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Nguyén Ii Dirichlet va #ng dung trong cac dang todn co ban

LOI NOI AU
Trong cac ki thi chon ddi tuyén, chon hoc sinh gisi cac cip hién nay, cac bai
toan Dai 6 so cip dang xuat hién it dan trong cac dé thi, thay vao d6 1a sy xuét hién
ngay cang nhiéu caa céac bai toan Sé hoc, T hop. Cac bai toan nay chiém ti I& khéa
cao trong thang diém. Dac biét, cau T hop thuong dugc hoc sinh mic dinh ngam Ia
cau kho nhét trong dé thi. Tuy nhién, néu nam viing mot s phuong phap, cau T6
hop hoan toan c6 thé dugc giai quyét. Mot trong nhirng phwong phap co ban nhét 1a
sir dung nguyén Ii Dirichlet, hay con goi 1a nguyén Ii “chudng va thé”, nguyén i
ngan kéo, v.v... Nguyén li Dirichlet c0 noi dung kha don gian, song lai la cong cu
quan trong va c nhiéu (g dung sau sac trong toan hoc.

Trong gi6i han khudn khé dé tai, tac gia xin duogc trinh bay cac khai niém vé
nguyén Ii Dirichlet va ¢tng dung ctia nguyén Ii trong 2 dang toan: Té hop va Bdt dang
thitc. Do da ¢6 nhiéu tai liéu viét vé cac bai toan str dung Dirichlet nén céac bai toan
trong duogc tac gia dua ra trong phan ¢ng dung la nhiing bai toan hay va mang tinh
chon loc. Hy vong dé tai s& gilp ich cho nhitng ai chua quen V&i viéc sir dung
Dirichlet dé giai toan.

Mac dU rat ¢6 gang nhung chac chan dé tai van con nhing thiéu sot, mong
nguoi doc théng cam va gop ¥ dé deé tai duoc hoan thién hon.
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Nguyén Ii Dirichlet va #ng dung trong cac dang todn co ban

Phan I:
KHAI NIEM VE NGUYEN LI DIRICHLET

1. Vai nét vé nquyén li Dirichlet:
N guyén |i Dirichlet dugc dat theo tén cua nha toan hoc

nguoi Bac Johann Dirichlet (1805-1859). Ong 1a nguoi

dau tién dé xuat va phat biéu nguyén If nay vao nim 1834.
Nguyén ly nay c6 rat nhiéu ang dung quan trong trong hau hét
cac linh vuc todn hoc. B6i véi cac ban hoc sinh, day 1a cong cu
khong thé thiéu khi gap nhitng bai todn ma cac phuong phap
thong thuong khéng mang lai hiéu qua.

2. Nquyén li Dirichlet:

e Nguyén Ii Dirichlet c6 nhiéu cach phét biéu khac nhau, sau day 1a cach phat
biéu dudi dang “ngan kéo™:
Néu xép n vdt vao m (m = 2) ngdn kéo thi ludn ton tgi it nhat 1 ngan cé
chira it nhdt || vat. (K hicu [a] dé chi s6 nguyén nho nhét khong nho hon a).
Hoac: Néu xép nm + k (n > k) vdt vao m ngdn kéo thi ludn ton tgi it nhat 1
ngdn cé chia it nhat n + 1 vat.

Chung minh: Gia sir tt ca cac ngin déu c6 nhiéu nhat 1a m vat, khi d6 tong sé vat
sé khong vuot qué mn, diéu nay vo ly. Do d6 nguyén li dugc chiang minh.

e Loi thé cua nguyén Ii Dirichlet 12 ta c6 thé chi ra sy ton tai cua mot doi tuong
ma khéng can quan tdm dén tinh chét cia dbi twong d6. Ching han khi ta phan hoach
mét tap hop gom 10 phan ti thanh 3 tdp con, thi du ta khong biét nhixng phan tir 46
la gi, ta van cd thé khang dinh rang ton tai mét tdp con cd cheza it nhdt 4 phan tiz.

e Khi giai toan, mudn ap dung nguyén Ii Dirichlet, can phai nhan ra hai yéu té,
d6 1a “vat” va “ngan”. C6 kha nhiéu bai toan, hai yéu té nay xuat hién kha map mo
trong dé bai, doi hoi ching ta phai ¢d ki niang dé nhan ra ching. Cac bai toan trong
phan 11 s& cho chlng ta thay rd hon diéu nay.
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Nguyén I Dirichlet trong gidi toan Té hop

Phan II:

UNG DUNG CUA NGUYEN LI DIRICHLET
TRONG CAC DANG TOAN CO BAN
1. T6 hop:

% Do da c6 nhiéu chuyén dé n6i vé cac bai toan Té hop nén tac gia chi xin dua
ra nhitng bai todn hay va mang tinh tiéu biéu.

