(a —b)*(b—c)*(c —a)’

Nguyén Van Huyén
(SV truong Dai hoc GTVT, thanh ph6 Ho Chi Minh)

Trong bai viét nhd nay tic gia xin dudc gidi thiéu véi ban doc nhiing ting dung thi vi xoay
quanh viéc khai thac dai lugng (a —b)?(b —¢)?(c —a)? két hop véi ky thuat pgr. Du nhiing
16i giai va bién ddi trong bai doi khi kha cong kénh nhung huéng di lai rat truc quan va hiéu
qua. Hy vong k¥ thuit nay sé cung cip cho ban doc c6 mot sd y tudng ban dau trong lic bdi
ri trude mot bt dang thiic khé, ciing nhu it viéc danh gia va dang thifc sé tim dudc 1i gidi
gon va dep hon.

V6i moi s6 thuc a, b, ¢ batky ta ludn c6
P = (a—b)*b—-c)*(c—a)*>0. (0.1)

Néudit p=a+b +c, g =ab+ bc + cavar = abc (cich dit ny sé thong nhét cho ca bai
viét) thi ta c6 thé biéu dién
4(p* —39)° — (2p> — 9pq + 27r)*

P = p?¢®> —4q® + 2p(9q — 2p*)r —27r% = 57 . (0.2

D6i véi nhitng ai tiing nghién cifu va st dung qua k¥ thuat pgr, khai trién trén khong qud xa la
nhung lai it dugc st dung vi kha cong kénh. Bai viét nay sé khai thic truc tiép bién ddi trén va
ting dung trong xt ly mot sb biéu thifc hodn vi. Hy vong qua day, ban doc sé tim thiy su thd vi
riéng ciing nhu nét doc ddo clia bat dang thic.

Trong phin nay, ta sé dung k¥ thuit pgr dé truc tiép xi ly nhiing bt dang thic c6 chita dai
luong (a — b)(b — c¢)(c — a). Trubc tién, dung khai trién (0.2) d€ chuyén bai toan vé dang pgr.
Sau do, dua trén nhiing diéu kién cta dé bai tim ra mdi lién hé gitia p, g va r. Tu do, c6 nhiing
danh gid thich hop hodc don vé mot bién va khio sat ham. D& hiéu 6 hon, mdi ban doc ciing
xem cac bai toan sau day.

Bai toan 1. Cho ba sé thuc a, b, ¢ va t > 0 cho trudc théa man diéu kiéen a + b + ¢ = 0,
a? + b% + ¢? = 6t2. Tim gid tri Ion nhdt cia biéu thitc

F=la—-b)b—-c)(c—a)l. (1.1)
(Nguyén Viin Huyén)
Loi gidi. Tur gia thiét ta c6

(@a+b+c)®—(a®+b*+c?)
q: =
2

—3¢2,
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dodé p =0, g = —3t% suyra
F? = p%q®> —4q¢® +2p(9q — 2p*)r —27r?
= 27(41% —r?) < 27 - 4t° = 108¢°.
Viy F < 6+/3t3 dang thifc x4y ra khi va chi khi

abc =0
a+b+c=0
ab + bc + ca = =3t

Tiic a, b, ¢ 1an ludt 1a ba nghiém cta
x3=32x =0.

Giai phuong trinh nay ta dudc (a, b, ¢) = (+/3t, —+/3t, 0) ciing céc hoan vi. Diéu nay cho
phép ta két ludn Fya = 6+/31°. O

Nhan xét. Truong hgp ¢t = 1 ta dudc bai toan sau:

Cho ba s6 thuc a, b, ¢ théaman a + b + ¢ = 0va a®> + b* + ¢2 = 6. Tim gid tri 6n nhdt ciia biéu thiic
F=(a—b)b-c)c—a)l.
(Turkey JBMO 2014)

Bai todn 2. Cho a, b, ¢ la ba sé thuc bdt ky. Chitng minh rdang
15
(a—b>b—-c)Y+bB-c)c—a)’+(c—a)Pa->b)’+ T(a —b)*(b—c)*(c —a)* 0.

(Liu Qian Bao, Nguyén Viin Huyén)

Loi giai. Patx =a—b, y=b—c, z=c—athix + y + z = 0 bai toan tr thanh

15
x3y3 + y323 + 233 4+ Zxzy222 <0. (1.2)
Vi
Py 4y 207 = (xy 4+ yz 4+ 20)° = 3(xy + y2)(yz + 2x)(2x + x)
=xy+yz+ Zx)3 + 3x2y222

— q3 + 3’,2’
nén (1.2) tuong duong voi
4q3 +27r2 0.

D@ thy day chinh 1a (0.2) trong trudng hop p = 0 nén né hién nhién ding. Pang thic xay ra khi
vachikhia + b = 2¢, b + ¢ = 2a hoac ¢ + a = 2b. Bai toan dudc ching minh. O

Bai toan 3. Tim hdng s6 M nhé nhdt sao cho bdt ddng thitc
lab(a® — b?) + be(b* — ¢) + ca(c? —a®)| < M(a® + b* + %),

Iuén diing vdi moi sé thuc a, b, ¢ thay doéi bdt ky.

