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BAN DOC

Xuat phat tur mot bai toan “Co n chiéc keo
giong nhau chia cho m em bé. Hoi co tat
ca bao nhiéu cach chia keo?”. Bai todn tuong
chirng rat don gian nhung lai la mot bai
toan khé doi véi nhiéu hoc sinh. Trong dé thi
hoc sinh giéi Quoc gia nam nay c6 mot bai
t6 hop ma 1oi gidi cia né cé thé trinh bay
nho vdn dung két qua bai todn chia keo cua
Euler. Bai viét nhé nay gici thiéu cho cdc em
bai todn chia keo cua Euler va mét so img
dung cua no.

(Ban doc ¢6 thé xem thém Bai toan chia keo
nay &: Bai todn vé vé hanh phic dang trén
Tuyén chon theo chuyén dé Todn hoc va Tudi
tré Quyén 6, trang 187).

I. Tir bai toan thwe té suy ra két qua bai
toan chia keo cua Euler

Chung ta déu biét, trong mot chudi nhi phan,
cac phén tir nhan mat trong hai gia tr1 0 hoac
1. S6 diy nhi phan thoa min c6 do dai n va
trong mdi day c6 dung k (0 < k < n) phan tir
nhan gia tri bang 1 1a Ck .

Bai todn mé dau

Cho mét luéi gom cdc é vuéng. Cdc niit dugc
danh s6 tir 0 dén m theo chiéu tir trdi sang
phai va tir 0 dén n theo chiéu tir dwdi Ién trén.
Hoi co bao nhiéu duong di khdc nhau ti nut
(0 ; 0) dén nit (m ; n) néu chi cho phép di
trén canh cdc 6 vubng theo chiéu tir trdi sdang
phai hodc tir dudi lén trén?

Loi gigi. Mot dudong di nhu thé dugc xem
gom (m + n) doan (mdi doan 1a mot canh 6
vuong). Tai mdi doan chi duoc chon mot
trong hai gia tri di lén (ta m3 hoa 1a 1) hay
sang phai (ta ma hoa la 0) S6 doan di lén
dung bang n va sd doan sang phai ding bang

XUNG QUANH

BAI TOAN CHIA KEO
CUA EULER

NGUYEN THI NGOC ANH

(GV THPT chuyén Thai Nguyén)

m. Bai toan dan dén viéc tim xem c6 bao

nhiéu day nhi phan c6 d6 dai (m + n) trong
do co dung »n thanh phan co gi tri bang 1.

Két qua cantimla C-,,.

Ta cho mot hat chuyén dong trén mot duong
di thoa man yéu cau bai toan trén (tirc la xuat
phat tir diém (0 ; 0), két thac tai diém (m ; n)
va chi dugc phép di 1én hodc sang phai). Goi
X;;; 1a s6 doan ma hat d6 di 1én theo duong
thing dimg c6 chi sb i (i=1,m). Khi do6, sb
duong di thoa man chinh bang sé nghiém
nguyén kh(”)ng am cua phucmg trinh x; + x; +...

+Xps1=n. S0 nghiém do bang cn .

Bai toan chia keo cua Euler

C6 n chiéc keo giong nhau chia cho m em bé.
Hoi co tat ca bao nhiéu cach chia keo?

Hay chinh la bai toan:

Tim s6 nghiém nguyén khong éGm ctia phuong trinh
X1+tx+. tx,=n (mneN).

Theo bai toan mo dau, so nghiém can tim la
Cm+n 1

2. Ciéc bai toan phat trién

W Bai toan 1.
phwong trinh a + b + ¢ +d =17 voi1 a = 1,
b>2,c23,d=>4.