Vi du 1: Cho bdng 6 vuéng kich thuéc 2000 x 2001 (hang x cét). Hay tim sé
nguyén dwong k 16n nhdt sao cho ta c6 thé t6 mau k 6 vudng con cua bang thda man
diéu kién: hai 6 vuéng con ndo dwoc t6 mau ciing ko ¢6 dinh chung.

VMO 2001 — Bang B

Giai:
Panh sb cac hang tir trai qua phai, cac cot tir trén xudéng dudi.
Quy udc: 6 ¢d toa d6 (i;j), (i,j € N*,i < 2000,j < 2001), 146 nam ¢ hang i, cot j
e Chia bang 0 vudng nhu sau:

1 2 3 4 1999 2000 2001

1999

2000
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Nguyén I Dirichlet trong gidi toan Té hop

Dé thay rang bang 6 vudng dugc chia thanh 1000.1001 mién phan biét.

e Gia str ¢6 nhiéu hon 1000.1001 6 vudéng dugc t6 mau. Theo nguyén Ii
Dirichlet, c6 it nhat hai 6 vuéng dugc t6 mau nam trong cung mét mién, tuc la ton
tai hai 6 vubng duoc t6 mau c6 chung dinh, diéu nay trai véi gia thiét.

Suyra, k <1000.1001

e Taséchiracachtothéak = 1000.1001:
T6 tt ca cac 6 6 toa d0 (2x — 1,; 2y — 1),Vx, y € N*, x < 1000,y < 1001

D& thay céch td trén thoa dé va sé 6 duoc t6 12 1000.1001
Vay, gia tri Ién nhat cua k 12 1000.1001

> Nhan xét: Pay 1a bai toan kha d&, y tuang chia bang 6 vudng thanh cac mién
phan biét Ia rat rd rang.

Vi du 2: Véi méi s6 nguyén dieong n, (n = 2), ta xét mét bang 6 vuéng n x n. Mdi
6 vudng con durgc 0 béi mau dé hodc mau xanh. Tim sé n nhé nhdt sao cho véi méi
cach t6 ta lubn chon duwoc mét hinh chiz nhdt kich thuwéoc m x k (2 < m,k < n) ma
bon 6 vudng con ¢ 4 goc cua hinh chiz nhdt nay ¢6 ciing mau.

Dé thi chon doi tuyén HSG 16p 10 — KHTN Ha Noi (2014 — 2015)
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Nguyén I Dirichlet trong gidi toan Té hop

Goi mdt hinh chit nhat (HCN) thoa mén dé bai 1a mot HCN tét.
< Voin € {2;3; 4} thi ton tai cach td sao cho khong ton tai HCN tét.

Ta chang minh: vn € N*,n > 5, hinh vudéng n X n luén ton tai mot HCN tét.
% V6in =5, xét hinh vuéng 5 X 5:

Theo nguyén Ii Dirichlet, mi cot ludn tdn tai it nhat 3 & cling mau.

< Néu ton tai mot cot co 5 6 do (xanh), dé thay ludn ton tai mot HCN tét voi 4
dinh mau xanh (d0).

< Né&u ton tai mot cot c6 4 6 do hoic xanh. Gia sir cot 6 co 4 6 do:
Ta thay rang trong 4 cot con lai néu ¢é nhiéu hon mot cot co 2 6 d6 thi s& ton tai mot
HCN tét v6i 4 dinh mau do. Do d6 trong 4 cot con lai chi c6 nhiéu nhat mot cot co
2 6 d6. Tic 1a ta s& ¢6 3 cot 6 it nhat 4 6 xanh, do d6 ton tai mot HCN t6t véi 4
dinh mau xanh.

< Xét truong hop tat ca cac cot duoc to 3 6 do, 2 6 xanh hodc 3 6 xanh, 2 6 do:
Theo nguyén li Dirichlet, c6 it nhat 3 cot c6 3 & duoc t6 cing mau, khong mat tong
quat gia su cac 6 nay dugc t6 cung mau do.
Xét 4 hang bat ki trong 5 hang. Do hang con lai ¢6 toi da 3 6 d6 nén tong sb 6 do
cua 3 cot & 4 hang nay khong nho hon:

33—3=6=4+2

Do d6 theo nguyén Ii Dirichlet, ton tai 2 cot ¢ cung 6 do & 2 trong 4 hang nay nén
ton tai mot HCN t6t voi 4 dinh mau do.