2
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(Finbarr Holland, IMO 2006)
L&i gidi. Ta chican xét a? + b? + ¢ > 0, va thdy yéu cau ctia bai toan dong nghia véi viéc tim
gi4 tri 16n nhét ctia biéu thiic
P lab(a® — b?) + be(b* — ¢?) + ca(c? — a?)|
- (a? + b2 + c2)?
_lla+b+c)a—-b)b—c)c—a)l
N (a% + b2 + ¢?)? '

Néu thay (a, b, ¢) béi (—a, —b, —c) thi bai toan vin khong d6i nén ta c6 thé gidsia +b +c > 0
vachudnhdéaa + b + ¢ = 1, khi d6

4(1-3¢)3—[27r—(9¢—2)]2
:|(a—b)<b—c>(c—a>|:\/ T 2(1-39)y3(1-39)

d (1-29)2 (- 29 91— 2¢)?
Piit
2(1-3¢)y/3(1=39)
flgy = 2SOV,
thi

£q) = (1+649)3g—-1)
32 — 1)3/3(1-3q)’

do d6 phuong trinh f'(¢) = 0 c6 nghiém duy nht ¢ = —1. Lap bang bién thién ta thy

1 92
< —— | = =
ro<s(-5) ="
Do dd6 F < 93%5, dezmg thic xay rakhi p = 1, g = —é, r = —514, tic a, b, ¢ 1an ludt 1 ba
nghiém cua
t3—t2—lt—|—l—0
6 54
T do6 ta dugc
2-32 2 +32
a=——-¢c,b=——— ¢,
2 2
hoac
—11 + 642 —2+34/2
a=———-¢c,b=—-——-c.
7 7
Vay gi4 tri nhé nhit can timla M = 93%5. ]

Bai toan 4. Tim hdng s k 16n nhdt sao cho bdt ddng thiic

2 2 2 _ _ —4\?2
a4+ b*+c 1>(ab b—c ca)

_— 1.3
ab + be + ca a+b+b+c+c+a (1-3)

Iuén diing vdi moi sé thuc a, b, ¢ khéng dm théa man ab + be + ca > 0.

(Nguyén Vin Huyén)
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Loi giai. Véia =2+ /3, b =1, ¢ = 0thi (1.3) tr6 thanh k < 9. Ta sé chiing minh k = 91a
gi4 tri 16n nhét can tim, tiic chiing minh

a’? +b% + 2 >0 a—b+b—c+c—a 2
ab + bc + ca a+b b+c c+a)’
hay la
a’ + b% + 2 N 9(a —b)*(b — ¢)*(c —a)?
ab + bc + ca “ (a+b)2b +c)(c+a)?

Déi bién vé pgr nhu sau

p?—3¢q N 9[p%q* — 49> + 2p(99 — 2p*)r — 27r?]
q (pqg —r)?

’

hoac
(p* =39)(pq —1)* = 9q [p*q* — 4q° + 2p(9q — 2p*)r —27r%]. (1.4)
Chuén héa p = 1 va nhém lai theo r bat dang thic (1.4) tré thanh
(1 + 2409)r? + 2q(17 — 789)r + ¢*(1 — 6¢)* > 0.

Néu 0 < ¢ < 37 thi bét dang thic hién nhién ding. Con néu LI < ¢ < 1 dit

f(r) = (1 +240q)r* +2q(17 = 78¢)r + q*(1 — 6q)>.

Ta co ,
Ay =lg(17 =718¢))” — (1 + 2409)g*(1 — 6¢)°
= —288¢%(1 —3¢9)(1 —29)(5¢ — 1).
Dé thiy 1 > 3g > 2g va

17 7
50—1>5——1=— > 0.
78 78
Cho nén A'f(r) < Osuyra f(r) > 0. Pang thiic xdy rakhia = b = ¢ hoic § = 2443, ¢=0
cung cac hoan vi. [

Bai toan 5. Vdia, b, ¢ la ba sé thuc dwong va s6 thuc k > 0 cho trudc théa man diéu kién

(a—i—b—i—c)(é—i—%—i—%):(k—l-fi)z.

Chitng minh rang
(@a—=>b)(b—c)(c—a)

abc

< VK3 (k + 4).

(Nguyén Viin Huyén)
L5i gidi. Chd y rang

(@ —b)(b—c)(c—a)

abc

_ \/(a —b)?(b —c)*(c —a)?

a2b?c?

B \/pzqz —4q3 +2p(9q —2p%)r —27r2
— 3 .

(1.5)
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r(k + 3)?

Tit gid thiét tacéd p = , thay gia tri ndy vao (1.5) va bién déi, ta dugc

(@ —b)(b—c)(c—a)

abce

k+36}’2 3
SN
q r

= \/(k+3)4+18(k+3)2—27—4[

Theo bét dang thiic AM-GM thi

k—|—36r2 3
( 3) +q_2
q r

> 2(k + 3)°,
do dé

(a—b)(b—c)(c—a

abc

) < V(k +3)* + 18(k 4+ 3)2 — 27— 8(k + 3)3 = Vk3(k + 4).

Ding thiic x4y ra khi chang han

a k+2+JkGk+dH b k+2- Jkk+4)
c 2 e 2 '

Chiing minh hoan tit. O
Bai toan 6. Chitng minh rdng

P =x+ DO =y +DE—z+ 1) 2 (x =)y —2)( —x), (1.6)
trong do x, v, z la ba sé thic thay doi bdt ky.

(Ji Mun Kwon)

Loi giai. Thay (x,y,z) boi (1re, 1tb, 1te

) bét déng thic (1.6) trd thanh
(a®> +3)(b* +3)(c>* +3) > 8(a —b)(b—c)(c —a).

Theo bit ding thiic AM-GM thi
2

%+6q+27>0,
va

p2+2pr+r?>0.
Do do

(a® + 3)(b* + 3)(c? + 3) = a®b*c? + 27 + 3(a®b* + b*c? + c*a®) + 9(a® + b* + ¢?)
=r? +274+303p* +q*—2pr —6q)
2

= —(p2 +2pr) — (% + 6q) + 3(3p2 + q2 —2pr —6q)
8
=3 [30°=39) + (a* = 3pr)]

16
> ?\/3(192 —3q)(q2 —3pr).

5
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Nhu vay ta can chi ra
4(p> =3q)(q*> —3pr) = 3(a —b)* (b —c)*(c —a)?,
tuong duong voi
4(p> =3q)(q*> —3pr) = 3[p?q> —4q° + 2p(9q — 2p*)r — 2777,

thu gon thanh
(pg —9r)* > 0.