Tim so nghiém nguyén cua

Loi gidi. Bit x=a-1, y=b-2 z=c-3,1=d—-4.
Khi d6 yéu cau bai toan tré thanh:
Tim s6 nghiém nguyén khong dam cia PT
x +yp+eti=T1.
Két qua can tim 1a C}, = 120 (nghiém). O

Téng quat hon, ta c6
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rd ) , - , A .a 4
@ Bai toan 2. Cho cdc sé tw nhien n, A, A,
coes A Tim 56 nghiém nguyén cua phuong trinh

xitx .. tx,=nthoamanx; 24, Vi=1m.
Loi giai. V&i moi i, dit y; = x; — A va goi
A= A4+ L+ ..+2, .Khidb yéu cau bai toan
tré thanh tim sd nghiém nguyén khong am
ctaPT yi+y+..+y,=n— A

*Néu A <n thi PT c6 Cm!

m+n—A-1 Ilghiém
*Néu A =n thi PT c6 duy nhit mot nghiém.

*Néu A >n thi PT vd nghiém. OJ

I Bai toan 3. Tim s6 nghiém nguyén cua hé
J.\T] -+ X5 -+ X3+ X4 = ] 7

[3sx <5  vi=14

Loi gidgi. Dat y; = x; —3,Vi=1,4. Tir gia thiét
suyra0<y;<2; Vi=1,4. Tacohé

M {yﬁ'}’z +nt+tys=35 (1)

0w 22, Vi=1la

Goi X 1a tap tat ca cac nghiém nguyén khong
am cua PT (1). Khi do6 |X|=C3.

Goi A, B, C, D lan lugt 1a tap tit cd cdc
nghiém nguyén ctia bon hé

N+tya+ys+y,=3
yi23

v6iméi i € {1;2;3;4}. Theo Bai toan 2, ta c6

4= 5] =c| =[Pl = c3

[ AnB=|AnCl=|4r = BCl=BrDl= Dk
| ANBN(=[ANCAD|=|BACDj=|4~BAD|=0
|[AnBACAD|=0.

Theq nguyén 1i bu trir ta ¢é s6 nghiém cta hé
(I) bang

| X|= (4 +|B|+|C|+|D|- |4~ B|-|4~C]
~|AmD|—]BmC[—|BmD|v—|CmD|
+HANBAC|+|ANCAD|+[BACAD|
+ANBND|-|AnBNCA D))

=C} -4C} =16.
Vay ¢6 16 nghiém thoa méan yéu cau bai toan. [

WBai toan 4. Tim s6 cdc nghiém nguyén
khong am cua bat PT

X1+ X+ b, < L1.

Nhdn xét. Dlimg trudc bai todn nay nhiéu hoc
sinh s& dua ve viée xét muoi hai PT dang

X1txatxstxs =i (i=:0,11)

r b * l]
S6 nghiém can tim bang > 'C3,, =1365 (nghiém).
i=0

Ta van giai dugc theo cach trén néu thay s6
11 béi mot s6 nguyén 1én hon nhung mét thoi
gian vao viéc tinh toan. Sau day la cach giai
co tinh sang tao hon.
Loi gidi. S6 nghiém can tim bang sb nghiém
nguyén khong 4m cua PT

X1+ x; +X3tX4 +Xx5= | 3 8

D& thiy, két qua la C% =1365 (nghiém).

Tir két qua ctia Bai todn 4 ta ¢ thé riit ra két luan:
S6 nghiém nguyén khong 4m cua bat PT
xr+x+.Ax,<nm me N) b}'::]ng €l ..

& Bai toan 5. Tim s6 nghiém nguyén khong
am cua hé
[,\'] +x;+x;3+x; 210

| X oS 3

Loi gidi. S6 nghiém céan tim bang sé nghiém
nguyén khong 4m ciia hé

X1 +X+x3+x3+x =10

{xl s

Ta l4n luot cho x; nhén cac gia tri 0; 1; 2; 3 va
str dung két qua bai toan chia keo Euler thu
duoc s6 nghiém cin tim bang