Vay, ludn ton tai mot HCN tét trong hinh vudng 5 X 5.
Véin > 5, hinh vudng n x n chia hinh vudng 5 X 5 nén ludn ton tai mot HCN tét.
Vay, n = 5 1a gia tri nho nhat thoa man dé bai.

> Nhan xét: Pay 1a cau t6 hop cua dé thi chon doi tuyén cua truong KHTN duoc
dang trén Dién dan VMF. Y tudong dén khé tu nhién théng qua viéc cé gang tim mot
cach vé thoa truong hop n = 5. Tac gia doan rang khong thé vé& dugce nhu vay, vay
tuong su dung nguyén li Dirichlet dugc nay sinh. Céng viéc con lai chi la chia truong
hop va giai quyét bai toan.
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Nguyén I Dirichlet trong gidi toan Té hop

Vi du 3: Cho A va B la hai tdp con cua tap {1;2; 3;...; 100} thoa |A| = |B| va
|A N B| = @. Xde dinh sé phan tiz 6n nhdt cia tdp A U B sao cho véin € A, ta ludn
co2n+ 2 € B.

Pé thi dé nghi Olympic truyén thdng 30/4 (2011-2012)

Giai:

Vi2n+2€BmaBc{1;2;3;..;100} nén: 2n + 2 < 100 = n < 49
Do do6: A c {1;2;3; ...; 49}
Tachiatap {1;2; 3; ...; 49} thanh 33 tap con nhu sau:
Nhém 1: Gom 16 tap con chira dung 2 phan tir: {1; 4}, {2; 6},{3; 8}, {5; 12},{7; 16},
{9;20},{10; 22}, {11; 24}, {13; 28}, {14; 30}, {15; 32}, {17; 36}, {18; 38}, {19; 40},
{21; 44}, {23; 48}. Céc tap nay déu c6 dang {x, 2x + 2}.
Nhém 2: Gom 17 tap con chira ding 1 phan tir: {25}, {26}; {27}, {29}, {31}, {33},
{34},{35},{37}, {39}, {41}, {42}, {43}, {45}, {46}, {47}, {49}.
Neu |A| > 34, khi d6 theo nguyén li Dirichlet ton tai it nhat mot trong 16 tap con &
nhom mc}t cd 2 phan t&géu thuoc tapA, tac la ton tai 2 sO x va 2x + 2 cung thudc
tap A, diéu nay méau thuan vai gia thiét.
Suyra, |[A| <33=>|AUB|=|A|+|B|—|AnB| =2|A| <66
Ta chon hai tap 4, B nhu sau:
Chontap A: A ={1;2;3;5;7;9;10;11;13; 14; 15;17; 18; 19; 21; 23;

25;26;27;29;31;33;34;35;37;39;41;42;43;45;46;47; 49}
Chontap B: B = {2n + 2|n € A}
RG rang 2 tap A, B thoa dé va |[A U B| = 66
Vay, s6 phan tir 16n nhat cua tap |4 U B| 1a 66.

> Nhan xét: Ban chat bai toan kha don gian, tuy nhién dé giai ding né thi can
phai c6 sy kién nhan trong viéc phan hoach tap {1;2; 3; ...; 49}. Pay 1a mot trong
nhitng bai rat dé sai dap so.
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Nguyén I Dirichlet trong gidi toan Té hop

Vi du 4: Cho tdp X = {1;2;3; ...; 15}. Goi M 1a mét tdp con cia X théa diéu kién
tich 3 phan ti bat ki ciia M déu khéng phdi 1 s6 chinh phwong. Tim sé phan tir lon
nhat cua M.

IMO Shortlist 1994

Giai:

Goi bo ba phan tir bat ki cia X ¢4 tich 14 sb chinh phwong 13 mot bo xau.

Chia tap X thanh 5 tap con nhu sau:

Ay ={1;4;9}, A4, ={2;6;12},A; = {3;5;15},A, = {7;8;14},B = {10; 11; 13}
Ta thay rang cac bo ba phan tir cua 4;(i = 1,2,3,4) déu la cac bo xau.

Néu |M| = 12 thi theo nguyén Ii Dirichlet, c6 it nhat 2 trong 5 tap trén I tap con
cua M, suy ra co it nhat mot bo xau duoc chira trong M. Suy ra |M| < 11.

Gia s |[M| = 11. Ap dung nguyén |i Dirichlet, cd 1 trong 5 tap trén la tap con cua
M. Dé M khdng chtra b xau thi tap B phai la tap con caa M, cac tap 4;(i = 1,2,3,4)
mdi tap ¢ 2 phan tir thuoc M.