Dang thiic xdy ra khi va chikhi y = 21, x = ;& z # 0, z # 1 cing cdc hoan vi. Chiing
minh hoan tat. L

Nhan xét 1. Loi gidi dua vao y tudng clia anh VO Qubc B4 Cén trén dién dan AoPS.
Bai toan 7. Cho ba s thuc a, b, ¢ théa mdn déng thoi cdc diéu kién
a+b+c=0, a’>+b*+ % =3.

Chitng minh rang

<a’bh +b’c 4+ c’a < =3. (1.7)

NS} N}

(Nguyén Vin Huyén, Lé Viét Hdi)
L&i gidi. Tir gia thiét ta c6

3
ab—i—bc—i—ca:—i

a’b* + b*c* 4+ c*a? = -
a*+b* + ¢ = 3abc
Vi
a’b+b°c+c’a=(a+b+c) Za“b — (a“b2 + b*c? + ¢*a® + abc Za3)
= —(a*h* + b*c* + c*a® + 3a*b*c?).

nén ta cé thé viét (1.7) lai du6i dang

3 < a*h?® 4+ b*c? + c*a? + 3a*b%c? < (1.8)

NS} Ne)

Lai c6
2(a*b? + b*c? + c*a?) = Z a* Z b*c?* — 3a*b*c? — l_l(a2 —b?)
27 272 2 2 12
= I—Ba b“c —H(a —b”),
nén (1.8) tuong duong véi

9 3
3a%b*c? — 2 < (@ = bH)(b% = c?)(c? — a?) < 3a*bh?c? + T
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hay

9 3
3r? — 2 < (@® = b*)(b? — c*)(c* —a?) <3r* + e

Ta ching minh

3
(a®> = b*)(b* — ) (c* —a®) <3r2 + T

That vay, vi
(a2 . b2)(b2 . CZ)(CZ _ a2) < |(a2 . b2)(b2 . CZ)(CZ _ 02)‘
— @+ b2 + e +ay-(@—b>(b—c)c—ay
= V(pq —1)2[p?q* — 4¢3 + 2p(9q — 2p*)r — 27r?]
\/27r2(l —2r2)

2 9
va R , 5
27r=(1 —2r”) , 3 9 ., s
— 3 -] =——@r" =1 <0,
2 ( T 4) T
A A, 22 P ~ . 2 P 5 . s ” . 1 _ < _ 3 -
nén bat dang thiic trén ding. Dang thic xdy ra khi va chi khi r? = 5. p =0vag = —3 tic

a, b, c 1a ba nghiém cua

s 3,1
2 B
t3——t—i—L:0
2 VB
(a*> = b*)(b*> —cH)(c*—a*>) >0

Giai hé phuong trinh nay ta dudc (a, b, ¢) la mot hoan vi cia mdt trong hai bd ba dudi day

4 2 4 2
{(ﬁcosg, V2 cos ?ﬂ —+/2cos %) (—«/Ecos ?n —/2cos ?n V2 cos %)}

Tiép dén ta chiing minh
9
(a®> = b>)(b*> — ) (c* —a®) > ~21 + 3r2.

Danh gid tuong tu, ta c6

27r2(1 — 2r?)

(@ =b*)(0* = *)(c* —a®) = —\/ 5

Do d0 ta chi can chi ra

2 _ 2
\/27;« (1—2r2) . 2_3}’2.
2 4

Chii y rang r2 < % cho nén bat dang thiic nay ding vi

27r2(1 — 2r?) (9
4

g 9
—=3r*) =—-—(@8r*-3)*><0.
2 16

7
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Diéng thiic xay rakhi vachikhir? =3, p=0vag = -2 tUC a, b, ¢ labanghiém cua
3, \[
2
3 \[

— —t +

(a —bz)(bz— ®)(c*—a®) <0

Giai hé phuong trinh nay ta dudgc (a, b, ¢) la mot hoan vi cua mot trong hai bo ba dudi day

{(ﬁcos i, —+/2sin 2—7[, —ﬁsinz), (—\/Ecos 17[_8’ \/Esinz—n, x/isinz)}.

18 9 9 9 9
Bai toan dugc chiing minh. [

Sang phan nay, ta sé tiép tuc khai thac dai lugng P trong viéc xi ly cc bat dang thiic hoan vi.
DAy 1a mot hudng phat trién khéc clia pgr dudc goi 1a “ pqr hodn vi” va dudc thuc hién nhu sau.
Bién ddi khéo 1éo cic biéu thiic hodn vi d& 1am xuét hién Q = (a —b)(b —c¢)(c —a) cling 12 mot
dai luong hoén vi. Tuy nhién, ta hoan toan c6 thé biéu dién Q dudi dang pqr thong qua danh gia
0 <|0| = «/_ P dén day, stt dung (0.2) va ta giai tiép bang pgr. Luu y ring, ngoai cac quan hé
sin c6, ban than bt dang thiic P > 0 ciing da cho ta mot danh gid tuong quan giita p, ¢ va r.

Bai toan 8. Vdia, b, c la cdc sé thie va t > 0 cho trudc théa man diéu kiéna + b 4+ ¢ = 0 va
a? + b? 4 ¢? = 6t2. Chitng minh rang véi moi so thuc k ta luén co

a’b + b*c + c?a + kabe < 2l3\/m.
(Vé Quéc Bd Cdn)
L& gidi. Chd y riing v6i moi sb thuc x ta ludn ¢6 max{—x, x} < v/x2, do d6
2(a®b + b*c + c%a) = Zab(a +b)—(a—b)(b—-c)(c—a)
=pq—3r—(a—>b)(b—rc)(c—a)
< pg =3+ V(@ —=b)2(b—c)*(c —a)*.

