2) A discrete topological space X is never connected unless card X =
1 (in which case the discrete and indiscrete spaces coincide!).

There exist equivalent definitions of connectedness. They are gath-
ered in the next theorem:

THEOREM. Let X be a topological space. Then X is connected iff
one of the following occurs:

(1) Any continuous function from X onto the discrete space {0, 1}
15 constant.
(2) X does not admit any open partition.

REMARK. By an open partition, we mean a couple of non-empty
open subspaces A and B in X such that ANB =@ and AUB = X.

REMARK. Notice that there is nothing special about the set {0, 1},
any {a, b} will do!

Before giving the characterization of connected subspaces of the
usual real line R, recall the following:

DEFINITION. A non-void subset A of R is called an interval if:
Ve,y e AVzeR: (x<z<y= z€A).

EXAMPLES.

(1) Q is not an interval.
(2) (0,1)U{2} is not an interval.

75
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The following result characterizes connected subspaces of the usual
real line.

THEOREM. Fuvery interval is connected. Conversely, the only con-
nected subspaces of R are the intervals.

The next result is fundamental.

THEOREM. Let X andY be two topological spaces. Let f : X —Y
be continuous. If X is connected, then f(X) is connected too.

COROLLARY. Connectedness is a topological property.

COROLLARY. Let X and Y be two topological spaces. Let f : X —
Y be continuous. If X is connected, then Gy, i.e. the graph of f, is
connected.

COROLLARY. Let X be a topological space which is connected. If
f: X — R is continuous, then f(X) is an interval.

REMARK. The previous corollary generalizes the well-known in-
termediate value theorem, where setting X = [a, ] takes us back to
it.

We finish this subsection with two results on unions of connected
spaces. The last of the two is also important for the ensuing subsection.

PROPOSITION. If X andY are two non-empty connected sets such
that X NY # &, then X UY is connected.

REMARK. The condition X NY # @ in the preceding proposition
cannot be weakened to X NY # @. For a counterexample see Question
4 of Exercise 6.3.1.

PROPOSITION. Let X be a topological space and let (A;)ier be col-
lection of connected subspaces of X such that NyerA; # @. Then UierA;
s connected.

6.1.2. Components.

THEOREM. Let X be a topological space and let v € X. Then there
exists a mazimal or largest (with respect to "CT") connected subspace of
X, denoted by C, containing x. Moreover, C, is closed in X .

DEFINITION. Let X be a topological space, and let x € X. The
mazximal, closed and connected subspace C, containing x is called a
(connected) component of X.

REMARK. We may easily define an equivalence relation on X as:
TRy <= y € C,. Hence, the components of X constitute a partition
of X.
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EXAMPLE. R\{1} has two components: specifically (—oo,1) and
(1, 00).

6.1.3. Path-connectedness.

DEFINITION. Let X be a topological space. We say that X is path-
connected if for all x,y € X, there exists a continuous function f :

[0,1] = X such that f(0) =z and f(1) =y.
This continuous function is usually called a path from x to y.

REMARK. It must be remembered that [0, 1] in the previous defi-
nition is always equipped with its usual topology.

Here is a quite practical lemma

LEMMA. Let X be a topological space in which [ is a path joining
x andy, and g is a path joining y and z. Then the function

_ [ @y, 0<t<y,
) = { g2t—1), L<t<l,
defines a path joining x and z.

EXAMPLES.

(1) R, and in general, R™ (n > 1) are path-connected in the stan-
dard topology.
(2) R* is not path-connected.

The notion of convexity gives more explicit examples of path-connected
sets:

DEFINITION. Let X be a real vector space and let A C X. We say
that A is convex if:

Ve,y e AVt e [0,1]: (1 —t)z+ty € A

EXAMPLES.
(1) A (real) linear subspace is convet.
(2) R is conve.
(3) Intervals are convex.
(4) The closed unit ball is convex.

Thanks to the next result, the previous four examples are all path-
connected:

THEOREM. Any convex set is path-connected.

The next result shows the relationship between connectedness and
path-connectedness
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THEOREM. FEvery path-connected space is connected.

REMARK. The converse of the previous theorem is not always true.
See Exercise 6.5.7.

Nonetheless, there are sufficient conditions making a connected
space path-connected (in usual R™), one of them is openness. We have:

THEOREM. FEvery connected open subset of R™ is path-connected.

6.2. True or False: Questions

QUESTIONS. Comment on the following questions/statements and
indicate those which are false and those which are true when this ap-
plies. Justify your answers.

(1) Let T" and 7" be two topologies on the same set X. Assume
that 7' C 7". Then

(X, T) is connected <= (X,T") is connected.

(2) A closed subspace of a connected space is connected.

(3) The boundary of a connected set is itself connected.

(4) If the closure of some set is connected, then this set has to be
connected. What about the converse?

) The union of connected sets is always connected.

) The intersection of connected sets is always connected.

)

)

If a set A is connected, then so is its interior A.

Let f:[-1,1] = R be a continuous function such that

f(=1)f(1) < 0. Then there exists some a € [—1,1] such that

fla)=0.

(9) Every polynomial on R having an odd degree has at least one

real root.

(10) If a set A is path-connected, then so is A.

(11) In the usual topology, R is homeomorphic to R2.

(12) The preimage of a connected set by a continuous function is
connected.

(13) If X and Y are homeomorphic, then there is a one-to-one
correspondence between their components.

(14) The quotient of a connected (path-connected respectively) topo-
logical space is connected (path-connected respectively).

(15) Let X be a topological space. Let C, be the component of

x € X. Then

5
(6
(7
(8

X is connected <— C, = X.
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(16) R* is not connected as it has two components (0,00) and
(—00,0). But it is known from the lecture that the compo-
nents are closed whereas here they are not closed in R. Is
there anything wrong with this reasoning?

6.3. Exercises With Solutions

Exercise 6.3.1. Is A connected in the topological space T in the
following cases?
(1) A=1{1,2,3,4}, T ={0,{1},{2,3},{1,2,3}, A} };
(2) A is a subset of some set endowed with the discrete topology
(denoted by T);
(3) A =R and T the associated co-finite topology;
(4) A (( 1),1) U B((0,-1),1),
(5) (( ); 1)U B.((0,-1),1);

(the last three sets in R? with respect to the euclidian metric).

Exercise 6.3.2. Let X = M, (R), the (vector) space of square
matrices of order n with real entries. Let A be the subset of X of
invertible matrices. Is A connected?

Exercise 6.3.3. Show that Q is not connected using different meth-
ods.

Exercise 6.3.4. In the induced usual topology, are the following
sets connected

(1) R\ Q;

(2) {£: n>1}
(3) [0,1)U(1,2);
(4) N?

Exercise 6.3.5. Show that [0,2) is connected with respect to the
topology of Exercise 3.3.27.

Exercise 6.3.6. What are the components of
(1) A=C\R;
(2) A={(z,y) eR*: z £y}
(3) A= B((O, 1)7 1)UB<(07 _1)a 1)7 B = BC(<O7 1)7 ]‘)UBC<<O7 _1)a l)
in the usual R??

Exercise 6.3.7. Let A be a connected set in a topological space X.

(1) If A C B C A, then show that B is connected.
(2) Deduce that if A is connected, then so is A.
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Exercise 6.3.8. Let R be endowed with the K-topology.
(1) Show that (—o0,0) and (0, co) inherit their usual topology as
subspaces of Rg.
(2) Deduce that R is connected in R.

Exercise 6.3.9. Show that there is no continuous function f: R —
R such that

f(@) cR\Qand f(R\Q) C Q.

Exercise 6.3.10. Let N be endowed with the co-finite topology.
Show that N is not path-connected.

REMARK. Do not say that since N is not an interval, it is not con-
nected and hence it cannot be path-connected as every path-connected
set is connected. This is a wrong reasoning for the simple fact that the
connected sets are intervals in R endowed with its usual topology!

Exercise 6.3.11. Using only the definition of a path-connected set,
show that R* is not path-connected.

Exercise 6.3.12.

(1) Show that every convex part is path-connected.
(2) Deduce that R™ and the closed and open balls on R"™ are all
connected (n > 1).

Exercise 6.3.13. Let n > 1.
(1) Is R™ \ {0} path-connected?
(2) Let
STl ={reR": 2? =1}.
Need S~ ! be path-connected?

Exercise 6.3.14. Let T = S(Ogz, 1) be the unit sphere in R?. Let
A be the annulus on R? ie. A = {(z,y) € R? : a® < 2? + 4> <V}
where 0 < a < b.

(1) Verify that the following functions are continuous f : [a,b] X
T — Aand g: A— [a,b] x T defined as

Flet,) = (2, 2y) and gla.y) = (W 7, M) .
Compute fog and go f. What can you deduce from this
question?

(2) Deduce from the previous equation that the annulus is a path-
connected part of R2.
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Exercise 6.3.15. Let X and Y be two topological spaces. Let
f: X — Y be a homeomorphism. Let a € X.

(1) Show that f: X\ {a} = Y \ {f(a)} is a homeomorphism.
(2) Deduce that there cannot be a homeomorphism between R
and R%,

Exercise 6.3.16. Consider the letters X and S as subsets of R2.
Can we say that X and S are homeomorphic? What about E and W?

6.4. Tests

Test 46. Show that a topological space with one point is always
connected. What about a set with two points?

Test 47. Is R connected with respect to the lower limit topology
of R?

Test 48. Show that R, is totally disconnected.

Test 49. Is R connected with respect to the co-countable topology?
What about Q7

Test 50. Let X be a topological space. Suppose that X contains a
connected dense subspace. Show that X is connected.

Test 51. What are the components of R with the respect to the
co-finite topology?

Test 52. In the usual topology, can [—1, 1] be homeomorphic to the
unit circle?

6.5. More Exercises
Exercise 6.5.1. Prove that connectedness is a topological property.
Exercise 6.5.2. Set
A={R}U{U CR: U° connected with respect to usual R}.
Is T a topology on R?

Exercise 6.5.3. Show that there does not exist any continuous func-
tion on the circle T into R. Deduce from this that T is not homeomor-
phic to any subspace of R and hence R? and R are not homeomorphic.

Exercise 6.5.4. Let X be a connected space. Assume that card X >
2. Show that if for each z € X, {z} is closed, then card X = oc.

Exercise 6.5.5. Using Exercise 5.5.17, give an alternative way of
proving that the unit circle is connected.
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Exercise 6.5.6. Is R connected with respect to the topology of
Exercise 5.3.137

Exercise 6.5.7 (Important). In the euclidean metric, let
A= {(m,y)ERQ: 0<x<1, y:sin<z>}.
T

(1) Show that A is connected.
(2) Prove that A is not path-connected.

Exercise 6.5.8. In the usual topology of R?, say whether M and N
are homeomorphic? What about B and V? or Y and T7?

Exercise 6.5.9. Let
A=(RxQ)U(Q xR).
Show that A is path-connected.

Exercise 6.5.10. How many components does a puzzle of 2000
pieces have?

Exercise 6.5.11. Prove that the Cantor set is totally disconnected.

Exercise 6.5.12. Let X be a topological space. We say that X is
locally connected at a point x € X if for each neighborhood of U of
x, there exists a connected neighborhood V' of x such that V' C U.

(1) In the usual topology, are R, R* and Q locally connected?

(2) Show that the every open set in a locally connected set remains
locally connected.

(3) Prove that the components of a locally connected space are
open.
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Complete Metric Spaces

7.1. What You Need to Know
7.1.1. Completeness.

DEFINITION. Let (X,d) be a metric space and let (x,) be a se-
quence in X. We say that (z,,) is Cauchy if:

Ve>0,IN e N,Vn,m e N: (n,m > N = d(x,,x,) < €).

REMARK. Let (X, d) be a metric space and let A C X be equipped
with the induced metric, denoted by d4. Let (x,) be a sequence in A.
Then (x,) is Cauchy in (X, d) iff (z,) is Cauchy in (A, da).

A convergent sequence is a metric space is Cauchy, but not vice
versa. In fact, we have

DEFINITION. A metric space (X, d) is said to be complete if every
Cauchy sequence converges in (X, d), i.e. its limit belongs to X .

EXAMPLES.
(1) (Q,]-]) s not complete (see Exercise 7.3.1).
(2) (R ,| |) is complete (see Exercise 7.3.4).
(3) (C,|-|) is complete (see Ezercise 7.3.5).
(4) ([0,1),]-1]) is not complete.
(5) Any discrete metric space is complete (see Ezercise 7.3.2).

REMARK. If (X,d) and (X,d') are two metric spaces such that d
and d' are equivalent, then it may be shown that (X, d) is complete iff
(X, d') is complete.

If d and d’ are (only) topologically equivalent, then the completeness
of (X, d) need not imply that of (X,d’). For instance in R, consider
the usual metric d and the metric d’ of Exercise 2.3.26 (which are not
topologically equivalent). Then (R, d) is complete while (R, d’) is not
(see Test 54).

The next result illustrates the relationship between the notions of
closedness and completeness.

THEOREM. Let (X,d) be a metric space and let A C X. Then:
83
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(1) If A is complete, then it is closed in X.
(2) If A is closed and X is complete, then A is complete.

REMARK. Combining the two results in the preceding theorem, we
may state with ease that: In a complete metric space, a set is complete
if and only if it is closed.

The coming theorem gives a relationship between the concepts of
compactness and completeness.

THEOREM. Let X be a metric space.

(1) If X is compact, then it is complete.
(2) If X is totally bounded and complete, then it is compact.

REMARK. We may then easily show that if X is a complete metric
space, then A C X is compact iff A is closed and totally bounded.

The next theorem is very important.

THEOREM. Let (X,d) and (Y,d') be two metric spaces. Assume
that A C X is dense and that (Y,d') is complete. Let f : (A,d) —
(Y, d") be uniformly continuous on A. Then there exists a unique func-
tion g : (X,d) — (Y,d') which is also uniformly continuous and such
that g(x) = f(x) for each x € A.

REMARK. The completeness of (Y, d) and the uniform continuity
of f may not merely be dropped. See the section "True or False" for
counterexamples and further discussion.

The next two theorems are also fundamental.

THEOREM (Cantor). Let (X,d) be a metric space. Then (X,d) is
complete iff for each sequence (A,) of non-empty and closed subsets of
X werifying:

(1) Ayp1 C A, for alln;
(2) d(A,) — 0 as n goes to oo;

we have ﬂ A, # .

n=1

REMARK. In some textbooks, they refer to Cantor’s theorem as
the "principle of nested closed sets".

THEOREM (Baire). Let (X, d) be a complete metric space. The
countable union of closed sets with empty interior is also of empty
mntertor.
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REMARK. We may also say that a topological space is a Baire
space if the countable union of closed sets with empty interior is also
of empty interior.

REMARK. Baire’s theorem has important applications in func-
tional analysis.

An equivalent version of Baire’s theorem is the following:

THEOREM. Let (X,d) be a complete metric space. The countable
intersection of open dense sets is dense.

7.1.2. Fixed Point theorem.

DEFINITION. Let (X, d) be a metric space. A function f : (X, d) —
(X,d) is called a contracting mapping (or a contraction) if:

ke [0,1): d(f(x), f(y)) < kd(z,y).

PROPOSITION. A contraction is uniformly continuous, hence con-
tinuous.

DEFINITION. Let X be a set and let f : X — X be a function.
We say that x is a fized point of f if f(z) = x.

The next is a very interesting result in analysis:

THEOREM (Banach). Let (X,d) be a complete metric space. Let
[ (X,d) — (X,d) be a contracting mapping. Then f has a unique
fized point.

REMARK. We have already met a somehow similar result for a
"strict contraction". See Exercise 5.3.27

7.2. True or False: Questions

QUESTIONS. Comment on the following questions/statements and
indicate those which are false and those which are true when this ap-
plies. Justify your answers.

(1) Let (X,d) be a metric space. It is known that (z,,) is a Cauchy
sequence if

Ve > 0,IN e NNVn,m €N (n,m > N = d(x,, xpy) < €).

We can take ¢ > 0 and d(z,, z.,) < € in the previous definition.
(2) How do we show that a given metric space is complete?
(3) How do we show that a given metric space is not complete?
(4) If a given space is complete, then what is the best way to
exploit this hypothesis?
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(5) Why is it important to consider complete spaces?

(6) (0,00) is not complete.

(7) In a complete metric space, the intersection of two dense sets
is never empty.

(8) The union of two non-complete sets can be complete.

(9) Let (X,d) be a metric space and let (z,,) be a sequence in
(X,d). Then

(x,,) is Cauchy iff it is bounded.

(10) Let (X,d) and (X, d’) be two metric spaces. Assume that d
and d' are equivalent. Let (z,) be a sequence in X. Then is
true that (z,) is Cauchy with respect to d if and only if (x,,)
is Cauchy with respect to d'?

(11) Let (X,d) and (X,d’) be two metric spaces. Assume that d
and d’ are not equivalent. Let (x,) be a sequence in X. Can
(x,) be Cauchy with respect to d but not so with respect to
d' and vice versa?

(12) Let X = C([0,1],R) endowed with the metric

d(f,g) = / (@) — g(x)d.

Let
0, 0<zr<i_1
_ 1_1 1 1<2<’i
o) =q nz+(1—-3n), 35—~ <3
1, s<z<1

This sequence has as its pointwise limit the function

0, 0<z<1i

ﬂm_{l,%gxgi
Criticize the following reasoning: The sequence ( f,,) is a Cauchy
sequence of continuous functions. Since f is not continuous,
(X, d) is not complete.

(13) Keeping everything as in the previous question, say whether
the following reasoning is correct: The sequence (f,) is a
Cauchy sequence of continuous functions. Since f is not con-
tinuous and d(f,, f) — 0, (X, d) is not complete.

(14) Cauchyness is a topological property.

(15) Cauchyness is conserved by uniform continuity.

(16) Completeness is preserved by uniform continuity.

(17) Completeness is a topological property.
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(18) Let X and Y be two metric spaces and let A C X be dense
in X. Let f: A— Y be a continuous function. Then f has a
continuous extension f : X — Y such that f| a=Ff.

(19) Let (X, d) be a metric space. State some properties that illus-
trate the analogy which exists between compact and complete
spaces.

7.3. Exercises With Solutions

Exercise 7.3.1. Among the following sets indicate those which are
complete (the metric is the usual one)

{n:
{(=1)": n=1}
{1 neN}u{0}
8) {(z,y) eR?: z>1,y>L}7
Exercise 7.3.2. Show that a discrete metric space is always com-
plete.

REMARK. Since every closed subset of a complete metric space is
itself complete, since by this exercise discrete metric spaces are com-
plete and since every subset of a discrete metric space is closed, we can
state with ease that all subsets are complete in a discrete metric space
(a propriety that characterizes discrete metric spaces).

Exercise 7.3.3 (Important). Let (X,d) be a metric space. Let
(x,) be a Cauchy sequence in X. Show that if (z,) has a subsequence
converging to z € X, then (x,) converges to z € X too.

Exercise 7.3.4. Show that (R, |- |g) is complete.
Exercise 7.3.5. Show that (C, |- |c) is complete.

Exercise 7.3.6.

(1) Show that every compact metric space is complete.

(2) Is the converse always true?

(3) Deduce from the first question another proof of the complete-
ness of usual R.

(4) Can we say that every complete space is locally compact and
vice versa?
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Exercise 7.3.7. Define the following metric on R
z Y
T4z 1+yl|

Show that (R,d) is not complete (hint: you may use the sequence
defined by x, =n, n € N).

(l’, y) — d(l‘,y) =

Exercise 7.3.8. Show that (N, d), the metric space defined in Ex-
ercise 2.5.11, is complete.

Exercise 7.3.9. Let

= {xz(xn)n,xn:N%(C: Z|xn|2<+oo}.

n=1

Define a function d on ¢ x (2 by

d(z,y) =

(1) Give some elements in ¢* and others not in it.
(2) Show that (¢2,d) is a complete metric space

Exercise 7.3.10. We endow R with following metric
d(z,y) = |e* — €],

Show that R is not complete with respect to d (hint: you may use the
sequence defined by x, = —n, n € N).

Exercise 7.3.11 (Classic and Important). In (¢%,d) as defined in
Exercise 7.3.9, show that

A={(z,), €: IN €N, 1, =0,Yn > N}
is not complete.

Exercise 7.3.12. Let X = C([0, 1], R). We equip it with the metric
defined, for all f,g € X, by

d(f,g) = / (@) — g(2)d.

Consider the sequence of continuous functions

0, 0<z<i—=+

1 11 t

fo(@) =< nzx+(1—-35n), 3—><x<3
1, ;<<

(1) Show that (f,) is a Cauchy sequence.
(2) Is (X, d) complete?
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Exercise 7.3.13. [classic and important| Let X = C([0,1]). Show
that (X, d.) is complete where d, is the supremum metric, i.e. the
metric defined for all f,g € X by

do(f,9) = sup |f(z) —g(z)|
z€[0,1]

(hint: you need the fact that the uniform limit of a sequence of con-
tinuous functions is continuous. This should be known to the reader,
if not, then more details are to be found in the next chapter).

Exercise 7.3.14. Let X be the space of bounded real-valued func-
tions on [0,1]. Endow X with the supremum metric which we denote
by d. Show that (X, d) is a complete metric space.

Exercise 7.3.15. Let X be the set of all polynomials (of any degree)
defined on [0, 1] and let d be the metric defined by

d(f,9) = sup |f(z) = g(z)], .9 € X.
z€[0,1]
(1) Show that the function x — e” is not a polynomial.
(2) Using the sequence P, (z) = (14 2)", n > 1, show that (X, d)
is not complete.
(3) Give another proof of the non-completeness of (X, d) using the
Weierstrass theorem.

Exercise 7.3.16. Let A = (0,00). Let d be the usual metric and
for any x,y € A, define the function (cf. Exercise 2.5.13)

d'(z,y) =|Inxz —Iny|.

(1) Show that d’ is a metric on A.

(2) Why is (A, d) not complete?

(3) Show that (A, d’) is complete.

(4) Show that (A, d) is homeomorphic to (A, d').

(5) What can you deduce from the previous question? (cf. Exer-
cise 2.5.13).

Exercise 7.3.17.

(1) Show that every differentiable function in [a, b] into [a, b], whose
derivative is bounded by some M < 1, is a contraction.
(2) Show, using the fixed point theorem, that the equation

2t +162° =320 —8=0

has exactly one root in [0, 3].
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Exercise 7.3.18.

(1) Let X be a complete metric space. Let f be a mapping defined
on X into X. We assume that for some integer n > 1, f™ is a
contraction. Show then that f has a unique fixed point.

(2) e Show that z — cos?z is a contraction while z — cosz is

not one.
e Give an approximate solution of the equation cosx = x.

Exercise 7.3.19. Let X = {z € Q: z > 1} in the usual metric.
Define a function on X into X by

(1) Show that

1
Vo,y € X |f(z) = f)l < gle —yl.
(2) Show that f does not have a fixed point, that is,
Are X : f(z)=u=.

(3) Why does not the result of the previous question contradict
the fixed point theorem?

Exercise 7.3.20. (cf. Exercise 5.3.27) Define a function f in X =
[1,00) (with the usual metric) into the same interval by

1
(1) Show that
Ve,y =1 (x#y): |fx) = f)l <lz—yl
(2) Show that f does not have a fixed point, that is,
Vee X: f(x) # .

(3) Why does the result of the previous question not contradict
the fixed point theorem? Say why it does not contradict the
result of Exercise 5.3.27 either.

Exercise 7.3.21. Let (X,d) and (X',d') be two isometric metric
spaces. Show that (X, d) is complete if and only if (X', d’) is complete.

Exercise 7.3.22. Go back to Cantor’s theorem and give examples
showing that the hypotheses on the right hand side of the equivalence
may not merely be dropped.

Exercise 7.3.23. Let a,b € R with a < b. Show that [a,b] is
compact using total boundedness.
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Exercise 7.3.24.

(1) Show that R is not countable (hint: use Baire’s theorem).
(2) Deduce that R\ Q is also uncountable.

Exercise 7.3.25. Let C' be a non-empty closed and countable subset
of usual R. Show that C has at least one isolated point.

Exercise 7.3.26 (Important). Assume that (X,d) and (Y,d') are
two metric spaces. Assume also that (X, d) is complete. Let A be
closed and let f: A — Y be a continuous function satisfying:

d(f(z), f(')) > d(z,2"), Vz,2" € A.
Prove that f(A) is closed (Y, d').

7.4. Tests

Test 53. Let X be a metric space and let A C X be dense in X.
Must A be complete?

Test 54. Show that R endowed with the "arctan metric" already
defined in Exercise 2.3.26 is not complete.

Test 55. Show that [0, 1) is not countable.
Test 56. Show that the Cantor set is uncountable.

7.5. More Exercises

Exercise 7.5.1. Set
1 1 1
n=1+=-"+- -4+ —= —.
T 2+ +n ;k’

1
Show that (x,) is not Cauchy in R. Does the series Z — diverge?
n

n>1
Exercise 7.5.2. Is the Cantor set complete?

Exercise 7.5.3. Let (X,d) be a ultrametric space (see Exercise
2.3.20). Let (z,,) be a sequence (z,,) in X. Show that

(x) is Cauchy <= lim d(x,,xn41) = 0.
n—r0o0
Exercise 7.5.4. For all (z,y) € R?, define the metric d by

d(z,y) = |o* — ).
(1) Show that R is complete with respect to d.
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(2) Do the previous question with the metric d defined by
1 1
d(z,y) = ‘

and R* in lieu of R.

Exercise 7.5.5. Let X = C([-1,1],R). We endow X with the
metric d defined for all f,g € X by

r oy

0.9 = ([ 156 - storpas)

1
and let

(1) Show that (f,) is a Cauchy sequence in (X, d).

(2) Is (X, d) complete?
Exercise 7.5.6. We endow X = [0, 1) with the following metric
1 1

d(m’y):'px 1—y|

Is (X, d) complete?
Exercise 7.5.7. In (¢*°,d) where

> ={zx = (x,), , : N—= C, sup|z,| < oo}

and

d(l‘,y) = sup |ZL‘n - yn’7 Vl’,y € Aa
neN

show that
A={(xp), € *: IN eN*| 2z, =0,Yn> N}
is not complete.

Exercise 7.5.8. Let f : (N,d) — (N,d) be a function defined for
all z € N by f(z) = x + 1, where d is the metric defined in Exercise
2.5.11.

(1) Verify that (N, d) is complete.
(2) Without calculation, can f be a contraction? Why?

Exercise 7.5.9. Show that the image of a Cauchy sequence by a
uniform continuous function remains Cauchy.
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Exercise 7.5.10. Let f : R? — R? be defined by

1 1
flwy) = (5 cosy, 3sine +1)

where R? is equipped with the usual metric. Show that f has a unique
fixed point.

Exercise 7.5.11. Define f : R — R (usual R!) by f(z) = e™.
Show that f is not a contraction yet it has a unique fixed point (hint:
consider f?).

Exercise 7.5.12. Let (X1, d;) and (X3, d2) be two complete metric
spaces. Endow the product space X = X; x X, with the metric d’
defined by

d(v,y) = max di(z, y)

for all z,y € X. Show that (X, d) is complete.

Exercise 7.5.13. Let (f,) the sequence defined in Exercise 4.3.27.
Is {f.: n € N} totally bounded?

Exercise 7.5.14. Let (X, d) be a metric space. Recall the following
important result (see, for instance, [16]):

THEOREM. (Hausdorff) There exist a complete metric space (X,d)
and an isometry f: X — X such that f(X) is dense in X.

The space (X, d) is usually called a completion of (X, d).

(1) Let A C X. If X is complete, then what is the completion of
A?

(2) What is the completion of (—1,1) and that of Q in usual R?

(3) Explain why the completion of the space of polynomials on
[0,1] with respect to the supremum metric is the space of
continuous functions on [0, 1] with respect to the supremum
metric.






CHAPTER 8

Function Spaces

8.1. What You Need to Know
8.1.1. Types of Convergence.

DEFINITION. Let (X,d) and (Y,d') be two metric spaces. Let (f,)
be a sequence of functions defined on X into Y. We say that (f,)
converges pointwise (or simply) to [ : X =Y if:

T f,(2) = f(z) (inR).

DEFINITION. Let X be a topological space and let (Y,d') be a met-
ric space. Let (f,) be a sequence of functions defined on X into Y. We
say that (f,) converges uniformly to f : X — Y if:

Ve >0,IN e N Ve e X : (n> N = d'(f.(z), f(x)) < &).

REMARK. If f, is real-valued, defined on A C R and converges
pointwise to f, then saying that (f,,) converges to f uniformly amounts
to saying that

lim sup |fn(z) — f(x)] = 0.

n—o0 €A

EXAMPLES.
(1) Let f,(x) = 2™ wherex € [0,1]. Then (f,) converges pointwise

to
0, 0<x <1,
f(x){l, z=1.

(2) The same sequence does not converge uniformly to f for:

lim sup. \fn(ac)— f(z)] > hm Sup 2" — 0| =1

n—00 < <z<1

and hence lim sup. |f(z) — f(2)] #0.

n—oo 0<

Here are some appllcatlons of uniform convergence. We content
ourselves to results of sequences of functions defined on a subset of R.

THEOREM. Let (f,) be a sequence of real-valued functions defined
on [a,b]. Assume that (f,) converges uniformly to a function f. Then:

95
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(1) (fn) converges pointwise to f.

(2) If all (f,) are continuous, then f is continuous too.

(3) Ifall(f,) are Riemann-integrable, then f is Riemann-integrable
and

lim fn dx—/f

n—oo
An akin result on dlﬂ’erenmablhty needs a little more care.

THEOREM. If (f,) is a sequence of differentiable real-valued func-
tions defined on (a,b) and which converges pointwise to f, and if the

sequence of derivatives (f!) converges uniformly to a function g on
(a,b), then f is differentiable and ' = g.

Pointwise convergence may imply uniform convergence under extra
hypotheses.

THEOREM (Dini). Let (f,,) be an increasing sequence of real-valued
continuous functions defined on (the compact!) [a,b]. Assume that (f,)
converges pointwise to a continuous function f. Then (f,) converges
uniformly to f.

REMARK. By (f,) increasing, we mean increasing with respect to

REMARK. The same conclusions of Dini’s theorem hold:
(1) if "increasing" is replaced by "decreasing";
(2) or if [a, b] is replaced by another compact set.

DEFINITION. Let X be a topological space and let (Y, d) be a metric
space. Let (f,) be a sequence of functions from X into (Y,d). We say
that (f,) converges uniformly on compacta (or compactly) to
FiX = (Y, d) if
VA compact C X,Ve >0,AN € N: (n > N = d(f.(x), f(z)) <e¢)
forall x € A.

REMARK. The "N" in the foregoing definition depends on both A
and ¢.

THEOREM. Let X be a topological space and let (Y, d) be a metric
space. Let (f,) be a sequence of functions from X into (Y,d).
(1) If (fn) converges uniformly to f, then (f,) converges on com-
pacta to f.
(2) Let X be compact. If (f,) converges on compacta to f, then
(fn) converges uniformly to f.
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8.1.2. Weierstrass Approximation Theorem. The Weierstrass
theorem has a wide range of applications in different areas of mathe-
matics.

THEOREM (Weierstrass). The subspace of real-valued polynomials
defined on [a, b] is dense in the space of real-valued continuous functions
defined on [a,b], with respect to the supremum metric.

REMARK. In other words, the Weierstrass theorem tells us that
any real-valued continuous function (on [a,b]) may be approximated
uniformly by a sequence of real-valued polynomials (on [a, b]).

REMARK. There exist many generalizations of Weierstrass theo-
rem. The most famous one is the Stone-Weierstrass theorem. For the
reader’s convenience we shall state here, but without further use in this
book. But first we need to look at two notions:

DEFINITION. Let X be a compact space equipped with the uniform
metric. The subset A C C(X,R) is called separating if

Ve,ye X,o#y,3f € A: f(x) # f(y).

DEFINITION. A vector subspace A of C(X,R) is a subalgebra if
forall f,g € A: fg (the pointwise product) remains in A.

THEOREM (Stone-Weierstrass). Let X be a compact space equipped
with the uniform metric. Then every separating subalgebra of C(X,R)
which contains the constant functions is dense in C'(X,R).