ViB c Mnéntac6 10 € M. Ta co hai bo xau di véi 10 1a (2; 5; 10), (6; 10; 15).

D& thay rang thay rang néu ca 3 va 12 khong thudc M thi s& c6 it nhat mot trong hai
b Xau trén dugc chaa trong M.

Suy ra3 € M va 12 € M. Tuy nhién ta lai c6 hai b xau di véi 3 va 12 1a hai bo
(3;12;1),(3;12;9). Mat khac 1 va 9 déu thuoc tap A,, nén chic chan co it nhat
mot trong hai phan tir nay thudéc M. Diéu nay dong nghia voi viéc mot trong hai bo
X4u trén s& duogc chia trong M, gdy mau thuan véi gia thiét.

Suyra, [M| < 10.

Ta s& chi ra tap M c6 ding 10 phan tir thoa yéu cau dé bai:
M ={1;4;5;6;7;10;11;12;13; 14}

Vay, s6 phan tir 16n nhat caa M 1a 10.

» Nhan xét: Bai toan nay ciing thugc dang phan hoach tap hop nhu bai trén,
nhung lai 12 mot bai toan kha kho, doi hoi tinh tu duy t6 hop cao. Viéc chia tap hop
dé chi ra [M| < 11 1a diéu d& nhan ra, nhung dé chi ra |M| < 10 thi lai 1a ca mot
van dé. Pay 1a mot bai toan rat hay va tha vi.
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Nguyén I Dirichlet trong gidi toan Té hop

Vidu5: Chon + 1 56 nguyén duwong khac nhau va nhé hon 2n. Chiing minh tén tai
ba sé trong n + 1 56 dé ma mét sé bang tong hai sé kia.

Giai:

Goi n + 1 s6 nguyén duong da cho 1 a;, a,, ..., ay4q

Khong mat tong quéat giasi: 1 < a; <a, < -+ <a, < a1 <2n—1
bath;=a;—a; (i=23,..,n+1).

Suyra:1<b, <b; <--<b,<byy <2n-1

Xét day 2n s6 a,, s, ...; Qpiq; by; b3; oo by yq. CAC SO NAY Nhan 2n — 1 gié tri khéac
nhau nén theo nguyén Ii Dirichlet, co it nhat 2 s6 trong day trén bang nhau.

Mét khac ta co: a; * aj,bi * bJ,Vl i],Z < l,] <n+1
Ngoairaa; # b;, Vi = 2,3,...,n+ 1 (do a; # 0)
Suyratontaia, =b, (x #y,2<x,y <n+1)
Hay a, = a, —a;, ® a; +a, =aq,
Vay, ta c6 diéu phai ching minh.

> Nhan xét: Pay 1a mot bai toan thudc dang xay dung day s6. Y tuong la tao ra
mét ddy c6 2n sd va nhan 2n — 1 gia tri khéac nhau, tir &6 suy ra trong day c6 hai s6
bang nhau. Pé tuyén sinh cia truong chuyén Nguyén Du Pak Lak (2014 — 2015) ¢6
mot cau tuong tu Voi n = 2013, nhung lai cho gia thiét 1a cac s6 tu nhién nén khong
thé chimg minh duoc.

Vi du 6: Cho 2014 s¢ tir nhién bat ki. Chizng minh rang luén ton tai 729 sé ¢6 tong
chia hét cho 729.

Pé thi chon doi tuyén tinh — chuyén Nguyén Du ik Lak (2014-2015)

Giai:

% Ta chang minh bo dé don gian:
Trong 5 s6 tu nhién bat ki ludn tdn tai 3 sb c6 tong chia hét cho 3. (1)

Chuang minh: Goi 5 s tu nhién da cho 1a a4, a,, as, as, as. Goi 5 sb du cua 5 sb nay
khi chia cho 3 twong tng la by, by, b3, by, bs.
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Nguyén I Dirichlet trong gidi toan Té hop

e Néucacsd b;(i = 1,2,3,4,5) chi nhan cing mot gia tri 0,1,2 thi dé thay 3 sd
bat ki trong a; déu c6 téng chia hét cho 3.

e Néu céc sb b; nhan 2 gia tri trong 3 gia tri 0,1,2 thi theo nguyén Ii Dirichlet,
ton tai 3 s6 €O gia tri bang nhau. Gia sit b, = b, = b thia, + a, + a; : 3.

e Néu cac sb b; nhan ca 3 gia tri 0,1,2. Gia sit by = 0,b, = 1,b; = 2 thi
déthiy a, + a, + as i 3.