Cho nén
b+ b+ c2q < P73 T V(a —52?)2(1? —¢)?(c —a)2
hay la
-3 —4qg3 +2p(9 2p? 27r2
b+ ble 4 cta < P4 r+ v p2q? q2+ p(9q —2p)r =272 2.1
Tir gia thiét dé thdy p = 0, ¢ = —3¢2, 4p dung (2.1) ta c6
_ 2,2 _ 4,3 902y — 972
a’b + b%c + c%a + kabe < pq —3r + \/p 4" —4q° +2pOq = 2p7)r = 27r + kr

2
3 3
= (k—5)7+§V12t6—3r2
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Xét ham so

f(r):(k—%)r—l-%m.

Tinh dao ham

’ 3 Or
Pe=k—o——
S ) 2 24/1216 —3r2

Do d6 phuong trinh f'(r) = 0 ¢6 nghiém

132k —3)
VkZ -3k +9

r =rg =

Lap bang bién thién ta thiy
2 2 2 3 3 3
a“b +b“c +c*a + kabc < f(ro) = k—E r0+§ 12¢6 —3r§

(i3 132k —3) +§ 12t6_3t6(2k—3)2
B 2) Jk2=3k+9 2 k2 —3k +9

=213Vk? =3k +09.

Nhu vay
a’b + b?c + c%a + kabe < 2t3Vk? -3k 4+ 9.

Dang thiic x4y ra khi va chi khi

a+b+c=0
ab + bc + ca = -3¢t
32k —3)

VEKZ—3k +9
(@a—b)(b—c)c—a) <0

2

abc = £+

Bai toan dugc chiing minh. [

Nhan xét. Truong hgp k = 0, ¢ = 1 ta dugc bai toan sau:

Cho ba s6 thuc a, b, ¢ théa mdn diéu kién a + b + ¢ = 0va a® + b? + ¢? = 6. Chiing minh ring
a’b + b%c + c?a < 6.
(British MO 1986)
Bai todn 9. Cho ba sé thuc a, b, ¢ théa man diéu kién a®> + b* 4 ¢ > 0. Chiing minh rdang

ﬁ<a3b+b3c+c3a 1

8  (a24+b2+c2)2 T3

(Vasile Cirtoaje, Dan Chen)
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L&i gidi. Ta c6 hai bd dé sau

P+ 9p%q —27¢% + 2/1p*(p* — 3¢)3

3b b3 3 <
a’v +o°c+c’a 7

(2.2)

va

p* + 9p%q — 279> — 2/7p*(p* — 3¢)>

3 3 3
a’b+b’c+c’a>
27

(2.3)
Chd y ring
2(@’b +b3c + c*a) =Y ab(a®> +b*) — (@ +b+c)a—b)(b—c)(c—a)
=p’q—2¢"— pr+(a+b+c)a—b*b—c)c—a)

Cho nén

20 — pr —2q? 2[p2g2 — 4¢3 + 2p(9g — 2p2)r — 27r2
b+ e 4+ da< LA q* + v/ p*lp%q q> +2p(9q —2p*)r r].

2
Xét ham sb
£y = P’q — pr—24> + Vp*[p*q* — 44> + 2p(9q — 2p?)r — 27r?]
> ,
tinh dao ham ta dugc
£ = p*[p(9q —2p*) — 27r] P
2/ p?[p?q> — 44> +2p(9q —2p*)r —27r2] 2

Do d6 phuong trinh f”(r) ¢6 nghiém

_ 14p® +63pq — /7(p* —3q)*

189

14p® + 63pq + \/7(p* — 39)*

189

Io

ry =

Lap bang bién thién ta thiy

p* =+ 9p%q — 2747 + 24/7p%(p? — 39)?
27 '

f(r) < f(ro) =
Bit dang thic (2.3) ching minh tuong tu. Quay tré lai bai todn, ta sé chiing minh
(a® + b* + ¢?)? > 3(a’b + b3c + c3a).

Ap dung (2.2) ta can chi ra

9(p* —2q)* = p* + 9p>q — 27¢* + 2/1p2(p* — 3¢)>. 2.4)

Pit p? = kq bit dang thiic (2.4) tré thanh

7\’ P> P\’ 2\’
9(172—2'?) >P4+9P2'?—27(?) +2 7P2(P2—3’7),

10
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tuong duong voi

8k? — 45k + 63 > 2/7k(k — 3)2,

9k —3)*(2k —7)* > 0.

Hién nhién diing, dang thiic xay ra khi va chi khia = b = ¢ hoic

thu gon thanh

a b c
- 247 227 .2
sin” 3 sin” =

sin” 7 '
Tiép dén ta chiing minh

8
Vi

(a@®> + b*> 4+ c*)? + (a@*b + b3c + c%a) > 0.

Ap dung (2.3) ta can chi ra dudc

8 p*+9%q—214> = 2VIp’(P* = 39)° _
V7 27 -

Dit p? = kq bit dang thiic (2.5) trd thanh

0. (2.5)

(p*—29)* +

4 2, p? 2\’ 2( 2 2\’
(p o 7) A 27 -
hay la
2 2 7(k —3)
277 (k —2) + 8(k* 4 9%k —27) > 16k(k — 3) — (2.6)
batx =,/ ]%3 >0,thik = 1_3x2 thay gia tri nay vao (2.6) va thu gon lai ta dudc
3(V7=2) [1832 + 2(VT = 1)x + 2+ V7| (2x =3 = V7’
> 0.
2(x2—1)2
Tir d6 suy ra diéu phai chiing minh. O

Bai toan 10. Cho ba s thie khong dm a, b, ¢ théa mdn a + b + ¢ = 3. Chitng minh rang
1
a’*b + b*c + c*a + abc [1 + g(az—l—bz—i—cz—ab—bc—ca)] < 4.

