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LAN THU VIl - 2016

Gap g6 toan hoc 2016

LOI NOI PAU

Gip G6 Toan Hoc 13 mot chuong trinh thuong nién dudc td chiic nham bdi dudng cac ban hoc
sinh gidi dén tif cac trudng chuyén khap céc tinh phia Nam. Pudc t5 chiic 1an dau tién vao
nim 2010, dén nay, chuong trinh da dong hanh cuing véi cic Itta hoc sinh gidi qua tam 1an Gip
Gd. Gip G Toan Hoc 8 nim 2016 dudc t6 chiic tit ngay 15/7 dén ngay 22/7 tai trudng THPT
Chuyén Luong Thé Vinh, Pong Nai, quy tu hon 100 ban hoc sinh dén tir thd d6 Ha Noi trai dai
dén ving dat mii Ca Mau. V6i cac bai giang chét lugng clia chuyén gia, cac hoat dong sinh hoat
s6i ndi cuing huén luyén vién, chuyén da ngoai day ap nhiing niém vui va bai thi Olympic Gip
Gd Toan Hoc “khé nhat tir trudc dén nay”, cc ban hoc sinh da trdi qua mot tuan 1am viéc hét
ning suat véi nhiing ky niém khé quén cling nhiing ngudi ban dong trang Iia dén tir khap moi
mién t& qudc, d€ rdi khi chuong trinh két thic, cdc ban at han da thu dugc nhiing tri nghiém
quy bau ca trong “Toan Hoc” va trong nhiing cudc “Gap GJ”.

Quy ban doc than mén,

Céc ban dang c6 trong tay quyén Ky yéu Hau Gip G& Toan Hoc 2016, mot trong nhitng nét
d6i méi dic sac ciia chuong trinh Gip GS Toan Hoc niam nay. Quyén Ky yéu nay ra ddi nham
gilip céc ban hoc sinh da tham gia chuong trinh c6 mot tai liéu day du vé nhiing bai giang da
dugc hoc, dong thdi ciing tao diéu kién cho nhitng ban hoc sinh khong c6 co hdi tham gia Gip
Gd Toan Hoc dudc tiép can vdi nhiing bai gidng clia cac chuyén gia trong nhiéu linh vuc. D6
1a cac bai gidng Dai s6 ctia thly Nguyén Vin Mau, thay Vo Qudc B4 Can, bai giang Hinh hoc
ctia thay Lé B4 Khanh Trinh, thiy Lé Phiic L, bai giang S6 hoc ctia thily Luu B4 Thang, thay
Nguyén Song Minh va bai giang T6 hop clia thay Tran Nam Diing. Bén canh d6 1a dé thi chinh
thic Olympic Giap Gd Todn hoc va céc bai toan dé nghi. Ciing v6i Ky yéu thudng nién, cudn
Ky yéu Hau Gip G6 Toan Hoc nay chinh 1a thay cho mot 15i tdng két dé bién Gip G& Toan Hoc
trd thainh mot chuong trinh mang tinh chuyén nghiép va xuyén sudt : khéi dong véi 10i kéu goi
viét bai cho Ky yéu Gip Gd Toan Hoc, hoat dong hing khdi trong tuan 1€ dién ra chinh thic,
va cudi cling 12 Ky yéu Hau Gip G& Toan Hoc dé nhin lai c4 qud trinh va tir d6 tiép tuc dé ra
nhting hudng di mdi.

D€ hoan thanh cubn Ky yéu Hau Gip G Toan Hoc, ching toi khong thé khong nhic dén su
gitip d4 tan tinh clia cic thdy, cdc chuyén gia da tham gia giang day tai Gip Gd Toan Hoc 2016.
Cic thay da tao diéu kién tot nhit cho Ban bién tap trong viéc tdng hop cic bai giang, da cho
nhiing gép y sau siac vé chuyén mon dé€ chiing t6i hoan thién quyén tai liéu nay trong 1an dau
ra mat. Pong thdi, chiing ti ciing xin gti 18i cdm on tran trong dén quy thay cd, quy ban doc
gan xa da khong ngling dong vién, ¢ vii vé miit tinh than dé€ ching tdi c6 thém dong luc hoan
thanh nhanh chéng cong viéc clia minh va gtii né dén cac doc gia. Chinh nhiing 15i thim héi,
quan tam 4y da gidp ching tdi nhan ra cong viéc minh dang 1am that su c6 y nghia, dé tir d6



Gap g6 toan hoc 2016

chiing tdi cang thém hiing thi ciing nhu trach nhiém khi bién tap quyén Ky yéu nay. Véi vai tro
ctia nhiing ngudi bién tap, ching toi khong ldy gi hanh phiic hon ngoai viéc quy ban doc s& tim
thiy dudc nhiing diéu hitu ich, mdi mé trén ting trang ctia cudén Ky yéu. Cudn Ky yéu nay ducc
viét danh cho moi dbi tugng ban doc, tit hoc sinh, gido vién cho dén nhiing doc gid dam mé
Toan hoc, chinh vi vdy ching t6i lu6n mong moéi nhiing 161 dong gép chan thanh ctia quy ban
doc dé chiing toi kip thdi nam bat va dap tng nhu ciu ciia cac ban trong céc 1an phat hanh Ky
yéu sau. Day 12 1an dau tién quyén Ky yéu nay ducc phat hanh, do d6 n6 con kha don so va gian
di. Ching toi hy vong qua thdi gian, quyén Ky yéu Hau Gip G& Toan Hoc sé ngay mot dic sac,
phong phu thém, né sé trd thanh mdt san pham khong phai cia riéng ca nhén, t6 chiic nao ma
sé dugc xdy dung, bdi dap bdi cong dong nhiing ngudi yéu Toan & Viét Nam, véi tinh than “doc
gia ciing chinh la tac gia”.