Vay, bé dé (1) dugc chiang minh.

% Ta chiing minh bé dé tiép theo:

Trong 53 s6 tu nhién bat ki ludn tn tai 53 s6 c6 tong chia hét cho 27. (2)

Chueng minh:

Goi tap 53 so ty nhién di cho l1a A. Taco: |A| = 53 = 17.3 + 2
Ap dung bé dé (1), ton tai 3 phan tir c6 tong chia hét cho 3, goi tong nay 1a B,
Bo di 3 phan tir trén, p dung bd dé (1), ton tai 3 phan tir ¢ tong chia hét cho 3, goi
téng nay 1a B,
Ctr tiép tuc 1am nhu vay...
Mata co: 53 = 3.17 + 2 nén suy ra ton tai 17 s6 B; c6 tinh chat tuong tu.
Xét 17 sb B; (i € {1;2;...;17}), chitng minh twong tu nhu trén, ta c6 17 = 5.3 + 2
nén ton tai 556 C; (j € {1;2; 3;4; 5}) sao cho mdi s 1a tong cua 3 s6 B; va chia hét
cho 3. Mat khéc cac s6 B; nay chia hét cho 3 nén suy ra cac sé C; chia hét cho 9.
X€t 550 C; & trén, ap dung bo de (1), ton tai so D sao cho D la tong cia 3 s6 C; va
D : 3. M3t khac cac so C; nay chia hét cho 9 nén suy ra D : 27. Ngoai ra, D con la
tong caa 3.3.3 = 27 phan tir cia A.
Tir day suy ra bd dé (2) duoc chitng minh.

% Tro lai bai toén: Ta chirng minh bai toan van con ding véi 1457 s6 ty nhién.

Goi tap 1457 s6 tu nhién da cho 1a X. Ap dung b6 dé (2), chiung minh tuong ty nhu
trén, ton tai tong S : 27.27 = 729 va S tong cta 27.27 = 729 phan tir cia X.

Vay, bai toan dugc ching minh.
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Nguyén I Dirichlet trong gidi toan Té hop

> Nhan xét: Mau chét cua bai toan 1a viéc phét hién ra 729 = 3° dé dua bai toan

vé c4c bd dé don gian hon. Bai toan nay con cd thé tong quat hoa nhu sau:
Trong 2n — 1 s¢ ludn ton tai n sé ¢6 tong chia hét cho n.

Loi giai cua bai toan téng quat nay twong ddi dai va dugc ding trén bao Toan hoc
va Tuodi tré sb 383, tac gia xin phép khong néu Ién ¢ day.

> Chu y: Loi giai trén di theo con duong: 3 — 3% — 3°. Ta ¢ thé chitng minh
duoc bai toan bang cach sir dung bd dé (1) ma khdng can chitng minh bé dé (2).
Tuy nhién theo tac gia cach lam trén s& ngin gon hon.

> Nhan xét chung: Y tudng cua cic bai toan trén 13 tao ra hai yéu té “vat” va
“ngan kéo” dé &p dung nguyén li Dirichlet. D6 c6 thé 1a “diém” va “mién”, “phan
ta” va “tap hop”, v.v... Nam duoc hai yéu té nay thi bai toan tré nén don gian. Tuy
nhién ciling c6 mot s6 bai toan ma viéc ap dung nguyén Ii Dirichlet chi 1a budc khai
dau cho mot chudi suy luan, danh gia logic nhu bai toan & VD4. Hy vong nhung bai
todn trén s& gilp cac ban gop nhit nhiing kinh nghiém trong viéc giai toan Té hop.
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Nguyén Ii Dirichlet trong gidi toan Bdr dang thirc

2. Bit ding thicc (BDT):

< Ung dung caa nguyén |i Dirichlet trong viéc giai cac bai toan Dai s6 so cap
(phuong trinh, hé phuong trinh,...) 1a khong dang ké. Tuy nhién, van c6 mot sé bai
toan Pai s6 duoc giai bang phuong phap st dung nguyén Ii Dirichlet, dién hinh 1a
mot s6 bai toan vé BDT ba bién ddi xang.

% Trong phuong phap nay, thuong thi ta dy doan diém roi caa BDT rdi dénh gia
mot s dai luong f(a) = f(b) = f(c) = 0 sao cho hop ly. Muc dich la dé danh
gia cac dai luong khong thuan nhét.