8.1.3. Arzela-Ascoli Theorem. The epilogue of this chapter is
devoted to the Arzela-Ascoli theorem. But first we have the following
definition:

DEFINITION. A subset A C C[0,1] is said to be equicontinuous
at a point a if:
Ve > 0,3a>0,Vf € AVe €[0,1]: (Jz—a| < a = |f(z)—f(a)] < &).
A subset A C C0,1] is equicontinuous if it is equicontinuous at
each point of [0,1].
EXAMPLES.
(1) A finite subset of C[0,1] is equicontinuous.

(2) The set of real-valued functions f defined on [0,1] and satisfy-
ing the Hélder condition:

Fk,a > 0,ve,y € [0,1] = |f(z) = fy)| < klz —y[*

18 equicontinuous.
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In an infinite dimensional space, compact spaces are rare. For in-
stance, the closed unit ball in C[0, 1] is not compact with respect to
the supremum metric (see Exercise 5.3.20 or Exercise 5.5.11). The
following theorem characterizes compact subsets of C|0, 1].

THEOREM (Arzela-Ascoli). Let A C C[0,1] be closed and bounded.
Then A is compact iff it is equicontinuous.

REMARK. Of course, an alternative way of stating the previous
result is to say: A bounded A C C]0,1] is relatively compact iff it is
equicontinuous.

REMARK. The Arzela-Ascoli theorem is tremendously important
in mathematics: It has applications in Ordinary Differential Equations,
Distribution Theory and Holomorphic Functions, among others.

8.2. True or False: Questions

QUESTIONS. Comment on the following questions/statements and
indicate those which are false and those which are true when this ap-
plies. Justify your answers.

(1) Let (f,) be a monotonic sequence of continuous real-valued
functions on R. If (f,) converges pointwise to f and f is
continuous, then it converges uniformly to f.

(2) Let (f,) be a sequence of continuous real-valued functions hav-
ing f as its pointwise limit. If each function f, is increasing,
then so will be f.

(3) Let (f.) be a sequence of bounded real-valued functions. Then
its pointwise limit f is bounded. What about the uniform
limit?

(4) Let (f,) be a sequence of continuous real-valued functions that
converges pointwise to f on [0,1). If (f,,) converges uniformly
on [0, a] for each 0 < a < 1, then the convergence is uniform
on [0,1).

(5) Let (f,) be a sequence of continuous real-valued functions that
converges pointwise to f on (0, 1]. If f is continuous, then the
convergence becomes uniform.

(6) Let (f,) be a sequence of continuous real-valued functions de-
fined on [a, b] which converges pointwise to f. Then

nh_>nolo abfn(x)dxz/ab hm fulz < / f(x dx)
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(7) Let (f.) be a sequence of continuous and differentiable real-
valued functions that converges pointwise to f. Then

. / g
lim f, () = f'(2).
8.3. Exercises With Solutions

Exercise 8.3.1. Let (f,) be the sequence of real-valued functions
defined by f,(z) = % for all z € [0, 1].

(1) What is the pointwise limit of (f,)?
(2) Does (f,,) converge uniformly to the pointwise limit? Why?
Exercise 8.3.2. Let (f,,) be the sequence of real-valued functions
defined by f,(z) = % for all x € [—1,0].

(1) Show that (f,) converges pointwise to some function f.
(2) Show that the convergence is also uniform.
(3) Study the uniform convergence of (f}).

Exercise 8.3.3. Let (P,) be a sequence of polynomials (on [—1, 1])
defined by
PO = 07
Poyi(z) = Py(z) + 5(2® — P2(2)), VYn>0.
Show that (P,) converges uniformly to f(z) = |z|.
Exercise 8.3.4. Let (™) be a sequence of functions defined from
[0,%) into R; denote by (f,,). Investigate the convergence of (f,):
(1) pointwise;
(2) uniformly;
(3) compactly.
The same questions for (g,,) defined from R into R by: g, (z) = “a.
Exercise 8.3.5. Let (X, d) and (Y, d’) be two metric spaces and let
(fn) be a sequence of equicontinuous functions from X into Y. Set
V={xeX: (fu(r)) is Cauchy in Y'}.
Show that V is closed in Y.

Exercise 8.3.6. Let k be a continuous real-valued map on [0, 1] x
[0,1]. Define a (linear) map K for all f € C([0, 1]) by

Kf(z) = / Kz, y)f(y)dy

(K is usual called an integral operator with kernel k). Let (f,) be
bounded.
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(1) Show that (K f,) is equicontinuous.

(2) Using the Arzela-Ascoli theorem, deduce that (K f,,) is rela-
tively compact in C(]0, 1]) (we then say that K is a compact
operator).

Exercise 8.3.7. Let f : [a,b] — R be a continuous function. The
moments of f are the numbers

b
m(f) = / 2" f(x)dx, forallm=1,23---
Show that if all the m(f) vanish, then so will do f (hint: Use the

Weierstrass approximation theorem).

Exercise 8.3.8. Endow C([0,1],R) with the supremum distance.
Show that C([0,1],R) is separable (hint: show that the set of polyno-
mials with rational coefficients is dense in C([0, 1], R)).

8.4. Tests

Test 57. What is the pointwise limit (denoted by f) of the sequence
of functions (f,) defined by

falz)=14z+ - +2"
on (—1,1)? Does (f,) converge uniformly to f?

Test 58. Let (f,,) be a sequence of real-valued functions defined on
[0,1] by
folz) = (2(1 —2))" + .
Find the pointwise limit and study the uniform convergence of (f,,).

Test 59. Let (P,) be a polynomial sequence that converges uni-
formly to f. Is f continuous?

Test 60. Need a finite union of equicontinuous sets be equicontin-
?
uous?

8.5. More Exercises

Exercise 8.5.1. Define a sequence of functions (f,) as follows

1
where f : R — R is a continuous function.

(1) Verify that (f,) converges pointwise to f.
(2) Show that the convergence is also uniform.
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1
1
(3) Deduce the value of lim f <x + —2> dx.
n—oo J, n

Exercise 8.5.2. The same questions as those of Exercise 8.3.4 for
(fn) defined from R into R by:

[ IR gl <n,
Inl(@) = { 0, otherwise.

Exercise 8.5.3. Let (X, d) and (Y, d’) be two metric spaces and let
(fn) be a sequence of functions on X into Y assumed to be equicontin-
uous at a € X. Let (z,,) be a sequence in X that converges to a. Show
that if (f,,(a)) converges to b, then so does (f,,(x,)).

Exercise 8.5.4. Let f be a uniformly continuous real-valued func-
tion on R. Let a € R and set f,(z) = f(x—a). Show that {f,: a € R}
is equicontinuous on R.

Exercise 8.5.5.

(1) Let X be a metric space and let (f,,) be a sequence in C(X).
Show that if (f,) is an equicontinuous family at a point a,
then for all sequence (z,) converging to a, (f.(z) — fu(x,))
converges to 0.

(2) What about the converse? (hint: consider f,(x) = sinnz and
Ty =a+ 5-).

Exercise 8.5.6. Let f,(z) = sin(y/4(nm)? + x) be defined for all
z > 0.

(1) What is the pointwise limit of (f,,)?

(2) Show that (f,) is equicontinuous.

(3) Show that (f,,) is not relatively compact in C'([0, 00), R) equipped
with the supremum metric.

(4) Why does not the result of the previous question contradict
the Arzela-Ascoli theorem?
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CHAPTER 1

General Notions: Sets, Functions et al

1.2. Solutions to Exercises

SOLUTION 1.2.1.

(1) We have
ye f(JA) =T e JAi: y=f(x)
el iel
<=dJiel, v €A andy = f(x)
—3Jdiel: ye f(A)
—=ye f(JA)
il
(2) We have
(NAiCcA;, Viel= f([)A)Cf(4), Viel
il el
Thus
f(ﬂ A;) C ﬂf(Az‘)'
icl icl

REMARK. Observe that Equality does not hold even for
finite intersections. For instance, take the real-valued function
f defined on R by f(x) = 2% Then consider for example
A = (—00,0] and B =[0,00) and one can see easily that

f(ANB) = f({0}) = {0} # [0,00) = f(A) N f(B),
i.e. the equality does not hold.

(3) We have
ref Y UB) = fla)e|Bi=3iel, f(x)€ B
iel el
e=Jicl e f(B)=zec|Jr'(B)
el

(4) The same proof as in the previous question.
105



106

1. GENERAL NOTIONS: SETS, FUNCTIONS ET AL

(5) We have
v € [TU(B) <= [(z) € B <= f(x) ¢ B+=ua ¢ [(B)

—ael (B

(6) We have

v € (go f)H(A) <= g(f(x)) € A<= [(z) € g7 (4)
=€ [T (g7(A)).

(7) We have
yef(fHA))=Twe fH(A): y=[fz)=y=[(z) €A

(8) A similar method to that of the previous question works.
SOLUTION 1.2.2. Let # € ANf~1(U). Thenx € Aand x € f~1(U)
or f(x) € U. Since v € A, we get fa(x) € U, ie. x € f'(U).
Conversely, let € f;*(U) which, by definition, means that = € A
and fs(r) € U. Hence x € A and f(z) € U. Thus x € A and
re fYU)orxe An f~YU).
SOLUTION 1.2.3.
(1) We need only show that f is one-to-one. Let (n,m), (n/,m’) €

N x N such that f(n,m) = f(n',m’), i.e. 273™ = 273" We
need to show that (n,m) = (n',m’).

Suppose first that n # n’, then 2"3™ = 2%'3™ implies
3™ = 273" and if n < n’/, then this is a contradiction as
27'=n3m" is even while 3" is odd. If n > n’, then one considers
2n=n'3m — 3m" and the same contradiction will be encountered.
Hence this forces us to have n = n’ and thus 3™ = 3™. We
can use a similar method to show that m = m’ or we can just
take the logarithm to obtain m = m/. Thus f is one-to-one
and hence N x N is countable.

Since A and B are countable, there are surjections f: N — A
and g : N — B. Hence the map h : NxN — A x B defined, for
all (n,m) € N x N by h(n,m) = (f(n);g(m)) is a surjection.
This leads to the countability of Ax B since NxN is countable.

SOLUTION 1.2.4. Let [ : UQ"+1 — Q[X] be the map defined by

n>0

f(a07a1>"' 7an):an$n+"'+a1$+a0.

By construction, f is onto. Since UQ”H is countable (why?), so is

Q[X].

n>0
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SOoLUTION 1.2.5. One way of proving that X is uncountable is
to show that all countable subsets of X are proper, i.e. whenever a
subset of X is countable, it will be strictly contained in X. Let A C X
be countable. Then there is some sequence of functions (f,) (whose
image consists of zeroes and ones) such that A = {f,, : n € N}. Define
f:N—={0,1} by

f(n) =1~ fu(n). Yn €N,
Now, if f,(n) = 1, then f(n) = 0; and if f,(n) = 0, then f(n) =

Hence f € A. However, f ¢ A since if it were, then we would have

f(n) =1— fu(n) = fu(n),
which is absurd.

SOLUTION 1.2.6. The method of proofs is standard and it mainly
uses the Archimedes theorem.

(1) Obviously 0 € (=%, 1) for all n > 1 and hence
-1 1
{0} c ﬂ <77 E) .
n€eN
Let @ # 0. There exists N such that [z > & > 0 (why?).
Thus = & ( N , N) and x is not in the intersection. This proves
that ﬂ < > C {0}, establishing the equality.
neN

(2) We always have U[—n,n] C R. Now let z € R. Again by

neN
the Archimedes theorem we know that there exists n € N such

that |z] < n. Hence z € U[—n,n]. Thus,
neN

U [—n,n] =R.
neN
(3) To be shown as the preceding question.
SoLUTION 1.2.7. The reader may try to find the following results

and must try to prove them as done in the foregoing exercise. The
answers are

1) () A.={1}and [ 4, =N,

neN neN

2) (An=(-1,1) and [ J A, =R.

neN neN
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3) () An=1[0,1] and | J 4, = (-1,2).

neN neN
@[ﬂAn:ﬂummLJAn:ml

neN neN

5) () An=1[0,1) and | J A, = (-1,1).

neN neN

SOLUTION 1.2.8. Let a,b > 0 and let p,g > 1. If a =0 or b = 0,
then it is evident that Young’s inequality is verified. So, assume that
a,b> 0 and let f:R" — R be the function defined by

P 1
fa) =+ —a
p g
It can easily be established that f(x) > 0 for all > 0. In particular,

for:z::abﬁ we have
b%<(abﬁ)P+1 apbﬁ_Fl
abtr < ——2 4 — = -
p q p q

and hence

p
PHTp hY a
ab%pbq < @by bi-rb + —b .
p q
But % + % = 1 implies that

bTb? = b and bTFH = 1.

In the end, we obtain
al? bl
ab < — + —
p q’

completing the proof.

SOLUTION 1.2.9. The sequence (), is strictly increasing and the
sequence (y,)n is strictly decreasing and it is well-known that

lim x, = lim y, =e¢

n—oo n—oo
and we have z,, < e < y,. Now, assume that e = 7 where a € N and
b € N. Since z,, < e <y, for all n, taking n = b gives us
a . 1
xb<e=5<yb, l1e. rp < e = — b <xb+%

Hence we are led to
blbxr, < bla < blbxy, + 1.

But blbxy is an integer which we denote by p. Hence we have p < bla <
p+1 (where p € N) which is impossible since bla € N. Thus e € R\ Q.
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REMARK. In fact, e is not even an algebraic number (the the
interested reader may consult any standard book in number theory).

SoLuTiOoN 1.2.10. Let z,y € R. We may assume WLOG that
x < y. We are required to find an r € Q such that x < r < y. Set
a =y—x > 0. By the Archimedean property, for some p € N, pa > 1 or
% < a. Set ¢ = [px] + 1 where [-] denotes the greatest integer function.
Then ¢ — 1 < px < ¢q. Hence

1
x<g§x+—<x+a:y
p p

and the proof will be complete by taking r = %.

SOoLUTION 1.2.11. To prove the inequality, we first note that

Vz e [0,1]: [f(z)| < sup |f(z)|
0<2<1

and hence

vr e 0.1: |f@llg(e) < s |£@)llo(a)]

Integrating with respect to = on [0, 1] and taking into account that the

final value of sup |f(x)| is a number.
0<z<L1

| ir@stala = [ i@lla@lds < [ s (1@l
= s 7@ [ lo(o)lds

0<z<1






CHAPTER 2

Metric Spaces

2.2. True or False: Answers

ANSWERS.

(1) Yes, an instance of that is the discrete metric (see Exercise

(2)
(3)

2.3.5).

The answer is yes. For a proof, see Test 1.

In topology, especially for beginners, this is something to avoid
absolutely. We always have to emphasize with respect to which
metric space we are working. Knowing this, we may consider
this question as false or badly formulated. The given set is not
open in R endowed with the usual metric. But with respect
to the discrete metric, it becomes open as every subset is open
in this metric space (see Exercise 2.3.5 below).

No! It is not open, but certainly not because it is closed! It is
not open for

Vr >0, (—r,r) ¢ {0}.

The answer is yes! This may come as a surprise to some of
the readers but they have to be prepared to more "surprises"
(interesting though) in Topology. We always remind the stu-
dents that not every thing true in the classical R, C, R",...etc
will be true in an arbitrary metric or topological space.
Let us go back to our question. We give two counterexam-
ples for the sake of diversity of examples.
(a) Let R be endowed with the discrete metric (see Exercise
2.3.5 below). Then

B <0§> _{0}CB (0, %) — {0}

(this also shows that two balls of the same center with
different radii may well be identical!).

(b) Let N be endowed with the induced standard metric of R.
Then

B.3,2)={neN: |n—3|<2}=1{1,2,3,4,5}
111
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(6)
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and
B.(0,4) ={n e N: |n| <4} ={1,2,3,4} C B.(3,2)

The answer is no in general. We will show in Exercise 2.3.3
that
1 1

d =
(@) = |- y
defines a metric on R*. The given set, i.e. (0, 1) is not bounded

with respect to this metric since i —

% — +oo as x,y — 0.

REMARK. With respect to this metric, N or more gener-
ally, [1,00) (which are obviously not bounded in usual R) are
bounded sets!

The answer is no. In (R,|-|) (R endowed with the usual
metric), consider

A=[-1,1], B=1[1,2] and C = [2,4].
Then
d(A,C)=1>d(A,B)+d(B,C) = 0.

The proof is easy and we shall prove only one implication.
The other implication, being very akin, is left to the interested
reader. Let U be an open set in (X, d). Then, for each z € U,
we can find some r > 0 such that B(z,r) C U. Since d and
d' are equivalent, there are some o, > 0 such that for all
x,y € X one has

ad'(z,y) < d(z,y) < Bd'(z,y).

Then if B'(z,r") is the open ball in (X, d'), where 1’ =
if y € B'(x,r’), then

d(r,y) < pd(@y) < B =,
implying that y € B(x,r) C U and hence B'(z,r") C U.
HenceU is open in (X', d).
The answer is yes. Let (X, d) be a metric space. Let B.(z,r)
be the closed ball of radius > 0 and center z. We need only
prove that the complement of B.(z,r) is open in (X,d). We
note that

B.(z,r)={ye X : d(z,y) > r}.

r
B’
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Take s = d(z,y) —r > 0. Let z € B(z,s), i.e. d(z,2) <s =
d(x,y) — r and hence

r<d(z,y) —d(z,z) <d(z,z) +d(z,y) —d(z,z) = d(z,7),
ie. B(x,s) C BS(x,r) proving the openness of BS(z, ) or the
closedness of B.(z,).

The converse is not true in general. Consider the same idea
for a counterexample as the one in Exercise 2.3.17, where it is
also proved that every open ball in a metric space is an open
set.

(10) We recall that, in a metric space (X,d), the sphere of center
x and radius r > 0 is given by
S(x,r)={ye X: d(z,y) =r}
which can be written as

S(z,r) = Be(,r) N [B(z, )],

i.e. as a finite intersection of closed sets and hence S(z,r) is
closed (see Exercise 2.5.6).

(11) The answer is yes and this happens for example in a ultramet-
ric space (see Exercise 2.3.20).

2.3. Solutions to Exercises
SoLuTION 2.3.1. We need only show the triangle inequality for x,
y and z not all distinct. If = z, then d(z, z) = 0 and hence
0=d(z,z) <d(z,y)+d(y, 2).
If z =y, then
d(.ﬁL‘, Z) = d(ya Z) = d(:l?, y) + d<ya Z),

i.e. we have equality in this case and so we will have in the case y = z.
The proof is over.

REMARK. This result may be helpful for proving a given function
is a metric especially when there are different cases to look at. See for
instance the proof for the discrete metric below.

SOLUTION 2.3.2. Let z,y,2z € X. We have
d(z,z) <d(z,y)+ d(y, z) and hence d(z, z) — d(y, z) < d(z,y).
Inverting the roles of x and y yields
d(y, z) — d(z,z) < d(y,z) = d(z,y).
Thus
|d(z, 2) — d(y, 2)| < d(z,y).
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SOLUTION 2.3.3.
(1) No, d is not a metric. For example, 1 # —1 but d(1,—1) = 0.
(2) Yes, d is a metric on R. Let us show that. First, we note that
the range of d is RT. Let us check the remaining properties of

a metric.
(a) Let z,y € R. Then

dz,y) =02 -’ | =0 * =y o=y
(b) Let z,y € R. Then
d(z,y) = |2° = y*| = |y* — 2°| = d(y, 2).
(c) Let z,y,z € R. Then
d(w,z) = |2° = 2| = |2° =y’ +y° = 2| < |2 = | + |y° = 2
and hence
d(z,z) < d(z,y) + d(y, 2).

(3) No, since d never vanishes.
(4) Yes, d is indeed a metric. Let us show this.
(a) Let x,y € R*. We have
1 1 1 1
r=y=> —=—<= |- ——|=0<=d(z,y) =0.
r oy r oy
(b) Let x,y € R*. We obviously have
d(z,y) = d(y, ).

(c) Let x,y, z € R*. We have

1 1 1 1 1 1 1 1 1 1
diz,2)=|-—~|=|-—~+-—=|<|--~ -z
Tz T Yy y 2z Ty y oz

and so

d(z,z) < d(z,y) + d(y, 2).
(5) No, since d(1,1) =2 # 0.

SOLUTION 2.3.4. The open ball of center z and radius r > 0 in
the usual metric of R is given by

B(z,r)={yeR: |z —y|<r}=(x—rz+7).
So if (x —r,x + 1) = (0,1), then
= T =
{x r=0, and Whence{

Y

L I
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SOLUTION 2.3.5.
(1) Clearly Vz,y € X, d(z,y) > 0. Also, the first two properties
of a metric are evidently satisfied.
Now, let us show the triangle inequality. If x = z, then
d(x,z) = 0 and hence
d(z,z) < d(z,y) + d(y, 2).
If x # z, then either x # y or y # z (otherwise we will have
x =y = z) and hence
1=d(z,2) <d(z,y)+d(y,z) =1or2.
(2) We show that
B(z,r) ={z}ifr <1land B(z,r) =X if r > 1.
We have
B(z,r)={ye X : d(z,y) <r<1}Cc{ye X: d(z,y) <1} = {z}
since d(z,y) is worth 1 or 0. On the other hand, it is plain
that {x} C B(x,r), hence the equality holds. Since
dz,y) <1<r Vo,y € X,

we see that B(z,r) = X.
Similarly, we can prove that

B.(xz,r) ={x} for r < 1 and B.(z,r) = X for r > 1.

(3) If r # 1 (remember that r > 0), then obviously S(z,r) = @.
If, however, r = 1, then

S(x,1)={ye X : dlz,y) =1} = X \ {z}.

(4) The way of proving @ and X are open is the same as in Exercise
2.3.15 below. Now, let U be any subset of X. Let x € U. Then

B (g; %) _ () U

proving the openness of U.

(5) If V' is a subset of X, then so is its complement V¢. Hence V¢
is open and thus V' is closed.

(6) Denote the usual metric on R by | -|. To show d is not
equivalent to | - |, we can equivalently show that the func-

d(z,y)
[z—y]

would have been so for y = 0 and x = e™™. But
d(e™,0) 1

= —=e"—>00asn— oo.
e en

is not bounded on R?. If it were, then it

tion (x,y) —
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Thus the two metrics are not equivalent.

SOLUTION 2.3.6. We first note that d’ is a positive and well-defined
function on X x X since d is a metric (the fact that d is a metric will
be used a few times and it will be clear to the reader without further
notice). Now we verify the other axioms.

(1) Let z,y € X.
(a) If z =y, then d(z,y) = 0. Hence d'(z,y) = \/d(z,y) = 0.
(b) If d'(z,y) = 0, then /d(z,y) = 0 or d(z,y) = 0. Thus
x=y.
(2) Let z,y € X. We obviously have

d'(z,y) = Vd(w,y) = Vd(y, ) = d'(y, ).
(3) Let z,y,z € X. Since d(z,2) < d(z,y) + d(y,z) (as d is
a metric), since /- is increasing on RT and since va+b <
\/E + /b (for all a,b > 0), one can write
d(z,2) = d(z,2) < /d(z,y) +d(y, 2) < Vd(z,y) +/d(y, 2)

and hence

d(z,z) <d(z,y) +d(y,=2).

SOLUTION 2.3.7.
(1) Let z,y € N, then obviously d(z,y) =0 < z =y.
(2) Also, for all z,y € N, d(x,y) = d(y, ).
(3) Lastly, let z,y,z € N. Then

T+ 2z 1 1 1 1 1 1
3+ =34+ -4+ =<3+ -4 -3+ 4=

Tz Tz Ty y oz
and hence

d(z,z) < d(x,y) +d(y,2), Vo,y,z €N

SOLUTION 2.3.8. First, observe that for all z,y € R, d(z,y) > 0.
Let us show now the axioms of a metric.
(1) If v =y, then |z —yx| = 0 (for all k = 1,---,n) and hence
d(z,y) = 0. Conversely, let z,y € R". We have
d($>y) =0= |$k—yk| = 07 vk € {17 ,TL} = Tk = Yk, Vk € {15 777,},

le. z=y.
(2) Let z,y € R*. We have

n n
vy) =Y lee =kl = > lye — x| = d(y, ).
k=1 k=1
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(3) Let z,y,z € R™. Since
ok — 2| < |ze — gl + lye — 2|, VE € {1, n},
summing in k yields
d(z,z) < d(z,y)+ d(y, 2).

SoLuTION 2.3.9.
(1) Set for any 1 < k <mn,

Qg bk

k=1"k k=1"k

Applying Young’s inequality (see Exercise 1.2.8) to Ay and By
p q
gives us A, By, < % + %, ie.

Ak

D=

P a
ay 1 b
>+ =

ag bk 1
p 2:1 ) ZZ:1 bZ'

n Fp— T
(ke ap)? (= i)
Summing in k yields
ZZ:l akbk 1
Oporap)? o b)) P 4

and the desired result will then follows easily.
(2) To prove the Minkowski inequality, we will use the Holder’s
inequality twice. We have

<

n

> ar+be)” = (ar + b)) (ax + by)

k=1

— (ak + bk)p_lak + Z(ak + bk-)p_lbk
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Q=
3
S

_|_
E‘ 3

=

ol

_|_

S

N

bS]
Q=

I~ S
I 3
—

e

S —

Hence (and since + =1 — 1)
p q

n 17% n % n % n %
(Zm + bm) - (Zm + w) < (Z bp) + (Z )
k=1 k=1 k=1 k=1
and the proof is over.
(3) (a) We first prove that d is a metric and this does not require
the previous questions.
(i) Let z,y € R™. If z = y, then obviously dw(z,y) =
0.
Now, if dy(z,y) = 0, then for all 1 <k <n: |x;—
yr| = 0 leading to = = y.
(ii) We evidently have for all z,y € R™

oo (2, y) = doo(y, @)
(ii) Let x,y,z € R™. Then for all 1 < k < n, we have
2k — 2| < ok — gkl + lye — 2] < doo(,9) + doo(y, 2)
and hence
doo(,2) < doo(z,y) + doo(y, 2).

Now we show that each d, is a metric. Let p > 1.

(i) Let z,y € R™. Then if d,(z,y) = 0, one will have
Z’xk_yk’p:0:> ’xk_yk’|p:07 Vk:L =T =Y.
k=1

The other implication is obvious.
(ii) The second axiom is verified as for all z,y € R"

dp(,y) = dp(y, 2).
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(iii) The triangle inequality is a mere consequence of
Minkowski inequality. Setting and reporting z, —
yp = ap and yp — zp = by (for all k =1,--- ,n) into
Minkowski inequality give us the desired triangle
inequality.

(b) First we show the equivalence of the metrics. We have for
all 1 <k <n,

2k — yilP < Z 2k — yrl” = dp(z,y).
k=1
Hence, taking the pth root (without changing the sign of
the inequality which is legitimate as the function x — x%,
for a > 0, is increasing on R’ ) and taking the max over
k gives
doo(z,y) < dy(z,y)
and we are half-way through. We also have for all 1 <
k<n,

_ p< _ Py — P
Tk — Y| _lrgggn(\xk yil”) = d8 (z,y)

and summing in k£ and the taking the pth root yield
1
dp(xv y) S nPdoo(x, y)7

demonstrating the equivalence of the metrics.
To prove the last desired limit, we note that since for all
p=1,

doo(z,y) < dp(,y) < nrds(z,y),

taking the limit as p — oo and observing that nv — 1,
we easily obtain

p—oQ

SOLUTION 2.3.10.
(1) (a) Let us show that 0 is in effect a metric on X.
(i) Let z,y € X. We have
d(z,y) =0<«<=min(l,d(z,y)) =0<=d(z,y) =0 <=z =y
since d is a distance.
(i) Let z,y € X. It is plain that d(z,y) = d(y, ).
(iii) Let z,y,z € X.
(A) If d(z,y) <1 and d(y, z) < 1, then

Oz, 2) <d(z,z) <d(z,y)+d(y,z) =d(x,y) + 0y, 2).
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(B) If d(z,y) > 1, then
0(x,2) <1 =0(x,y) < d(z,y) +(y, 2).

(C) The same arguments apply if d(y, z) > 1.
(b) Now we show that p is a metric on X.
(i) The first property of a metric is trivial.
(ii) The second property is also trivial.
(iii) Now, let z,y, z € R. Since d(z, z) < d(z,y)+d(y, 2)
and using the hint, we easily see that

_ d@) _ dwy)tdy.s)  _ day) | d.2)
L+d(z,z) = 1+d(z,y) +d(y,2) ~ 1+d(z,y) 1+d(y,2)
Thus p is a metric on X.

(2) The set X is bounded (even if X is R, say) with respect to
both metrics since the given metrics are bounded as

p(, z)

Ve,y € X @ d(z,y) <1 and p(z,y) < 1.

REMARK. By doing some arithmetic one can prove the triangle
inequality for p directly without calling on the hint (the reader should
try it).

SoLuTION 2.3.11. To show that d is a metric, we first need to
check that the series involved in the definition of d converges. For any
n, one always have

1 dn (T Yn)

1
o eIy,
2 Tt dy(tmya) 20

Since Zun =1< +oo, d(z,y) < 0.
n=1
Now the previous exercise can be used to show the properties of a

metric for d and we leave the details to the reader.

SOLUTION 2.3.12.

(1) Since f and g are continuous, so is | f —g| and hence d(f, g) is a
well-defined quantity and so is d'(f, g) as | f — g is continuous
on the closed and bounded [0,1]. Observe that both d and d’
have R* as their range.
First, we show that d is a metric on X.
(a) Let f,g € X. We have

f=g9=d(f,g) =0 (this is obvious) .
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Now since |f — g| is a continuous and positive function,
we have

/'u Dldz =0 = |f(x) — gx)| =0, Yr € [0,1] <= f = g.

(b) It is plain that for all f and ¢ in X one has d(f,g) =

d(g, ).
(c) Let us show now the triangle inequality. Let f,g,h € X.

We have for all z € [0, 1]
|[f(x) =h(x)] = [ () =g(x) +g(2) =h(z)| < [f(z)=g(x)|+]g(x) =h(z)].

Hence

[ 156 = hwde < [ 1760 = gt@ide+ [ lato) - i

Le. d(f,h) <d(f,g)+d(g,h).
Now we prove that d’' is a metric on X too.
(a) If f = g, then obviously d'(f,g), being the supremum
of the nil function, must vanish as well. Conversely, if
d'(f,g) =0, then for all x € [0, 1] we have

0<|f(z) —g(@)] < sup [f(z) - g(x)| =d(f g)=

z€[0,1]
Thus f =g.
(b) For all f,g € X, we have

d(f,g) = sup |f(x) —g(x)| = sup |g(x) — f(z)| = d'(g, f)

2€[0,1] 2€[0,1]
(c) Let f,g,h € X. Then we have for all x € [0, 1]
[f(z) = h(@)| < [f(2) = g(@)| + g(x) — h(z)| < d'(f,9) + d'(g, D).
Thus
d(f,h) <d(f,9)+d(g,h).
(2) We recall that d and d are said to be equivalent if
Ja,b >0, Vf,g € X : ad(f,g) <d(f,g) <bd'(fg).

We show that the LHS inequality does not hold (the RHS one
does hold, cf Exercise 1.2.11) and in order to simplify the proof
a bit we may take g = 0. Now take f(z) = z", defined on [0, 1],
for a given n in N. Then d(f,0) = 5 and d’(f7 0)=1 1Ifd
were equivalent to d’ we would have

1
n+1

da>0,YneN: a<
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which would imply that N is bounded, something impossible,
i.e. we reached a contradiction. Thus d and d’ are not equiv-
alent.

(3) No, d is no longer a metric in this case. For if one takes

jia={§ 20

and g is the zero function, then f # ¢ and yet

d(f.g) = / () — Oldz = 0.

SOLUTION 2.3.13. The answer is no. The function d does verify
the second and third property of a metric and one implication of the
first one (i.e. f =g = d(f,g) =0). However,

d(f',g) =04 f=g.
For instance take any f € X and g(z) = f(x) + 1. Then f # g but
d(f,g) = 0.

SOLUTION 2.3.14.

(1) The answer is no. On simple instance is to take R equipped
with the discrete metric (see Exercise 2.3.5). Take r = 2 and
s=3and x = 0 and y = —1. Then we know that B(0,2) =
B(—1,3) =R and of course r # s and x # y.

(2) The result is true for example in R endowed with its standard
metric.

SOLUTION 2.3.15.
(1) First, we show that X is open. Let x € X. Then for some
(and in this case all) r > 0

B(z,r) C X.