(Vé Quéc Bd Cdn)
Loi gidi. Trude hét ta co
20,2
r <4 (p2 q) _ 2.7)
2p(2p* —3q)
Ap dung danh gia

9g —2p?) + 2/ (p? = 3q)3
rgp(q p)J;7 (p q>,(xem6(3.2)),

11
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va bat dang thiic AM-GM, ta c6

2_3¢g)-2-(n%2—=3g)- 2_3
27r < p(oq —2p%) + L2739 (P> —349) - pVP>—3q

p(p?—2q)°
. (P*=39) [( 230 + p2(p - 3q)]
< p(9q —2p°) + > 3
p(p*—34)
_ 27¢*(p* — q)
2p(2p% —3q)’

Tiic (2.7) diing. Quay trd lai bai toan, 4p dung (2.1) ta can chiing minh

pq —3r + \/p2q® —4q3 + 2p(9q — 2p?)r — 27r2
2

1
+r [1 + g(p2—3Q)] <4,

hay la

VP22 —4q3 +2p(9q — 2p2)r —27r2 < 24— 32 —q)r — 9q. (2.8)

Ta s€ chi ra
32—q)r +9qg < 24.

Thét vdy, vi p = 3 nén tu (2.7) ta dugc

¢’P’-9) _4*’O0-9)
T 2p2p2-3q)  18(6—¢q)

do dé 22— DO
7°2—-9)9—¢q
32—-q)r+9g < + 9¢.
6(6 —q)

Mat khac ta lai co

’Q2-q9)9—q) _
66—q T4TH= 66—q)

(@ =3¢’ +36+46-9)(2q +2D] _ 0

cho nén
32—¢q)r +9qg < 24.

Nhu vay vé phai ctia (2.8) 1a mot s6 khong am, két hop véi p = 3 ta binh phuong hai vé va nhém
theo 7 bat dang thiic (2.8) trd thanh

R7+Q2—9)2r2+2Bq + 1992 —q¢)r +4(g + 4 (2 —¢q)* > 0.

) =RT+ Q-9 +2Bq+199Q —q¢)r + 4(g + 42 — g9)°,

Aoy = Bq + 1922 = q)* = 427 + 2 — ¢)*1(q + 42 — q)?
= —4(4q + 152 —-¢)*3—¢g)* <0.

Do d6 f(r) > 0, dﬁngthﬁ’cxéiyraldlivéchikhia =b=c=1lhoaca=0,b=1,¢c=2
cung cac hoan vi. Bai toan dudc chiing minh. [

12
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Bai toan 11. Cho ba sé thuc khéng dm a, b, ¢ thay déi théa mdna + b + ¢ > 0vak # 0 cho
trudc sao cho

3
a’> +b* +c* = (l—l-m)(ab—l—bc-l-ca).

Chitng minh rang

k=2)k+1? _  abe  _ (k+2)(k—1)

~ ~ 3.1
27k3 (a+b+c)d 27k3 G-I

(Nguyén Vin Huyén)

Loi gidi. Do
p2q2 — 4q3 +2p(9q — 2p2)r —27r2 >0,

la mot tam thiic bac hai theo r va tam thic nay c6
’ 2
A =[p(q —2pH] +27(p*q* — 44°) = 4(p* = 3¢9)° > 0,
cho nén

p(9q —2p*) —2/(p?> —39)> S 2p?) + 2/ (p? —39)?

< 3.2
27 ' 27 G:2)
Viét gia thiét bai toan lai dudi dang
2
(a+b+c)= kz_l(ab—l—bc—l—ca),
} (k> —1)p? U
tic g = EEEYE R thay cac gia tri nay vao (3.2), ta dudc
LE2Dp? 5,2 2 _n., &2-Dp? 3
r<1’[9 i 2p]+2\/[1’ e SR s
h 27 27k3 '
Dang thiic x4y ra khi va chi khi (1 — k_—iz) a = b = c. Tuong tuy
LE2=Dp? 5 2| 2 _ q. (K2=1)p? 3
r>1’[9 e — 2] 2\/[1” ] w2
g 27 27k3 '
Ding thiic xdy ra khi va chi khi (1 + Z25)a = b = c. Viy
(k —2)(k +1)? LA (k +2)(k —1)?
27k3 S op3 27k3 '
Bai toan dugc chiing minh. O
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Nhan xét. Truong hgp k = 2 ta dugc bai toan sau:
Cho ba s6 thicc duong a, b, ¢ théa man diéu kién a®> + b? + ¢? = 2(ab + bc + ca). Chiing minh ring

b
SRR N
Vabc
(Iran MO 2014)

Bai toan 12. Vdia, b, ¢ la ba sé thuc dwong va k la sé thue cho trudc théa man diéu kién

a2+b2+62=( 1)(ab+bc+ca).

k2 —
(a) Chitng minh rang néu k > 1 thi

a_ b c 32k* -k +2)
b+c c+a a+b 22k+1(k-1)

(b) Chitng minh rdng néu k > 2 thi

a b c 32k?* + k +2)
+ + > .
b+c c+a a+b  20k+1)2k—-1)

(Nguyén Vin Huyén)

k? —1)p?
Loi giai. (a) Tuong ty nhu trén ta cé g = % va

3 12
0<r<p(k+2)(k 1)’
27k3

cho nén

k2
a_ b L _p(P*+q) 3 pl:p+(3k12)p:|
- _, - (k>=D)p> _ p3(k+2)(k—1)2
b+c c¢c4+a a+b pq—r p- &0 £2¢

_ 3Q2k? -k +2)
202k + I)(k—1)°

-3

Dang thiic x4y ra khi va chi khi (1 k+2) a=b=c.

(k —2)(k + 1)?

