Pé thi Olympic Toan hoc Trai hé phwong Nam

Ngay thi: 29/7/2016

Thoi gian lam bai: 180 phiit. Dé bai ¢6 2 trang
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Bai 2. Trong tam gidc ABC, sb do 3 canh theo mot don vi do ndo d6 1a 3 sé nguyén lién
tiép va goc 1on nhat gp doi goc nho nhat. Hiy tim chu vi tam giac ABC (theo don vi do
da cho).

Bai 1. Giai phuong trinh 0.

Bai 3. Mot nha dija chét dang ¢ vi tri A trong sa mac, cach con duong théng 10km (AN =
10km). Trén con duong thi xe ctia nha dia chit c6 thé chay véi van tbc 50km/h nhung
trén sa mac thi n6 chi chay dugc voi van tdc 30km gio.

Nha dia chit dang rat khat nudc va éng biét ring c6 mot tram xing P & vi tri xudi theo
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duong 25 km (NP = 25 km) va & d6 c6 x4 xi Chuong Duong uép lanh.

a) Nha dia chit tén bao nhiéu phut dé di tir A dén P theo duong sa mac?

b) Néu nha dia chét di tir A dén N, sau do st dung con duodng dé dén P thi c6 nhanh
hon khong?

c) Hay tim mot cach di nhanh hon cho nha dia chat. Céch cua ban di 13 nhanh nhét
chua?

Bai 4. Cua hang cé vién chién “Fried Fish Rolls of the South” dong cé vién chién thanh 3
loai hop: hop 6 vién, hop 10 vién va hdp 15 vién. Mot nhan vién tip sy cua ctra hang théc
mic véi cira hang trudng “Néu chang han khach hang mudn mua 19 vién thi ta khong thé



ban cho ho bang nhirg hop nguyén duoc, chic chin phai xé 1 hop ra ban 1¢”. Cira hang
truong tra 161 “Pang 14 c6 nhiing ric rdi nhu vay. Nhung cira hang chung ta chil yéu ban
cho céc trudng hoc, ho dit hang sb lwong du 16n va hau nhu khong xay ra chuyén do”.
Hay tim s6 Nj 16n nhat ma néu khach hang dat hang s6 luong N vién, clra hang khong
thé phuc vu ma khong x¢é 1¢ mot hdp nao do.

Bai 5. Mgt nhom nguoi Xép thanh mot hang doc duoc goi 1a xép theo chuan thir tu néu
diéu kién sau dugc théa man: Néu A dung bén trai B trong hang (A, B khong nhat thiét
ké nhau) thi A cao hon B khong qua 8cm. Vi du, 5 nguoi cé chiéu cao 1a 160, 165, 170,
175, va 180 cm tuong tng c6 thé xép theo chudn thir tu (tir trai qua phai) nhu sau 160,
170, 165, 180, 175 cm.

Héi ¢6 bao nhiéu cach xép 10 nguoi c6 chidu cao twong ung 1a 140, 145, 150, 155, 160,
165, 170, 175, 180, va 185 cm theo chuan thir tu?



Pap an dé thi Olympic Trai hé Phwong Nam.
1. (2 diém) Piéu kién |x| < 1. Ta thuc hién bién ddi twong duong

13(2x2 -1) 9(1+2x2)
JI-x2 JI+x?

< 1000x° —750x% +88=0,2x" —1>0 < 2(5x” —4)(100x"* +80x° —11)=0,2x> —1> 0.

S1692x* —1)*(1+x7) =81(1+2x%)°(1-x7),2x" =1=0

Ta thay trong diéu kién 2x* — 1> 0 thi 100x* + 80x”> — 11 > 0 nén tir day suy ra phai c6

5x°—4=0,ticla x= +—

J5
2. (2 diém) Pit AC = x, AB = x+1, BC =x-1 va C = 2A. Goi CD 1a phan giac goc C. RS
rang 1a tam gidc ABC ddng dang véi tam giac CBD. Do d6 BD = BC*/AB. Vi CD la
duong phan gidc nén ta c6 AC/BC = AD/DB. Ttc 1a (AC + BC)/BC = (AD+DB)/DB.