Thus X is open in (X, d). The openness of @ follows from the
observation that if + € @ (z does not exist!), then for some
(and here any) r > 0

B(z,r) =0 C o

(2) Let {U;}ier be an arbitrary family of open sets in (X, d). We
have to show that their union remains open. To this end, let

T € UUZ‘ Then there is some j € I such that x € U;. But,
iel
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U; is open and hence it contains an open ball, B(z,r) (r > 0)
say. Hence
B(z,r) CU; C UUi‘
iel
Thus the arbitrary union of open sets is open.

(3) We only prove it for two open sets. The proof for a finite
intersection follows easily by induction. Let U and V be two
open sets in X. Let x € UNV. Hence x € U and x € V.
Then

Ir >0, B(x,r) C U and 3s > 0, B(z,s) CV
Taking a = min(r, s) leads to
B(z,a) CUNYV,

showing the openness of UNV.

The last result does not extend to infinite intersections.
For instance, all the intervals (—2, ) are open (for all n € N),
however,

which is not open.

SOLUTION 2.3.16. Assume that a set U is written as a union of
open balls. Then, obviously U is open since every open ball is an open
set and the arbitrary union of open sets is open (see the foregoing
exercise!).

Conversely, suppose U is open. By definition of an open set in a
metric space, for every x in U we can always find r > 0 for which
B(z,r) C U. Whence

U= |J{z} c|JB,r)CU, ie. U= ] B(xr).
zcU zeU zeU

SOLUTION 2.3.17. Let (X, d) be a metric space and let B(X,r) be
an open ball with center x € X and radius r > 0. Let y € B(x,r) (so
d(z,y) < r). We must show that B(x,r) contains another open ball
centered at y. Let s = r — d(x,y) > 0. Then it may be easily showed
that

B(y,s) C B(z,r),

completing the proof.

There are many counterexamples for the converse. For instance, in
a discrete metric space X (for convenience choose X such that card X >
3), open balls are only X or singletons (nothing else). On the other
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hand, it is known that any subset is open, so {x,y}, where z,y € X,
is open too but as observed just above, it is not an open ball.

SOLUTION 2.3.18. None of the given intervals is open in R. For
instance [a, b) is not open in R since a € [a,b) and

Vr>0,B(a,r)=(a—1r,a+71) ¢ [a,b).

SOLUTION 2.3.19.

(1) Straightforward verification for the first two properties. As for
the triangle inequality, let z,y, 2 € R%. Then we have

0(z,2z) =d(x,0) + d(z,0)
<d(z,0)+d(y,0)+d(y,0) + d(z,0)
=0(z,y) +d(y, 2).
(2) Let a # 0. We have
B(a,r) ={z € R*: d(x,0) +d(a,0) < r}

if z # a. Choosing r < d(a,0), e.g. r = 3d(a,0) (Whlch
is legitimate since a # 0), we see that d(z,0) + d(a,0) <
cannot be realized and hence we are left with §(z,a) = 0, i.e.

B(a, 1d(a,0)) = {a}.

(3) If {0} were open in (R?4), then there would exist a positive
r such that B(0,r) C {0}. But

B(0,7) = {(x,y) € R*: §((z,9),0) <7} = {(z,y) € R? : 2°+9* < r?}

cannot be a subset of {0} for every r > 0. Thus {0} is not
open in (R?,§).

(4) In R?\ {0} every singleton is open. Hence every set is open
since it can be written as a union (even arbitrary, see Exercise
2.3.16) of singletons. Thus every set in R?\ {0} is closed too.

Accordingly, every subset of R? \ {0} is clopen and hence §
coincides with the discrete metric on R? \ {0}.

SOLUTION 2.3.20.

(1) The only property to prove is the triangle inequality. We may
assume WLOG that d(x,y) < d(y, z). Then

d($7 Z) < max(d(x, y)’ d(y7 Z)) = d(ya Z) < d(x7 y) + d(y7 Z)'

(2) Assume d(x,y) # d(y, z) or we could just assume that d(z,y) <
d(y, z) (couldn’t we?). We can write by hypothesis

(d(z,y) <) d(y, z) < max(d(z,y),d(z, 2))
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and a fortiori
max(d(z,y),d(x, z)) = d(z, z),ie. d(y,z) <d(z,z).
The "ultrametricity" hypothesis also gives us
d(z, z) < max(d(z,y),d(y, 2)) = d(y, 2)
and so d(z, z) = d(y, z).

Geometrically, this means that in a ultrametric space every
triangle is isosceles.
(3) Let B(x,r) be the open ball of center z and of radius r > 0.
Let y € B(z,r) (hence d(z,y) < r). We need to show that
B(xz,r) = B(y,r). Let z € B(x,r), i.e. d(x,z) <r. Hence

d(y, z) < max(d(z,y),d(z,z)) <r =z € B(y,r).

The other inclusion can be dealt with similarly.

(4) Well, every closed ball is a closed set in any metric space. We
show that every closed ball is open too. Let B.(x,r) be a
closed ball of center x and of radius » > 0. Let y € B.(x,r),
ie. d(z,y) <r. We are done if we show that this closed ball
contains the open ball B(y,r). Let z € B(y,r). Then

d(, 2) < max(d(z, y), d(y, 2)) <
and thus z € B.(z,r).

We leave to the reader to show that every open ball is
closed.

SoLuTION 2.3.21. First, note that the definition which was recalled
can be re-written as follows: f is continuous atz iff

Ve >0,30 >0,Vy € X : (d(z,y) <d=d(f(z), f(y)) <e).

Let us go back now to the proof. Assume that f is continuous and
let U be an open set in X’. We ought to show that f~*(U) is open
in X. Let « be in f~'(U), i.e. f(z) € U. But U is open and hence
there exists some ¢ > 0, B(f(x),e) C U. Since f is continuous, the
hypothesis implies that

f(B(x,0)) € B(f(z),e) € U which leads to B(z,8) ¢ f~*(U),
proving the openness of f~1(U).

Conversely, let us show that f is continuous at x € X (assuming
that the preimage by f of every open set in X’ is open in X). Let ¢ > 0.
Then it is clear that B(f(x),¢) is open in X’. Then by hypothesis,
f~YB(f(z),)) is also an open set but in X. This guarantees the
existence of a strictly positive § such that

B(z,8) C f7(B(f(x),¢))
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or
f(B(x,0)) € B(f(x),e),
establishing the continuity of f.

SOLUTION 2.3.22.

(1) Let f: (X,d) — (R, |:]) be a function such that f(z) = d(z, a).
Then f is continuous on X (it is in fact uniformly continuous)
because for any z,y € X

|f(z) = f(y)| = |d(z,a) — d(y,a)| < d(z,y) (by Exercise 2.3.2).
(2) Let x,y be in X. If b € B, then
d(z,B) < d(x,b) < d(x,y) + d(y,b).
Passing to the infimum over B we obtain
d(z,B) < d(z,y) + d(y, B).
Inverting the roles of x and y yields
d(y,B) < d(y,z) + d(z,B) = d(x,y) + d(z, B)
and hence
|d(z, B) — d(y, B)| < d(z,y),
from which we easily establish the uniform continuity of g.

SOLUTION 2.3.23.

(1) Recall that f is uniformly continuous on R* iff
Ve > 0,3a >0, Vz,y € RT (Jlzr —y| < a = d(f(x), f(y)) < e).

Let € > 0. Since f is the identity mapping, we can write

d(f(x), f(y)) = d(z,y) = |Vz — VY.

It is well-known that

Va,y >0 [VE— Vil < V-l

So it becomes clear that in order to establish the uniform con-
tinuity of f, it suffices to take a = 2.

(2) We could say that the function g : Rt — R* (both spaces
equipped with the usual metric), defined for all z > 0, by
f(z) = y/x is uniformly continuous on R*.

SOLUTION 2.3.24. The needed tools to answer these questions are
the density of both Q and R\ Q in R.
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Consider

={277 &%
Then f is not continuous at any point of R. To show this, let
zo € R. Then
I(z,) € Q,(y,) e R\Q: z, = x and y,, — .
If f were continuous at zp, then would have
fla) =2, —1—=xg—1=20+ 1y, +1= f(yn)

and obviously no such zy would satisfy that equation. Hence
f is discontinuous on the whole of R.
Consider

Oa .TGQ,
f(x):{az, reR-Q.

Then f is only continuous at one point, that is at xg = 0. The
proof is very similar to the previous one.
Consider

x2, x € Q,
f(x):{ 22—z, teR-Q.

Then f is only continuous at two points, namely 1 and —2. The
proof is also left to the reader for its resemblance to Answer 1.

SoLUTION 2.3.25. >From Exercise 2.3.22 we know that f is con-

tinuous.

Hence

Now we have
B(a,r) ={z € X : d(z,a)<r}={zxe X: f(z)<r}
={z e X: f(x) € (—o0,r)}.

B(a,r) = f~((00,7)).

Since ((—oo,7) is open in R and f is continuous on X, then B(a,r) =
f~Y((=o00,7)) is open in X.

SOLUTION 2.3.26.
(1) The proof that ¢ is indeed a metric is left to the reader.

The metric ¢ is bounded and hence (R, §) is bounded since

Ve,y € R: §(z,y) = |arctanz — arctany| < 7.
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(4)
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The range of the "arctan" function is (=%, %). This observa-
tion leads to

B(0,2) = B(0,4) = B(1,4) = R.

Thus, two balls with different radii (and the same center) may
coincide with respect to this metric. Also, two balls with the
same radius (and different centers) may also be equal!

The two metrics cannot be equivalent. Assume they were, then
we would have for some 8 > 0 and all z,y € R:

Blx —y| < |arctanz — arctany| < 7.

This would imply then that (usual) R is bounded! This is

impossible.

Yes. This can be easily seen from the fact that the identities
id: (R,0) — (R,d) and id : (R,d) — (R, J)

are both continuous for the functions arctan and tan are both
continuous in usual R.

SOLUTION 2.3.27.

(1)

d(z,y)

It is clear that for all z,y € X
pl,y) < d(z,y).

On the other hand, the ratio £ is not a bounded function
on X2 ie. there is no positive constant a such that for all
x,y p(z,y) > d(z,y). Therefore, d and p are not equivalent
metrics.

Let us show that d and p are topologically equivalent. Denote
an open ball in (X, d) by B; and an open ball in (X, p) by B,,.
Let U be an open set in (X, d). Let x € U. Then 3r > 0 such
that By(x,r) C U. But

<
1+d(z,y) 1+r

= rd(z,y) +d(z,y) < rd(z,y)+r=d(z,y) <r

(for each z,y € X and r > 0). Hence

T
B —_— B
P (.CC, ].+7"> - d('%'?T) cUy,

proving the openness of U in (X p).
Conversely, let U be an open set in (X,p). Let z € U.
Then 3r > 0 such that B,(x,7) C U. But, if r < 1, then

r_ _day
1—r  1+d(z,y

d(w,y) < )=M%w<r
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(for all z,y). Hence

B (5.1 ) € Byl € (1) @W) =0
-
and if r > 1, then for all z,y € X
d(z,y)
1+d(z,y)

Hence B,(x,r) = X which forces us to have X = U. Thus, in
either case U is open in (X, d). The proof is complete.

<1<

2.4. Hints/Answers to Tests
SOLUTION 1. Let z,y € X. We have
0=d(z,z) <d(z,y) +d(y,z) = d(z,y) + d(z,y) = 2d(z,y)
where we have used the three properties of a metric...

SOLUTION 2. Straightforward calculations based on known prop-
erties of the Logarithm function...

SOLUTION 3. Proceed as in Exercise 2.3.12. Also use the Cauchy-
Schwarz inequality...

SOLUTION 4. It is obvious that d is positive. The first two proper-
ties are evidently verified. For the triangle inequality, there is a finite
number of cases that must be checked...

SOLUTION 5. The second and the third properties use the fact that
d is a metric but they do not use the injectivity of f...To prove the first
property, utilize the injectivity of f...

SoLUTION 6. The discrete metric space is a ultrametric space
whereas the usual metric on R is not...






CHAPTER 3

Topological Spaces

3.2. True or False: Answers

ANSWERS.

(1)

(2)

The answer is yes. We may define at least two topologies on
X, namely the discrete and the indiscrete ones.

Observe that if cardX = 1, then these topologies mani-
festly coincide.
If we come to show that the intersection of two elements of
T is in T, then a proof by induction will allow us to deduce
that the finite intersection of elements in T is in 7" too. This
is probably known to most of the readers, but we wanted to
remind the students that the proof by induction is used here for
finite intersections and it cannot be used for infinite countable
unions or intersections.
False! For example, define on X = {a, b, c,d}

T ={2,{a}, X} and T' = {@, {b,d}, X}.

Then it can easily be established that T and T" are two topolo-
gies on X. However,

TUT = {Qv{a}7{bad}7X}

does not define a topology on X.

True! In fact, a more general result holds. Namely, if {T;}cs
is an arbitrary collection of topologies on the same set X,
then so is their intersection. Let us prove it. Since 7T; are all
topologies for ¢ € I, they must all contain @ and hence so
must do their intersection. The same reasoning applies for X.
Let A, B € () Z;. Then

i€l

Viel: A B €T, and thus for alli, ANB e T,.
131



132

3. TOPOLOGICAL SPACES

Therefore, ANB € mﬂ Finally, let A; € (]TZ where j € J.
iel icl
Then all A; belongs to each T;. Since T; are all topologies, it
follows that U Aj; € T;, for all « € I. The proof is complete.
jed
(5) The answer is yes and both mappings are "increasing" with
respect to "C". For the known properties state that
AC B,
A C B — o o
ACB.
(6) The answer is yes if and only if A = X (as X is open). And
the answer is no and will always be so if A # X, ie. A C X
as AC AC X.
(7) The answer is no! Give R the usual topology and take A = Q.
Then

Z:ﬁ:R#Q

Remember that a set A such that A = @ is said to be nowhere
dense.

(8) The answer is yes if and only if A = @ (as @ is closed). And
the answer is no and will ever be so if A # @ for the simple
reason that by definition of the closure of a set, we have A O A.

(9) Absolutely not! The two terminologies are different from one
another and are totally independent of each other.

(10) The answer is no. We give two counterexamples. Define a
topology T on X = {a,b,c} by T = {@,{b}, X}. Then X
is evidently not Hausdorff in 7. Now take A = {b} which
is Hausdorff while {b} = X is not. Another example (very
similar in core though) is to take A = {a} and the topology of
Exercise 3.3.25.

(11) True. To see this, assume that X is a Hausdorff space and let
A C X. Now, let z,y € A with x # y. By the Hausdorffness
of X, there are two open sets U and V containing x and y
respectively such that U NV = &. The proof is now complete
asxe ANU,ye ANV and

(ANU)N(ANV)=ANnUnNV)=ANng =92

(12) The answer is yes. We provide a proof. Let 2,y € X be two
distinct points in X. Since T is Hausdorff,

WeV(@),aVeV@): UnV =2.
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But, any open set in 7" is open in 7" and hence T" is Hausdorff
too.

(13) The answer is no! See Exercise 3.3.25.

(14) Yes and the indiscrete topological space is a good example. For
if A is a nonvoid subset of a set X endowed with the indiscrete
topology, then the smallest closed set containing A is X, i.e.
A=X.

(15) The answer is no. Endow X = R with the usual topology.
Let Y = (0, 2] be a topological subspace of X. Let A = (1,2].

Then
0 X

Y
A =(l,2Jand A =(1,2)
and so
oY oX
A =(1,2]4YNA =(1,2).

(16) The answer is no. Apart from some obvious sets such as a
finite set say, it is not clear how one can introduce such a defi-
nition in an arbitrary topological space. In metric spaces, this
is possible thanks to balls which, even if they are subsets of
an arbitrary set, their definition depends on a positive num-
ber and hence one can impose some constraint on a set to be
bounded. If the topological space is also given a structure of
a vector space (more known as topological vector spaces), then
one can introduce a definition of a bounded set. This will not
be discussed in this book.

(17) Firstly, this is a purely algebraic question but it is of interest
especially in the product topology.

The answer is no! There are many counterexamples. Here
is one: in R x R, take

A =0,00) and B = [0,00)
Then
(A x B)¢ # A° x B! check it out!
What is true is the following
(AxB)={(z,y) e XxY:zxgAorygY}=(AXY)U(X x B°).

(18) The answer is no! Take X =Y = R both endowed with the
usual topology. Then U = [—1,1) is neither closed nor open
in X and yet U x @ = @ which is closed and open in X x Y.
(19) The answer is yes! In euclidian R?, let B((0,0), 1) be the open
ball (hence open) with center (0,0) and radius 1. Assume that
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this open ball could be written as
B((0,0),1) =U x V.

Then (0.8,0) € B((0,0),1) giving 0.8 € U and (0,0.7) €
B((0,0),1) giving 0.7 € V. However, (0.8,0.7) ¢ B((0,0),1).
There are many more examples such as: {(z,y) € R* : zy >
2} or {(z,y) e R?: x4y <1}
(20) The answer is no! First we recall that the exterior of A is the
interior of the complement of A. As a counterexample, take
A = Q with respect to the usual topology of R. Then

o /-’L\
QUR\Q=0U@=0#X.
(21) The answer is no! In usual X = R, take A = Q. Then

S—oi_fon
(22) The answer is no! In usual X = R, take A = Q. Then

Q=R#Q=0=0.
(23) The answer is no! Let A = N in the usual topology of R. Then

A is closed (why?) but A" = @. We show this last result. Let
x be any real number. Remember that

reN<<=Ve>0,(z—c,x+e)NN—{z} # 2.

A quick observation tells us that the intersection intervening
in the previous statement need not be non-empty for all ¢.
The analogous question for open sets is true (see Exercise
3.3.8).
(24) False! Consider a non empty set X with the indiscrete topol-
ogy. Let A = {a} where a € X. The only non-empty set is X
and hence

reA <= XNA-{z}+#0.

We clearly see that all points but a verifies the last equivalence
and hence A" = {a}° which is not closed.

REMARK. In a metric space, every derived set is closed.

(25) The answer is yes. We provide simple examples with details
to be seen below in some exercises. The topology here is the
usual one.

(a) Let A={1: n>1}. Then A’ = {0} and hence ANA' =
.
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(b) For instance, take A = {0}. Then A’ = @. Thus A’ C A.
(c) If A=(0,1), then A" =[0,1] and hence A C A’
(d) If A=R, then A’ =R and so A= A".
(26) Only the implication "="holds. Let us show that. Let x € A’
This means that

YU e V(x): UNA—{z} #@.
Since A C B, we immediately get that A — {z} C B — {z}.
Hence

@#UNA—-{z} cUNB—{z}

yielding UNB — {a} # P or z € B'.
The other implication is false in general. One possible ex-
ample is to take A = (0,1) and B = [0, 1]. Then

ACBbut A'=B'.
(27) The answer is no! In usual R, let A = Q. Then

Fr(@) = Fr(R) =R\R= 2 # F(Q) =Q\Q=R\ o =R,
(28) False! In usual R, take A = Q. Then

Fr(Q) = @ # Fr(Q) = R.

o

What always holds is: Fr(A) C Fr(A). The proof is a mere

consequence of ACA
(29) False! In usual R, take A = [0, 1] and B = [1,2]. Then

Fr(AU B) = Fr([0,2]) = {0,2} # Fr([0,1]) U Fr([1,2]) = {0, 1,2}.
Even for disjoint A and B, the assertion has a negative answer.
However, if A and B are disjoint, then Fr(A U B) = Fr(A) U
Fr(B).

What always holds is: Fr(AU B) C Fr(A) UFr(B). Here is
a simple proof
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(30)

(31)

(32)

(34)
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The answer is again no! For in the usual topology of R, Q
verifies

QcFrQ=R

The answer is yes and this a simple consequence of the defini-
tion of the frontier, namely

Fr(A) = A\ A = AN (A)° C A.

The answer is no! As the last but one answer, take A = Q and
B =R. Then A C B whilst

FrA=R¢FrB=o.

REMARK. The hypothesis A C B does not imply Fr B C
Fr A either. In the usual topology of R, take A = Q% and
B =Q. Then

AC Bbut FrA=R" 2 FrB=R.

None of the assertions holds! Let X be a non-empty set en-
dowed with the discrete metric. Let » = 1 and let z € X.
Then we know from Exercise 2.3.5 that S(z,1) = X \ {z}.
Now since every set is simultaneously open and closed in a
discrete metric space, we have

Fr(B(z,1)) = @ and Fr(B.(z,1)) =@
and thus
Fr(B(z,r)) # S(z,r) and Fr(B.(z,r)) # S(x,7).

A common definition of a neighborhood is: U is said to be
a neighborhood of a (a € X and X is a topological space) if
there is an open set V' containing a such that V C U. If X is a
metric space, then we may change V' by an open ball centered
at a.

According to this definition, (—1, 1] is a neighborhood of
0 since 0 € (—1,1) C (—1,1] and (—1,1) is an open set in R.
(—2,2) is also a neighborhood of 0. The other sets are not for:
(a) (0,2] does not even contain 0;
(b) [—1,0] cannot contain an open set which contain 0;

(c) [0,1] cannot contain an open set which contain 0.

But, according to the definition of this book (and considered
by others such as [10] or [11]), only (—2,2) is a neighborhood
of 0.
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(35) First, T C 7" is usually referred to 7" being finer than T
or T being coarser than T’. In other words, the "finer" is
the "fatter". Sometimes, the terms "stronger" and "weaker"
instead of "finer" and "coarser" respectively and so are the
terms "larger" and "smaller". The last two couples of terms
are probably more meaningful than the first couple of terms.
In any case, the reader should check the terminology used in
each book. As for ours, we use the "finer-coarser" terminology.

Going back to the question. The first statement is true and
it is in fact the definition of 7" being finer than 7T". The second
statement is false. Saying that 7" is finer that T can also be
interpreted using closed sets and in the same way, that is, if
every closed set in T is closed in T”, then we also say that T”
is finer than T'. The reason is simple, if V' is closed in 7', then
Ve is open in T. Now if V¢ is open in T” too, then V is closed
in 7"

(36) False! For a counterexample see Exercise 3.3.38.

3.3. Solutions to Exercises

SOLUTION 3.3.1.
e Possible topologies on X: The only possible topology here is

T ={o {1}}.
e Possible Topologies on Y: There are four possible topologies
in this case. They are

T ={2,{1}}; Th ={9,{1},Y}; Th ={2,{2},Y} and T, = P(Y).

SOLUTION 3.3.2.

(1) Obviously X and @ are both in 7" and the reader may easily
check that finite intersections of elements of T is again in 1" and
that the arbitrary union (finite in this exercise) of elements of
T is in T too.

(2) The closed sets in this case are easy. They are the complements
of the open sets, i.e. the complements of the elements of T
Hence they are

X, {b,c,d,e}, {a,b,e}, {be}, {a}, @.

(3) The closure of {a} is the smallest closed set containing {a}
(which is also the intersection of all closed sets containing {a}).
Hence {a} = {a} (or here simply since {a} is closed!). In a
similar way we find that {b} = {b,e}.
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The interior of {a} is the biggest open set contained in {a}.
—~
Hence {a} = {a} (or just because {a} is open). Similarly

~~
{b} = @. Hence

SN
Fr({a}) = T\ T} = @

and

A~
Fr({b}) = {0} \ {b} ={b,e}.
(4) The smallest closed set containing {a, b} is X. Thus {a, b} =
X, i.e. {a,b} is dense in X.
(5) A neighborhood of ¢ is any open set containing ¢ (remember
that this is the definition adopted in this book). Hence

V(c) ={{c,d},{a,c,d},{b,c,d e}, X}.
Also,
V(d) = {{c,d}, {a,c,d},{b,c,d, e}, X}
(6) No T is not Hausdorff since
de,de X (¢ #d),Y(U,V)eV(c) x V() :UNV # a.

SOLUTION 3.3.3.

(1) @ € T (by definition) while N € 7" for n = 1. The other axioms
of a topological are the matter of easy unions and intersections
and hence left to the reader (for the arbitrary union one has
just to justify the existence of inf{n, : p € N}).

(2) No, the given set is not open (why?).

(3) The only two open sets containing 2 are {1,2,3,---} and
{2,3,4,---}. Hence

V(2)={{1,2,3,---},{2,3,4,--- }}.
Similarly

V(3)=1{{1,2,3,---},{2,3,4,--- },{3,4,5-- - } }.

(4) No, T is not Hausdorff. The previous question provides us
with a counterexample (doesn’t it?).

(5) The closed sets are of the form {1,2,3,---,p} where p € N.

(6) The interior of {4} is the biggest open set contained in it, that
is the empty set! The smallest closed set containing {4}, i.e.
its closure, is {1, 2, 3,4}.
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The interior and the closure of {2,4,6,8,---} are respec-
tively @ and N.

(7) We claim that a set A is dense in N iff it is infinite. We first
note that if A is finite, then it cannot be dense as it is closed
in this case and so we have proved the implication "=". Now,
if A is infinite, then the smallest closed superset is N and thus
we have proved the implication "=".

SOLUTION 3.3.4. In order to show that T is the discrete topology,
it suffices to check that every subset of X is open in 7. Let A be a
subset of X. Then A can always be written as a union (finite in this
case) of those singletons. We have

{a,b} = {a} U{b},{a,c} ={a}U{c},.....{a,b,c} = {a} U{b} U{c}.

Thus, any subset is open (and closed).

REMARK. The previous proof applies to show that any topological
space in which singletons are open (hence/or closed) is a discrete space.

SOLUTION 3.3.5. Recall that by definition, the interior of a set A
is the largest open set contained in A (which may be taken to be the
union of all open sets contained in A).

Similarly, the closure of a set A is the smallest closed set contain-
ing A (which may be taken to be the intersection of all closed sets
containing A).

We note that if U is an open set contained in A, then U¢ :=V is
a closed set containing A°. These remarks allow us to easily give the
solution to this exercise and we have for open sets U

(2)C=<U U)C: Nu= (V=72

UcA UcA AecV
The other property can be easily established by replacing A by A°.

SoLUTION 3.3.6. Well, the right-to-left implication is trivial (is it
not?). To show the other implication, assume that AN U # @&. Then
there is some z in both U and A. Hence for any open set V containing
x, VN A#@. In particular, taking V' = U (which is legitimate as U
is open and it contains x) gives ANU # .

Another (simpler) proof goes as follows. If ANU = @, then A C U*.
But U is closed and hence A C U¢ or ANU = @.

SOLUTION 3.3.7.

(1) Let us find the closure of Q in R. We know that Q@ C R and
hence Q@ C R = R. Let us show that R C Q. Let x € R. By
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definition
1€EQe=Ve>0, (r—¢c,2+e)NQ# 2.

But, any interval contains always rational numbers and hence
Ve >0, (x—e,24+¢)NQ # &. Hence R C Q and thus Q = R.
In a very similar way (with an obvious change) one can show
that R\ Q = R.

We now show that (0,1] = [0,1]. To see this, we observe

that 0 belongs to (0, 1] as
Ve >0, (—e,e)N(0,1] # @.
Any other point = ¢ [0,1], i.e. x <0 or x > 1, does not lie in

(0, 1] since we can easily find a small enough £ > 0 such that

(x —e,x4+¢)N(0,1] = @. Thus (0,1] = [0, 1].

We can show as before that (2, 3] = [2,3]. Besides since {1}
is closed in R (because its complement in R, being (—oo, 1) U
(1,+00), is open since it is a union of open sets), one has

{1} = {1}. Hence
{Ju@E3={13u s3] ={1}u[23

The interiors of @ and R\ @Q are both empty for a similar
reason. We know that

[e]
r€Q<—=Ir>0: (r—r,z+r)CQ.
But, since an interval contains irrational numbers,

Vr>0: (z—rxz+r)¢Z Q.

[¢]
Thus Q = @. Also, since an interval contains rational num-
bers, we obtain

R\Q=g.
— ~
Let us find now (0, 1]. First, we note that 1 ¢ (0, 1] since
if it were, we would have for some r > 0, (1 —r,1+r) € (0,1]
which is obviously not the case for any r > 0. Now, any x in
(0,1) is interior to (0,1]. Let = € (0,1), then we can always
find 0 < r < min(z,1 — z) such that (1 —r,14+7) € (0,1].

~
Finally, if z € (0, 1], then = ¢ (0, 1]. Therefore,

o

—~—
0,1] = (0, 1).
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(3) The answer is no for both cases. We give counterexamples.

Consider A, = (—%, %) , n>1. Then ;Zln = (—%, —)‘ Hence

<(]-An> :2?6?\:3Qf#1r]42n::{0}.

n>1 n>1
For the other equality, consider A, = [%, 1] , n>1. Then
YA =01 =101 # |J4 =(0.1].
n>1 n>1

(4) Yes R is separated. To see this take any two real numbers
x and y such that x # y. We need to find two disjoint open
neighborhoods of z and y. We may assume WLOG that x > y.
Take the following open intervals

U= <x;y,—|—oo> and V = (—oo,x;Ly>.

Then z € U and y € V but UNV = @&. Thus R is Hausdorff.

SoLuTION 3.3.8. Let a be a point in A. Since A is open,
Ir >0, B(a,r) C A.

We need to show that a is also a limit point of A, i.e. a € A’ i.e.

Ve >0, Bla,e)NA\{a} # 2.

Let ¢ > 0. Choose a point b such that d(a,b) = *min(r,e). Then

3

b € B(a,e) and also b € B(a,r) C A. Since a # b, b € A\ {a}. Thus
B(a,e) N A\ {a} is non-empty. The solution is complete.

SOLUTION 3.3.9.

(1) First, A=o. One way of seeing this is the following

ACQ:EC@ZQﬁ;l:@.

All points of A are isolated. For instance 1 is an isolated point.
For we can easily choose an r > 0 (for instance r = %) such
that

1-—r,1+r)nA\{1}=02.

The only limit point is 0. By the Archimedes theorem, for
all € > 0 there exists n € N such that % < e. Hence

Ve>0: (—e,e)NA\{0} # 2.
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(2) Since 0 is the only limit point, we have

Z:AUA’:{%: n>1}U{O}.

Thus A is not closed and since A = , Fr(A) = A.

o

(3) We need to verify that A = @. If z were a point in A, then
there would exist an r > 0 such that (z —r,z +r) C A which
obviously does not hold.

SoLUTION 3.3.10. In the usual topology of R, the following set
A=(0,1)U(1,2]U{3}

will do as the reader can easily check that

]

A=(0,1)U(1,2),

A=1[0,1]UL2]U{3} =[0,2]U {3},

A=(0,2),

and

A=10,1U[1,2]=]0,2],
i.e. the five sets are mutually different.

SOLUTION 3.3.11. We show that A’ = &. Since X is discrete, {x}
is an open neighborhood of z € X. So

U ={z} eV(x), UNA— {2} =2,
ie. A =0.

SOLUTION 3.3.12.

(1) First, since A is a non-empty and bounded set of R, both inf A
and sup A exist. We know that

—inf A s Vee A: x> a,

a=m Ve>0,qz. € A: a<z.<a-te.

Hence z. € [a,a+¢) C (a —¢e,a+¢). We also know that in R
a€Ae=Ve>0, (a—c,a+e)NA+02.

So let ¢ > 0. Then there exists x. € A such that z, eia -
€,a+ ¢) and therefore (a —e,a +¢) N A # @. Thus a € A.
The proof for sup A can be dealt with similarly.
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The answer is no! Take A = (0, 1) in the discrete topology of
R, say. Then A is closed, i.e. A = A. However,

infA=0¢ A=(0,1) and supA=1¢ A= (0,1).
No! In usual R, let A = {0}. Then A = o and hence

supA:ianz()gzl.

SOLUTION 3.3.13.

(1)

First, we justify the existence of sup A. Since A is bounded
above, for some m, M A C (m, M] (M being real and m any
number small than M and it may even be —oc0). Depending
on m, we then have A C (m, M] or A C [m, M]. So, in either
case, A is bounded above. Since it is also non empty (why?),
sup A exists. Obviously, we have

ACA=supA<supA.

Let us prove the other inequality. Let M = sup A and let
x> M. Setting r = £ (then r > 0), we claim that

An(z—rzx+r)=0.

To see this, assume there is some a in A such that a € (x —
r,x + 7). Hence a >  —r > M and then a would bigger than
M = sup A, a clear contradiction. Thus ¢ A and hence M
is an upper bound for A. This certainly leads to

supA < M = sup A,

completing the proof.
The main point is that the existence of sup A does not im-
ply any more that of sup A in another topological space (be-
sides what does "bounded" mean in an arbitrary topological
space?).