% Ta s& xét ba VD m¢ dau dé thiy duoc su hiéu qua ctia phuong phép trén:

Vidu 1: Cho a, b, c 1a cac sé thue dirong. Chirng minh rang:

a? + b% + c? + 2abc + 1 = 2(ab + bc + ca)

> BDT trén co thé ching minh bang BBT Schur bac 3. Tuy nhién, ching ta thir
s& giai quyét no bang cach sir dung nguyén Ii Dirichlet:

Giai:

Xét 3sba—1,b—1,c— 1. Ap dung nguyén i Dirichlet, cé it nhat 2 trong 3 s6
trén ciing dau. Khong mat tong quat gia sira — 1 va b — 1 cuing dau, ta co:

(a—-1)(b—1)=20ab+1=>a+b < 2abc = 2ac+ 2bc — 2c
Ta can chang minh: a? 4+ b? + ¢2 + 2ac + 2bc — 2c + 1 = 2(ab + bc + ca)
S@-5b)+(c-1)?%*=0
Diéu nay hién nhién dung.
Pang thac xay rakhivachikhia =b = ¢ = 1.

> Nhan xét: Pay 1a vi du co ban nhat vé phuong phap sir dung nguyén Ii
Dirichlet. Trong vi du trén, ta di du doan diém roi tai @ = b = ¢ = 1, rdi st dung
nguyén Ii Dirichlet danh gia cac dai lugnga — 1,b — 1,c — 1, sau do str dung phép
nhom binh phuong dé hoan tat chitng minh. C6 thé thay rang phuong phap nay da
lam cho BPT don gian di rat nhiéu. Trong cac VD s6 4, 5, 6, ta sé thay dugc su hiéu
qua ctia phuong phap nay khi két hop véi phuong phap don bién.
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Nguyén Ii Dirichlet trong gidi toan Bdr dang thirc

Vidu 2: Cho a, b, c > 0. Chi#ng minh rang:

abc + /(1 +a3)(1 +b3)(1+c3) = ab + bc + ca

Ap dung nguyeén Ii Dirichlet, trong 3 sba—1,b— 1Lc—1coit nhit 2 sb clng dau.

Khdng mat tong quat gia sira — 1 va b — 1 cung dau, ta co:
(a—-1Db-1)=20=ab+1=2a+b © abc+c=ac+bc

Ap dung BPT Holder ta co:

(13 +a®>)(13 +b3(c®+1) = (c + ab)?

Suy ra: abc + /(1 + a3)(1 + b3)(1 + ¢3) = abc + ¢ + ab = ac + bc + ab
Pang thuc xay rakhivachikhia=b = ¢ = 1.

> Nhan xét: Cam giac ban dau vé bai toan 1a su phuc tap véi 16p can bac ba va
cac biéu thuc khong thuan nhat véi nhau. Tuy nhién 1oi giai bang nguyén Ii Dirichlet
& trén lai cho thay diéu nguoc lai.

Vi du 3: Cho a, b, c > 0, chizng minh rang:

i[(a—1)2+(b—1)2+(c—1)2]>a+b+c
NG >

abc + 2 +

Giai:

Ap dung nguyén Ii Dirichlet, trong 3séa — 1,b — 1,c — 1 ¢c6 it nhat 2 sé cung dau.
Khdng mat tinh tong quat gia st a — 1 va b — 1 cling dau, ta co:

(a—1D)b-1)=20ab=a+b-1

Nhu vay ta can chiing minh:

c(a+b—1)+2+\/—1§[(a—1)2+(b—1)2+(c—1)2]2a+b+c

@-1D*+0b-124+(c-1%=2V2(a+b-2)1—-0)
Ap dung BPT Cauchy-Schwarz (C-S) va BT AM-GM, ta c6:
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Nguyén Ii Dirichlet trong gidi toan Bdr dang thirc

(a+b—2)2
2

>V2[(a+b—-2)(c—1)|=V2(a+b-2)(c—1)
Pang thac xay rakhivachikhia = b = ¢ = 1.

> Nhan xét: Pay la dé thi tuyén sinh I6p 10 KHTN — Ha Nbi. Kho c6 thé kiém
duoc loi giai nao phu hop hon cho BDT nay, dac biét 1a trong &p luc phong thi.

(a—1D?>+B-1)%+(c-1)?*> + (c — 1)?

> Nhu vdy qua ba VD trén, budc dau ta da thiy duoc sy hiéu qua cia phuong
phap sir dung nguyén Ii Dirichlet trong mot s6 BDT d6i xang khong thuan nhat,

> Bay gio ta s& xét mot s6 BPT su dung phuong phap don bién bang cach sir
dung cac BDT kinh dién két hop vai nguyén Ii Dirichlet:

Vi du 4: Chitng minh BPT sau diing véi moi s6 thuc dirong a, b, c:

(b + c — a)? N (c + a — b)? N (a+b—c)? >3(a2+b2+c2)
202+ (b+c)? 2b2+4+(c+a)? 2c2+(a+b)2~ 2(a+b+c)?