Vi AB = AD + DB = (AC+BC)DB/BC = (AC+BC)BC/AB. Viét lai thanh AB> — BC? =
AC.BC. Tuc la (x+1)* = (x=1)* = x(x-1). Tir day thu duoc x = 5 hodc x = 0. Puong nhién
12 x = 0 bj loai. Vi thé x = 5 va chu vi ctia tam giac bang 4 + 5 + 6 = 15.

Mot cach giai khac. Piat A = o thi C = 20.. Ap dung dinh 1y ham sé cos, ta co

X+ (x+1)° —(x=1) _ x+4
2x(x+1) S 2(x+1)

CoOSx =

Ap dung dinh 1y ham s sin, ta c6

x+1 x—1 x+1 x—1
: = — =——=x+1=2cosa(x—-1)
sin2a sina 2sin¢cosa  SIina
x+4
=x+1=2.

x-D=>x+1)’ =(x+4d)x-1D)=>x=5.
2(x+1)

3. (2 diém) a) Ta c6 theo dinh Iy Pythaogre thi AP =~/10> +25> =519 ~26.93. Tir d6 suy
ra thoi gian nha dia chat ton dé di tir A dén P theo sa mac ma 26.93/30 (gid), tuong
duong khoang 54 phut.

b) Néu di theo 19 trinh AN, NP thi thoi gian di tuong ung 1a

10 +2— (g10), tuong duong 50 phut, nhanh hon phuong én di thang

30



¢) Ta c6 thé di nhanh hon, bang cach di chéo tir diém A dén diém M nam trén doan NP.
Vi du sao cho MN = 10. Khi d6 4AM =10v2,MP =15 va thoi gian di theo 16 trinh AM,

210 15 .

20 +5 gid, twong duong 46.3 phat. Néu mudn tim phuong an ti wu, ta dit

NM = x va thoi gian di theo 16 trinh AM, MP 1a

MP bang

100 + x? +25—x
30 50

t(x)=

Khao sat ham s6 t(x), ta d& dang tim dwgc min t(x) bang 23/30 (twong tGng 46 phut), dat
duogc khi x = 15/2. D6 chinh 1a phuong an tét nhat.

Ngoai phuong phap khao sat ham sd, ta c¢6 thé dung bat dang thirc Cauchy-Schwarz dé
danh gié t(x) nhu sau

100+x"  25-x _100+x*J100+7,5* 25-x 100+75x 25-x _23
30 50 30.4/100+7,5° 50  30.12,5 50 30

t(x)=

Thang diém: a) 0.5, b) 0.5 ¢) 0.5 néu dua ra mot phuong an nao d6 tot hon phuong an b
va 1 diém néu tim ra phuong 4n tot nhit.

4. (2 diém) Bai toan quy vé viéc tim sé nguyén duong N, 16n nhit khong biéu dién dugc
dué6i dang 6x + 10y + 15z véi x, v, z 1a cac sb nguyén khong 4m.

Ta thiy s6 29 khong biéu dién dugc. That vy, néu 29 = 6x + 10y + 15z thi vi 29 chia 3
du 2 va 6x + 15z chia hét cho 3 nén 10y phai chia 3 du 2, suy ra y chia 3 du 2, tic 1a y >
2. Tir day suy ra y = 2. Nhung khi d6 6x + 15z = 9 khong thé xay ra véi x, z nguyén
khong am.

Ta chtiig minh méi s6 > 29 déu biéu dién duogc. Diéu nay kha don gian:

30=2.15
31=10+15+6
32=2.6+2.10
33=3.6+15
34=4.6+10

35=2.10+15



Va néu N biéu dién dugc thi N + 6 ciing biéu dién dugc.