In R equipped with the indiscrete topology, take A = [0, 1].
Then sup A = 1. Since A is dense in R, sup A = +oo (or it
does not exist as some prefer to say).

First, and on the contrary to the "closure case", sup A may
not even exist even if sup A exists and in the usual topology

setting! For example, take A = {1}. Then A = @& and so

supA=—oco #£supA=1.
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Now assume sup A exists. Then it need not be equal to sup A.
In usual R, let A =(—1,1) U{2}. Then
supA =2 #sup A =sup(—1,1) = 1.
REMARK. We say a few words about sup @ = —oo. It is known

that if A is a bounded subset, then inf A < sup A iff A is non-empty.
So, since @ C R, every element of R is an upper bound for @ and the
least upper bound is then —oco. Similarly, every element of R is a lower
bounded for @ and biggest among them is "+o00", i.e. inf @ = +o0.
This, thankfully, agrees with what we recalled above, that is, A is
empty iff sup A < inf A.

SOLUTION 3.3.14.

(1)

(2)

To show the inclusion B(x,r) C B.(z,r), we can show equiv-
alently that (B.(x,r))¢ C (B(x,r)). Let y € (B.(x,r))¢, ie.
d(z,y) > r. We need to find some open ball (containing y)
which does not intersect B(x,r). Set s = d(z,y) —r > 0.
Hence B(y,s) N B(z,r) = & (to show this take z in B(y,s) N
B(z,r) and find a contradiction). This means that y ¢ B(x, ),
ie. y € (B(x,r))".

Let X = [—1,0] U[1,2] considered as a metric subspace (the
associated metric being the standard one). We have

B, ={zeX: [z—1 <1} =([-1,0]U[1,2]) N (0,2) = [1,2).

Hence B(1,1) =[1,2) = [1, 2] while

B.L,1)={ze€X: Jx—1] <1} = ([-1,0U[1,2))n[0,2] = {0} UL, 2].

Thus B.(1,1) ¢ B(1,1).

We give another example. Let X be a set with cardX > 2
(why?). Let us associate with X the discrete metric. Let
x € X. We know that B(z,1) = {z} and since every subset in

a discrete metric space is closed (and open!), we get B(z,1) =
{z} = {z}. This on the one hand, and on the other hand

B.(z,1)={ye X : d(z,y) <1} =X ¢ B(x,1).

REMARK. There are cases where B(x,r) = B.(x,r) holds in metric

spaces.

For instance, this is true in R? endowed with the euclidian

metric (or just R with the standard metric).
However, in the setting of normed vector spaces (not considered in
this book), we always have B(z,r) = B.(z,T).
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SOLUTION 3.3.15. Since @,Y € T, f~1(@) =@ and f~1(V) = X,
we conclude that @, X € T".
Now, let V; be in T” for all # € I. Then for some U; in T, V; =

f~YU;). Hence
Uvi=Ur'w)=rJu

iel el el

belongs to T” because U U, eT.
i€l
In the end, let Vi and V5 be in T”. So there are U; and U, in T such
that f~1(U;) = V; and f~Y(U,) = V,. Whence

VinVy = fﬁl(Ul) N fﬁl(UQ) = fﬁl(Ul N UQ) eT
as Uy NUy € T. The proof is complete.

SOLUTION 3.3.16. The proof is essentially very similar to the one
just before. First, @ and A both belongs to T4 as

g=AN@and A=ANX.

Second, let {V;};e; be a collection in 7. Then U; may be written as
Vi = AN U, for some V; and hence

Uvi=UJuanu) =an(Ju) € Ta
iel iel iel
since UUi eT.
i€l
Finally, let V; and V5 be in T4. Then there are U; and U, such that
Vi=AnNU; and Vo, = AN U,. Therefore,
VinVeo=(ANU)N(ANTy) = AN (U, NUs)
isinTyasUiNU, €T.
SoLuTION 3.3.17.
(1) Yes the set {3} is open in A = [0,1) U {3}. To show this we

need to write it as an intersection of A and an open set in R.
One possible choice is the following

{3t =(0,Hu{3})N(2,5).
(2) The answer is again yes as one can do the following
[0,1) =1[0,1] N (=1,1) and (0,1) =[0,1] N (0,1)
N~—— ~———
open in R open in R
(3) Yes indeed. Write
{n}=NnN(n-1,n+1).
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(4) Both [0,1] and (2, 3) are open since
0,1] = AN(—1,2) and (2,3) = AN(2,3).
We can deduce that [0, 1] and (2, 3) are also closed (in A!) too.
This is simply because the complement of [0,1] in A is (2, 3)
and vice versa.

(5) The closure of (0,1) in R is [0, %] Hence the closure of (0, 1)
in Ais

03)' - poa-(3)

(6) Let us denote the subspace topology on A by T)4. It is defined
as

Ty={ANU: UeT}.
Hence we can find T4 explicitly and we have
T ={2,{c,d}, A}.
We observe that the smallest closed set containing {b, d} is A.

So {b, d}A = A (i.e. {b,d} is dense in A). We can also obtain
the same result using the relativity of closures as follows

bdy =0 d) NA={bedernibed ={bed =A

SOLUTION 3.3.18.

(1) Yes X is clopen in A. Since [v/2, 7] is closed in R, X is closed
in A. Also, since V2,7 € Q, one can write

X =AnNV2,7]=ANV?2,7).

As (v/2,7) is open in R, then X is open in A, establishing the
"clopenness" of X in A.

(2) Yes Y is clopen in B. Since [0,2] is closed in R, so is Y in B.
Now since 0,2 € R\ Q, we can write

Y =Bn0,2] = BN (0,2),

meaning that Y is open in Y as well.
(3) Yes Z is clopen in A. This is easily seen from

Z=ANN2,7)=AN(K2,7)=AN[V2,7]

(4) Z' is not clopen, more precisely, it is neither closed nor open.
For example, if it were open we would have: for all x € 2/,
there is some r > 0 such that B(z,r) (the open ball in B) is
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contained in Z’. In particular, for z = /2 there corresponds
an r > 0 such that

B(V2,r)={yeB:|[V2—y|<r}=BnN(2-rV2+r)CZ,
which does not hold as
Vr>0: BN(V2—rV2+7r)¢ Z.

SOLUTION 3.3.19. Since [0,1]NQ C [0, 1], then [0,1]NQ C [0,1] =
[0,1]. Now let x € [0, 1], then obviously

Ve>0: [0,1]NQN(zx—¢g,x+¢)#D.

Thus z € [0,1] N Q.

SOLUTION 3.3.20.

(1) The elements of X are real numbers in [0, 1] whose digits are
constituted of the numbers 3 and/or 5.
(2) The following observation

X N(0.35,0.53) = @ (why?)
shows that X cannot be dense in [0, 1].

SOLUTION 3.3.21. We give three ways of answering this question.

(1) Since X is not Hausdorff, it cannot be metrizable.

(2) This is somehow similar to the previous method. Let B(z,r)
be the open ball of center z and radius r = @ >0 (z #
y). It is an open set in X. However, B(x,r) contains z, i.e.
B(z,r) # @ and B(x,r) does not contain y, i.e. B(x,r) # X.
Thus B(z, ) is another open set in X. This clearly leads to a
contradiction. Therefore, X is not metrizable.

(3) If there is a metric that induces the topology of X, then X
and @ are not the only closed sets in X since every finite set is
closed in a metric space. Accordingly, X cannot be metrizable.

SOLUTION 3.3.22.

(1) Let us show that T is in effect a topology on R. First & belongs
to T by definition while R belongs to T since its complement
is finite (it is the empty set!).

Let U and V be two elements of T, i.e. U¢ and V¢ are both
finite (we assume both U and V' are not empty, otherwise this
is obvious). We need to show that U NV belongs to T, i.e.
(UNV)°is finite. But (UNV)* = U°U Ve and it is finite.
Hence U NV does belong to T'.
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(5)
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Now let {U;};e; be an arbitrary collection of elements of
T. If U; = @ for all i € I, then their union is the empty set
and hence it belongs to T'. If at least one of these elements is
not empty, call it U; (hence U is finite), then we can write

(Umy:ﬂwcq

icl el

and hence (U Ui> is finite. This finishes the answer.
icl
Obviously @ and R are closed. The only other closed sets are
the finite ones. For if A is finite, then it is closed as A€ is
open because its complement (which is A) is finite. And if A
is closed, then A€ is open and hence (A€)¢ = A is finite.
Every finite subset is closed in standard R. There are many
infinite subsets which are closed in the standard R (for example
every interval of the type [a,b]). Thus the standard topology
has more closed sets, so it is finer than 7.
It is not Hausdorff since if it were, then for any z,y € R
such that x # y there would exist two open neighborhoods
U € V(x)and V € V(y) (belonging to T') such that UNV = &.
Hence U°U V¢ = @° = R which contradicts the finiteness of
both U¢ and V*.
No, since a metrizable space has to be Hausdorff.
(a) If A is finite, then it is closed (see Question 2) and hence
A—A,
As for A we will show that it equals the empty set. Let B
be an open set contained in A. Then A€ is contained in B¢
and since B¢ is finite, so is A° and hence R = AUA® would

have to be finite! which is impossible. Hence A = @.
(b) If A is infinite, two cases must be looked at.

(i) If A¢is finite, then A is open and hence A = A. Also
since A€ is finite, then from the previous question
A€ has an empty interior and thus Exercise 3.3.5
yields

(A) = (A) =g = A=R,

i.e. Ais dense in R in this case.
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(ii) Now the case A¢ infinite. If B C A where B is open,
then A¢ C B¢ which is impossible since B° is finite,

leading to A = @.

Now, since the only closed set which can contain
the infinite set A is X, we deduce immediately that
A=X.

(7) Yes, R is separable since Q is a countable subset of R which
satisfies the hypotheses of Question (5-b-i).

(8) If X is finite, then 7" becomes the discrete topology for a simple
reason. That is, since X is finite, any subset A of X will have a
finite complement. Hence every subset is open and thus every
subset is closed too.

SOLUTION 3.3.23. No, T is not a topology on R. Assume it is and
take the two sets U = (—00,0) and V = (0,00). They are both open
in T" since their complements are infinite. However,

(UUV)=U°NV*={0} is finite and hence UUV & T.
Thus S is a not a topological space.

SOLUTION 3.3.24.

(1) Yes T is indeed a topology on X. For a change and also to
facilitate the proof we will prove that T is a topology using
closed sets and hence we need to show that @ and X are
elements of 7' (which is obvious here), that the finite union of
closed sets and the arbitrary intersection of closed sets are all
in T. If we want a set to be closed in T, then it has to be
countable. We are done as we know that the finite union and
the arbitrary intersection of countable sets remain countable.

(2) No. If it were, X which is uncountable, would be a union of
two countable sets!! (cf. Exercise 3.3.22).

(3) Remember that the closed sets are the countable ones (to-
gether with X and @). Now if A is a closed set different from
X, then it is countable and so will any subset of A be.

(4) Let {U,}, be a countable family of open sets in 7. To show

L) ) ¢
ﬂ U, is open, i.e. ﬂ Un> is closed, i.e. countable. But
n=1

n=1

()G
n=1 n=1

which is countable as a countable union of countable sets.
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This result may fail to hold in usual R as shown by the
classical example U, = (—+,2), n € N.

(5) The proof is very similar to that of the non-Hausdorffness of
the space. Assume Uy NU, N ---NU, = & where the U;
(¢ =1,2,--- ,n) are all open. Then Uf UUSU---UUS =R
which is impossible since the left hand side is countable while
the right hand side is not. Thus the finite intersection of open
sets is non-empty.

This result is not true in usual R in general. Consider for
instance (0,1) and (2, 3).

(6) No! Since Q is countable, it is closed. Thus Q = Q # R.

We claim that every uncountable set is dense in R: To
see this, let A be an uncountable subset of R. Then A is not
closed. Besides, A cannot be a subset of any closed set apart
from X (why?). Thus A is dense in R equipped with this
topology and hence so are the two given sets.

(7) Any countable set will make the topology T discrete. For if X
is countable, {z} (z € X) will be clopen as {z} and X — {z}
are both closed since they are both countable.

SOLUTION 3.3.25.
(1) It is a routine by now and it is left to the interested reader.
(2) No T is not Hausdorff. Let x,y € X such that x #y (z or y
may be worth a). Let U and V' be two open sets containing x
and y respectively. Then they contain a too so that

{a} CUNV, ie. UNV # @.

Consequently, X cannot be Hausdorff.
(3) Remember that

rzef{al <= VU €V(x): Un{a} —{z} # 2.
Since U contains a, we see immediately that only a does not
belong to {a}’ and hence {a}' = X — {a}.
(4) Let U # @ be an open set in 7. Then a € U and hence
{a} cU={a} cU & X —{a}CcU CX.
Two cases are to be discussed:
() fU' =X, then U=U'UU =XUU = X.
) U =X —{a}, then U =U'UU =X — {a}UU = X
asae€U.

Thus in either case open sets are dense in X.
(5) As for {a}’, we find that A’ = X — {a} for any set A that
contains a.
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(6) Yes X is separable for {a} is a countable (finite!) subset of X
that is dense by the last but one question because {a} is open
in 7.
Now, X — {a} is not separable. Assume it were and let
A C X — {a}. Then A would be dense. But a ¢ A and
ag A'=X —{a} and hence a ¢ A. Thus A = AU A’ would
have to be equal to X — {a}, a clear contradiction. Therefore,
X — {a} is not separable.

(7) Let A be a proper subset of X. We have to show that A = &.
Since A is closed, a € A. The biggest open set contained in A

must contain {a}. Thus A = @.
(8) The induced topology, as the interested reader may verify, is
the discrete one and it is of course Hausdorff.

SOLUTION 3.3.26.

(1) Let us show that T is a topology on [—a, a]. First @ € T since
{0} ¢ @ and X = [—a,a] € T since (—a,a) C X = [—a,al.
Now let U and V be both in T and hence ({0} ¢ U or
(—a,a) C U) and ({0} ¢ V or (—a,a) C V). In all possible
cases we will have UNV € T.
Finally, let {U;};c;r be an arbitrary collection of elements

of T. If {0} ¢ U, for all i € I, then {0} ¢ UU,- and hence

iel
U U; € T. If at least one U; does not contain {0}, then it will
i€l
contain (—a, a) and hence (—a,a) C U; C U U; and this also
i€l

means that U U, eT.
iel
(2) The closed sets in this topology are {a}, {—a}, {—a,a}, &, [—a,q]
and any subset of [—a, a] containing 0.
(3) The set A = {§} is not closed, but from the previous question,
{0,%} is a closed set and it is clearly the smallest set which

contains A. Thus
— a
A= {0, —} .
3

(4) Let B be any subset of (—a,a) C X. Let us show that 0 is a
limit point for B, i.e. 0 € B’. We recall that

0€B <= VYU cV(0): UNnB-{0} #o.
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Since U is an open neighborhood of 0, we must have (—a,a) C
U. Whence
UnNB-{0} #a,

as required.

SOLUTION 3.3.27.

(1)

(3)

(4)
(5)

First, @ € T since Ja = 0 € [0,2] such that @ = [0,0) and
X € T since Ja = 2 € [0,2] such that X = [0,2). Now let
[0, a;)icr be an arbitrary collection of elements in 7. Then
U[O7ai) = [0, a) where a = supa; € [0, 2].
il el
This means that U[O, a;) € T. Lastly, let [0,a) and [0,b) be
iel

two elements of T where 0 < a <2 and 0 < b < 2. Then one
has

[0,a) N[0,b) = [0,¢) where ¢ = min(a,b) € [0, 2]

and so [0,a)N[0,b) € T
One example among many is the following: Take U, = [0, %)

N2
forn > 1. It belongs to T for alln > 1. However, ﬂ [0, —) = {0}
n

n=1
which cannot be an element of T as it cannot be written in

the form [0, a) for any a € [0, 2].
This topology cannot be separated as any two open sets will
both contain zero and hence their intersection will never be
empty.
The closed sets are of the form [b, 2) where 0 < b < 2 (why?).
There is somehow a technical way of answering this question
but there is a more direct way of answering it. The closure of
A= [1, g] is by definition the smallest closed set containing
A. But we have just seen that closed sets in X are of the form
[b,2) where 0 < b < 2. Therefore the closure of A is [1,2).
The interior of A, i.e. the largest open set contained in A,
is empty as open sets are of the form [0,a) where 0 < a < 2
and none of them can be contained in A.
Let B = QnN[0,2). It is obviously countable. Besides, its
closure, the smallest set containing it, is of the form [b, 2) where
0 <b<2. Hence

QnJlo,2)=10,2),
proving the density of B in (X, 7). Thus X is separable.
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SOLUTION 3.3.28.

(1) Let z € X. We only show that {z} C {z} or equivalently
{z} c Tz} Lety € {2}, ie. y & {z} or y # x. Since T is
Hausdorft,

AU, V)eV()xV(y): UNV =2.

This gives us U N {z} = @. Thus y &€ {z}, i.e. y € {z} .
(2) The result is no longer true if 7" is not assumed to be Hausdorff.
Consider the topology T, on the set X = {1, 2,3}, defined by

T = {2,{2},{1,2},{2,3}, X}.

It is plain that {2} is not closed as {2}¢ = {1, 3} is not open.
On can also check that 7" is not Hausdorff.

(3) Well, an example of that is the co-finite topology (Exercise
3.3.22) in which all finite sets, and in particular singletons, are
closed.

(4) Let U, be an open set containing z. We need to establish that

m U, = {x}. Since for all z € X, z € U,, we immediately see
rzeX
that {z} C ﬂ U,.
zeX
Conversely, let y € ﬂ U, with y # x. Since X is Haus-

zeX
dorff, for some open set U containing = and for some open set

V' containing y we have U NV = @. But y is in all open sets
which contain x and hence UNV # & which is a contradiction
and so y = x. The proof is complete.

(5) Let X be R equipped with the co-finite topology. That X is
not Hausdorff was already established in Exercise 3.3.22. We
show that the intersection of all open sets containing = is {z}

itself. We only show ﬂ U C {z} where U is open in X and
xzelU
contains x. Let y € ﬂ U and assume y # x. Then for all

zelU
U € X, we have y € U. Hence R — {y}, being an open set

(why?) that contains x, would have to contain y too which is
absurd! Thus y = x and this completes the proof.

SOLUTION 3.3.29.

(1) R is obviously a union of elements of B. An intersection of
two elements of B is again an element of B for it is either the
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empty set or an interval of the same type as the elements of
B. Therefore, B is a base for R.

Ry is strictly finer than R. We have to show that any open
set in R is an open set in R, or in terms of bases, any basis
element in R, i.e. an open interval, can be written as a union
of members of the basis of R,. This is illustrated in

1
Va,b € R, (a,b) = [a+,b>.
To finish the proof, we need to exhibit an open set in R, which
is not one in R. One choice is [0, 1) and the proof is complete.
First, from the previous question all open sets in R are open
in R,. The same thing for closed sets. There are many other
sets that are open and/or closed in R,. For example,

(—00,b) = [ J[-n.b), [a,00) = | [a.n)

neN neN
are open. They are also closed as

(—00,b)¢ = [b,00) and [a,00)¢ = (—o0,a)
are open. Also [a,b) is open and it is also closed as
[CL, b)c = (_007 a’) U [ba OO)

is open.

There are of course non-clopen sets. For instance, [a,b] is
closed but not open (why?), and (a, c0) is open and not closed.
Finally, there are sets which are neither open nor closed like
(a, b] (prove it!).

Yes, R, is separated since R, is finer than R. This was dis-
cussed and proved in the section "True or False" of this chap-
ter.

We propose another method to show that R, is not Haus-
dorff. Let x # y be two distinct reals. Take x < y for example.
Then it is clear that [z,y) is an open set in R, containing x
and [y,y+ 1) is an open set in R, containing y. Besides, these
two sets obey

[zy)Nly,y+1) =2,
completing the proof.
Yes, R, is separable. To see that, first note that QQ is dense in
R (this is independent of topology!). To prove the density of
Q in Ry, note that unions of intervals of the form [a, b) always
intersect Q.
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SoLuTION 3.3.30.

(1) Rk is finer than R since its basis contains the basis of R. It is
strictly finer since R — K is open in Rx (it is a union of sets
of the form (a,b) — K) but it is not open in R for K is not
closed.

(2) As in the previous exercise, Ry is Hausdorff as it is finer than
R.

(3) No. The two topologies are not comparable and it is better to
use bases elements.

(a) Rg ¢ Ry For (—1,1) — K is open in Rg (clear!) but not
in Rz.
(b) Ry & Rg: For [—1,0) is in R, but not in R.

(4) Yes, K is closed in Rg for its complement is R — K, hence it
can be written as U (la,b) — K) which is open.

a,beR

(5) We claim that K’ = @. Any point in K is not a limit point
for K (why?).

If v ¢ K, then U =R — K is an open set containing x and
verifying UN K — {z} = &. Thus K' = @.

SoLuUTION 3.3.31.

(1) Let z € R. Then there are always a,b € Q such that = € (a,b)
(why?). Now, let (a,b) and (c¢,d) be in B (a, b, ¢ and d are
tacitely assumed to be rationals!). If z is in the intersection of
these sets, then (a,b) N (¢, d) is an interval of the same type.
This proves that B is a basis.

Now, we prove B actually generates the usual topology of
R. Let U be an open set in R. Let x € U. Then

Jy,zeR: z€(y,2) el.
By the density of Q in R,
Ja,b € Q, a € (y,x) and b € (z,2)
leading to
x € (a,b) C U (a,b € Q).

The proof is over.

(2) For any z real, there are rationals a and b verifying a < a <
z < b. Now, if the intersection of two basis elements of B’ is
not empty, then it is necessarily of their form. Thus B’ is a
basis. Now, we have to show that Rg # R,. It is clear that
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[1,4) € R,. If [r,4) were in Rp, then there would be some
rationals a and b such that
7€ [a,b) C [m, 4).

It then becomes clear that no rational a would satisfy that
condition. Therefore, B’ does not generate the lower limit
topology on R.

SoLUTION 3.3.32. Remember that in usual R,
d(A) = sup |z —y|

z,yeA
where A C R. We then easily find that
d((0,1)NQ) =d((0,1)NR\ Q) = 1.
SoLuTION 3.3.33.

(1) The set {d(x,a) : a € A} is obviously non-empty. It is also
bounded from below as

d(z,a) >0, Ya € A.

Thus d(x, A) exists.
(2) Let € > 0 and let B(z,e) be the open ball of center x and
radius €. We then have

r€A=Ve>0,B(r,e)NA#2
<= Ve>0,3a. € A: d(z,a) <e
< Ve>0,3a. € A: 0<d(r,a) <e+0
—d(z,A) =0

by the greatest lower bound property.
Let a € X. We have to show that {a} is closed. We have

{a} ={z € X: d(z,a) = 0} = {a},
i.e. {a} is closed.

REMARK. This is a particular case and another proof of
the result of Exercise 3.3.28 since every metric space is Haus-

dorff.
(3) Since A C A, we have
d(x, A) > d(x, A).
Now for all a € A and for all b €
(z,

Z?
d(z, A) < d(z,a) < d(z,b) +d(b,a).
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Hence
d(z, A) < d(z,b) +d(b,A).
But, d(b, A) =0 as b € A and so
d(z, A) < d(x,b), Vb € A.
Taking the inf again over b € A gives
d(z,A) < d(x, A)
leading to the wanted equality.
REMARK. The result of Question 3 can be interpreted as follows:
A point in the closure of A is not very far from A.
SOLUTION 3.3.34.

(1) First, note that A x B C A x B. But A x B is closed (why?)
and hence A x B C A x B.
Now we prove the other inclusion. Let (z,y) € AxB. Then
x € Aand y € B. Hence any neighborhood of x intersect
A and so does any neighborhood of y with B. Let 2 be a
neighborhood of (z,y). Then Q is a union of elements of the
form U x V where U is open in X and contains x, V' is open
in Y and contains y. We have

UxV)NAxB)=UNA) x (VNB) £

as € A and y € B. Thus € too intersects A x B which leads
to (z,y) € Ax B.

(2) There different methods to prove this property. The one we
use here is based on the known property A¢ = (A)¢ and on the
previous question. We have

(Ax B)*=(Ax B)t=(A*xY)U (X x B°)
=AxYUX x B¢
=(A°x Y)U (X x B°)

B)

o ]

Thus
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SoLuTION 3.3.35. Using a proof by induction, it suffices to prove
this result for two spaces. Let X and Y be two separable spaces, i.e.
there are two countable subsets A and B of X and Y respectively such
that

A=Xand B=Y.

Now, obviously A x B is countable. It is also dense in X x Y since
AxB=AxB=XxY.
The solution is complete.

SOLUTION 3.3.36.

(1) A has an empty interior since no open ball can be contained
in A (why?). Its closure is given by

A=AU{(0,y): -1 <y<1}.

This comes from the fact any open ball centered at (0,y) with

—1 <y <1 intersects A.

(2) The interior of B is void. For no open ball can be contained in
A regardless of its radius. Also B is closed. There are different
ways of seeing this:

(a) Let (z,y) ¢ A. Then there is always some r > 0 such that
B((z,y),r) does not intersect B and hence (x,y) € B.
The proof is over.

(b) Alternatively and anticipating a result on continuity (to
be seen in the next chapter) the given set B is the graph
of the function x — = which is continuous on usual R and
the graph of a continuous function is closed.

(c) Also, B is the diagonal of R and it is closed since usual R
is Hausdorff (cf Exercise 4.3.31).

(3) The answer becomes obvious once we write C' = C x Cy where

Cl = (—2, 2) and CQ = (—37 3)

Hence

o /—/O;\ o] o
C=C xCy=0C; xCy=(-2,2) x(-3,3)=C.
Similarly
C=C; xCy=1[-2,2] x [-3,3].

(4) Since {(1,1)} is a singleton in usual R?, we immediately get

[e] o]
o e N o o

D={(L1)}xC={1,)}xC=2xC=0.
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Finally,

SOLUTION 3.3.37. Let ¢ : X — X/R be the quotient map. Let
T={Aec X/R: ¢p*(A)is open in X}.

Let us show that 7" is a topology in X/R.

(1) 9, X/ReT as: ¢ () =@ and p }(X/R) = X.
(2) Let A,B € T. Then

p H(ANB) = (A) Ny~ (B)

is open in X so that ANB e T.
(3) Let (A;);er be a collection of elements in 7. Then

e (JA) =Je ()

i€l el
is open in X and so U;c;A; € T

SOLUTION 3.3.38.

(1) Left to the reader!

(2) Denote the quotient map by p, i.e. the map p : R — R/Q.
Let [s] and [r] be two elements of R/Q. Let U € V([s]) and
V € V([r]). By definition, p~!(U) and p~(V') are two open
sets in R. Hence

J4,d €Q: qep ' (U),q € p ' (U) (why?)

Thus [¢] € U and [¢] € V. But [¢] = [¢] since ¢ — ¢ € Q.
Therefore, U NV is never empty and consequently R/Q is not
Hausdorff.

(3) Let U be any non-empty set in R/Q. We must show that
U = R/Q. Denote the quotient map by p. Then p~*(U) is
open in R. Now, the map ¢t — ¢+ « is continuous for each real
«. Whence the set {t e R: t+a € p~'(U)} is open in R.
Thus it must necessarily intersect Q and so

3geQ: g+acp (V).

But p(«) = p(q + «) (why?). This implies that p(a) € U, i.e.
a € p }(U) and hence p~*(U) = R. Therefore, U = R/Q.
The proof is complete.
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3.4. Hints/Answers to Tests

SOLUTION 7.
(1) We can write (can’t we?) A = U Usg...

€A
(2) It reminds us of the definition of an open set in a metric space

with U, playing the role of an open ball...
SoLuUTION 8. Yes! why?...
SOLUTION 9. No! Consider e.g. {r}...
SoLuTION 10. No! (why?)...

SoLUTION 11. No T'is not a topology on X. While @ and X both
belongs to T' (why?), the union of two elements in 7" need not remain
in T (consider A, and Aj for example)...

SOLUTION 12. There are nine topologies having four open sets.
Find them directly or just apply Exercise 3.5.1.

SoLUTION 13. Construct such a set using sets similar to {% tne€
N} which we know it has 0 as its unique limit point. What is left to
do should be clear to the reader by now...

SOLUTION 14.

(1) In the discrete topology, A’ = @. {z} is an open set containing

(2) In the co-finite topology, A’ = X if A is infinite and A" = &
if A is finite. The reason is that if A is infinite, then X — {a}
is open and contains x where a € X...and if A is a singleton,
consisted of the element a say, then X — {a} is always open
and does not intersect A and similar arguments work for A
consisted of a finite number of elements...

SoruTIioN 15. No. Why?...

SoLUTION 16. Let T be the usual topology on R and let 7" be
the co-countable topology on R. Then T is stronger than T” for it has
more closed sets as there are closed sets which are uncountable...

SOoLUTION 17. The answer is no as every proper subset in this
topology is closed...
SOLUTION 18.

(1) The empty set corresponds to the case @ = 0. The rest is
obvious too...
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(2) Closed sets are of the form (—oo, —a] U [a, +00). For [—1,2],
the smallest closed superset is R and the largest open subset
is (—1,1).

(3) The closure and the interior of {0} are given by R and &
respectively.

As for {1} they are given by R\ (—1, 1) and @ respectively.

SoLuTION 19. It inherits the discrete topology. Every singleton
{2} (z € A) is open in A as it can be written as AN {z,a}...

SoLuTIiON 20. Yes, if this set is clopen. Otherwise, this cannot
occur as the frontier of a set is always closed (is it not?).

SOLUTION 21. Yes (why?)...

SOLUTION 22. Well, it is a routine so do it!...






CHAPTER 4

Continuity and Convergence

4.2. True or False: Answers

ANSWERS.

(1)

No, this is not always the case if the topologies endowing the
domain and the "arrival" sets are different. See Exercise 4.3.1.
If, however, the identity mapping is between two identical
spaces endowed with the same topologies, then it is contin-
uous.

It is asked whether each continuous function is open? Such
is not the case. As a counterexample, let f : R — R defined
by f(z) = 0 (R endowed with its standard topology). Then
f is continuous but for some (and here any!) open U in R,
f(U) = {0} is not open in R.

The left-to-right implication is correct and for a proof see Ex-
ercise 4.3.19. As for the backward implication, it is not true.
For a counterexample, take the function

ro-{y 1¢d

Then f is not continuous whilst fg is continuous (both in the
usual topology).

In general, only the right-to-left implication is verified. To see
this, let U be an open set containing z. Since (z,) converges
to x, for any open set containing z, and in particular for U,

AN eNVneN (n>N =z, €U)

and hence ANU # @ or x € A.

The other implication may fail to hold. In R equipped with
the co-countable topology, let A = [0,2]. Then A = R (cf.
Exercise 3.3.24). Now, the only convergent sequences in this
space are the eventually constant ones (see Exercise 4.3.14).
Hence

Vz, €[0,2], 2, /~— —1 and yet —1 € A.
163
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If, however, we are dealing with metric spaces only, then
the equivalence always always holds and it is a very useful
result to use.

Let us then show the left-to-right implication in metric
spaces. Let X be endowed with a metric d and let z € A.
Then

Ve>0: B(r,e)NA# @

and hence
1
Vn e N: B(CL’,—) NA#o.
n

Choosing an x,, in this intersection gives us for all n, d(x,,, ) <
L (and x, € A). Therefore, (z,) converges to x in (X, d).
This statement as it stands is something to avoid imperatively
in topology. One has to be more precise about the space in
which the convergence is to be established. For instance, in
the usual topology of R, this sequence converges to zero while
in other spaces (or/and topologies) it can have different limits
(see Exercise 4.3.12).

The reasoning has a problem with the passage % ¢ U implying
% € U°. This is wrong since % not being in U means that
(1) ¢ U and this does not imply necessarily that (1) c U*.
For one correct proof see Exercise 4.3.12.

First, A is closed as its complement, being an arbitrary union
of open sets, is open!