Ch +C3, + G, +C, =791 (nghiém). O

Ban doc c6 thé tiép tuc phat trién cac bai toan
bang cach thém bét cdc diéu kién cho cac 4n
X, tr d6 kham pha ra nhiing bai todn mdi,
cach gidi mdi doc dao va tha vi.
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3. Ung dung két qua bai toan chia keo cua
Euler vao mgt so bai toan thuc té

W Bai toan 6. Co n vat giong hét nhau va m

hop phan biét (n2m,n, meN").

a) Hoi co bao nhiéu cach phan phoi hét n vat
do vao m hop da cho?
b) Hoi c¢o6 bao nhieu cach p/mn phm hét n vt

do vao m hop da cho sao cho moi hop co it
nhat mot vat?

Loi gidi. Danh s6 cac hop theo thu tw tir 1
dén m. Gia st ta da phéiq phoi hét n vat vao m
hop da cho. Goi x; 1a s6 vat duge phan phoi
cho hop thit i, v6i i =1Lm.

a) SO cach phan phdi thoa man bang so nghiém
nguyén khong am cua PT x, +x, +...+x,, =n va
bang C77! | (cach) (theo Bai toan chia keo Euler).

b) Sb cach phan phdi thoa man mdi hop co it
nhat mot vat bang s6 nghiém nguyén cua h¢
phuong trinh

Xi+Xo+..+tXs =N

x»2l, Vislm

Két qua can tim la C7/

n—1

(theo Bai toan 2). (J

% Bai toan 7. Tim s6 cdch chon ra v s6 phdn
biét tir n s6 nguvén dwong dau tién sao cho
trong suw lia chon do khong chira 2 56 nguyén
lién tiép.

Léi gidgi. Sap xép n s6 nguyén duong dau tién
thanh moét hang theo thu ty tang bat dau tur 1.
Néu mét sO duoc chon thi dat biéu tuong Y
dudi s6 do, néu khong chon thi dat bleu tuong
N duéi sé dé. Goi x; 1a s luong sé ¢6 biéu
tuong N ding trudc biéu tuong Y dau tién; x,
la s6 luong s6 c6 biéu twong N giita biéu
tuong ¥ dau tién va biéu twong Y thir hai,... ,
x, 1a sb lugng s6 co biéu tugng N gitra biéu
twong Y thir » — 1 va biéu tuong Y thir 7;
X1 12 s& luong s6 dung sau biéu tugng Y thir
r. Khi d6 ¢6 mét firong trng mot - mot gitra
nhtg su lua chon chép nhan dugc voi nhing
nghiém nguyén cua PT

X Tttt g =n—>r
v xiz20,.x.420,x:21;, (¥ks2,”).

Theo Bai toan 2, két qua can tim la C

n—r+l

céch lua chon thoa man yéu cau bai toan. [

9 Bai toan 8. (VMO - 2012)

Cho mot nhom g(.):m 5 co gai, ki hieu la G,
G, G, Ga, Gs va 12 chang trai. Co 17 chiée
ghé duwoe sap thanh mot hang ngang. Nguoi
ta xép nhém nguoi da cho ngoi vao cdc chiéc
ghé dé sao cho cdc diéu kién sau duoc dong
thoi thoa man

1) Méi ghé cé diing mot nguoi ngoi;

2) Thir tir ngoéi cuia cdc o gdi, xét tir trdi qua
/)/?CH-, la G;. Gj. 61 G_1. Gsl

3) Giita G, va G co it nhat 3 chang trai,

4) Gitta G4 va Gs co it nhat | chang trai va
nhiéu nhat 4 chang trai;

Hoéi ¢6 tdt ca bao nhiéu cdc xép nhie viy?
(Hai cdch xép dwoc coi la khdc nhau néu 16n
tai mét chiéc ghé ma nguoi ngoi o chiéc ghé
do trong hai cach xép la khac nhau).

Léi gigi. Danh s6 cac ghé tr trai qua phai
theo thr tu tir 1 dén 17.