> Nhan xét: Vi mot BDT thuan nhat phiic tap nhu trén thi diéu dau tién ta nghi
tGi 1a str dung phuong phap chuan héa dé 1am don gian hoa bai toan.

Giai:
BDT di cho thuan nhit vé6i 3 bién a, b, c néntachuan héaa + b + ¢ = 1.
BDT dugc viét lai thanh:

(1—2a)? (1 — 2b)? (1-20)2 3
> 2 (n2 2 2
3¢ —2a+1 30— 2b+1 3c2—2c1122@& ThH )

Xét3sda— § b — § c— % Ap dung nguyén Ii Dirichlet thi it nhat 2 c6 trong 3 s6

A A A =9 9 A r \ 1 hY 1 7z
trén cung dau. Giasr2sodola b — S vac— -, taco:

o< (p_L D\ Loy o2 < (2 21
<(b-3)(c-3) o +e<(3-a) +3

Bay gio ap dung BPT Cauchy-Schwarz ta co:

(1—2b)? . (1-20° (2 —2b — 2¢)?
3b2—2b+1 3c2—2c+1 - 3(b%+c2)—=2(b+c)+2
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Nguyén Ii Dirichlet trong gidi toan Bdr dang thirc

B 4q? B 12a?
) 1 " 9q%2—-6a+5
3(§—a) +3-2(1—a)+2
Mat khac, ta co:
2 21 4 5
20 p2 02 <cq2 0 (2 C=2q2——q+ =
a‘+bc+c°<a +(3 a) +9 a 3a+9
Vay ta chi con phai chirng minh BDT mot bién a sau:
(1 —2a)? N 12a? > ) +5
307 —2a 11 007 a5 2% T2ty
(1 —2a)? 12a?

1
A + —=>3a*-2a+=
3a2—2a+1 9a2—6a+5 2-°% 7473

(3a — 1)?(13a%? — 6a + 5) 1 X
—(3a —-1)
2(3a? —2a+1)(9a? —6a+5)
(3a — 1)?(54a* — 72a3 + 33a* — 14a — 5) -
6(3a? —2a + 1)(9a? — 6a + 5) -
Ta can chiing minh:54a* — 72a® + 33a®> — 14a —5<0

& (a—1[a(54a? —18a? +15) + 1] —4 < 0 ()
Via,b,c>0, a+b+c=1=0<a<1= (x)ding.
Vay, BDT dugc chang minh.
Pang thac xay ra khivachikhia = b = c.

> Chuy 1: Ta khéng nén chuan héa a + b + ¢ = 3 vi s& lam céc hé sd trong
BDT 16n hon, v6 tinh gay nén kho khin cho cac budc bién doi tiép theo.

> Chu y 2: O budc phan tich nhan tir ¢é chimg minh BBT mat bién sau cuing,
néu ta dd du doan duogc dang thuc xay ra khi a = b = ¢ = k thi s& luén xuét hién
nhan tir a — k hoac (a — k)?2.

Vidu 5: Cho a, b, c 1a cac sé thuc théa mdn a + b + ¢ = 3. Chiing minh:
1 1 1 1

<
5a2 —4a + 11 +5b2—4b+11 +502—4c+11 4
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Nguyén Ii Dirichlet trong gidi toan Bdr dang thirc

Giai:

Xét3séa—1,b—1,c— 1. Ap dung nguyén Ii Dirichlet thi it nhat 2 c6 trong 3 s6
trén clng dau. Gia st 2s6 d61ab — 1 vac — 1, ta co:

0<(b-D(c-1eb*+c*?<(2-a)+1

Ta thay rang khdng thé &p dung ngay BDT C-S vi BPT sé& bi d6i chiéu. Ta s& bién
d6i BDT nhu sau:

1 1<(1 1 >+<1 1 )
5a2 —4a+11 20~ \10 5b%2—-4b+11 10 5¢2—4c+11
2[b? + (2b — 1)?] +2[c2 + (2c — 1)?] - 9 + 4a — 5a?