Second, the known result says that a set is closed in a

metric space, if whenever a sequence in this set converges,
then it must have a limit inside that set. In our case, that
result cannot be applied as (x,) does not even converge!
A priori, the reader might think something is wrong but in
fact everything is fine and nothing contradicts the continuity
of f. First, f is in effect continuous and this only requires
basic one variable analysis. Second, [0, 1] is well closed in R
and its preimage, given by

FH0,1]))={zeR}: Inz e (0,1)} =(1,¢,
is not closed in R but it is closed in the subspace topology of

R*!' (the topology which should be used here).
The answer is no! For counterexamples, see Exercise 4.3.13.

(10) Only the left-to-right implication is true. In other words, the

uniqueness of the limit of a sequence does not characterize
the Hausdorffness property. We give a proof. Assume a given
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sequence (x,) in a separated space X has two different limits,
x and y say. Since X is Hausdorff,

U eV(z),3VeV(y): UNV =0.

Since (x,) converges to a, for all open sets containing = and
in particular for U

dN; eN, VneN: (n> Ny =z, €U).
Similarly,
AN, eN, VneN: (n> Ny =z, € V).

So, for n > max(Ny, Ny), x, € U NV which contradicts the
fact that U and V' are disjoint! Thus the limit is unique.

As for the other implication we present a counterexample.
Consider X = R equipped with the co-countable topology.
Then the only convergent sequences are the eventually con-
stant ones (see Exercise 4.3.14). Let (z,) be a sequence in X
which converges to two different limits, x and y (z # y), say.
Then

eEN, Vn>N;: z,=aand AN, €N, Vn> Ny : z, =b.

Hence for n > max(N;, N2) we would have z,, = a = b which
contradicts the hypothesis a # b. Thus the limit is unique.
However, we already know from Exercise 3.3.24 that X is not
Hausdorff.

The answer is yes but some comments have to be given. First,
an open set U in R is written as

U= J(a:b).

icl

fﬁl(U):fil <U aq, 1) Uf a“ 1

iel el

Since the arbitrary union of open sets is open, it suffices to
have f~!(a;, b;) open which is the hypothesis.

We also observe that this is true since {(a;, b;) }ics is a basis
in R. Hence if B; is some basis in some topological space X
and f: Y — X is a function (Y is a topological space), then it
is sufficient to check the openness of f~*(B;) in Y to establish
the continuity of f. This will occur from time to time in the
sequel.
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Two topological spaces (X and Y say) are said to be homeo-
morphic if there is a homeomorphism f : X — Y (or obviously
f:Y — X). Thus it becomes apparent that it is quite easy
to show that two spaces are homeomorphic since it suffices for
that purpose to exhibit one homeomorphism between the two
spaces.

However, if one wants to show that two spaces X and Y
are not homeomorphic, then one sees immediately that it is
not an easy matter as one will have to show that there is
no homoeomorphism between the two spaces. An advanced
topology course, namely algebraic topology, is a powerful tool
for proving that two spaces are not homeomorphic. This is
not discussed in this book. However, in Chapters 5 and 6,
some criteria will be used to prove that some spaces are not
homeomorphic.

Since f is continuous, we have f(A) C f(A). Since A is dense
in X, we have A = X. Then

f(X) = f(A) C f(A).

Hence, the closure of f(A) in f(X), given by f(X) N f(A), is
equal to f(X). Thus f(A) is dense in f(X).

True! To see this, let f : X — Y be a homeomorphism be-
tween two topological spaces where X is separable. Let us
show that Y is separable. Since X is separable, there exists a
countable subset A such that A = X. By the previous answer
f(A) is dense in f(X) =Y. But

fA) ={f(z): =€ A}
is obviously countable. The proof is over.
The answer is again no. One has to distinguish between an al-
gebraic notion and a topological one. The bijectivity is purely
algebraic whilst the continuity is topological. There are many
counterexamples which the reader will see below.
No! Consider f(z) =z from X = R (endowed with the usual
topology) onto Y = R (endowed with the discrete topology).
Then f is bijective. It is also open and closed because every
subset of Y is open and closed. It is, however, not continuous
since {2} is open in Y but its preimage (itself in this case) is
not open in X.
The answer is yes. First, the known result states that f is
continuous iff f(A) C f(A). Since f is already bijective, it
only remains to check that f~! is continuous iff f(A) D f(A).
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Let B C Y = f(X), then for some A C X: f(A) = B and
hence A = f~!(B). Then

f(A) > FA) & f (F71B)) >B & T1B) > {7(B),

that is, if and only if f~! is continuous.

The answer is no! We give a counterexample. Let ¥ = R
endowed with the usual topology and let X = R be endowed
with the discrete topology. Let f : X — Y defined for all
x € Rby f(x) = x. Then f is a bijection. Then f is continuous
as for every open U set in Y, f~1(U) is open in X. However,
its inverse, i.e. f~!:Y — X is not continuous (why?).

The reader must not think this is solely true with different
topologies or that this cannot occur in the usual topology. For
instance, let f: X =1[0,1) U{3} = Y = [0, 1] be defined for
all x € X by

z, 0<z<1,
ro={ 7 503

)

and both X and Y are endowed with the induced usual topol-
ogy of R. Details are left to the reader.

The answer is yes. To see this let f : X — Y be a function
with the listed properties. We have to show that f~1: Y — X
is continuous, i.e. for every open set U in X, (f~1)~'(U) is
open in Y. But since f is bijective, we have

(fH7HU) = f(U)
which is open by the openness of f. Thus f~! is continuous
and hence f is a homeomorphism.
The answer is yes. For a proof see Exercise 4.3.6.
Falsel Let f : (0,1) — {1} be the constant function (both
sets with respect to the usual topology). Then from classical
analysis, f is continuous. Then 0 is a limit point for (0, 1)
while f(0) =1 is not a limit point for {1}.
False! Only the left-to-right implication holds. For a proof
and for a counterexample to the other implication, see Exercise
4.3.33.

The right-to-left implication holds if X and Y are Banach
spaces and if f is linear. This implication with the quoted
hypotheses (and a fortiori, the whole equivalence) is a very
important result in functional analysis called the "Closed
Graph Theorem".

See Exercise 5.5.9 for another result.
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4.3. Solutions to Exercises

SOLUTION 4.3.1.

(1) (a) If cardX > 2, then the given function is not continuous.
For if U is an open (different from @ and X) set in Y,
then f~'(U) = U is not open in X as the only open sets
in X are @ and X.

(b) Now if cardX = 1, then f is obviously continuous as the
discrete and indiscrete topologies coincide in this case.

(2) No f is not continuous. For example, {0} is open in Y but its

preimage {1} is not open in X.
(3) Let U = (0,1) be an open in Y. Then

AU ={zecR: 22€(0,1)} = (-1,0)uU(0,1)

which is not open in X as it is not of the form @ or R or
(a,+00).

(4) The function f in this case is continuous since for any open set
UinY, f~Y(U) is open since it is a subset of X. This means
that if X = [0, 3], say, is given the discrete topology, then a
function like

-1, 0<z <1,
r— f(x) = 0, 1<z<2
2, 2<x<3,

will be continuous. This type of functions (i.e., those defined
on a discrete topology) will have little interest in practise, but
it is quite enlightening as a source of counterexamples.

(5) Let f(x) =bfor all x € X. Let U be open in Y. We have

) ={zeX: fr)eUl={zeX: becU}=Dor X

depending on whether b ¢ U or b € U. Anyway, in either case
f7YU) is open in X and hence f is continuous.

(6) Take f : A — X, where A C X, such that f(z) = z for all
x € A. For any open U in X, f~1(U) = U N A which is open
in A (in the subspace topology). Thus f is continuous.

SOLUTION 4.3.2. Remember that a function f : X — Y (X and
Y being two topological spaces) is continuous at z € X if

VU € V(f(z)), f1(U) € V().
(1) f is not continuous at a for

3U = {a,b} € V(a) and f*(U) = {a,c} € V(a).
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(2) fis continuous at b because for any open set containing f(b) =
¢ (in this case there is only one, namely X), f~}(X) = X is
an open set that contains b!

(3) f is not continuous at ¢ since

U = {b} € V(f(c)) = V(b) and [~ (U) = {c} € V(b)
as {c} is not open in X.

/-—/\—\
SOLUTION 4.3.3. Assume that f~ ( ) € f1(U) holds for all U
in Y. We must show that f is continuous. Let V be an open set in Y.

Then V =V and hence by hypothesis we obtain

r—j‘\ o /—/O‘\
V) V) = V) C UV

Therefore, f~'(V) = f~1(V), proving that f=*(V) is open or that f is
continuous.
Conversely, suppose f is contmuous and let U C Y. Since U is

open, obviously so will be f~ ( ). Besides, U U and thus
] o A
fU) = HU) c f7HO).
The proof is complete.

SOLUTION 4.3.4. First, we note that f is obviously a bijection.
The function f : 7" — T is continuous. To see this, take any nonvoid
(the case of an empty set trivially holds) open set U in T, then U®
is finite and hence it is countable, i.e. U € T'. But f~(U) = U.
Thus f is continuous. Since a countable set is not necessarily finite,
we deduce that f=!: T — T” is not continuous. Therefore, f is not a
homeomorphism.

SOLUTION 4.3.5.

(1) The bijectivity of f is evident. Let us show that f is continu-
ous. Since d and d’ are topologically equivalent (see Exercise
2.3.27), f is a homeomorphism.

(2) If X = R and d = | - | the usual metric, then (R,d) is un-
bounded and (R, d’) is bounded and yet these two spaces are
homeomorphic.

SOLUTION 4.3.6. Let f be a homeomorphism between two topo-
logical spaces X and Y. Assume that X is Hausdorff, and let us show
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that Y is in its turn Hausdorff. Let y,y’ € Y be such that y # y'. By
the bijectivity of f, there exist unique x,2’ € X such that y = f(x)
and f(y') = 2/. By the bijectivity of f~!, say, we see that x and 2’
must be different. By the Hausdorffness of X, we get

JU,U) eV(x)xV(E): UnU =a.
Since f is open (and since U and U’ are open), f(U) and f(U’) are also
open. They obviously contain y and y’ respectively. But f is injective
and hence
FO)NfU) =fUNU") =
proving that f(U) and f(U’) are disjoint. On that account, Y is Haus-
dorff.

SOLUTION 4.3.7.
(1) (a) Let (a,b) and (¢,d) be any two intervals in R. Define a
function f : (a,b) — (¢, d) defined by
f@)=c+(d-o5—
for each = € (a,b). Then it is clear that f is continuous
and bijective. Tts inverse, f~': (c,d) — (a,b) given by

Tr —cC

71(x):a+(b—a)d_

for each x € (¢, d), is obviously continuous too. Thus f is
a homeomorphism and hence (a, b) and (¢, d) are homeo-
morphic.

REMARK. Needless to recall that this is in the usual
topology and that in other topologies these two intervals
may not be homeomorphic.

(b) We leave it to the reader to check that R is homeomorphic
to (—1,1) via the homeomorphism

Since the "homeomorphlsm relation" is transitive, then
R is homeomorphic to any open interval by the previous
question.
(2) The answer is yes! Remember that R = R U {—oc, +00}. For
a possible homeomorphism consider
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SOLUTION 4.3.8. This is easy. We have A = f~!({a}). Since {a}
is closed in R, so is A since it is the preimage of a closed set under a
continuous function.

SOLUTION 4.3.9.

(1) The function (x,y) — f(z,y) = zy defined on R? since it is
a polynomial. Now A is closed as it is the inverse image of a
closed set, that is {1}, by a continuous function.

(2) As before, the function (z,y) — f(x,y) = 2? + y* defined on
R? is continuous since it is a polynomial. Hence

A={(a,y) €R?: a2 +¢? <1} = f7([0,1])

is closed for [0, 1] is closed in R.

(3) First, this space has an algebraic dimension equal to n?. The
"function determinant" defined in X = M, (R) and taking
values in R is a polynomial of degree n? and hence it is con-
tinuous. The remaining part of the answer is a routine.

SOLUTION 4.3.10.
(1) The set A is closed since A = f~!((—o0,a]), f is continuous
and (—o0, a is closed in R.
(2) The converse is not always true. Consider the discontinuous
function (at z = 0)

ro={ 950

2, x>0

Now we show that for any a, the resulting set A will always
be closed. We have

(a) a< 0= A=g, ie Aisclosed in R.

(b) 0<a<2= A= (—00,0],ie Aisclosed in R.

(¢c) a>2=A=R, ie Aisclosed in R.

SOLUTION 4.3.11. The left-to-right implication is evident. Let us
prove the right-to-left implication. Since {(a,b) : a,b € R} is a basis
for usual R, it suffices to prove that the inverse image of (a,b) via f is
open. We have

(a,b) = (—o0,b) N (a,00)
and hence
f (@, b)) = f7H{(=00,b) N (a,00)) = f7H((=00,b)) N f~((a, 00))

which is open by our assumptions. Thus f is continuous.
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SOLUTION 4.3.12.

(1)
(2)

(4)

Obviously, in the usual R, the sequence (%) converges to
0.

We have already proved that this topology is not Hausdorff
(see Exercise 3.3.22) and hence if this sequence is convergent,
it need not have a unique limit.

The sequence (l converges to every element of R. To

n)nZl
see this, let U be an open set containing x, where x € R.

Hence U°¢ must be finite. Since

n>1

1
“eR=UUU,
n

we see that % must be in U, for all, but finitely many, n € N.
This proves the convergence of the sequence.

On the contrary of the previous topology, this same sequence
does not converge to any point in R. To illustrate this, let
us show that % does not converge to a € R for any a. The
question amounts to finding a U € V(a) such that

1
VNGN,Eln(nzN/\E¢U).

It suffices to take U = {a} € V(a) (which is of course open in
this topology) and then

1
VN eNIn=N (n>NA=¢{a}).
n

REMARK. In fact, the only convergent sequences in a dis-
crete topological (or metric) space are the constant ones.

In the indiscrete topology, all sequences (and in particular
ours) converge to every point in R. For R is the only non-
empty open set. Thus it will contain any sequence.

SOLUTION 4.3.13.

(1)

Let z € R. Since U = (x — 1,z + 1) — K is a neighborhood
of z and since % ¢ U for all n, we immediately deduce that
L b

On the contrary, —% does converge to 0 in Rg since any
neighborhood of zero will contain infinitely many points of (x,,)
by the Archimedean property.
— K is not closed because —% € —K but —% — 0, in Rg, and
0¢& K.
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(3) We leave it to you to show that (z,) converges to 0.
No, (x,) cannot have another limit as R, is Hausdorff (see

Exercise 3.3.29).

(4) No, f is not continuous as K is closed in Ry while its preimage
fYK)=—K is not closed in Rg.

(5) No, f is not continuous since [0, 00) is open in R, and it is not
the case for its preimage ([0, 00)) = (—00, 0] is not open in
Ry (cf. Exercise 3.3.29).

SOLUTION 4.3.14.
(1) Let (x,) be a convergent sequence to some x. Then

YU € V(x), AN e N,Vn (n > N =z, € U).

In particular, for U = X \ {z,, : 2, # x} (which is open and
contains z). Thus there exists some Ny such that for all n :

n>Ny=x, € X\{z,: z, #z}.

Therefore, x,, = x for all n > Nj.
(2) (a) 1€ [2,3] since every open set containing 1 intersects [2, 3]
(why?).
(b) Since (z,,) takes its values in [2,3] and since (x,), if it
converges, is eventually a constant, we deduce directly
that x,, /4 1.
(¢) The conclusion is: there are sets having a limit point to
which no sequence in this set need to converge.

SoLuTION 4.3.15.
(1) A simple application of Exercise 2.5.2 gives, for all n

0 < |d(xn,yn) — d(z,y)| < d(xn, ) + d(yn, y).

Passing to the limit, as n tends to infinity, finishes the proof.

(2) The previous result means that the function d, defined on X x
X, is a continuous function (something already known from
the metric spaces chapter!).

SOLUTION 4.3.16.

(1) Let us prove this. Assume f is continuous and let x, — x.
We have to prove that f(x,) — f(z) in Y. Let U be an open
neighborhood of f(x). Then z is in f~'(V) which is open by
the continuity of f. Thus, f~*(U) contains all but finitely
many terms of (x,). Accordingly, U contains all but finitely
many terms of f(x,). This means that f(z,) — f(z) in Y,
establishing the sequential continuity of f.
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(2) Let f: X =Y, where X is R equipped with the co-countable
topology and Y is the usual R, be defined by f(x) = z. Then
the only convergent sequences in X are the eventually constant
ones (see Exercise 4.3.14). These sequences also converge in
usual R and hence

r, »>xin X =z, >xinY or f(z,) — f(x).

This means that f is sequentially continuous. However, it
is not continuous for U = (—1,1) is open in Y and it is not
the case for its preimage in X.

(3) Thanks to Question 1, we only prove f is sequentially contin-
uous implies that f is continuous. Assume f: X — Y (X and
Y being two metric spaces) is sequentially continuous and we
show that f is continuous and it is better here to use closed
sets (why?). Let V' be a closed set in Y. We need to establish
the closedness of f~}(V) in X. Let x, € f~*(V) be converg-
ing to € X. Then f(x,) is in V for all n and the sequential
continuity hypothesis implies that f(x,) — f(x). But V is
closed and so f(z) € V or x € f~'(V). The proof is complete.

SOLUTION 4.3.17. It is known that an open set U in R is of the
form
U= Lj(ai,b,»)7 a;,b; € R.
iel
We have to show that f(U) is open. But since

fU) = f(U(ai» bi)) = Uf((az‘, bi)),
iel iel
we need only show that f((a;,b;)) are open for every i. WLOG we may
assume that f is increasing. Now, since f is continuous and increasing,
we have

f(ai, b)) = (f(ai), f(bi)), Viel
which are all open and hence so is their union. Thus f(U) is open, i.e.
f is an open map.

SOLUTION 4.3.18. Let C be a closed set in R. We need to show
that P(C) is closed. Let (y,) C P(C) be a converging sequence to
y. Hence, there is (z,) C C such that P(x,) = y,. This implies that
(P(x,) = yn) is bounded. But since a polynomial has an infinite limit
only at +o00, we get that (z,) is also bounded in R. A standard result
from the course of calculus (namely the Bolzano-Weierstrass property)
tells us that we can extract from (z,,) a convergent subsequence ().
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Call z its limit. Whence, x € C as C'is closed. By the continuity of P
(it is a polynomial!), we obtain

Y < Yngr) = PlTnp)) — P(z).

Since we are in a Hausdorff space, the limit is unique and hence y =
P(x) € P(C), ie. P(C) is closed which means that P is a closed
mapping. The solution is over.

SOoLUTION 4.3.19. Call the restriction of f to A, fa4. Let U be
an open set in Y. Then f;*(U) = AN f~(U) is open in A (in the
subspace topology) as f~!(U) is open in X by the continuity of f.

SOLUTION 4.3.20. None of the sets considered in this exercise is
closed.

(1) To show that A = (0, 1] is not closed in R, it suffices to find a
convergent sequence (), in A having a limit not belonging
to A. Take x,, = % which obviously lies in A. Its limit in R is
0 and it is not in A. Hence A is not closed.

(2) The same arguments (and even the same sequence) apply to
show that B is also not closed.

(3) C is not closed. To see that we need a convergent sequence
(Zn, Yn)n in C having a limit outside C. One choice among
many is to take

n n
ny Yn) = PR : 0 17 N.
(T, Yn) <,/1+n O)GCabl+n+ <1, Vne

Then, its limit is (1,0) € C since 12 + 0% £ 1.
(4) The same method again. The reader may easily show that D is

not closed (consider for instance the sequence (\ /1+ %, O) ).

n

SOLUTION 4.3.21. First we show that A is not closed. Since
(n, yn) = (“F1, 15) € A (n > 1) with limit (1,1) not in A, we easily
conclude that A is not closed.

To show that A is not open, we show instead (and equivalently)

that R? \ A is not closed. Obviously
-2 2n+1 n—2
(2”“,” )ng, ie. (”+ R )GRQ\A.

n 2n n 2n

However, (2251 222) — (2,1) € A, ie. (2,1) ¢ R?\ A. Therefore

7 2n

R?\ A is not closed, i.e. A is not open.

SOLUTION 4.3.22. A similar idea to the second part of the previous
solution may be applied to prove that A is not open. We show that
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R\ A is not closed. Consider the sequence (1 + %)pZL It certainly does

not belong to A and hence it belongs to R\ A. Its limit in Ris 1 € A,
ie. 1ZR\ A. Thus R\ A is not closed.

SOLUTION 4.3.23.

(1) There are different methods to answer this question. We give
the following one (the reader may try to give a different proof).
Let (z,,)n € A such that x,, — 2 in X. We need to show that
r € A, le. f(x)=g(x). Since (z,), € A, f(z,) = g(z,). But
f and g are both continuous. Hence

f(@) — flan) = g(2n) — g(2).

Since Y is Hausdorff (why?), the limit is unique and thus
f(z) =g(z),ie x € A

(2) The set B is such that B = X. Assume that f and g coincide
on B and let us show that this forces them to coincide on all
of X. Let x € X. Then there exists a sequence (z,), in B
such that z,, — z (in X). Hence one has f(z,) = g(z,) and
since f and g are continuous,

f(@) = flan) = g(zn) — g(x).

Thus f and g coincide everywhere.

REMARK. There is a tempting but completely false proof of the
first question. We write A as (f — ¢g)~'({0}), then we say that A is
closed as it is equal to the inverse image of {0} by a continuous function
which is f — g. There are some false arguments here mainly algebraic
ones, e.g. who knows whether 0 is in Y7 is “ =" defined in Y7 (in
fact the function f — ¢ may make no sense at all). Of course if Y =R,
then this wrong proof becomes a true and nice one.

SOLUTION 4.3.24. If f were continuous at (0,0), then we would
have for any (x,,y,) converging to (0,0), f(zn,y,) — f(0,0). But
(+,2) = (0,0) and f(%,1) =3 # 0 which means that f is discontinu-
ous at (0,0) (taking (+,0) — (0,0) shows that the limit at (0,0) does
not even exist).

SOLUTION 4.3.25.
(1) Assume that f: X — Y is a continuous, one-to-one mapping
and that Y is Hausdorff. Let us show that X is Hausdorff. Let
x,y € X such that z # y. Since f is one-to-one, f(z) # f(y).
But Y is Hausdorff (and f(z), f(y) € Y) and hence

U € V(f(x)), IV € V(f(y)) such that UNV = @.
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Since U and V are open and f is continuous, f~'(U) and
f7Y(V) are also open. Since f(z) € U and f(y) € V, z €
f7HU) and y € f~*(V). We also have

AN V)= Unv)=f(2) =2

Hence f~'(U) and f~'(V) are two disjoint neighborhoods of
the x and y respectively (remember that x # y). Thus X is
Hausdorff.

On R, consider the discrete topology (denoted by Y) and the
indiscrete one (denoted X). Now let f: X — Y be the iden-
tity map. Then f is one-to-one but it is not continuous (see
Exercise 4.3.1). It is also known that Y is Hausdorff whereas
X is not.

Keeping the same topologies as in the previous answer but
take f(z) = a (the constant function). Then f is continuous
but not one-to-one and Y is Hausdorff whilst X is not.

SOLUTION 4.3.26.

(1)
(2)

(4)

The set Z(g) is closed since it is the inverse image of a closed
set under a continuous function.
First, we must check that f is well-defined, i.e. its denominator
never vanishes. By Exercise 3.3.33 and since A and B are
disjoint, we immediately see that d(z, A) and d(z, B) cannot
vanish simultaneously and hence

Ve e X : d(x,A)+d(z,B) > 0.

Now, since = +— d(z, A) and x — d(z, B) are (uniformly) con-
tinuous by Exercise 2.3.22, the function f, being the quotient
of two continuous functions, is continuous.

We have by Exercise 3.3.33

f(z) =0<=d(z,A) =0
—=rcA=A

and hence f1({0}) = A.

A quite similar reasoning applies to show that f~1({1}) =
B.
We must show that any closed set is the zero set of some
continuous function. Let h : X — R be a given function.
Different cases are to be treated.
(a) If Z(h) = @, take h(x) = 1 for all z € X and this is a

continuous function.
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(b) If Z(h) = X, take h(z) = 0 for all z € X and this is a
continuous function.

(c) If Z(h) # X (and Z(h) # @) is closed, then there exists
a € X such that h(a) # 0. This implies that the two
sets Z(h) and {a} are disjoint. Moreover, they are both
closed. Define h by

d(x, Z(h))

h =
)= T ap) + dte, Z00)
for all z € X. By Question 2, this is a continuous func-

tion. The proof is complete.
(5) Let

() - ((30)

Since f is continuous, both U and V are open. They are also
disjoint for

Uav =g <(—éi)> Nt ((%g»
- ((53)7(33))

(o) = o.
In the end, A is contained in U for 0 € (—

Bas1e(3,3) (why?).

11 :
:,3) and V contains

SOLUTION 4.3.27. Let n,m € N be such that n # m. It is clear
(isn’t?) that
doo(fmfm) =1

SOLUTION 4.3.28. We recall that for f,g € X

1
(5.0) = | 1@~ gtz and d(7,9) = s 15(2) ~ o)}
First, we prove the closedness of A with respect to d’. Let f € A. Then
for some f,, € A, f, converges uniformly to f. This implies two things.
First, that f must be continuous (a well-known result from the course
of advanced calculus, or from Chapter 8).

Second that

Ve e [0,1]: lim f,(z) = f(x).
But, since f,,(0) = 0, we have f(0) =0 too. Thus f € A.
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Now we show that A is dense in X with respect to d. We need
only show that X C A. Let f € X, i.e. f is continuous. Consider the
sequence of functions f, defined by

Fulz) = { xe"f(e™), 0<x<e™

f(z), e" <z <.

The continuity of f implies that of the f,. Also f,(0) = 0. Hence
fn € Afor all n € N. It only remains to show that d(f,, f) — 0 as n
tends to infinity. Let n € N. We have

winh) = [ 100) = @i+ [ 10 - sl

—n

= [ e - fald.
0
But for all (z,n) € [0,e7"] x N we have

lze" f(e™™) = f(z)| < fxe" f(e™)| + | f(2)] < e "e"[fle™™)] + [ f()]
<2 sup ]If(m)l <2 selﬁ)pl]lf(x)\-

z€[0,e™ ™

Thus

—n

d(fn, f) <2 sup ]f(x)]/oe dr =2e" sup |f(z)] - 0asn— co.

z€[0,1] z€[0,1]
Therefore, f € A.

SOLUTION 4.3.29.

(1) We can prove A, is closed as done in the foregoing exercise.
Alternatively, we can do the following. Let d be the supremum
metric on X. Let f, € A, such that d(f,, f) — 0 as n tends
to infinity. Then f is continuous on [0, 1]. We also have

[f(@)] < fula) = f(@)| +[fu(a)] = [fn(a) = fa)] < d(fnla), f(a)) =0

as n tends to infinity. This gives f € A,.

(2) Observe that for each a € I, B reduces to some A,. Thus B
may be written as the arbitrary intersection of closed sets of
the form A, i.e.

B = ﬂ A, is closed.

acl
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SOLUTION 4.3.30.

(1)

First, we show the given projections are continuous. We show
that p is continuous . Let U be an open set in X. We need to
show that p~!(U) is open in X x Y. We have

p M U)={(z,y) € X XY : pla,y)=2cU}=UxY

which is open in X x Y. Thus p is continuous. The proof of
the continuity of ¢ is very akin to that of p.

Second, we note that the set A (given in the hint) is closed
(see the next coming exercise for the proof that A is closed).
Now we have

p(A) = {P (x, %) : x;«é()} = R*.

Thus p(A) is not closed and hence p is not closed. The same

arguments apply for q.

Let U and V be open sets in X and Y respectively. We have
p(UxV)={plz,y)=2: (z,y) eUxV}=U.

Now, any open set 2 in X x Y is of the form U;¢;(U; x V;) where
U; and V; are open sets in X and Y respectively. Moreover,

p) =p (U(Ui x w—)) =Jp(Ui x Vi)
N——————

il el
open in X

and hence p is an open mapping. The proof of the openness
of q is very similar to that of p.

SOLUTION 4.3.31.

(1)

We are required to prove that X is Hausdorff if and only if
A is closed, that is, if and only if A€ is open. Assume X is
separated. Let (x,y) € A Then x # y. But X is Hausdorff
and hence

AU, V)eV(@)xV(y): UNV =0.
Now, U x V is open in X x X, it contains (z,y) and (U x V)N
A = @ which implies that U x V' C A°. By Test 7, we get
that A€ is open or that A is closed.
Conversely, suppose that A is closed. To show that X is

separated, let © # y. Then (x,y) € A°. But A€ is a union of
basis elements and hence

U, VeXxX: (v,y eUxV CA“
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This implies that UNV = & (if a were in both U and V/, then
(a,a) € U x V but it would not be in A€, a contradiction!).
Since U and V' are open sets that contain x and y respectively,
we immediately see that X Hausdorff, establishing the result.
(2) The function (f,g) : X — Y x Y is continuous (this will be
illustrated below). Now, let A be the diagonal of Y. Then

[(f,9)] (D) ={z e X: f(z) =g(x)}

is closed, being the preimage of a closed set (which one and
why?) by a continuous function.

SOLUTION 4.3.32.

(1) (a) The "if" part. Let z € A. Adopting the notations of
Exercise 4.3.30 we can write g(x) = p(f(x)) and h(z) =
q(f(z)). Since f, p and ¢ are continuous, so are g and h.

(b) The "only if" part. Assume that h and g are both contin-
uous. Let U be an open set in X let V' be an open set in
Y. We first show that f~'(U x V) is open in A. We have

refUxV)e fz) eUxV
< g(x) eUNR(x) eV
srecg U)Azch (V)
szeg ' (U)NK (V).

This shows that f~Y(U x V) = g~ 1 (U)nh= (V).

Since g and h are continuous, both ¢~'(U) and h='(V)
are open in A. Hence f~'(U x V) is also open in A.
However, every open set in X X Y is a union of sets of the
form U x V where U is open in X and V is open in Y. If
Qisopenin X x Y, thenQ:UUi x V; and

icl

ffl(Q):ffl (UUiXVi> Uf (U; x V)
—_—————

iel el

open in A

Thus f is continuous.
(2) The answer is no in this case, i.e. a function may well have
partial continuous functions without being continuous itself.
The following example elucidates that. Let f : R?> — R be
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defined by

_ [ 3 (=y) #(0,0),
flay) = { 0, (z,y)=(0,0).

The reader can easily check that z — f(x,y) and y — f(x,y) are both
continuous on R while f is not continuous at (0, 0).

REMARK. The result in Question 1 can be generalized to an in-
finite cartesian product [],.; X; where the X;s are topological spaces
if it is given the product topology (see [10]). If, however, we endow
it with the box topology (for which the basis elements are of the form
HZ.E] U; where the U;s are open in the X;s), then the result in Question
1 fails to hold.

As a counterexample (borrowed from [10]), take f : R — R*, where
RY=RxRx--- xR x--- (acountably infinite product), defined by

f(x):($7$7... 71-7...).

By the generalization alluded to just above f is continuous with re-
spect to the product topology since all its components are continuous.
However, f is not continuous with respect to the box topology since

11 11 11
Q—(—171)X(—§’§>X<§,§>XX<g,£>x

is open in R¥ while its preimage f~!(2) is not open in R. For if it were
and since (0,0,---,0---) € Q, we would have for some r > 0,

(77‘3"4) C f_l(Q) = f(*ﬂ T) c Q.
Applying the n'" projection to the previous inclusion would yield

11
(—r, 1) C (—, ) , Vn € N,

nn

which contradicts the Archimedes axiom.

In this book we shall not use topologies of infinite product of topo-
logical spaces. The reader is referred to [10] for more on the infinite
product topology.

SOLUTION 4.3.33.

(1) The proof is based on Exercise 4.3.31. We know that p :
(x,y) — x and ¢q : (x,y) — y are both continuous. Then
fop: (z,y) — f(x) is continuous too. Thus by Exercise
4.3.31, the set

{(,y) e X xY: (fop)(z,y) =ql(z,y)},
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which is nothing but the graph of f, is closed. This finishes
the proof.
(2) The answer is yes. In usual R, consider

0, z=0
f(x)—{ %, x € R*.
Then f is defined on R and it takes its value in R which is

Hausdorff. Obviously f is not continuous at x = 0. Its graph,
given by

Gr =) 2 e R = {00} { (o)) ver),

is closed. To show this, we observe that since {(0,0)} is closed
in R?, we need only show that B = {(1:, %) RS ]R*} is closed.
But since zy = 1 = = # 0, we can write

B={(z,y) eR*: 2y =1}

and this is easily seen to be closed (why?). Finally, remember
that R is Hausdorff.