T > 0, do do

(b) Tuong tu do k > 2 nén

(k==1)
a b c _ p(p*+q) 35 P[P+ 3kzp}

+ + — = -
— (k2-1)p?2 _ p3(k—=2)(k+1)?
b+c c¢c+a a+b pq—r p- R 2

_ 3Q2k*+k+2)
2k + D2k —1)

Ding thic xdy ra khi va chi khi (1 + 25) a = b = c. Chiing minh hoan tat. O
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Nhan xét. Truong hgp k = % ta dugc bai toan sau:

Cho ba s6 duwong a, b, ¢ théa man diéu kién a®> + b% + c? = 17—1(ab + bc + ca). Ching minh rdng

51< a n b n c <9
22 b+c c+4+a a+b 7

(Vasile Cirtoaje)

Bai toan 13. Véia, b, c la ba sé thuc duong va k la sé thie cho trude théa man diéu kién

a2+b2+62=(1+ )(ab+bc+ca).

k2 —1

(a) Chitng minh rdng néu k > 2 thi

a+b b+c cH+a  6(k*—k+1)
+ + < :
c a b S+ Dk—2)

(b) Chitng minh rdang néu k > 1 thi

2
a+b+b+c c+a> 6k +k+1)

c « TTh T hEdk-1)
(Nguyén Vin Huyén)
k—2)(k +1)? k2 —-1)p? .
Loi gidi. (a) Dok > 2 nén ( 2)7(k3+ ) > 0, khi d6 thay g = (37)‘” ket hop véi
p3k —2)(k + 1)?
r = )
27k3
ta dudc
a+b+b+c+c+a_pq 3 < p-% 6(k> —k +1)
= TSN Pk 0 —2)
c a b r PT (k+1)(k—-2)
Ding thic xdy ra khi va chi khi (1 + 25)a =b =c.
(b) Tuong tu do
3(k +2)(k —1)?
0<r<? (k +2)( ) 7
27k3
cho nén
atb btc cta_pg >p-% 6(k2+k +1)
77 Pee- T —1)
c a b r 1’T k+2)(k—1)

Ding thic xdy ra khi va chi khi (1 — £25) @ = b = c. Bai toan dugc ching minh. O

15
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Nhan xét. Truong hgp k = 3 ta dugc bai toan sau:

Cho ba s6 duwong a, b, ¢ théa man diéu kién a®> + b% + c? = %(ab + bc + ca). Chitng minh rdng

X \7-

5 c a b

39<a+b+b+c c+a<21

(V6 Qubc Bd Cdn)

Bai toan 14. Vi a, b, c la ba sé thuc duong va k la sé thie cho trude théa man diéu kién

2 b2 2 _ 1
a~+b"+c +k2—1

) (ab + bc + ca).

(a) Chitng minh rdang néu k > 2 thi

cﬁ+b3+c3<3w3+6k—a
abc Sk —=2)(k + 1)?

(b) Chitng minh rang néu k > 1 thi

¢+w3+§:>ﬂw+ﬁk+m
abc ~ (k+2)(k—1)?*

(Nguyén Vin Huyén)

. o (k=2)(k +1)? . (k*-1Dp* N
Loi giai. (a) Dok > 2 nén T > 0, khi d6 thay ¢ = e ket hgp véi
- Pk —2)(k +1)?

27k3 ’

ta dudc

(k?=1) p?
3 3 3 2 p [p2—3- ] 3 _
a’>+b’+c _ p(p®—3q) La< 3k2 53— 3(k” 4+ 6k —2)

abc r W o= (k —2)(k + )2’

Diéng thiic x4y ra khi va chi khi (1 + k%-z) a=b=c.

(b) Tuong tu do
Pk + 2)(k — 1)?

O0<r< )
: 27Kk3

cho nén

(k2—1) p?
cﬁ+b3+c3_puﬂ—3@4_ pbﬂ—3' %f] 3_3@3+6k+a

3> 5 +3= :
(k+2)(k—1)2 —1)2
abc r PT k+2)(k—1)
Ding thiic x4y ra khi va chi khi (1 — k_—iz) a = b = ¢. Ching minh hoan tit. ]

16
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Bai toan 15. Cho ba sé thuc duong a, b, ¢ va k > 1 la sé thuc cho trudc théa diéu kién

@rb+o(tritl)=os 0
a4 ¢ a b c¢] k2—1"

(a) Chitng minh rdng

3k* + 2k + 3 _ a’ +b? 4+ c? 3k? — 2k + 3
GBk—1)((k+1) ab+bc+ca  Gk+1k-1)
(b) Chitng minh rang

3k? + 3k +2 a b c 3k? -3k +2
< + + <
2k(k + 1) b+c c+a a+b 2k(k — 1)

(c) Chitng minh rdang

2(k+1)3+(k—1)3<a3+b3—|—c3<2(k—1)3+(k—|—1)3
k—1k+1)2 = abc S (k4 Dk —1)2

(Nguyén Vin Huyén)

Li gidi. (a) Bat dang thic cin ching minh tuong duong véi

(Bk + 1)? . (@a+b+c)? . Bk —1)?

Gk—1)(k+1) “ab+bctca S Gk+Dk—1) (3.3)

Viét gia thiét ctia bai todn lai dudi dang

92 — 1)ab
(@+b+c)(ab + be + ca) = %
k2 -1
hay 1a r = %,thay gid tri ndy vao
p2q* —4q> +2p(9q — 2p*)r —27r* > 0,
ta dudc
k2 —1) 27p%¢*(k* —1)?
202 _ 4g® + 2p(9g — 2p?) - P4 _ >0,
r7q q° +2p(9q —2p°) oKz 1 Ok2 —1)2
hay la

4q [p*Gk —1)(k + 1) — Bk + 1)*q | [p*(Bk + 1)(k — 1) — Bk — 1)*q]