*
5b%2 —4p + 11 5¢2 —4c+ 11 _5a2—4a+11()
Ap dung BPT Cauchy-Schwarz, ta co:
3b—1)2 3c—1)? 3(b +¢) —2)?
VT, > ( ) N ( ) > [3( ) — 2]
5b2 —4b+11 5c?—4c+11  5(b?+c?)—4(b+c)+22
- (7 — 3a)? _9a* —42a +49
~52-a)2+5-43—-a)+22 5a%-16a+35

Vay ta can chiang minh:

9a2—42a+49> 9 + 4a — 5a?
5a? —16a + 35 ~ 5a? —4a+11
2(a —1)%(35a? — 103a + 112) -
(5a? — 16a + 35)(5a? — 4a + 11) —

BDT nay hién nhién ding.

Pang thac xay rakhivachikhia=b = ¢ = 1.
> Cha y: Néu ta bién d6i BDT thanh:

v = (- spirm) - o)

5a2—4a+11 ~\8 5b2—4b+11 8 5c2—4c+11

2b—1)>+b?>+1%2+1%> (c—1?+c?+1%2+12 8
5b% — 4b + 11 * 5c¢2—4c+11 252 —4a+ 11

1=
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Nguyén Ii Dirichlet trong gidi toan Bdr dang thirc

thi dé xuat hién binh phuong & tir cua hai phan thic, ta can phai 4p dung BPT C-S
cho 4 s6. R3 rang ta dd 1am cho vé trai cia BDT yéu di nhiéu hon so véi cach giai
“chuan”. Két qua 1a BDT mét bién a cubi ciing s& khong lubn dung Va € R:

(a — 1)?(45a? — 276a + 211)

>0 ()
(5a% — 16a + 35)(5a% — 4a + 11)
Vi du 6: Cho a, b, c 1a cac sé thue dirong. Chirng minh:
a N b N c ’+ 8abc -5
b ¢ a (a+b)(b+c)(c+a) ™

Giai:

Pay 1a mot BDT hoan vi nén ta s& dua nd vé dang d6i xiing bang cach dat:

= — = - ——C >0 =1
— — — $ —
X Y C,Z X,z ,XYZ

BDT can ching minh tuong dwong:

8
x+D+D(E+ 1)

Jx+y+z-2+ 2 (%)

Ap dung nguyén Ii Dirichlet thi it nhat 2 c6 trong 3 s6 x — 1,y — 1,z — 1 cling
dau. Gia sirx — 1 vay — 1 cung dau, ta co:

x—1Dy-D=20sx+Dy+1)<2(xy+1)

4
> VT = |2 xy+z—2+
) \/ Tz oy +Dz+ 1)
bit \/xy = t (t > 0), ta can chang minh:

1 4
2+ 5 —2+ - > 2
2 —_
(t +1)(t2+1)

V23 — 2t2 + 1 4t2 -0
®< t ) [(t2+1)2 ]—
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Nguyén Ii Dirichlet trong gidi toan Bdr dang thirc

2t3 —3t2 +1 (t? — 1)?
< T (+2 7 =
t(V2t3 =2tz +1+¢t) 2+ 1)
2t +1 t+ 1)2
s (t—1)2 ( )

— =
t(V2t3 —2t2+1+¢t) (2 +1)?
Té6i day thi ta chi can chitng minh nhan tir trong ngoic vudng luén duong.
Ap dung BPT AM-GM, ta co:

2t + 1 (t+1)? 2t + 1 (t +1)?

— 2 —_
t(\/2t3 —2t2 4+ 1+ t) (tz + 1)2 t? + (2t3 2— 2t% + 1) 4 ¢2 (tz + 1)2

283t -1+t 2t + 27 + 2t + 1
B (2t3 +t2 4+ 1)(t2 + 1)2

Vay, BDT dugc chirng minh.

>0 (dot > 0)

Pang thac xay ra khivachikhia = b = c.

> Nhan xét chung: Qua céc vi du trén ta thay rang nguyén Ii Dirichlet khéng
chi c6 ich trong nhitng bai todn mang tinh Té hop ma con gilp ching ta rat nhiéu
trong viéc giai toan BPT. Y tuong chu dao 12 st dung nguyén li ¢é 1am don gian
BDT ban dau, sau d6 két hop véi cac phuong phap khac nhu nhém binh phuong,
don bién, str dung cac BPT kinh dién,... Hy vong ngudi doc s& thay thich thl véi
phuong phap nay va thuong xuyén ap dung no.
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Nguyén li Dirichlet va #ng dung trong cac dang todn co ban

TAI LIEU THAM KHAO

= Mot sd tai liéu tir Internet, dic biét I3 tir diendantoanhoc.net

= Tap chi Toan hoc va Tudi tré.

= Sir dung phwong phdap Cauchy-Schwarz dé chimg minh bdt dang thitc cua
V& Qudc B4 Can — Tran Qudc Anh.
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