4.4. Hints/Answers to Tests
SoLUTION 23. No! f is not bijective...

SOLUTION 24. It is closed since A = & (the empty set) and this
is the only reason why it is closed!...

SOLUTION 25. The answer is no. Call the co-finite topology X and
the other one Y. Then id : X — Y is not continuous for {a} is open in
Y but it is not open in X. Similar arguments show that id : ¥ — X is
not continuous either...

SOLUTION 26. The given sequence does not converge to any point
x in this topology since

1
U ={z,a} €V(z): VNeN,In (n>NA—-¢&U)..
n
SOLUTION 27. No! [0,1) is an open set that contains 0...

SOLUTION 28. The non-empty open sets in Y are {1} and Y. So
if U is one of the latter open sets, then f~!(U) = A or X. What is left
to do should be clear to the reader...

SOLUTION 29. f is continuous iff it is constant...

SoruTIionN 30.
(1) Should be a routine by now...
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(2) No, it is not...

SoLUTION 31. The projection p : X x X — X is a homeomorphism
(is it not?)...

SoLuTION 32. Yes. Do it!...
SoLuTIioN 33. Well, do it...

SOLUTION 34. Very easy!...



CHAPTER 5

Compact Spaces

5.2. True or False: Answers

ANSWERS.

(1)

(2)
(3)

True! If we want to show that {U;}.cr covers the whole space
X, then we may write X = U;;U; for we always have X D
UierUs.

The answer is negative. In the definition of a compact set, it
asked to verify that every open cover has a finite subcover.
Using closed covers in the definition of compact spaces would
be of little interest. For instance, in Hausdorff spaces, which is
already a large class of interesting topological spaces, the only
compact spaces (using closed covers) would be the finite ones.
For if X is a Hausdorff space, then {{z}}.cx is a closed cover
for X and we immediately see that X is compact if it is finite.
True if X is compact. In fact, we have an equivalence.

The answer is, however, not true in general. For instance,
in R (which is not compact with respect to the usual topology),
let A, = [n,00). Then, for each n € N, A, are non-empty,
closed in R, A,,1 C A, but

A =[100)()[noo)) =2

The answer is no! In the induced usual metric of X = [1, 00),
let A, = [n,00). Let f: X — X defined for all x > 1 by
f(z) = 1. Then f is continuous. Besides, the sequence (A,)
is non-empty and decreasing for all n. But

ﬂAnzgandsof(Q):g
neN

whereas f(A,) = {1} and so

neN
The result is, however, true if X is assumed to be compact.
See Exercise 5.3.23.
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(6) The answer is yes. Take any open cover in any topological
space. Then @ will always be contained in any finite union of
elements of that cover.

(7) In the usual topology of R (the Heine-Borel theorem). But
as soon as we leave the usual topology, this result may fail
to hold. For instance, in the discrete topology, [a,b] is not
compact any more (see Exercise 5.3.2).

(8) False! Consider the topology of Exercise 3.5.7. Since {1} is
finite, it is compact. However, m = N is not compact. For a
proof see Test 38.

(9) The answer is no. In the usual topology, consider f : R — R
defined by f(z) =1 for all z € R. Then A = [0, 1] is compact
in R but f~'(A) =R is not compact.

In Exercise 5.5.10, some condition implying the compact-
ness of f71(A) is given.

(10) We try to give an exhaustive comment on this question. The
well known-result says that a set in R equipped with the usual
topology (or R" equipped with the euclidian metric) is closed
if and only if it is bounded and closed. This result need not
hold if we change R by Q even if we give Q the induced usual
topology (see Exercise 5.3.17 where a closed and bounded set
is not compact). Even in R equipped with a metric differ-
ent from the usual metric, a closed and bounded set does not
have to be compact (see also Exercise 5.3.18). Also, in an infi-
nite dimensional space, a closed and bounded set need not be
compact either.

It should also be remembered that in any metric space
every compact subspace is closed and bounded.

(11) The answer is yes. The reason is simple. Every open cover for
X with respect to T is one for X with respect to 7".

The converse is not true. The usual topology is finer than
the co-finite topology (on R). However, R is compact in the
co-finite topology and it is not in the usual topology.

(12) The problem with the reasoning is purely algebraic. More
precisely,

(remember that if A ¢ B and A and B are disjoint, then
AC B°).
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For a correct proof of the compactness of R in the co-finite
topology, see Exercise 5.3.11.
First, R has to be equipped with a metric to be able to talk
about the possible boundedness of f. Second, what is the
topology given to [a, b]? In general, the answer is no as showed
by the following example: let f : [0, 1] — R defined by

ro={ 1 70

If we equip [0, 1] with the discrete topology (and R with the
usual metric), then f will be continuous and f is clearly un-
bounded. What went wrong with our example is the fact
that [0, 1] is not compact in the discrete topology (see Exercise
5.3.2).

If considered as a subspace of usual R, then (0, 2) is relatively
compact. But, if considered, for instance, as a subspace of
itself, then it is clearly not relatively compact.

Not always! For a counterexample, see Exercise 5.3.20. We
note that in normed vector spaces, the closed unit ball is com-
pact iff the space in questions has a finite (algebraic) dimen-
sion. It may be proved in an introductory functional analysis
course that a normed vector space is locally compact iff the
closed unit ball is compact.

The answer is no! For instance, in R endowed with the co-
finite topology, every subset is compact (see the remark below
the solution of Exercise 5.3.11). Hence R is compact but it is
not closed. Also observe that this topology is not Hausdorff.

True. Let us show that. Let f be a homeomorphism between
two topological spaces X and Y. Assume that X is compact.
Since f is continuous, f(X) is compact. Since f is onto Y =
f(X). Thus Y is compact. The same idea of proof can be
applied to f~1 (in lieu of f) so that if Y is compact, so is X.
True. Let us prove it. Let f be a homeomorphism between two
topological spaces X and Y. Assume that X is sequentially
compact. Let (y,) be a sequence in Y. Since f is bijective,
Y (yn) is a well-defined sequence (into X) which we denote by
x,. Since X is sequentially compact, (z, = f~!(y,)) contains
a subsequence, which we denote by w,@), that converges to
some x in X. Since f is continuous, we immediately see that

F(@nwy) = FF7 Ynw)) = Ynry — f(2).
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(20)

(21)
(22)

(23)
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Therefore, (y,) contains a convergent subsequence. Applying
the previous proof to f~! (instead of f), we get that whenever
Y is sequentially compact, then so is X.

False! For a counterexample the reader is referred to Exercise
5.3.25.

True! The reader is asked to give a proof in Exercise 5.5.15.
False! A counterexample will be encountered in Exercise 5.3.26.
True. Let us show that. Let A = {xy, 29, -+, x,} be this finite
part. Then obviously

Ac | {x}and d({z:}) =0, Vi=1,2,--- ,n.

1<i<n

In fact, a stronger result (in a restrained context) holds: Every
bounded set in R™ is totally bounded (the reader is requested
to give a proof in Exercise 5.5.18).

If the metric space is arbitrary, then this may not be true

(see Exercise 7.5.13). Remembrer that the converse is always
true, that is, any totally bounded set is bounded.
False! Total boundedness is not a topological property. This
is its main weakest point. As a counterexample, consider the
function f : (0,1) — (1, +00) defined by f(z) = 1. Then f is
a homeomorphism, (0,1) is totally bounded whereas (1, +00)
is not for it is not bounded.

5.3. Solutions to Exercises

SOLUTION 5.3.1. Let U = {(—n,n) }nen be an open cover of R (cf.
Exercise 1.2.6). Now no finite subcollection of U can cover all of R.
For if U, = {(—n;, n;) }1<i<p is a finite subcover, then its union will be
of the form (—N, N) where N = max n;.

1<i<p

For [0, +00), we may consider the open cover U = {(—1,n)},. It is

oo

in effect a cover since [0, 4+00) C U (—1,n). Now any finite subcollec-

n=1

tion of U is of the form {(—1,n,),(—1,n2),---,(—1,n,)} and its union
is (=1,N), N = nax n;. Lastly, it is plain that
<i<p

Asfor (0, 1), the reader may take U = ((), 1-— %)n>2 (or just (%, 1)

1

[0,+00) ¢ (~1, N), VN € N.

n22)

and then show that (0, 1) is not compact.
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SOLUTION 5.3.2.

(1) @ is not compact as it is not closed in R (or since it is not
bounded).

(2) A={2: n e N} isnot compact since it is not closed.

(3) @N[0,1] is not closed in R and hence it is not compact.

(4) In fact [a, b] is not compact in the discrete topology and neither
is R nor is an infinite set. We only do that in the case of [a, b].
In (R, P(R)) the singleton {«} is open and hence U = {} e[
is an open cover of [a, b] and every finite subcollection of it will
never cover |a, b]. Therefore, [a, b] is not compact in (R, P(R)).

(5) Since we are now in the standard topology of R?, then to
show the compactness of the given sets it suffices to show that
they are both closed and bounded in R? and this in all the
remaining questions of this exercise. The set A is obviously
closed and bounded and hence it is compact in R2. As for B
and C none of them is compact since they are not closed (cf.
Exercise 4.3.20) and C' is even unbounded .

(6) A is not compact as it is not bounded in R? (it cannot be
contained in a ball in R? of finite radius, show it!).

(7) Both A and B are not compact since A is closed and not
bounded while B is bounded but not closed. Let us show
that. The set A can be modified to be written as

A={(v,y) eR?*: 2> 0,2y =1}

since xy = 1 implies « # 0. Now we can easily show that A is
closed. However it is not bounded as it cannot be contained
in a ball of finite radius. The set B is obviously bounded since
B C (0,1] x [-1,1]. Let us show that it is not closed. The
sequence (%,O) does belong to B while its limit (in R?) is
(0,0) is not in B.

(8) The reader may show that A is actually equal to B.(Ogz, 1)
(the closed ball in R? of center (0,0) and of radius 1). Thus A

is compact.

SOLUTION 5.3.3.

(1) We use the Euclidean metric (we could have used the sup
metric or the taxi cab metric too for they are equivalent on
R™. See Exercise 2.3.9). The set A is closed (why?) but it is
not bounded. Let us show that. The set A cannot be bounded
since for all M > 0,

(M,v1— M) € A and dy((M, V1 — M),(0,0))* > M.
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Therefore, A is not compact in usual R2.

(2) Now we use the taxicab metric. The set B is compact in R?.
It is obviously closed (is it not?). Since z* +4*> =1, || < 1
and |y| <1 (why?). Whence

Vo,y e A: di((z,9),(0,0)) = |z + [y <2,
proving the boundedness of B and hence its compactness.

SOLUTION 5.3.4. Set

win
N[

n =1,

U":{ ( B ). n>2

n+1’ n—1

Observe that for any n > 1, U, is open. It is also clear that

1
A—{: neN} cJUn
n n>1
Hence U = {U,}, is an open cover for A. Since each U, contains

only one point of A and since A is infinite, we conclude that no finite
subcover of U can contain A. Thus A is not complete.

SOLUTION 5.3.5. Two methods are given (another one will follow
in Exercise 7.3.23).
(1) A method based on the completeness axiom: Let U = {U; }ier
be an open cover of [a, b]. Set

A ={z € [a,b]: [a,z] can be covered by a finite subcollection of U;}.

It is clear that me have to show that b € A. We first note
that A is non void for a € A because [a,a] = {a} is covered
by one U; for some ¢ € I. Besides, A is bounded above by b
as A C [a,b]. Thus, A has the least upper bound property.
Hence its sup, denoted by M, satisfies M < b. If we come to
show that M € A and M = b , then we are done, i.e. [a,D]
will be compact.

Let us first show that M € A. Since M € [a,b], there
exists some j € I such that M € U;. But U; is open in the
usual topology of R and so

Ir>0: (M —r,M+r)CUj.
Moreover, by definition of the least upper bound we have
dreA: M—r<ax<M.

Since x € A, [a,x] is covered by a finite number of U; (i =
1,2,---,n,say), {Uy,Us, -, Uy, U;} covers the interval [a, M]
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for

[a, M] = [a,z] U [z, M] C [a,x}U(M—r,M—l—r)COUiUUj.

i=1

a finite union!
Therefore, M € A. To finish the proof, we need to verify
that M = b. Assume M # b, i.e. M < b. Pick a y such
that y < band M <y < M +r. Then we immediately see
that {Uy,Us, - ,U,,U;} covers [a,y] too (why?), i.e. y € A.
We have then reached a contradiction as we have y € A and
M < y!

Thus b = M € A, ie. [a,b] is covered by a finite subcol-
lection of U;, that is, [a, b] is compact. The proof is complete.
A method based on the nested interval property: Assume [a, b]
is not compact, i.e. there is an open cover U = {U;};c; from
which no finite subcover can be extracted. We bisect [a, b] at
its middle point, i.e. at i(a + b). We then obtain the two
closed intervals

b b
[a,a;— } and {a;— ,b}
(observe that their length is (b — a)/2).
One (at least!) of the two segments cannot be covered by
a finite number of U; otherwise the two intervals and hence
their union will be covered by a finite number of U;! Call

this interval [; and write it as [ay, b1]. Now, bisect it into two
intervals as done previously and obtain the two intervals

a;+b a+0b
[al, 12 1} and { 12 1,b1}

(with this time intervals having for length (b — a)/4 regardless
of what a; and b; can be). As before, at least one of them
cannot be covered by a finite number of U;. Continuing this
process, we obtain a sequence of closed and bounded intervals
(I,) (with Iy = [a, b]) verifying

(a) (I,) is decreasing;

(b) the length of I,, is (b — a)/2™ for each n;

(c) each I,, cannot be covered by a finite number of U;.
Now, by construction, the sequences (a,) and (b,) satisfy

agangan+1§bn+1§bn§b
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for all n. Thus (a,) is increasing and bounded above by b
and (b,) is decreasing and bounded below by a. Hence they
both converge to different limits, but the condition b, — a, =
(b — a)/2"™ ensures that this limit must be the same, call it [.
It is certainly (by the sandwich rule!) inside [a, b] and so it lies
in some Uj, j € I, of the initial open cover. By the openness
of U; we have

Ir>0: ({—rl+r)CU;.
Since (b—a)/2" tends to zero as n goes to infinity, we have for
large n, (b —a)/2" < r which gives
[an, by) C (=11 +7T)

(remember that | € [an,b,] for all n). Therefore, we have
reached the desired contradiction for [a,,, b,] cannot be covered
by a finite number of U;. The proof is complete.

SOLUTION 5.3.6. We answer both questions directly. We claim
that any set containing K is not compact. The proof is simple. Let
A be a set which contains K. Since K’ = @& (see Exercise 3.3.30), we
immediately deduce that A is not limit point compact and hence it is
not compact.

SOLUTION 5.3.7. We write what z, — a means in a topological

space
Tn, — a <= YU € V(a),IN e N\Vn (n > N =z, € U).
Now let U = {U;}ier be an open cover of A = {x, : n € N} U{a}.
Hence A C UUi' We can write the following
iel
A={z,: n<N}U{z,: n>N}U{a}.

With the z, for n < N we can associate N — 1 elements of the cover
U. Also we observe that {a} is contained in some U; and since the

latter is open (and contains a) then it is a neighborhood of a and

hence by definition of the limit (see above) we also have z,, € U; for
N-1

n > N. Therefore we deduce that A C U U; U Uj, establishing the
i=1
compactness of A.
SOLUTION 5.3.8.

(1) Let A be a finite set having n elements. Hence we may write

A= {zlv‘r?a"' 7mn}
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where all z; (1 < i <n) belong to X. Let U = {U,}ies be an
open cover of A, i.e.

A:{l’l,l'Q,"' ,In} CUUl

iel
Hence, each z; will belong to some U; and thus
A:{(L'l,l'g,"' ,xn} CU1UU2U"'UU7L,

establishing the compactness of A.
(2) Question 4 of Exercise 5.3.2 combined with the preceding ques-
tion does the job.

SOLUTION 5.3.9.

(1) Let A and B be compact. Let U = {U,}ic; be an open cover
of AU B, i.e.

AuBclJu.
il
Hence
Ac|JUiand BC| U
il il
This tells us that U = {U;};cs is an open cover for both A and
B. Since they are compact, we have

ACOUlandBCOUJ

i=1 j=1

which yield

AuBclJuulJuy;.
i=1 j=1
—_———
a finite union
Therefore, AU B is compact.
The previous result is not true for an arbitrary union. For
instance, in standard R, the intervals [—n, n] are all compact

for any n € N. However, U [—n,n] = R is not compact.
n=1
(2) Let (A;)ier be an arbitrary family of compact sets in a Haus-
dorff space. Since they are all compact, they are all closed.
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Hence ﬂAi is closed. But for some (and all) j € I one has

el
(Aic A .
; ~~
el compact

closed

Thus ﬂAi is compact since a closed subset of a compact set
iel
is compact.

SOLUTION 5.3.10. Let ¢t € X. Recall that x — d(z,t) is continuous
on X (see Exercise 2.3.22). Since A is compact, inf,c 4 d(x,t) is attained
so that

Jzpe A: in£ d(x,t) = d(xo, 1),
BAS
which, in its turn, implies that:
U B.(z,r)={t € X : infd(x,t) <r}.
€A tea
The latter set is closed for the function ¢ — inf,c4 d(z, ) is continuous
on R (is it not?) and (—oo, ] is closed.

SOLUTION 5.3.11. Yes, R is compact in the co-finite topology. Let

U = {U;}ics be an open cover of R in X, ie. R= UUZ‘ We need
iel
to show that R can be covered by a finite subcollection of U. We
have R = U; UU;f (j € I) and since Uf is finite, it has the form
{z1,29, -+ ,x,}, say, where all z; are real. Hence
{ZEl,ZEQ,"' ,ZEp} C U1UU2U"'UUP

and thus

R=U;0U; CU; UU, VU U---UU,.
This shows that R is compact in the co-finite topology.

REMARK. The same method applies to show that any infinite set
(finite sets are already compact!) is compact in the co-finite topology.

SOLUTION 5.3.12.

(1) R is not compact. Let U = {z,, : n € N} be a countable set.
Then set
U,=U°U{x1,29, - ,x,}

Hence
oo

U, =v°uU =R,

n=1
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i.e. {Uy,}, constitutes an open cover for R. However, no finite
subcollection of {U, },, can cover all of R. To see this explicitly,

N N
U Unp) 7# R as, for instance, xy41 & U Un(p)

p=1 n=1

here N = .
where pax, n(p)

No, for the same reason as before. In fact, the previous method
can be applied to show that any infinite set is not compact in
the co-countable topology.

No and also as before. An alternative way of seeing this is the
following: If A is countable, then the induced topology is the
discrete one and in a discrete topology a set is compact iff it
is finite!

SOLUTION 5.3.13.

(1)

Let us show that T is a topological space on R. @ belongs to
T by definition of T and R € T since R® = & is compact. Let
U and V be both in T'.

(a) If U or V is empty, then UNV is empty and hence UNV €
T.

(b) If U and V are both non-empty, then U¢ and V¢ are both
compact. We have (UNV)¢=UcUVe® Hence (UNV)"
is compact as it is a finite union of compact sets. Hence
unverl.

Now let (U;);er be an arbitrary collection of elements of 7. We

need to show that UUi € T. As before, we need to discuss

two cases. !

(a) If all U; are empty, then so is their union UUZ' yielding

iel
UUZ' eT.
icl
(b) If at least one U; (j € I) is non-empty, then U is compact.
Moreover,

c
(Ua) - e cm
el icl
—— compact
compact in usual R hence closed
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(2)

(3)
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c
This implies that (UUZ) is compact, i.e. UUZ' eT.
iel iel

Thus we have provedethat T is a topological speace.
No, T cannot be separated as no two open sets of T' can be
disjoint. To see this, take any two (non-empty) open sets U
and V of T. f UNV = &, then U°UV® = R where U¢ and V¢
are compact in standard R and hence they must be bounded.
Hence their (finite!) union cannot be equal to R. Thus, 7T is
not Hausdorff.
We need to find a dense subset of R (density with respect to
T') which is countable. The desired set is Q. It is of course
countable (and this has nothing to do with topology). It is
also dense in R. To see this, take any £ € R. We need to show
that

YU € V(z): UNQ# 2.

If U is an open set (containing ), then U¢ is compact with
respect to standard R and hence it is closed with respect to
standard R. This tells us that U is open in standard R and so
U may be written as a union of open intervals in R and hence
UNQ # @. This means that R C Q. The other inclusion
being obvious, we conclude that Q is dense in R. Thus (R, T")
is separable.

Let us show that R is compact in this topology. Let U =

{U;}ier be an open cover of R in X, i.e. R C UUi and all Uf

iel
are compact in R. But we observe that for some j € 1
c
Us cRc U
iel

Since all U; are open in R (why?), the compact U is covered

P
by U = {Ui}ier and hence U5 C UUZ" Thus

i=1
P

R=U;uU; CU; U U U; (a finite subcollection of U).
i=1

This establishes the compactness of R in 7.

SOLUTION 5.3.14. We recall that the topology T was defined on

[—1,1] as

Uopenin T <= {0} ¢ U or (—1,1) C U.
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Let us show that [—1, 1] is compact in 7. Let U = {U; };c; be an open
cover of [—1,1], i.e. [-1,1] C UUZ" Since 0 € [—1,1], this implies
iel
the existence of a jy in [ such that {0} C U,,. By definition of this
topology, this forces us to have (—1,1) C Uj,. Similarly,
dj1,520€1: {—1} C Ujl and {1} C sz.
Thus,
[_17 1] = {_1} U (_L 1) U {1} - Ujl U Ujo U Uj27

i.e. proving the compactness of [—1, 1] as required.

SOLUTION 5.3.15. Let @, = 2 (n > 2) define a sequence in (0, 1).
It obviously converges to 0 and hence so do all its subsequences! But
0 ¢ (0,1) and hence (0, 1) is not sequentially compact. Hence (0,1) is
not compact.

SOLUTION 5.3.16. We know that the projections
p: X XY —=>X
(z,y) = p(zy) ==
and
g: XxY =X
(,y) = aqz,y) =y
are continuous functions (see Exercise 4.3.30). Since X x Y is compact
and p is continuous and onto, p(X xY) = X is compact. An analogous
reasoning show that Y is also compact.

SoLuTION 5.3.17.
(1) That A is bounded is clear. Let us show that it is closed. We
can write
A={zeQ: V2<z<V3}U{reQ: —V3<z<—V2}.
Call the first set in the union A; and the second A;. Now A,
is closed in QQ since one can write

Also Aj is closed in Q and hence A is closed in Q. To show
that A is not compact, we can consider the open covering
U= {Un}nZI where

1 9 1
U,=<2€Q: 24+ —-—<2*<3——
n

n

and we can easily verify that it has no finite subcover.
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(2) Finally, yes A is open in Q as one can write

A= [(\/57 \/g) U (—\/5’ _\/5)] N Q
SOLUTION 5.3.18.

(1) (R,d) is bounded if there exists an r > 0 such that R C

B.(0,7). This "r" is 1 since
Ve eR: d(z,0) <1.
Thus (R, d) is bounded.

(2) Let us show that (R, d) is not sequentially compact. We show
that (a,) does not have any convergent subsequence. Before
that we obviously have

0, n=m,
1, n#m
(d(n,m) is worth 1 in the case n # m since n and m are in-

tegers). In order to reach a contradiction, assume that (a,))
converges to a real number, say a. Hence

Ve > 0,3K € N,VEk (k > K = d(an@),a) < €).
In particular for e = i, there is K € N such that

1
d(an(k), a) < Z

d(ay, any) = d(n,m) =inf(jn —m|,1) = {

whenever k& > K. Hence
11 1
d(an(K)a an(K+1)) < d(a’n(K)v a) + d(a7 an(KJrl)) < Z + Z = 5
Now, remember that k — n(k) is strictly increasing and hence
n(K+1) >n(K) (as K+1 > K) and hence n(K +1) # n(K).
Therefore,
1
An(K +1),n(K) =17 3.
proving the non-compactness of R.
(3) We have just seen that R was bounded with respect to d.
Since it is the whole set, then it is closed. This is yet another
example of a closed and bounded set which is not compact.

SOLUTION 5.3.19.

(1) Set z,, = n for each n € N. Then (z,,) is a sequence in R from
which no convergent subsequence can be extracted for

. : T
lim §(n,z) = lim |arctann — arctanz| = |- — arctanz| > 0
n—00 n—oc0 2

for all x € R. Thus R is not sequentially compact.
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(2) This another example of a closed and bounded set which is
not compact (that R is bounded was done in Exercise 2.3.26
and that R is closed is clear).

SOLUTION 5.3.20.

(1) We know from a basic algebra course that dim X = oo.

(2) The unit closed ball is not sequentially compact in C([0, 1], R).
To see this, let (f,) be the moving bump (see Exercise 4.3.27).
Then for all different n, m

doo(fnv fm) =1

Since f, € B.(0,1) for all n, we deduce from the equality just
above that (f,) is a sequence in the closed unit ball which
cannot, have a convergent subsequence. Thus the closed unit
ball in C([0, 1], R) is not sequentially compact.

(3) Since we are in a metric space, the closed unit ball is not
compact either.

(4) No, it is not locally compact. The proof relies on results from
normed vector spaces, so we shall not include it here.

SOLUTION 5.3.21.

(1) No, f(R) =R* is not compact (see Exercise 5.3.2).
(2) Since R is compact in X and f(R) is not compact, we deduce
that f cannot be continuous.

SOLUTION 5.3.22. The answer is no in both cases, that is, [0,1] is

neither homeomorphic to [0, c0) nor to (0, 1]. The reason is that [0, 1]
is compact and the other two sets are not. Hence no homeomorphism
between the two sets exists.

SOLUTION 5.3.23. Since the intersection of all the A,, is contained

in each A, we have for any f

F() A2 € ) F(A):

neN neN

To prove the reverse inclusion, we first observe that since X is com-
pact, the hypotheses on A, guarantee that m A, # & and hence

neN

F([) An) # @ This yields

neN

() f(An) # @ since f([) An) C (] f(An).

neN neN neN
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Lety € ﬂ f(A,). Theny € f(A,) for all n. Hence for alln, y = f(x,)

neN
with z, € A, C X. Therefore, (x,) being a sequence in X which is

compact or equivalently sequentially compact, it possesses a convergent
subsequence, denoted by (z,)). Let x € X be its limit.

Since f is continuous or equivalently sequentially continuous, we
have

Jim f(onw) = f2) =y (why?)

The proof will be complete as soon as we verify that x is in each A,
for all n. To see this, fix an m € N. Then

Tp € A, C Ay, Yn>m

for (A,) is decreasing. A fortiori, the previous holds true for each k.
Passing to the limit (as k — oo) we immediately observe that x must
be in A,, = A,, (why?) and this is for each m. Thus

re [ An=[)A4n

meN neN

Thus the proof is complete.

SOLUTION 5.3.24.
(1) (a) It is clear that

Vee X, VU e V(x): UCX.

Since X is compact, we see immediately that X is locally
compact.

REMARK. The converse is obviously not always true. See
the next answer.

(b) Let x € R. In usual R, [z — 1,2 — 1] is a compact set.
It contains (z — 1,z — 1) which is a neighborhood of z.
Therefore, R is locally compact (remember that it is not
compact!).

(c) If Q were locally compact, there would exist a compact
set V such that a neighborhood of 0 (for example!) U,
say, would satisfy U C V. But U = (—r,r) N Q for some
r > 0. For irrational r, [—r,7] N Q would be a closed set
in V and hence it would be compact. This is evidently
not true for we can take a sequence of rationals, (r,) say,
which converges to the (irrational!) r. Thus (r,) cannot
have a converging subsequence as all subsequences would
converge to r too (and r & [—r, 7] NQ!).
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If 7 is not irrational, then replace [—r, 7] by [—s, s] where
s < r is irrational and follow a similar reasoning!
(d) A similar proof as before applies to show that R\ Q is not
locally compact.
(e) Let x € X. Then {z} is a compact set (why?) and it is a
neighborhood of x. The proof is complete.
(f) Let z € X. It is clear that {a,z} is compact and a neigh-
borhood of x simultaneously. Thus X is locally compact.
(2) From the previous answers, Q is Hausdorff but it is not locally
compact. Also, R is Hausdorff and locally compact.

SOLUTION 5.3.25. Let f be the identity mapping from X onto Y
where X is R\ Q endowed with the discrete topology and Y is R\ Q
equipped with the usual topology.

Then f is continuous and we have f(X) =Y. Now from Exercise
5.3.24, X is locally compact while Y is not.

SOLUTION 5.3.26.

(1) Let C be a closed set in X. Let z € C. Let Y be a compact
set that contains a neighborhood U of x. Then Y NC' is closed
in C' and thus it is compact. Besides

reunccyncC

and so U N C is a neighborhood of x in C', proving the local
compactness of C.

(2) Let U be an open set in X and let z € U. From the hint, there
exists V € V(x) such that V is compact and V C U. Since
V C V, U becomes locally compact.

(3) Well, {(0,0)} is compact and hence locally compact. The set
{(z,y) € R* : x > 0} is locally compact by the previous
question for it is open in usual R? (which is Hausdorff!).

(4) The given set is not locally compact. It is not locally compact
at 0 (which is the only point causing the problem of non-local
compactness) as the reader may check.

(5) We deduce from the previous two questions that the union of
two locally compact spaces need not remain locally compact.

SOLUTION 5.3.27.

(1) No! For example, take X = [0,1] and f(z) = %
(2) Define a function

@ (X, d) = (R, [-]) by ¢(x) = d(z, f(z)).
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We claim that ¢ is continuous on X. To see this, let z,y € X.
Then we have by Exercise 2.5.2

lp(y) — p(z)| < d(z,y) +d(f(x), fy)) < 2d(z,y)

(for all x,y € X). Therefore, ¢ is continuous on X which is
compact and so the function ¢ attains its minimum (and its
maximum too!) at some a € X. Let us show that a is the
looked for fixed point. Assume f(a) # a. Then

o(f(a)) = d(f(a), (f o f)(a)) < d(a, f(a)) = ¢(a)
and we realize that ¢ does not attain its minimum at a any-
more! Therefore, f(a) = a, showing the f admits a fixed point.
Let us now show its uniqueness.

Assume there were two different fixed points z and y say,
ie. f(r) =z and f(y) =y with  # y. Then

d(z,y) = d(f(x), f(y)) < d(z,y)
which is impossible and hence x = y necessarily. The proof is

complete.

REMARK. An instance showing the importance of the
compactness hypothesis may be found in Exercise 7.3.20.

SOLUTION 5.3.28. Let (X, d) be a compact metric space. Then it

is not hard to see that U = | | B(z, —) constitutes an open cover for
n
rzeX

" 1
X. By compactness, we can cover X by U B(xy, —) which we denote
n
k=1
by S,. Now set S = US”' Then it is plain that S is countable. It

neN
remains to verify that S is dense in X. Observe that

1
Vee X, VneN, JyesS,CS: dz,y) < —
n
which implies that
1
d(z,S) =infd(x,s) < —
n

seS

for all n € N. Thus d(z, S) = 0 and hence Exercise 3.3.33 implies that
x € S which completes the proof.

SOLUTION 5.3.29. The answer depends on the cardinality of X.

(1) If cardX is finite, then (X,d) is totally bounded (see the
"True/False" section).
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(2) If cardX is infinite, then let 0 < ¢ < 3 (for instance). Then
the only subsets of X whose diameter is smaller than e are
the singletons {z}, where z € X (and evidently @). It thus
becomes clear that it is impossible to cover the infinite X by
a finite number of singletons! This tells us that (X, d) is not
totally bounded and that only finite discrete metric spaces are
totally bounded.

5.4. Hints/Answers to Tests
SoLuTION 35. Well, do it!...

SOLUTION 36. Yes {a} is compact since it is finite. X is not
compact (if it is infinite!). To see this we observe that {a,z} are open
sets for each € X (why?) whose union covers X from which no finite
subcollection can cover the whole of X.

We deduce from that {a} is not relatively compact since from Ex-
ercise 3.3.29, @ =X.

SoLuTIiOoN 37. It suffices to show S C T. If V is a closed set
in S, then V is compact and compact sets in Hausdorff spaces are
closed...Alternatively, use the identity mapping between S and T'...