<0,
(92 — 1)

suy ra

(Bk + 1)? o p? o (Bk —1)2
Gk—Dk+1) g  Gk+Dk-1)
Piéng thitc bén vé trai x4y ra khi va chi khi (1 + k%l) a = b = ¢, con dang thiic bén vé phai xay

ra khi va chi khi (1 — 225)a =b =c.
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. k% —1
(b) Tu gia thiet ta co r = % do do
b 3 3
rret * cb:p+r_2:%_2
+c¢c c¢c+a a-+ pq—r pq — 5=
_9%*—1 p> 15k* 41
- 8k2 ¢ 8k2
. D? 3k —1)? \
Theo (3.3) thi — < , cho nén
q Gk + 1)(k—1)
a n b L c <9k2—1 Bk —1)? 15k + 1
b+c c4+a a+b 82 GBk+1)k—-1) 8k?
_ 3k* =3k +2
2k(k — 1)
Ping thic x4y ra khi va chi khi (l—kL_H)a:bzc.Tlmng tu vi
p_2> (3k + 1)?
q = Gk—-Dk+1)
cho nén
a n b L c >9k2—1 3k +1)2 15k + 1
b+c c4+a a+b~ 82 @Bk-1k+1) 8k?
3k 43k 42
 2k(k+1)
Péng thic x4y ra khi va chi khi (1 + szl) a=b=c.
) k?—1
(c) Tur gia thiéttaco r = % do do
a’+b>+c? 2-3 2-3
_pp q)+3:p(p2 D 4
abc r pqk>—1)
9k2—1
(o4 S\,
N k2—-1) q k2—1 '
2 3k —1)?
Theo 3.3) thi 2= <« — X = D7 g nen
q Gk +1)(k—1)
34 p3 4¢3 —1)? 24
ug 9 8 ,__Gk=D — —24
abc k2—1) QBGk+Dk—-1) k2-1

_2(k =1 4 (k+1)°
 (k+ Dk —1)2

Dang thic xdy ra khi va chi khi (1 + 2;)a =b =c.
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2 2
p° Bk +1)

Vi— > , cho né
1q Gk DG+ D cho nén
3, p3 4 .3 2
QAP (o 8 N Gk 24
abc k?—1) GBk—-D(k+1) k?>-1

_2(k+ 1) 4 (k—1)°
(k=D + 12

Ding thifc bén vé trai xay ra khi va chi khi (1 + k%l) a = b = c¢. Chling minh hoan tét. O

Nhan xét. Trudng hop k = +/3 ta dudc bai toan sau:
Cho ba sé thuc dwong a, b, ¢ théa diéu kién

1 1

1
(a+b+c)(—+—+—)=13.
a b ¢

Chitng minh rdng
3, p3 3
11-2v3 < % < 114243,
abc

(Pham Kim Hung)

Bai todn 16. Cho ba sé thuc a, b, ¢ théa man a + b + ¢ = 3k va a®> + b? + ¢? = 3k? + 61>
(véi k bdt ky va t > 0 la hai s6 cho truéc). Chitng minh rang

(k =2t)(k + 1)*> < abc < (k + 2t)(k —1)>. (3.4)
(Vé Quéc Bd Cdn)

Loi gidi. Tur gia thiét ta cé p = 3k va g = 3k? — 3¢2, ap dung vé phai ctia (3.2) ta dudc

3K[9(3K2 — 312) — 23k)2] + 2/ [3k)? — 3(3k2 — 32)]’

_ _ 2
> = (k + 2t)(k — 1)~

abc <

Tuong ty thi
abc > (k —2t)(k + 1)

Pang thic x4y ra khi va chi khi
ab,c)y=4k-2t,k+t,k+1t), (k+2t,k—t, k—1t)},
va cac hoan vi. Bai toan dugc chiing minh. [

Bai toan 17. Vdia, b, ¢ la ba sé thuc dwong théa man a* + b? + ¢ = 3. Chiing minh rdng

a? N b? N c? +a+b+c>
a+b b+c cH+a 6 -

(Michael Rozenberg)
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Loi giai. Bai vi
2

a b?
Zchrb_Zaer:O’
a? b?
Za+b:Za+b’

do d6 bét dang thiic trén tuong duong véi

nén

a’?+b*> b +c* c?2+d* a+b+c
+ + + > 4,
a-+b b+c c+a 3

a?+b* b*4+c* *2+ad* a+b+c a2 + b2 + 2
N n + Sy i e i (3.5)
a-+b b+c c+a 3 3

Chudn héaa + b + ¢ = 3 vadiata®? + b> + ¢? = 3 + 6t%, ab + bc + ca = 3 — 3t véi
0 <t < 1. Bit dang thic (3.5) trd thanh

18(t* =52+ 4
13 — ( +)>4\/1+2t2.

9(1 —t2) —abc ~

hay la

Vio<t<1Inént*—5t24+4>0vaabe < (1 +2t)(1—1)%, dodé

18 =52 +4) _ 18(4— 512 +4) 9244148

13 > 13—
9(1 — 12) — abc 91 —12) — (1 +26)(1 —1)? t+2

Cuoi cung, ta sé chi ra

9t2 + 4t + 8
AR U S ves

42
nhung ddy 12 mot bat dang thifc ding vi

t2(7t — 4)?
(t +2)?

=

(912+4t+8

2
—16(1 4+ 2t%) =
) sy

Trong truong hop tdng quat dang thiic x4y ra khi va chi khi @ = b = ¢ hoic a = 5b = 5¢ clng
cac hoan vi. Bai toan dugc chiing minh. [

Bai toadn 18. Cho ba sé thuc duong a, b, ¢ théa man diéu kién abc = 1. Chitng minh rdng

a—l—b—l—c> wla3 + b3+ 3
3 ~ N 3 '

(Michael Rozenberg)
Loi gidi. Trude hét, ta c6 b dé
B6 dé. Cho a, b, ¢ la ba s6 thuc dwong. Chitng minh riing
729abc(a® + b* + ¢ 4+ 2abc) < 5(a + b + ¢)°. (3.6)

20
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That vay, ta chuyén bd dé vé pgr nhu sau
729r(p* — 3pq + 5r) < 5p°.
Chudn héa p =3 vaditqg = 3 —3t% v6i 0 < ¢ < 1, bat dang thic trén trd thanh
r(27t* 4+ 5r) < 5.
Vir < (1+42t)(1—1)2 nén
r(27t% 4 5r) < (1 4 26)(1 — £)?[27t* + 5(1 + 2t)(1 — 1)?]
= (14 2t)(1 —)>(10¢3 + 122 + 5).