Goi x; la so chang trai dugc xép bén trai G,
x> la 96 chang trai dugc xép o gitra Gy va Go,
x; la 50 chang trai duoc xep o gitta G» va Gs,
xa la so chang trai duoc xep o gitta Gy va Gy,

xs la so chang trai duoc ‘(Gp o gitra Gy va Gs,
x¢ la sb chang trai duge xép bén phai Gs.

Khi do, ta cd

XN+X+X3+Xs+Xs+x=12
Xa > 3
ISX:; <4,

Pbat y, =x, -3 va ys = x5 —1.

S6 cach phan ghé cho cac c¢6 gii bing so
nghiém nguyén khong am cua hé

X+ Va+X3+x3+ys+x,=8
Vs < 3
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Ta lan luot cho ysnhancac giatri 0; 1; 2; 3 va
ap dung két qua bai toan chia keo Euler thu
dugc két qua la

Ch +C +C +C8 =1161 (each).

Vi 12 chang trai ¢6 thé hoan d6i vi tri cho
nhau nén s6 cach xép thoa man yéu cau bai
toan bang 12! 1161 (cach). O

I Bai toan 9. Gia sir ¢6 x; vat giong nhau cé
cung ki hiéu i, (i=1,m) va n hop phdn biét.
Hoi c6 bao nhiéu cdach phdn phoi hét cdc vit
da cho vao n hop sao cho hop thir j duoc
mang ki hiéu |,

nhan it nrhat gqy; vat

(i= I.m.jzl?')‘.’

Loi gigi. Ta phan phdi hét cac vat mang ki
hiéu 1 vao » hop ., sau do dén luot cac vat
mang ki hiéu 2, 3,..., m

= i%‘ (f & l»m)
pan

phan phoi hét cac vat mang ki hiéu i. Theo

quy tac nhan, cé HC” ! in cach phin phoi

CO Cn 1

GQ] qi Xj—gj+n-1 C'dCh

thoa man yéu cau bal toan. OJ

BAI TAP
1. Xét mot tdp hop ng)m n sO tu nhién lién
tiép. Ta goi moi tdp con cua X gom p so tu
nhién lién tiép la mét “p- khoi”. Co bao nhiéu
cach lay ra m “p- khoi” tir X sao cho m khoi
nay doi mdt khong giao nhau?

2. Cho téphO‘pA—{]'Z"’ ;181. Co bao
nhiéu cach chon ra nam so trong tap A sao

cho hiéu cua hai s6 bét ki trong nam sé do6
khong nho hon 2?

3. Mot cuira hang c¢6 m loai kem khac nhau. Mot
khach hang can mua » coc kem ¢ d6. Hoi rang
a) Nguoi khach hang dé co tat ca bao nhiéu
sur lua chon?

b) Ngudi khach hang d6 c6 tit ca bao nhiéu
su lua chon sao cho ca m loai kem déu c¢6 mat
trong moi su lya chon?

4. C6 bao nhiéu so nguyén duong nho hon
1000000 ma co tong bang 15?

5. Mot hoc sinh muon lot vao doi tuyén di thi
toan phai qua 4 ki thi va phai dat it nhat 17
diém, nhung khong cé ki thi nao bi diém 2
hodc 1. Hoi ¢6 bao nhiéu cach tién hanh 4 ki
thi d6 dé em hoc sinh d6 chic chin lot vao
doi tuyén?

(Hai cach tién hanh duoc xem 1a khic nhau
néu ¢ it nhat mot ki thi nhan dugc s diém
khac nhau va mdi ki thi c6 thé dat diém 1a sb
nguyén tir | dén 3).

6. C6 12 cai hop khace nhau duge danh so tir |
dén 12 va 8 vién bi gidng nhau. Hoi ¢o bao
nhiéu cach xép 8 vién bi vao 12 hop sao cho
tong sO cac vién bi trong cac hop s6 1, 2, 3 1a

chan, con tong cac vien bi trong cac hop 4, 5,
6 1a 1&?
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