SoLuTION 38. Consider the open cover consisted of the sets
{1},{1,2}--- ,{1,2,--- ,n},--- which is not reducible to a finite cover...

SoLUTION 39. No, R is not compact in R,. One reason is that
{[-n,n)}nen is an open cover of R and the rest is obvious...

SOLUTION 40. Yes...

SOLUTION 41. No! (Why?)...
SOLUTION 42. Fairly simple...
SOLUTION 43. Yes (why?)...

SOLUTION 44. Yes by Heine’s theorem!...
SOLUTION 45. Yes! Why?...






CHAPTER 6

Connected Spaces

6.2. True or False: Answers

ANSWERS.

(1) If (X, T) is not connected, then (X,7") is not connected. The
reason is simple, that is, if U and V are open in T such that
UUV = X and UNV = @ (meaning that (X,7) is not
connected), then U and V are open in 7" with UUV = X
and UNV = & as well, leading to the non-connectedness of
(X,T"). The other implication does not always hold. As a
counterexample, take usual R and the discrete R, denoted by
Rys. Then R is connected while Ry, is not and yet R C Rys.

(2) The answer is no! In usual R, {1,2} is closed and not con-
nected (it is not an interval) but R is connected.

(3) The answer is no! For instance, in the usual topology, A =
[—1,1] is connected while its boundary {—1, 1} is not.

(4) The answer is no! A counterexample is Q which is not con-
nected (as will be seen below) while Q = R is connected. The
converse is always true, i.e. if A is connected, so is its closure
A. See Exercise 6.3.7.

(5) The answer is no! For example, in the usual topology, both
A = [0,1] and B = [2,3] are connected while their union is
not.

(6) The answer is no! Let A be the unit circle (in R? endowed
with its euclidian metric) and let B be the real axis. They are
both connected whilst their intersection, equal to {—1,1}, is
not, connected.

(7) The answer is no in general. Take B = B.((0,1),1) U B.((0,
—1),1). Then B is connected (see Exercise 6.3.1). It can be

shown that B = B((0,1),1) U B((0,—1),1) which is not con-
nected (see again Exercise 6.3.1).

It is worth stating that the result is true in the usual topol-
ogy of R. It is known that the connected parts of standard R
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are the intervals and the interior of an interval in R remains
an interval and hence it is connected.

If both [—1, 1] and R are endowed with the usual topology, the
answer is yes. But if we just endow [—1,1] with the discrete
topology (and leave R equipped with the usual topology), then
the given statement becomes false. Consider the function f
defined by

1, —1<2<0,
f(‘”):{ 1, 0O<z<l.

The discreteness of the topology of [—1, 1] guarantees the con-
tinuity of f. Besides, f verifies f(—1)f(1) < 0 and observe
that Vo € [-1,1]: f(x) # 0.

True (in usual R)! Polynomials on R are continuous. Since the
degree is odd, then the limits at oo are oo or Foo. Thus
the polynomial in question will have to pass through the real
axis at least once.

No! In usual R, it will be shown in Exercise 6.3.11 that R* is
not path-connected. However, R* = R is path-connected.
The answer is no! See Exercise 6.3.15.

The answer is no! Consider the identity map from X into Y
(denoted by f) where X is the usual topology of R and Y is
R equipped with the co-finite topology. Then f is continuous.
Then, [0, 1]U[2, 3] is connected in Y (cf. Exercise 6.3.1 below)
whereas

S7H0,1] U [2,3]) = [0,1]U[2,3]
is not a connected set in X as it is not an interval. The answer
is also no in usual R. Take f : R — R defined by f(z) =
2%, Then {2} is connected but f~'({2}) = {V/2, —v/2} is not
connected.

True! Let f: X — Y be such a homeomorphism. Let x € X
and let C,, be its component. We ought to show that

(a) Since C, is connected, f(C,) is connected for f is contin-
uous. But f(z) € f(C,). Thus f(C,) C Cya).

(b) Conversely, assume that Cy,) C A for some connected
A # f(Cy). Then f~1(Cyu)) C fH(A). By the proof of
the other part,

Co = [ F(C)] C f7H(Cw) C fTHA).
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But f~! is continuous and hence f~'(A) is connected.
Since z € f~!(A), we see that we arrived at a contradic-
tion for C, is the largest connected set that contains z!
The proof is over.

REMARK. Thanks to this result, we can prove interesting
results on the non-homeomorphy of some spaces. See some
exercises below.

(14) True! In fact, this a simple corollary of the fact that the con-
tinuous image of a connected set (path-connected respectively)
is connected (path-connected respectively).

(15) True! Both implications are trivial. The right-to-left implica-
tion is the most trivial. For the other one, if X is connected,
then it is obviously the largest connected set in X containing
x!

(16) No, there is no contradiction between this question and the
closedness of the components. First R* is not connected since
it has two components (this is one proof among others). Of
course both (0,00) and (—o00,0) are not closed in R but they
are closed in R* with the induced topology (which is the meant
topology in the definition).

6.3. Solutions to Exercises

SOLUTION 6.3.1.

(1) The only open and closed parts simultaneously in 7" are A and
&. Hence A is connected.

(2) The discrete topology is disconnected since every subset is
clopen.

(3) Let T = {2} U{U C R : U° finite }. Then R is connected in
T. If R were not connected in this topology, then there would
exist two non-empty and open sets U and V in T (i.e. U¢ and
V¢ are both finite) such that

UUuV =R,
unv =g.

Since UNV = @, U°UV*® = R and this clearly contradicts the
infiniteness of R!

(4) Let A = B((0,1),1) U B((0,—1),1). The intersection of the
two balls is empty as we will show. Let (z,y) € B((0,1),1)U
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B((0,—1),1). Then

(y —1) L 224 y? -2y <0,
{x—i—(y—i—l) which gives 4 224 o) o

and hence 22 + y? < 0 which clearly cannot occur for any real
couple (z,y). Thus A is non connected since
{B((0,1),1), B((0,—1),1)} is an open partition.

(5) The given set A is connected since it is the union of two con-
nected sets whose intersection is not empty (it is equal to

{(0,0)}).

(6) A is also connected. From the penultimate proposition of Sub-
section 6.1.1, we know that if X and Y are two non-empty
connected sets such that X NY # &, then X UY is connected.
Now, we have (as we are in Euclidian R?)

B((0,1),1)NB.((0,—-1),1) = B.((0,1),1)NB.((0,—1),1) = {(0,0)} # @.
Thus A = B((0,1),1) U B.((0,—1),1) is in effect connected.
SOLUTION 6.3.2. First, we can write
A={M € M,(R): det M # 0}
which can also be written as
A={MeM,(R): det M <0} U{M € M,(R): det M > 0}.

A1 A2

But, the function "det" is real-valued and continuous (see Exercise
4.3.9). Hence, A; and A, are open (why?). Lastly, it is plain that
AN Ay = @. Thus, {A;, Ay} is an "open partition" of A which means
that A cannot be connected.

SOLUTION 6.3.3. We give three proofs

e First proof: Q is not connected since it is not an interval. If
it were one, then for any x,y € Q, one would have (x,y) C Q.
But this is obviously not true. For instance, 2,4 € Q but
(2,4) ¢ Q as ™ € (2,4) while 7 € Q.

e Second proof: Q is not connected since there is another open
and closed set in the subspace topology of Q (apart from Q
itself and @). Take A = Q N (—00,+/2). Then A is clopen in
the subspace topology of Q for

A=QnN(~00,V2) =QnN(~00,V2|

and obviously (—o0,1/2) is open in R and (—o0, /2] is closed
in R.
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e Third proof: The following two sets A = Q N (—o0, v/2) and
B =Qn(v/2,00) are open in Q in the subspace topology and
constitute an open partition for Q.

SOLUTION 6.3.4.
(1) As for R\Q one can proceed exactly as in the foregoing exercise
to show that this set is not connected.
(2) Theset { : n > 1} is not connected since it is not an interval,
say.
(3) No, since [0,1) U (1,2) is not an interval.
(4) N is not connected since

3 3
U=10,- NN, V=|-,40 | NN
2 2
are both open in N and they constitute a partition for N.

SOLUTION 6.3.5. Assume [0, 2) is not connected, then it could be
written as [0,2) = U UV with UNV = @& where U and V' are open.
But U NV = @ does not hold since every non-empty open set in this
topology contains at least 0. Thus, [0,2) is connected with respect to
the given topology.

SOLUTION 6.3.6.

(1) We have z € A iff Im z # 0. Hence there are two components
corresponding to the cases Imz > 0 and Im 2z < 0.
(2) The components of A are

B={(z,y) €R*: z <y}and C = {(z,y) e R*: = > y}.
(3) A has two components, to wit B((0,1),1) and B((0,—1),1).
B is connected and hence it has one component, viz itself.
SOLUTION 6.3.7.
(1) First, we recall that A” = BnA~. Since B ¢ ZX, we get that
A’ = B. Now, let f : B — {0,1} be a continuous function.

We ought to show that f is constant. Since A C B, we deduce
that f is continuous on A too. By the connectedness of A, we
know that f must be constant, i.e. f(A) = {0} or f(A4) = {1}.
Assume f(A) = {1}. The continuity of f and the closedness
of {1} lead to

—B

F(B) = f(A") c f(A) = {1} = {1}.
Thus f(B) = {1}, i.e. f is constant and hence B is connected.

The case f(A) = {0} is very analogous to the foregoing
one and hence we leave it to the reader.
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(2) Since A C A C A, the previous result applies to A, i.e. A is
connected whenever A is connected.

SOLUTION 6.3.8.

(1) It is clear that (—oo,0) inherits the usual topology as a sub-
space of Rg and so does (0,00). Thus, both spaces are con-
nected.

(2) Since (—o0,0) and (0, 00) are connected, so are their closures,
ie. (—00,0] and [0, 00). But

(—OO, 0} n [07 OO) = {0} 7é )
and so (—o0, 0] U [0, 00) = Ry is connected.

SOLUTION 6.3.9. Assume that such function exists. Since Q is
countable, so is f(Q) by Exercise 1.3.7. The set f(R\ Q) is also count-
able, but this time, since it is a subset of Q. We hence end up with
f(R) being countable.

Now, R is connected and so is its direct image f(R) by the conti-
nuity of f. Thus f(R) must be an interval. But, it is clear that the
only countable intervals are the very particular intervals [a, a], which
are singletons {a} (@ € R). This forces f to be constant and hence
f(z) =a for all z € R.

Going back to the hypotheses again we see that

f@QCR\Q=aeR\Q
and
FR\Q) CQ=acQ,

which is a clear contradiction. Thus no such function f verifying the
hypotheses exists.

SoLUTION 6.3.10. If N were path-connected, then there would ex-
ist a continuous mapping f : [0,1] — N. Now we have

N=J{n=01="'m0=7"Jnh=Ur'dnp.

neN neN neN

Since f is continuous and the singletons {n} are closed for each n (they
are finite), the sets f~1({n}) are closed. Hence, we would end up with
a countable union of disjoint and closed sets equal to [0, 1] which is
continuum, i.e. compact, Hausdorff and connected. But this clearly
contradicts the Sierpinski theorem which says that no continuum can
be written as a countable union of many closed sets. Thus N is not
path-connected with respect to the co-finite topology.
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REMARK. The Sierpinski theorem used above was proved in 1918.
Its original proof may be found in [12].

SOLUTION 6.3.11. Assume that R* is path-connected. Since —1,1 €
R*, there exists a continuous function f defined on [0, 1], taking values
in R* such that f(0) = —1 and f(1) = 1. By the intermediate value
theorem there exists at least an « in [0, 1] such that f(a) = 0 which
clearly leads to a contradiction as f(x) # 0, for all x € [0, 1].

SOLUTION 6.3.12.

(1)

Let us show that if C' is convex, then it is path-connected.
Let 2,y € C and consider the function f defined on [0, 1] and
taking its values in C such that f(t) = (1 —t)z + ty.

Then f is continuous and f(0) =z and f(1) =y. Thus C
is path-connected and hence connected.

The set R™ is obviously convex (why?) and hence it is path-
connected and so it is connected too.

Now, we show that the closed ball in R" is convex (the
proof for the open ball is very similar and hence left to the
reader). WLOG, we may do the proof for n = 2 only. Let
B.((a,b),r) be the closed ball of center (a,b) € R? and radius
r> 0. Let (z,y), (¢",y') € B.((a,b),r) and let r > 0. We need
to show that (1 —t)(x,y) +t(2,y') € B.((a,b),r), ie.

(1 =tz +ta —a> +[(1 —t)y+ty —b)* <71’

Details are left to the reader.

SOLUTION 6.3.13.

(1)

If n = 1, then it is showed above that R* is not path connected.
If n > 2, then any two elements of R™ can always be joined by
a segment if this segment does not pass through the origin. If
it does pass through it, then we may consider another point z
and draw a segment from x to z, then one from z to y.
If n = 1, then S"! is reduced to S°, which in its turn, is
reduced to the set {—1,1}. Hence it is not path-connected.

If n > 2, then S"! becomes connected via the following
arguments. Consider the function f : R™\ {Ogn} — S™7!
defined by

(Ih.TQ, e 7xn)
V(@i +a3 4+ 4a2)
Then f is continuous and onto. But R™\ {Og~} is path-

connected (for n > 2) and hence f(R"\ {Ogn}) = S™ ! is
path-connected too.

f(xlax%" . 7In) -
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SOLUTION 6.3.14.

(1) The functions f and g are obviously continuous on their do-
mains since their components are so. Now fog: A — A and
go f:a,b] x T — [a,b] x T are given respectively by

(f e g)(z,y) = (z,y) and (g0 f)(t, (z,y)) = (£, (z,y))-
Hence f is a continuous bijection. Its inverse g is also contin-
uous. Thus f is a homeomorphism.

(2) Since [a,b] and T are both path-connected, so is [a,b] x T.
Thus A is, in its turn, path-connected.

SOLUTION 6.3.15.

(1) First, f is continuous since it is the restriction of f. Sois (f)~
too as it is the restriction of f~'. Now, it is clear that f is also
a bijection. Therefore, f is a homeomorphism.

(2) Assume that f : R — R? is a homeomorphism. According
to the previous question, f : R\ {0} — R2\ {f(0)} should
remain a homeomorphism. But (f)~! is continuous, R\ {f(0)}
is path-connected (cf. Exercise 6.3.13) and R* is not path-
connected (see Exercise 6.3.11). This a clearly a contradiction
since the image of a path-connected set under a continuous
function has to stay path-connected. Thus R and R? are not
homeomorphic.

1

SOLUTION 6.3.16. X and S are not homeomorphic. If there were a
homeomorphism between X and S, then f: X\ {a} — S\ {f(a)} (a €
X) would remain one. But if a is the junction point of X, then X—{a}
has four components while S deprived of one point has either one or
two components depending on its position on S.

A similar reasoning shows that E and W cannot be homeomorphic.

6.4. Hints/Answers to Tests

SoLuTIiON 46. Well do it!...For a two-point set find a counterex-
ample...

SOLUTION 47. No! One reason is that [0,1) is clopen in R, (cf.
Exercise 3.3.29)...

SOLUTION 48. Any subset A (a,b € A) or R, is not connected as
ANla,b) is a proper clopen set of A...

SOLUTION 49. Well, R is connected in the co-countable topology...
As for Q, it is not connected (Is Q connected in the discrete topol-

ogy?)...
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SoLUTION 50. The result follows from Exercise 6.3.7...
SOLUTION 51. We already know that R is connected in this topol-
ogy...

SoLUTION 52. No! Deprive [—1,1] of one point (not 1 and not
—1)...






CHAPTER 7

Complete Metric Spaces

7.2. True or False: Answers

ANSWERS.

(1)
(2)

We cannot take ¢ > 0! But we can take d(x,,z,,) < ¢ with
no problem at all.

Let X be a a metric space. To establish its completeness, we
take an arbitrary Cauchy sequence (x,,) in X and we show that
this sequence converges to a limit « which belongs to X.

REMARK. Do not take a particular Cauchy sequence and
show it converges! The sequence must be arbitrary.

On the contrary to the previous answer, if we want to show
that a given metric space X is not complete, it suffices to find
one Cauchy sequence (z,,) which converges. But, its limit does
not belong to X.

Alternatively, we can show that X is not closed.
If we want to use the completeness of a space X, we try to
define a sequence in X and then show it is Cauchy. Now,
since the space is complete, this sequence converges to a limit
in X (do not say in the beginning, let (x,) be a an arbitrary
Cauchy sequence. Then it converges. Then what?)
The importance is about convergence. For example, since
usual R is complete, to prove a sequence is convergent it suf-
fices to show it is Cauchy. For instance, to prove the series

Z %, a > 1, is convergent it suffices to show it is Cauchy in-
n>1

stead of trying to find its limit (whose exact value is unknown
anyway, except for a = 2)!

Another major point, still about convergence, is the fixed
point theorem. Many solutions to problems can be obtained
via the fixed point theorem (approximation problems, ordinary
differential equations, integral equations...etc).

False! As a "lazy" counterexample, we can just endow (0, 00)
with the discrete metric (see Exercise 7.3.2). But, there are
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more interesting counterexamples. For instance, if we equip
(0, 00) with the following metric

d(l‘,y) = |lnx—lny\, Vl‘»y > Ov

then (0, 00) will be complete (see Exercise 7.3.16).

Evidently, (0,00) is not complete in the usual metric.
The answer is no! For instance, in usual R, consider Q and
R\ Q. They are both dense in R and yet

QNR\Q) = 2.

Another example (similar though!) consists of taking the set
of algebraic numbers and the set of transcendental ones (both
as subsets of R).

The answer is yes. For example, in R equipped with its usual
metric, both Q and R\ Q are not complete. But, their union,
i.e. R, is complete.

Only the left-to-right implication holds. Let us show that.
Since (x,,) is Cauchy, for all ¢ > 0 and in particular for ¢ = 1,

aN €N, Vn,m (n,m > N = d(z,, z,) < 1).

If a = xy, then for all m > N: d(a, z,,) < 1. This means that
Tm € Be(a,1). Thus it becomes clear that

{z, : ne N} C{xy,29, -+ ,xn_1}UB(a, 1)

finite hence bounded

proving the boundedness of the sequence as its range will be
included in the (finite!) union of two bounded sets.

The other implication need not be true in general. From
basic real analysis, it is known that ((—1)"), is bounded but
not convergent hence not Cauchy (usual R is complete!).

The answer is yes. Since the two metrics are equivalent, we
have

Ja, >0, Vn,m € N: ad(x,, z,,) < d(xp, 1) < fd(zy, Tm)

(11)

giving us the desired result.

The answer is yes if one of the inequalities involved in the def-
inition of equivalent metrics is satisfied. For example, assume
that d and d’ are two metrics on a set X. If only (for some
a > 0) the inequality

d(z,y) < ad'(z,y), Yo,y € X



(12)

(13)

(14)

(15)
(16)

(17)
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holds, then d and d’ are not equivalent metrics. Nevertheless,
the "Cauchyness" of a sequence (z,,) in (X, d') implies that of
(x,) in (X, d).

The answer is, however, false if none of the inequalities
intervening in the definition of equivalent metrics is satisfied.
It is false. While the fact that (f,,) is a Cauchy sequence of con-
tinuous functions can be seen in Exercise 7.3.12, the remaining
part is false for a simple reason. That is, the convergence used
to get f is the pointwise one, i.e. we are not using the right
metric which should be d.

False again. In this case the metric is the right one but the
argument used is not quite right. What tells us that there is
not another continuous function which is the d-limit of f,7
One possible answer is that we are in a metric space (hence
Hausdorff) and the limit of a convergent sequence is always
unique in a metric space. Digging more into this, the function
f is Riemann integrable and d is not a metric on the set of
Riemann integrable functions (see Exercise 2.3.12) and more
particularly d(f, g) = 0 = f = g (which is essential for proving
uniqueness of limits!) is the axiom which does not hold.

The answer is no! Let f : Ry — R% be defined by f(z) = 1
for all x > 0. Then f is evidently a homeomorphism. Now,
let x, = 1. Then (z,) is Cauchy. Nevertheless, f (1) =n is
not Cauchy (for example, since it is not bounded).

True! The reader is asked to prove this in Exercise 7.5.9.
False! There are many counterexamples. Consider the func-
tion

1
f:[1,+00) — (0,1] defined for all z > 1 by f(x) = —

Then f is uniformly continuous and obviously [1, 4+00) is com-
plete (why?). But its image which is (0, 1] is not complete as
it is not closed.
False! For a counterexample, see Exercise 7.3.16.

If, for example, two metric spaces ((X,d) and (X', d'), say)
are isometric, i.e. there exists a one-to-one correspondence
f:(X,d) = (X', d’) such that

Vo,y € X d(f(x), f(y) = d(x,y),
then X is complete iff X" is so. For a proof see Exercise 7.3.21.

REMARK. A slightly weaker result holds, that is, if there
exists some one-to-one correspondence f between (X, d) and
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(X', d") such that

Ja, >0, Vo,y € X : ad(z,y) <d'(f(z), f(y)) < Bd(z,y),

(18)

then X is complete iff X’ is so.

False! Two conditions are to be imposed on f and on A both in
order that such an extension is guaranteed to exist. We recall
the following theorem from the "What you need to know"
section:

THEOREM. Let (X,d) and (Y,d') be two metric spaces.
Assume that A C X is dense and that (Y,d') is complete.
Let f: (A, d) — (Y,d') be uniformly continuous on A. Then
there exists a unique function g : (X,d) — (Y,d') which is
also uniformly continuous and such that g(x) = f(x) for each
xr e A

REMARK. The proof for uniqueness is a simple applica-
tion of Exercise 4.3.23.

REMARK. In normed vector spaces, the continuity is equiv-
alent to uniform continuity whenever the function or map is
linear. Thus a very similar result holds in normed vector spaces
by assuming that the function is linear and continuous.

Let us give two counterexample which show that the con-
ditions Y complete and f uniformly continuous cannot be dis-
pensed with.

(a) Let f be the identity function from Q onto Q in the usual
topology. Then f is uniformly continuous (note that the
codomain, i.e."arrival" set, Q is not complete). Assume
that f had an extension f, then fig(r) = z. Since Q
is dense in R, an irrational y is a limit of a sequence
(yn) € Q. We would then have

fly) = lim f(yn) = lim f(y,) = lim y, =y & Q.
n—oo n—oo n—oo
This illustrates the importance of Y being complete.
(b) Let X = [0,1], A = (0,1] and Y = R. Define a function
fon Aas f(r) =Inz. Then A is dense in X, but f is

"only" continuous (the continuity is not uniform). If f
were such an extension of f, then we would have

f(0) = lim f(z) = lim f(z) = limInz = —co.

z—0 z—0 z—0
This tells us that such an extension does not exist showing
the importance of the uniform continuity.
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(19) There are many properties shared by compact and complete
metric spaces. An important result is that every compact met-
ric space is complete (the reader is asked to give a proof in
Exercise 7.3.6). Some of the properties illustrating the anal-
ogy are listed below:

(a) Any closed subspace of a compact space is compact and
any closed set in a complete metric space is complete.

(b) Any compact subspace of a metric space is closed and so
is any complete subspace.

(c) The finite union of complete metric spaces is complete
and a finite union of compact spaces is compact too.

(d) The arbitrary intersection of complete metric spaces is
complete. The same result holds with "compact" instead
of "complete".

7.3. Solutions to Exercises

SOLUTION 7.3.1.

(1) Q is not complete as it is not closed (or, for instance, the
sequence (1 + %)n belongs to @Q and it is Cauchy in R and
hence Cauchy in Q but its limit is e € Q).

(2) It is not complete as it is not closed. Another way of seeing
this is the following: Consider the sequence (x,,) defined by

Tni1 =V2+x,, neEN,
T = \/§

Then, it can easily be established that (z,) is an increasing
and bounded above. Hence it converges (and thus Cauchy!).
It can also be shown that (z,) takes its values in R\ Q and
that z, -2 ¢ R\ Q.

(3) The set Q N [3,4] is not complete since it is not closed as we
can show that its closure in R is [3,4] (cf. Exercise 3.3.19).

(4) The set (0,00) is not complete since it is not closed.

(5) The set {n: n > 1} (which is nothing but N!) is closed in R
since its complement is an infinite union of open sets (hence it
is open) and thus {n: n > 1} is complete.

(6) Again, {(—1)" : n > 1} is closed (why?) in R and hence
complete.

(7) {2 : n e N}U{0} is complete (why?).

(8) The given set can be written as

{(z,y) eR*: 2> 1,y(x—1)>1}
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Adopting the method of Exercise 4.3.33, we can show that it
is closed in R?, which is complete, yielding the completeness
of the given set.

SOLUTION 7.3.2. Let (x,), be a Cauchy sequence in X. Hence for
any € > 0 there exists N € N such that for all n,m € N
n,m > N = d(x,, r,) < €.

Take for instance ¢ = i, then this gives us Vn,m > N : z, = x,,
which is an eventually constant sequence and in a discrete metric space
the only convergent sequences are the eventually constant ones. Thus
X is complete.

SOLUTION 7.3.3. Let (z,) be a Cauchy sequence in X and let
(k) be a convergent subsequence to z. Let e > 0. Since (z,) is
Cauchy, there is some integer N such that

Vn,m > N : d(z,,x,) < g
Since (2,(x)) converges to x, there is some integer K such that
k2 K5 d(wa, ) < 5.
For any n > N, choose k > K verifying n(k) > N so that we have

3 3
d(xn,:z:) < d(xnaxn(k)) + d(l’n(k),.f) < 5 + 5 =c.

The proof is complete.

SOLUTION 7.3.4. Let (x,,) be a Cauchy sequence in R. This implies
that it is bounded. The Bolzano-Weierstrass theorem implies that (x,,)
has a convergent subsequence. But, a Cauchy sequence having a con-
vergent subsequence is itself convergent to the same limit (see Exercise
7.3.3). Therefore, (R, | -|) is complete.

SOLUTION 7.3.5. Let (z,), be a Cauchy sequence in (C,| - |c).
Since x, is complex-valued, one can write z,, = a, + ib, (where of
course (ay,), and (b,), are two real-valued sequences). Since (z,,), is
Cauchy,

Ve > 0,3N € N,Vm,n (m,n > N = |z, — Tplc < ).
Now both (a,), and (b,), are Cauchy as
’an - am|R = ’ Re(xn - xm)’R < |xn - mm‘(C

and
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Since (R, |-|) is complete, both (a,),, and (b,),, are convergent to a and
b respectively. We set x = a + ib. Then obviously x € C and we need
only show that z,, — z in (C,| - |c). This follows easily from

0 < |z — zlc = [(an — @) +i(by — b)lc < |an — al + [by — bl — 0.

SOLUTION 7.3.6.

(1) Call this space X. Let (z,) be a Cauchy sequence in X. Since
X is compact, it is sequentially compact (we are in a metric
space!) so that (x,) has a subsequence (z,)) which converges
to a point x € X, say. Thus, by Exercise 7.3.3, (x,) too
converges to x € X, proving the completeness of X.

(2) The answer is no in general. For instance, usual R is complete
but not compact (remember that we need also total bounded-
ness for the converse to hold).

(3) By the first answer, we know that for instance [—2,2] is com-
plete. To prove R is complete, let (x,) be a Cauchy sequence
in R. Then for all ¢ > 0 and in particular for € = 2,

AN eN: VnomeN (n,m >N = |z, — 2z, <2).

Set Y, = TNy, — xn for all n. Then (y,) is Cauchy in [—2, 2]
and hence it converges, call y its limit. Hence

y= lim y, = lim z, —xy = lim z, =y + 2y € R,
n—00 n—00 n—o0
proving the completeness of R.
(4) None of the implication is true. For example, in the usual
metric (—1,1) is locally compact but it is not complete. Con-

versely, the space C([0,1],R) (see Exercise 7.3.13) is complete
but not locally compact (see Exercise 5.3.20).

SOLUTION 7.3.7. Let us show that (z,, = n), is a Cauchy sequence
in (R, d) not converging to any point in R. We have

n m n m n—m
d(n,m) = - = - = .
1+ |n| 1+|m| I4n 14m (1+n)(14+m)
WLOG, we may assume that n > m. Hence
~ - 1
(1+n)(1+m) nm nm  m

as n, m —» 00.
Now if (n), converged to some a € R with respect to d, then we
would have

0= lim

n a
n—00

1+|n] 1+]d

e
N 1+ |al
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= 0 has no

and it is plain (check it out!) that the equation ‘1 ~

solution. Thus (R, d) is not complete.

SOLUTION 7.3.8. Recall the d was defined for every x,y € N, by

0, r=1y,
d(x’y)—{ 54141 w#y

Now, we proceed to show the completeness of (N,d). Let (z,) be a
Cauchy sequence in (N, d). Then

Ve >0,IN e NNVn,m e N: (n,m > N = d(z,, ) < €)
or
1 1
Ve >0,IN e NVn,meN: (n,m>N =5+ — 4+ — <¢)
xn 1Jm
Since this is true for all € > 0, it is true for € = 5, say. This gives
us a contradiction unless we take d(z,,z,,) = 0. Hence z,, = x,, for

all n,m > N. This is an eventually constant sequence and hence it
converges.

SOLUTION 7.3.9.
(1) Letw:(xn): (1’17 71,) and
y=(y) =L 75 75 gz ) Then

0o
Y lealf = P4 14 12 = oo
n=1

and
ily ? i( . )2 il +00
n=1 n=1 \/ﬁ n=1 n
since both series are divergent. This means that neither x nor
y belongs to (2.
Now let 2/ = () = (1,1,---,1,0,---) and ¢/ = (y,) =
(1,3,%,--+,%,--+). Then both 2’ and y' belong to (* as

S =141+ 41240+ < 400
n=1

and

[e'e] o0 2 o0
S =Y (5) =X m <+,
n=1 n=1 n=1

i.e. both of the involved series converge.
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(2) We first prove that d is a metric. We start by showing that
d is well-defined (i.e. the series involved in the definition of d
converges). We have for all k

|ze — ykl® = |ze* + 2Re(zeye) + |yl® < Janl® + 2| Re(zey)| + yel?
Hence

2k — yl® < el + 2|zrye| + |yl

for every k. The Cauchy-Schwarz inequality then gives us

n n n n n
Doloe =yl <Dl 2 | D el | Dl + D el
k=1 k=1 k=1 k=1 k=1

Therefore

n o0 o0 o0 o0
Doloe =yl <D w2, [ D fwel [ D lwel? + D el < +oo
k=1 k=1 k=1 k=1 k=1

as o,y € (2. Thus the partial sum Z |7 — yx|* is bounded

k=1
above and increasing since all terms are positive. Thus the

series Z |zx — yi|* converges.
k>1
Let us now verify that d satisfies the properties of a metric.
(a) Let x,y € (2.
(i) Obviously x =y = d(x,y) = 0.
(ii) We have

d(z,y) =0« Z 20 —Unl? = 0= |20 —yu> = 0, Y = 2, = 4, V.
n=1
Hence z = y.
(b) For any z,y € (%, d(x,y) = d(y, ).
(c) Let x,y,2 € (%, From the Minkowski inequality with
p =2 (see Exercise 2.3.9) one has

n n n
Z’%*ZW < Z|xk*yk|2+ Z|yk*2k\2
k=1 k=1 k=1

and hence

J
=

o
Z‘%-%Pé Z|xk_yk|2+ Z|yk—zk|2~

k=1 k=1 k=1
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A similar argument to one used just above shows that

e} o0 o0
Z|$k_zk’2§ Z|$k—yk|2+ Z|yk—2k|2,
k=1 k=1 k=1

establishing the triangle inequality for d.
Now we show that (¢?,d) is complete. Let (2?), be a Cauchy
sequence in (2 where a¥ = (Z1p, Top, -+ , Tpp, -+ ). Let € > 0,
then there exists an N € N such that for all p,q € N (p,q >
N = d(2?,27) < ¢). Thus for any n we have
n
Z [Ty — Thg|® < d(2P, 27) < 2.
k=1

Taking ¢ — oo (and keeping n and p fixed) gives us

n
Z |Zhp — xk‘Q <e’
k=1

n
and hence Z |zrp — Tx|* converges to a limit which is less
k=1
than or equal to €2. Thus the sequence y;, = Zp — T belongs
to £%. But (zF), € £* and hence (z); € (2. In the end one has
d(z?,z) < e forall p> N.