Ta chiing minh
(1 +26)(1 —1)*(10¢3 4 121 + 5) < 5,

tuong duong véi
t*(3 — 20t + 36t + 61> — 20t*) > 0,

hay la
1232t — D* +4t(1 — 1) (4t — 1> +2t3(3 = 21)] > 0.

Nhu vy (3.6) dugc trudc minh. Quay trd lai bai todn, tif (3.6) vdi diéu kién abe = 1, ta dugc

atb+tc §/a3+b3+c3+2
37 5 '
Ap dung bit dang thiic AM-GM, ta c6

34 p3 43 31 h3 1 ¢3)3
a3+b3+c3+2:3.w+1+1>5i/(a+ —|-C)’
3 27
suy ra
a+b+c ola®+ b3 +c¢3
- > - - -
3 3
Ding thiic x4y ra khi va chi khia = b = ¢ = 1. Bai toan dudc ching minh. O

Nhu da trinh bay, ddy 12 mot hudng phat trién khac ctia k§ thuat pgr, tuy kha cong kénh vé mit
hinh thifc, nhung mit xt ly lai rét tryc quan, khong mang tinh danh d6 ma chi doi héi kha ning
Xt 1y, tinh todn, dong thai thong qua cac vi du rat khé va phiic tap trén, ta phan nao thiy dudc
tinh hiéu qua ctia n6. Nhiing két qua trong bai viét mang tinh khai quat nén rat chit, thong thudng
mifc do ctia cac bit dang thifc trong cac ky thi chua dén mifc nhu vdy, dién hinh 12 bai 3 ctia ky
thi IMO 2006 (15i giai gon gang hon rat nhiéu so véi dap an chinh thiic), nén k¥ thuat nay ciing
¢6 thé xem nhu mot Iva chon khi gip 16p cc bat diang thifc ba bién hoan vi.

Bai tap 1. Cho ba sb thuc khong am a, b, ¢ théa man ab + bc + ca > 0. Chiing minh ri"lng

@+t 3@ b2 4cd) (L4 V2)* (@ —b)2(b — ¢)(c —a)?
ab+bc+ca” (a+b+c)? (@a+b)2(b +c)*(c +a)?
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(Michael Rozenberg, Nguyén Viin Huyén)
Bai tip 2. Chiing minh ring bit dang thiic

at—-b0 b3 -c* -4

A +b*+c*—ab—bc—ca>\9+6V3 + +
a+b b+c c+a

ludn ding v6i moi sb thuc khong am a, b, ¢ thdéa man diéu kién ab + bc + ca > 0.
(Nguyén Vin Huyén, VMEO 1V)
Bai tap 3. Cho ba sb thuc a, b, ¢ théa man diéu kién a? + b? + ¢2 > 0 va
a’> + b* + ¢?> = 5(ab + be + ca).

Chiing minh ring

1 < a3b + b3c + c3a . 197
25 © (a2 4+ b2 +c2)2 T 675

(Vasile Cirtoaje)
Bai tap 4. Cho ba s6 thuc khong am x, y, z thda man xy + yz 4+ zx > 0. Ching minh rang

X y z >3 \/13+16ﬁ(x—y+y—z+z—x)

+ + = I
y+z z4+x x4y 2 2 x+y y+z z+x

(Liu Quan Bao)

Bai tap 5. Cho ba sb thuc duong a, b, ¢ va sb thuc k > 1 cho trudc thdéa man diéu kién

@rb+o(trit)=or 0
a Al-+-+-)= :
a b ¢ k?—1
Chiing minh ring
2k + D* + (K — 1D)2(k* + 1) o a? N b? N c? o 2k — D* + (k% + 1) (k + 1)?
2(k2 4+ 1)(k + 1)2 S bh24c2 244 a?+b2 2(k — 1)2(k2 + 1)

(Nguyén Viin Huyén)

Bai tap 6. Cho ba s6 thuc khong am a, b, ¢ thda man a? + b2 + ¢2 = 3. Chiing minh rang
1
a’bh + b*c + c%a < Eabc(a—i-b—i-c—l)—i-z.

(Vo Quéc Bd Cdn)

Bai tap 7. V6ia, b, ¢ 1a ba sb thuc khong am. Chiing minh rﬁng v6i moi s6 thuc duong k > 2
cho truéc sao cho 2

+ 1
a’+b>+c* =

(ab + bc + ca).

Chiing minh ring
k3
3 3 3 2 2, 2\2
a’b+b c+ca<(k2+l)2(a +b° + )"
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(Nguyén Vin Huyén)
Bai tap 8. Cho a, b, c 1a ba s6 thuc duong. Chiing minh ring

1 1 1 a? + b2 + c?
b —+-—+- )29
@+ +c)(a+b+c) \/ab—i-bc—l-ca

(Nguyén Viin Huyén)
Bai tap 9. Cho a, b, ¢ 1a ba sb thuc khong am. Chiing minh rﬁng
a* +b*+c*—abcla+b+c) > 2\/§|a3b + b3c + c*a — ab® — bc? —ca3|.
(Pham Kim Hung)

Bai tap 10. Véia, b, c 1a ba s6 thuc duong va sb thuc k > 0 cho trude théa man diéu kién

(a—i—b—i—c)(é—i—%—i—%):(k—l-?&)z.

Tim gid tri 16n nhit va gid tri nhd nhét cia biéu thiic

(Nguyén Vin Huyén)
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