Thang diém: Phat biéu thanh bai toan: 0.5 diém. Ching minh 29 khéng biéu dién duoc
0.75 diém. Chtrng minh moi s6 > 29 déu biéu dién duogc, 0.75 diém.

5. (2 diém) Ta dua ra 2 10i giai, 1 1oi giai “binh dan” ¢ muc suy luan va du doan truc
quan va mot 101 giai toan hoc, chat ché hon.

Loi giai 1. Ta thdy nguoi cao nhat (185 cm) chi ¢6 thé dimg & bén trai ciia ngudi cao nhi.
Do d6 ngudi cao nhat chi ¢6 xép & cudi hang hodc ké ngudi cudi hang. Trong truong hop
ngudi cao nhét xép cudi hang thi ta lai ¢ 9 ngudi cao 140, 145, ..., 180 xép theo chuin
thir tyr, ta dua bai toan vé 9 ngudi. Néu ngudi cao nhat xép ké cudi hang thi nguoi cudi
hang phai 13 ngudi cao nhi (180 cm). Bo di hai nguoi nay, ta thdy 8 ngudi dau xép theo
chuén thir ty. C&t nhu vay, néu di tir dudi 1én, ta c6 1 nguoi (140 cm) c6 1 cach xép, 2
nguoi (140, 145) c6 2 cach xép, 3 nguoi (140, 145, 150) co 3 cach xép (1a (140, 145,
150), (145, 140, 150) va (140, 150, 145). Vi 4 nguoi, ta ¢6 5 cach xép thu dugce bang
cach

a) Thém ngudi 155 vao cudi 3 cach xép cua 3 ngudi: (140, 145, 150, 155), (145,
140, 150, 155) va (140, 150, 145, 155).

b) Thém cip (155, 150) (theo thr tr d6) vao cudi 2 cach xép cua 2 ngudi
(140, 145, 155, 150), (145, 140, 155, 150)

Cr nhu vay, voi 5 nguoi ta cd 5+ 3 = 8 cach xép, 6 nguoi c6 8 + 5 =13 cach xép ... va
10 ngudi ¢6 55 + 34 = 89 cach xép.

Loi giai 2. Ta chitng minh ménh dé tong quat sau: Néu ta ¢6 n ngudi ¢ chiéu cao 13 a, a
+5,...,a+ (n— 1)5 cm twong Gng véi a ndo do, thi s& c6 F,,, cach dé xép ho theo
chuan thir ty, trong d6 Fy 14 s6 hang tha k ctia ddy s6 Fibonacci xac dinh boi Fy =0, F, =
1, va Fy = Fy + Fi» v6i moi k > 2. That vay, ta ching minh bang quy nap theo n.
Truong hop cosén=1van=2tacdF, =1 vaFy =2 chuin tht tu twong tng. Gia sir n
> 2 va ménh dé da dung véi sé nguoi it hon n. Xét L 1a mot cach xép theo chuan thir ty
cho n ngudi. Néu ngudi cao nhit duoc xép ¢ cudi hang (tir trai qua phai) thi n-1 nguoi
trude d6 ciing c¢6 dang nhu trén va duge xép theo chudn thir ty. Suy ra sb cach xép trong
truong hop nay 1a F,. Néu ngudi cao nhat khong dugc xép cubi thi nguoi ndy cao hon bat
ky nguoi dung bén phai cua minh khong qua Scm. Nhung chi c6 1 ngudi nhu vay, chinh
1 ngudi cao thir nhi. Nhu thé ngudi cao thir nhi xép cudi hang va tirc 13 hai ngudi cao
nhat nhi xép & cubi hang. Ta c6 n-2 ngudi dau ciing c6 dang trén va duoc xép theo chuin



thu tu. Két hop hai truong hop ta dugce F,, + F,-; = F,;; cach xép theo chuén tha tu cta n
nguoi. Tur day, khi n =10, ta c6 F;; = 89 cach xép theo chuan tht tu.