SOLUTION 7.3.10. We first show that (x,) is Cauchy. Let ¢ > 0.
We proceed as follows (what we will do in the next line will seldom be
useful but it really helps here)

d(xp, ) =l —e " <|e [+ le" =" e

One can choose N such that e < £ (why?). Then for all n,m > N,
one has

e "+em<eN4e N < E—f—i =g,
2 2
i.e. (x,) is Cauchy.
We digress a bit to say: Do not think that (—n) has —oo as its
limit!! This is not the usual metric!
Now, let us show that (x,) does not converge in (R, d). Assume it

were and let z be its limit. Then we would have on the one hand

le™" —e”| — 0.
On the other hand, we know that
lim |[e™" —€®| = €.

n—o0
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Hence we ended up with e* = 0 which of course does not hold for any
x € R. Thus the limit of the sequence does not exist and (X, d) is not
complete.

SOLUTION 7.3.11. The given set A is not complete as it is not
closed. Let us show that. Consider the sequence

11 1
n)n = 17_7_7"'7_6070f"
(n) (23 n )

Then (z,), belongs to A. It has as limit with respect to d the element
11 1 1 1
€T = 17_7_7'“ TS
2°3 nn+l n+2

o0
1
d(x,, z)? = Z w2 — 0 as n — oo,
k=n+1
since this is a remainder of a convergent series.
Evidently, x ¢ A and hence A is not complete.

as

REMARK. We ask the reader the following question which he/she
should try to give an answer to. We could (couldn’t we?) have taken
as "another limit"

11 1 1 1
prm— 1 —_ — DY —_ DY A
y ( 72’3’ ’n7 2(n+1)72(n+2)’ ) ¢
since d(z,,y) — 0, as n — oco. We can then have two limits for a

convergent sequence in a metric space!! What is then wrong with this
reasoning?

SOLUTION 7.3.12.

(1) We show (f,,) is a Cauchy sequence. We can show the "Cauchy-
ness" of (f,,) either by doing some arithmetic or geometrically
by observing that d(f,, fnip) is actually the area of the trian-

gle of apexes (3 — 1,0), (% — L) and (1,0) where p,n € N.

n’ n+p
Hence

1 1 1 11
Wt =31 [5 =5~ (573
1/1 1 1
2\n n+p) " 2n
Hence

Ve > 0,3N = B} L1eNYnpeN (0> N = d(fa, fary) < ),

establishing the "Cauchyness" of (f,).
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(2) The pointwise limit of (f,,) is

Now, to show (X, d) is not complete, assume that there is a

continuous function g on [0, 1] such that d(f,,g) — 0 and we
will reach a contradiction. Since

[f(2) = g(0)] < [f(2) = fal@)] + [fulz) = g(2)], Vo € [0,1],

we have

0< / (@) — g(a)ldz < / (@) — ful)lde + / fula) — g(a)]dz.

Passing to the limit and using our hypotheses yield

/!f ) = gl@)ldz =0

and hence f(z) = g(z) at each x for which f— g is continuous,
ie.

@) = g(o), vr e 01\ {3}

But, ¢ is assumed to be continuous on [0, 1] and hence it must
be continuous at % and we would have

lim_g(z) = hm+g<x>=g(1).

z—3" z—3 2
However,
i) = lim_f(2) =0 T o(x) = lim f(2) =
:v~>— r~>—

Therefore, such a continuous function g cannot exist. In fact,
such a function (without continuity) does not even exist and

hence (X, d) is not a complete metric space. The solution is
over.
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SOLUTION 7.3.13. Let (f,,) be a Cauchy sequence in (X, dw,). Then
Ve >0,IAN e N,Vn,m € N (n,m > N = doo(fn, frm) <€)
or

Ve > 0,IN e N,Vn,m € N (n,m > N = sup |fu(x) — fm(z)] < 2).
z€[0,1]

This implies that for each particular x in [0, 1] one has
|fn(x) — fi(z)| < € for all n,m > N.

Thus for each = € [0,1], (fu(x)), is a Cauchy sequence in usual R.
Since the latter is complete, we deduce that (f,(z)), must converge to
some f(x) € R (for each x € [0, 1]) . Thus we have a function f defined
for all € [0, 1]. Fixing n in the last displayed equation, and letting m
tend to infinity yield

|fu(x) — f(2)|] < € whenever n > N

and for each x where NN is independent of x. Thus

doo(fn, f) = sup |fu(z) — f(z)| < e foralln > N.
z€[0,1]

Therefore, we have shown that (f,,) converges in the supremum metric
to f, i.e. that (f,) converges uniformly to f. From the hint, f must
therefore be continuous.

In the end, the arbitrary Cauchy sequence (f,,) converges in (X, d.)
to a continuous function f. In other words, (X, d) is complete. The
proof is over.

SOLUTION 7.3.14. Let (f,,) be a Cauchy sequence in X. As in the
previous exercise, we can easily obtain that (f,(z)), converges to a
function f defined on [0,1]. To finish the proof, two claims are to be
shown.

(1) Claim: f is bounded. Since (f,) is Cauchy, for e =1 > 0,
there is some N € N such that for all n,m > N we have
d(fn, fm) < 1. Hence for m = N, we have d(f,, fnv) < 1
whenever n > N. Remember that fy is bounded and hence
for some M >0, | fx(z)| < M for all z € [0,1]. Now we have

Ve e [0,1]: [ful@)| < [fulz) = fy(@)| + [fn(2)] <1+ M
whenever n > N. Passing to the limit as n tends to oo gives

Vo€ 0,1 Tim [fu(@)] = | lm fu(@)] = |f(@)] <1+ M,

proving the boundedness of f.
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(2) Claim: lim d(f,, f) — 0. Since (f,,) is Cauchy, we know that
n—oo

Ve > 0,aN e NVn,m € N (n,m > N = d(fn, fm) < €).
But d is the supremum metric, and hence

() = fm(@)] <&, Va € [0,1]

and whenever m,n > N. Keeping n fixed and taking the limit
as m goes to infinity yield

[fulz) = flz)| <€

whenever n > N and for all z € [0,1]. Thus we are led to

d(fn, f) <€
for n > N. That is lim d(f,, f) — 0.
n—oo

The proof is complete.

SOLUTION 7.3.15.

(1) To show that x + €” is not a polynomial we use a contradiction
argument. Assume that x +— e* is a polynomial of degree m,
say, i.e. for some real ag, ay,- - ,a,, we have

e =ag+awmx+ -+ apx™.

It is known from the course of calculus that z + e is C™*!
(it is in fact C*°). Hence by differentiating (m + 1)-times both
sides of the previous displayed equation we get

(e:c)(m+1) — o — (ao +ar+--+ amxm)(m+l) —0

which is of course absurd. Thus the exponential function can-

not be a polynomial.
(2) Of course P,(z) = (1+%)" (for n > 1) is a polynomial se-
N g . .
quence (Z — s another polynomial sequence converging to
n!

n=0
e”). So, it only remains to show that d(P,,e”) — 0 as n — oo
and by uniqueness of the limit e” is the only limit of (P,) (see
the remark below for a comment on this). Let us show now
P, — e”in (X, d). To this end, we calculate sup |P,(z) — e”|.
z€[0,1]

We can write

sup |Pn(m) - ez‘ < 61 sup |Pn($)eiz - 1|
z€[0,1] z€[0,1]
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Studying the function P,(z)e™™ —1 on [0, 1] allows us to write
1 n
0<|P(x)e—1|<1—P,(1)et =1~ (1 + _) et
n
Taking the supremum and passing to the limit as n — oo yield

1 n
0<d(P,e")<e (1 <1+—> el) — 0.
n

REMARK. We would like to give a comment on this an-
swer. We did not consider this reasoning, i.e. the use of the
uniqueness of the limit, as a correct one in the True or False
section for the "integral metric".

The reason here differs from the other one. The minimum
one suggests for the integral metric to be well-defined is that
the functions be Riemann-integrable (in such case the limit is
not unique as we do not have a distance) whilst in this case
(the supremum metric) what one suggests is that at least the
functions be bounded and d in this case remains a metric.
Hence the limit is unique.

(3) Take any continuous function f which is not a polynomial (e*,
sinz,...etc) and hence f ¢ X. By the well-known Weierstrass
theorem (see also the next chapter) we know that there is
a polynomial sequence (FP,), converging uniformly to f, i.e.
P, — f with respect to d. Hence (P,), is Cauchy but con-
verging to f which is outside X. Thus (X, d) is not complete.

SOLUTION 7.3.16.

(1) This a simple consequence of Test 5.
(2) A is not closed and hence it is not closed.
(3) Let (x,) be a Cauchy sequence in (4, d), i.e.
Ve > 0,3N e NVn,m € N(n,m > N = d'(z,, ) = |Inz,—Inz,| <e).
We immediately see that (Inz,) becomes a Cauchy sequence in
usual R which is obviously complete. Thus there exists some

y € R such that |Inz, —y| — 0 as n — co. Set © = e¥. Then
x>0, 1ie x € A. Besides,

d(xp,z)=|Inz, —Inz|=|Inz, —y| — 0 as n — .

(4) We show that id : (A,d) — (A, d') is a homeomorphism. The
bijectivity of id is evident. It is continuous since the loga-
rithm function is continuous on (0, c0) (from basic real analy-
sis!). The inverse function id~* = id : (A,d') — (A, d) is also
continuous as the exponential function is in [0, 00).
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(5) We deduce from the previous answers that completeness is not
a topological property.
SOLUTION 7.3.17.
(1) Let f be such a function. By the mean value theorem applied
to f on [z,y] (z,y € [a,b]) we have
de € (z,y): fly) = flz) =(y—=)f(c)
and by the hypothesis on the derivative of f

|f(y) — f(x)| < My — |,

i.e. f is a contraction.
(2) Transform the given equation to

14+$3 170 14+x3 I
R R N U S L S R

Set f(z) = ga* + %3 — 1. Then it can easily be shown that

25 1
!
< = i
|f'(z)] o <lforallze {0,2]

Thus the given equation has a root between 0 and %

SOLUTION 7.3.18.

(1) Set g = f™. Since g is a contraction, there exists a unique
x € X such that g(z) = z. Now

d(z, f(x)) = d(g(x), f(x)) = d(g(x), (f o 9)(x))
=d(g(r),(go f)(x))

< Md(z, f(x)) since g is a a contraction.

Since M < 1, we immediately see that f(z) = x. Thus, if "
is a contraction (then it admits a unique fixed point), then f
has the same fixed point. To show its uniqueness, assume ¥ is
another fixed point of f. Then y is necessarily a fixed point
for f" for

P ) =W ="y =-=fly =

But the fixed point of f™ is unique and hence x = y and thus
the proof is over.
(2) e Define cosz : [0,5] — [0,1]. Then this function cannot

be a contraction since M tends to 1 as z tends to §
Hence It cannot be bounded above by some k < 1!.
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REMARK. Although cosz is not a contraction, « cos z is
always one whenever 0 < a < 1.

Let g(x) = cos(cosz). Then f'(x) = sinzsin(cosz).
Then

sup f'(z) <sin(cosz) <sinl < 1.
nggg

Thus the mean value theorem gives for all  and y

| cos® z — cos? 2| < sin 1|z — v,

i.e. cos? is a contraction and so by the first question cos z

has a unique fixed point.

e The way of finding the fixed point is well described in
the proof of the fixed point theorem. We start with a
point xy. Then we calculate successively zo = cosxy,
T3 = COS Ia,...etc. If we start with xy = 0.7 in radians and
not degrees! We already knew roughly where the root
would be graphically! Otherwise we could have started
by any value in (0,1). Then

Ty = cos(xy) = 0.7648,
x3 = cos(xe) = 0.7215,
x4 =cos(xz) = 0.7508 - - -
and we carry on until this process stabilizes at x5 =
0.7391, accurate to four decimal places (this is a little
slow and other methods give here a better result like New-
ton’s).
SOLUTION 7.3.19.
(1) Let 2,y € X. Then x,y > 1 and hence

1 1
@)= 10 = ke =l |5 - .
But
1 1 1
0<—<1landso |- ——| < —.
Y Ty 2
Therefore,

Ve,y € X+ 1f() - fu)] < 5l ol
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(2) Assume there is © € X such that f(z) = z. Then

1
z +—=xzora’=2
2
and the previous equation clearly does not hold for any z € X
since £v/2 ¢ Q!

(3) It does not contradict the fixed point theorem since X is not
complete (why?) even if f is a contraction. Therefore, the
fixed point is not guaranteed to exist anymore. This tells us
that the hypothesis on the space being complete cannot be
merely dropped.

SOLUTION 7.3.20.

(1) Let z,y > 1. We could use similar estimates to those in the
previous exercise, but it is important here to show that 1 is
the best constant. To achieve this aim, we use the mean value
theorem, which, applied to f on [z,y] gives

Jee(z,y): flz) = fly) = fl(c)(z—y).

We now need to check that sup |f'(x)| = 1 which we leave to
r>1

the reader. Hence

Vo,y > 1: [f(z) = fy)| < |z —yl.

(2) It is plain that

Ve>1: f(x) # .

(3) It does not contradict the fixed point theorem since f is not
a contraction despite the fact that X is complete (hence the
fixed point is not guaranteed to exist anymore). This shows
the importance of the contraction hypothesis.

This example does not contradict the result of Exercise
5.3.27 either because [1,00) is not compact.

SOLUTION 7.3.21.

(1) Suppose that (X', d’) is complete and let us show that (X, d)
is in its turn complete. Let (z,) be a Cauchy sequence in X.
Then d(x,, ) — 0 as n,m — oo and so

n,rliriloo d/(f(x”)’ f(xm» = 0.

This means that (f(z,)) is Cauchy in X', assumed complete,
and hence it must converge to some y € X’ = f(X). But there
exists one = € X such that y = f(z). Thus

d(f(xn),y) = d'(f(xn), f(x)) = d(zn,z) = 0
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as n goes to infinity. Thus (X, d) is complete.
(2) The proof of the other implication is very similar to the pre-
vious one and we leave it to the reader.

SOLUTION 7.3.22. Both examples are in the setting of R endowed
with the usual topology (R is complete).

(1) Let A, = [n,00). Then each A, is closed, non-empty and de-
creasing (with respect to C). However, we see that (|~ A, =
@ which is not a contradiction for d(A4,) 4 0 as n — oo.

(2) Consider A, = (1,14 1]. Then (A4,) is decreasing and verifies

d(A,) — 0 as n goes to infinity. However, ﬂ A, =@. This
n=1
is also not a contradiction for A,, is not closed.

SOLUTION 7.3.23. Recall that a metric space is compact iff it is
complete and totally bounded. We already know that [a, b] is complete
for it is closed in R which is complete. We need only show that it is
totally bounded. Let € > 0. Choose n such that % < e. Consider now
the cover {B,} defined as

1 1 1
B[]:|:a,a+l>7Bi_<$i__7xi+_> andBn—<b——,b]
n n n n

We may easily check that the diameter of B, designated by ¢, is less
than or equal to % So [a, b] is totally bounded.

SOLUTION 7.3.24.
(1) Assume R is countable. Hence it can be written as

R=A{z1,29, -+ ,Tp, -} = UC" where C,, = {z,,}.

n=1
In R the set C), is closed and C,, = @. Since R is complete,

oo
Baire’s theorem tells us that UO" must be dense but this is
n=1

clearly not the case as one can clearly see that this union is
the empty set. Thus R is not countable, as required.

(2) As for R\ Q we know that Q is countable. Now assume that
R\@Q is also countable. Then QUR\Q = R would be countable
and this contradicts the uncountability of R. Thus R\ Q is
not countable.

SOLUTION 7.3.25. The proof is based on the Baire’s theorem which,
an equivalent version of it, states that if X is a complete metric space,
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then the countable intersection of open and dense sets in X is dense in
X.

Since C' is closed in usual R, it is complete. Assume that C' does
not have any isolated points, that is, it posses limit points only. Let
x € C. Since C is separated, {z} is closed in C' and so C'\ {z} is open
in C. Set U, = C\ {z}. Since C' does not have any isolated point,
U, = O, that is, U, is dense in C. According to Baire’s theorem, the
intersection of U, (z € C') must be dense in C. But

U.=o

which is never dense in C'. We hence conclude that C' does not have
any isolated point.

SOLUTION 7.3.26. We need only show that f(A) C f(A). Let

y € f(A), then there exists a sequence (z,) such that z, € A with
y = lim f(z,). Hence (f(x,)), is a Cauchy sequence in Y which is
n—oo

complete. By hypothesis

d'(f(@n), f(2m)) > d(2n, )
for all n, m and so (x,), becomes in its turn a Cauchy sequence but in
X.
But A is closed in X and hence it is also complete. This means
that d(z,,x) — 0 with z in A. Now, since f is continuous, one obtains

F(A)> f(x) = lim f(r,) =y,
establishing the result.
7.4. Hints/Answers to Tests
SOLUTION 53. No! (Why?)...
SOLUTION 54. Use the sequence defined by z,, = n...
SOLUTION 55. Apply Baire’s theorem to [0, 1]...
SOLUTION 56. Use Exercises 4.5.9 & 7.3.25.



CHAPTER 8

Function Spaces

8.2. True or False: Answers

(1) False! We provide a counterexample. Let

ful) = —

1 + nx
It can be shown that (f,,) is decreasing. Also, it is plain that

1
1' = 0 =
n1—>I£lo 14+ nx f(x)

, 0<z < 1.

and so f is continuous on (0,1). Nonetheless,

sup |fu(z) — f(x)] = sup

O<z<1 O<x<1

=1 0
14+ nx 70,

i.e. the convergence is not uniform.
If, however, the (f,)s are defined on a compact set, then
this is true (Dini’s theorem).
(2) True! Let x < y. Since z — f, is increasing, f,(z) < fu(y)
for each n. Hence

tim f,(2) < i fuly) = f(2) < f(y),
i.e. f is increasing.

REMARKS.
(a) The result remains true if "decreasing" replaces "increas-
ing" and the proof is very similar.
(b) The result is no longer true if "strictly increasing" replaces
"increasing". The reader should try to give a counterex-
ample.

(3) If (f,) is a convergent sequence of bounded functions, then its
pointwise limit f need not be bounded. Let (f,,) be defined as
follows

x

e, |z[ <m,

h@ﬁ:{ 0, |z|>n

235
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Then every (f,) is bounded (why?). Its pointwise limit, which
is clearly seen to be f(x) = e”, is not bounded on R.

But, if the convergence is uniform, then the uniform limit
must be bounded. we give a proof although it is similar in core
to that of Exercise 7.3.14.

Since (f,) converges uniformly to f, for all € > 0 and in
particular for ¢ =1,

AN eN, VneN, n>N = |f,(z) — f(z)] <1 forall z € R.

But all (f,,)s are bounded and in particular fx is. Whence for
some positive C' and all x € R: [f(x)] < C. Therefore, for
each z € R

[f(@)] < [f(x) = fn(@)] + | fx(2)] <1+ C,
i.e. f is bounded.

(4) False! and f,(z) = 2™ on [0,1] is again a counterexample.

Then (f,) converges pointwise to the nil function on [0, 1).
The convergence remains uniform on [0, a] for each 0 < a < 1
as

lim sup |[z" —0] = lim a" =0

n—o0 OSISG n—oo
and we already saw above the the convergence is not uniform
on [0,1).

(5) False! The following is a counterexample: f,(z) = (1 —xz)" on

(0, 1]. Details are left to the reader.

(6) Although continuity implies Riemann integrability, the result

does not hold in general (that is, we still need uniform conti-

nuity).
As a counterexample, let (f,,) be defined on [0, 1] as follows
4n’y, 0 <z <o
fa(z) = ¢ —4n’z+4n, 5 <z <
0, T or<d

It is clear that (f,) converges p01ntvv1se to f(z) = 0 for all
x € [0,1]. Drawing a graph tells us that fo fo(x)dz is actually
the area of a triangle of apexes (0,0), (,0) and (s£,2n). So

/ fo(x)de = — x (2n) x ; 1.

However,

1
lim fn<x)dx:1¢ hm fo(@)da = / flx
0 — 00

2n?

n—o0
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REMARK. In the Lebesgue Integration Course, we do not
even need uniform convergence for the result to hold. Many
handicaps will then be overcome, in a different context though.
This will not be discussed in the present book.

(7) False! Consider f,(z) = £ defined on [0, 1]. Then it is evident
that f, converges pointwise to f(x) = 0 for every = € [0, 1],
though

<
lim f/(z) = lim 2" = { (1)’ 0 ;if L # f'(z) =0.

n—oo n—o0

8.3. Solutions to Exercises

SOLUTION 8.3.1.

(1) Tt is clear that (f,,) converges pointwise to the zero function
(defined on [0,1]). Call this limit f.
2) We can also easily show that (f,,) converges uniformly to the
y & y
f, i.e. that

lim sup |f.(x)— f(z)| =0.

N0 2e(0,1]

SOLUTION 8.3.2.
(1) We have

=0

M fulw) = lim f

for every x € [—1,0]. Hence (f,) converges to the zero func-
tion. Designate this limit by f.
(2) Let us verify that the convergence is uniform. We have
nx

e
lim sup |fu.(z)— f(z)| = lim sup —fhm— 0.
"”O%e[fl,o]’ ( ) ( )‘ =00 1c[—1,0] \/ﬁ n—r00 \f

(3) We obviously have
fi(z) =vne™, ¥V—1<z<0

which does not converge pointwise on [—1,0] for f}(0) = \/n.
A fortiori, it does not converge uniformly.

REMARK. We may show that (f,,) converges pointwise to
f =0 on [—1,0), but it still does not converge uniformly to
the zero function on this interval.

SOLUTION 8.3.3. We apply Dini’s theorem. Thus we have to show
that (P,) is monotonic and it converges uniformly to |z|. We first claim
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P,(z) < |z| for all n. To prove it, we use a proof by induction. It is
clear Py(x) =0 < |z| (for all z). Assume P,(z) < |z|. Then

2] = Poya(2) = [z] = Pu(z) — %(le — Pu(2))(|2] + Pa(2))
1

= 5(lz] = Bu(@))(2 — |2] = Fu(2)) 2 0

by the induction hypothesis and « € [—1, 1] hypotheses. We can easily
check that P,(x) > 0 for all n and all . To apply Dini’s theorem, it
only remains to check that (P,) is monotonic. It is in fact increasing
as for all n (and all z € [—1,1])

Poii(z) = Po(z) > 0.

Therefore, (P,(x)) is an increasing and bounded above sequence and so
it converges (pointwise) to some f(z) (with 0 < f(x) < |z|). Finally,
it is clear that f(x) verifies 2? = f?(x) or f(z) = |x|. Thus, all the hy-
potheses of Dini’s theorem are gathered, implying that (P,) converges
uniformly to |x|.

SOLUTION 8.3.4. The sequence (f,) converges pointwise, com-
pactly and uniformly to the function z +— 0.

As for (g,), it converges to x — g(z) = z; pointwise and compactly,
but not uniformly.

SoLuUTION 8.3.5. To show that V is closed, we take an arbitrary
sequence, (r,) say, in V, i.e. (fu(x,)) is Cauchy in Y, and we must
show that its limit  remains in V, i.e. (f,(z)) is Cauchy in Y.

If p, g, n are positive integers, then we may write

&' (fp(x), fo(w)) < d'(fp(x), fp(wn))+d (fo(wn), falwn))+d (fo(x), fo(2))-

Let € > 0. Since (f,,) is continuous at z, for some a > 0 and all n € N
and all y € X

d(r.y) < o= d(fu@), fu(y) < 5.

But d(x,,x) — 0, and hence there exist n’ € N for which d(z,/, z) < a.
Therefore,

! € !
d (folww), fo(2)) < 5 and d(fo(zw), f5(2)) <
for all p,q > n’. We also observe that (f,) is Cauchy, so

Wl M

In" >n', Vp,qeN: (p,g>n" = d'(fozn), folzw)) < %)
Thus it becomes clear that
Ve >0,3n" € N: Vp,g e N: ((p,q > n" = d'(f,(x), fy(x)) <e),
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(fu(x)) is Cauchy, i.e. x € V so that V is closed.

SOLUTION 8.3.6.

(1) Since k is continuous on the compact [0,1]? it is uniformly
continuous. This implies that

V€ >0, Ja >0, Vr,y,t € [a,b] : (|z—t] < a = |k(z,y)—k(t,y)| <&).
But (f,,) is bounded, hence
IM >0: Yee[0,1]:|fa(x)] < M.

Let = be fixed. Let ¢ > 0. Set £ = 7. Since k is uniformly

continuous, we may find o > 0 such that |z —¢| < a such that

€

‘k(xvy) - k(t7y)‘ <§= M

K fula) — K fu()] < / (2, ) — k(t, )| | Fa(9)ldy

1
<M / k(2 ) — k(t,9)|dy
0
1
£
<M —d
< / =y
<g,

ie. (Kf,) is equicontinuous at each x € [0, 1], hence it is so
on [0, 1].
(2) Set (K f,) = H. The set H(x) is bounded for each z. Hence

its closure is a closed and bounded set in usual R, so H(x) is
compact. By Ascoli theorem (K f,) is relatively compact.

SoLuTION 8.3.7. Since all the moments are worth zero, so is their
sum and hence

[ sty =o

where p(z) = a,z" + - - - + a1z + ap is any polynomial with real coeffi-
cients. Now, the function f, being continuous on the compact set [a, b],
is bounded and hence for some positive C' and all x € [a,b]: |f(x)] < C.
By the Weierstrass theorem, for every € > 0, there exists a polynomial
q such that

[f(z) —q(z)| <
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for all x € [a, b]. By the above observation, fab f(z)q(x)dz =0 too and
hence we have
b b
0< [ Plaide = () - Felate)is
b
~ [ 5@ @) - )

/f@ﬂﬂ@—ﬂ@ﬂr (why?)

< [ W@IF@ - aw)ds
<Ce.

Since this is true for all e, we immediately deduce that f; fA(x)dx =0

which, combined with the fact that f? is continuous and positive, yield
f2(z) =0 for all z € [a,b] and thus f = 0.

SOLUTION 8.3.8. Set
dwo(f,9) = sup [f(z) — g(z)| for all f,g € C([0,1],R).

z€[0,1]

First remember that we have to find a dense and countable set
in C([0,1],R). Let f € C([0,1],R). If we come to show that for
every ¢ > 0, there exists a polynomial g with rational coefficients such
that doo(f,g) < e, then Exercise 1.2.4 (which tells us that the set
of polynomials with rational coefficients is countable) will allow us to
conclude that C([0, 1], R) is separable.

Since f is continuous on [0, 1], there exists -by means of the Weier-
strass theorem- a polynomial p such that do(f,p) < e. If all the
coefficients of p are rational, then we have our polynomial. Otherwise,
p will have irrational coefficients (not necessarily all). So if we assume
p has degree n, then

n
p(r) = ana” + -+ oz +ag =Y _ o’
=0
where not all a; (1 = 0,1,...;n) are rational. Now, it is clear that
every interval centered at «; with length 2e contains a rational 5; (and

hence |a; — ;] < € for each 7). Thus we have recovered a polynomial ¢
with rational coeflicients f3; written as

q(z) = Buz" + -+ Prr + Py = ngﬂi.
=0
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Therefore, it only remains to approximate p(x) by ¢(z) (in the
supremum distance). We have for all = in [0, 1]

Ip(z) = g(w)| <Y 18— aila’ < e(n+1)
=0
which implies that do.(p,q) < e(n + 1). Thus
doo(fq) < doo(fp) + doo(p,q) <e(n+1) +e=¢(n+2)

and the proof is complete (those who are superstitious may play with
the epsilons in the beginning so that they get one nice epsilon in the
end!).

8.4. Hints/Answers to Tests

SOLUTION 57. The sequence (f,) converges pointwise to - on
(—=1,1)...The convergence is not uniform on (—1,1) but it is so on

[—a,a] where a < 1.

SoLuTION 58. The given sequence converges uniformly to the
function defined by f(z) = z...

SOLUTION 59. f is continuous (why?)...

SOLUTION 60. Yes (prove it!)...






10.
11.

12.
13.
14.
15.

16.

Bibliography

C. D. Aliprantis, O. Burkinshaw, Problems in Real Analysis, Academic Press,
1999.

V. Bryant, Metric Spaces: iteration and application, Cambridge University
Press, 1985.

G. Cohen, A Course in Modern Analysis and Its Applications, AMSLS 17,
Cambridge University Press, 2003.

J. B. Conway, A Course in Functional Analysis, Springer, 1990 (2nd edition).
J. Dobosg, Sums of closed graph functions. Real functions (Liptovsky Jan, 1996).
Tatra Mt. Math. Publ., 14 (1998), 9-11.

I. Kaplansky, Set Theory and Metric Spaces, AMS Chelsea Publishing, 1977
(second edition), reprinted by the AMS in 2001.

S. Lipschutz, Schaum’s Outline of Theory and Problems of General Topology,
Schaum’s Outline Series: McGraw-Hill Book Company, 1965.

P. E. Long, Classroom Notes: Functions with Closed Graphs, Amer. Math.
Monthly, 76,/8 (1969), 930-932.

J. M. Mgller, General Topology, http://www.math.ku.dk/ moller.

J. R. Munkres, Topology, Prentice Hall, 2000 (2nd edition).

W. Rudin, Principles of Mathematical Analysis, McGraw-Hill International
Editions, Mathematics Series, 1976 (3rd edition).

W. Sierpinski, Un théoréme sur les continus, Téhoku Math. J., 13 (1918) 300-
303.

Y. Sonntag, Topologie et Analyse Fonctionnelle (French), Ellipses, 1998.

L. A. Steen, J. A. Seebach, Jr, Counterezamples in Topology, Dover, 1995.

M. Stoll, Introduction to Real Analysis, Addison-Wesley Higher Mathematics,
2001 (2nd edition).

W. A. Sutherland, Introduction to Metric and Topological Spaces, Oxford Uni-
versity Press, 1975.

243






Algebraic number, 7

Baire space, 85

Basis (or base), 27

Boundary (see also Frontier), 27
Bounded function, 11

Cauchy sequence, 83
Clopen set (metric space), 10
Clopen set (topological space), 24
Closed
set (topological space), 23
ball, 10
function, 46
set (metric space), 10
Closure, 25
Compact, 61
Compactification, 73
Comparable topologies, 25
Complete, 83
Component, 76
Connected, 75

Continuous function (metric space),

11
Continuous function (topological
space), 45
Contraction, 85
Convergence
(metric space), 47
(topological space), 47
(on) compacta, 96
pointwise, 95
uniform, 95
Cover, 61

Dense, 26
Diagonal, 55
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Diameter, 11

Equicontinuity, 97
Equivalent metrics, 13
Extended real line, 28

First countable, 41
Fixed point, 85
Frontier (see also boundary), 27

Graph (of a function), 47

Hausdorff (see also separated), 25
Homeomorphism, 45

Inequality
Cauchy-Schwarz, 16
triangle, 9
Holder, 15
Minkowski, 15

Interior, 25

Interval, 75

Isolated point, 25

Isometry, 12

Lebesgue number, 74

Limit point, 25

Limit point compactness, 62
Locally compact, 63

Locally connected, 82

Metric
a metric, 9
space, 9
discrete, 9
Hausdorff, 72
Supremum metric, 16
usual, 9

Metrizable, 24
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Moving bump, 54 Sphere, 10
Subalgebra, 97
Neighborhood, 24 Subcover, 61
Net, 59
Nowhere dense, 27 Theorem
Arzela-Ascoli, 98
Open Baire, 84
set (topological space), 23 Cantor. 84
ball, 10 Dini, 96
cover, 61 Heine, 64
elementary, 29 Tychonoff, 64

function, 46
partition, 75
set (metric space), 10

Topological property, 46
Topological space, 23

Topologically equivalent metrics, 13
Path, 77 Topology

Path-connected, 77 a topology, 23
Projection, 55 co-countable, 35

co-finite, 35
Relatively compact, 62 coarser, 24
discrete, 23
Second countable, 41 finer, 24
Separable, 27 indiscrete, 23
Separated (see also Hausdorff), 25 K-topology, 37
Sequential compactness, 64 lower limit, 37
Sequential continuity, 48 product, 29
Set quotient, 29
derived, 25 subspace, 28
bounded, 11 upper limit, 37
Cantor, 4 usual, 23
convex, 77 Total boundedness, 65
countable, 3 Transcendental number, 7

infinite, 3
uncountable, 3 Uniform continuity, 12
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