Con bay gid, xin mdi cac ban thudng thic cuén Ky yéu Hau Gip G3 Toan Hoc 2016 !

TP.HCM, thang 8 nam 2016
Ban Bién Tap
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PHUONG TRINH HAM

Nguyén Vin Mau
(HOi toan hoc Ha Noi)

1. Kién thi'c can nhé

1.1.

Cac dang toan vé ham sb (sd cap)

o f(t)=at, f(t)=at+b, f(t) =t"v6ia,b e Rvam €N,

o f(t)=ad', f(t) =log,t viia € R.
e f(t) =sint, f(t) =cost, f(t) =tant, f(t) = cott.

e f(t) = arcsint, f(t) = arccost, f(t) = arctant, f(t) = arccot ¢.

e f(t) =sinht, f(t) = cosht, f(¢t) = tanht, f(¢) = cotanh ¢.

1.2.

1.3.

Ham tuan hoan va phan tuan hoan

Ham tuan hoan 1a ham c6 dang: f(t +h) = f(t), Vt € R, h > 0.
Ham phan tuan hoan 12 ham cé dang: f(t + h) = — f(t), YVt € R, h > 0.

o Cac ham s0 sin cos la tuan hoan v6i 2 = 27, phan tuan hoan véi h = 7.

o Cac ham s0 tan cot 1a tuan hoan véi & = 7, khong phan tuan hoan.

Ham tuan hoan cong tinh 12 ham tudn hoan va thoéa f(x+y) = f(x)+ f(y), Vx,y € R.
Tuong ty ta cling c6 ham phan tuan hoan cdng tinh.

Ham tuan hoan nhan tinh 12 ham tuan hoan va thda f(xy) = f(x)f(y), Vx,y € R.
Tuong tu ta ciing c6 ham phan tuan hoan cdng tinh.

Ham chan va ham lé

Ham chin 12 ham c6 dang: f(—t) = f(¢), YVt € R.
Ham 1é 1a ham ¢6 dang: f(—t) = —f(¢), Vt € R.
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Khi giai mot bai ham ma chiing ta khong thé bién ddi dang thiic gi dudc nita thi phuong phap

dau tién nén nghi dén 12 phuong phap chia ddi, tic c6 dang
1
A=b©A=§(A+B).

Bai toan 1. Tim tdt cd cdc ham f trén R théa mdn

f (%) = f(t), Vt e R.

Loi giai. Taco

f(%) = f(t) & f(t) =%(f(t)+f(;)),‘v’t e R.

Ta sé chiing minh v6i moi ¢ thi f s€ c6 dang

10 =3 (20 +(7)) vrer

Chiéu ngudc: Chiing minh dang (3) thoéa diéu kién ham f.

1 1 1
S (;) =5 (g (;) + g(t)) = f(),

do d6 ta c6 diéu phai chiing minh.

v6i g 12 ham s6 tuy y.

That vay vi

t

R 1
Chiéu thuan: Gia st f thoa f( ) = f(¢), YVt € R. Chiing minh f phai c6 dang (3).

Vi f théa (1) nén f théa (2), suy ra f théa (3). VAy ham nhu (3) 1a ham can tim.

Bai toan 2. Tim tdt cd cdc ham f trén R théa mdn

fR—x)+ f(x) =2x*>—4x + 4, Vx e R.

o))

2

3)

L&i gidi. Dt g(x) = f(x) — x2. Khi d6 phuong trinh thanh g(2 — x) = g(x). Datr =1 —x

khi dé6 ta co
gl+1)+g(1—1)=0.
Tuong tu bai trén ta ¢
g +0) = —g(1-1) = 5(g(1 + 1)~ g(1 ~1).
Tuong tu ta sé chiing minh dudc
gl +t)=k(1+1t)—k(l—1),Vt €R.

Vay f(0) = % + 3 k() ~ K2~ ).
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3. Cac bai tap tuong tu

Bai tap 1. Tim tit cd cdc ham f trén R théaman f(—t) = f(t), Vt € R.
Bai tap 2. Tim tit ca cac ham f trén R théa man f(—t) = —f(t), YVt € R.

Bai tap 3. Tim tit cd cic ham f trén R théaman f (1) - f(r) =1, Vt € R.

Bai tap 4. Tim tt c4 cac ham f trén R théa min f(x) = (?;:{3) sao cho f(x) = x c6 hai
nghiém x = +£1.
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HAI TAM GIAC TUONG UNG SONG SONG

Lé Ba Khanh Trinh
(Pai hoc KHTN DHQG, thanh phd Hd Chi Minh)

1. Dinh Iy

Dinh Iy 1. Cho hai AABC, AA’B'C’ ¢6 cdc canh tuong iing song song. Khi do, cdc duong
thiang AA', BB', CC' déong quy tai tdm vi tw S ciia hai tam gidc.

2. Bai toan

Bai todn 1. Cho AABC nhon néi tiép duwong tron (0), c6 cdc dwong AD, BE, CF. Cdc diém

K, M, N thuc cdc canh EF, FD, DE sao cho cdc duong thing KD, ME, NF ldan lugt song

song voi cdc duong thcfng OA,OB,OC. Goi T,U,V la trung diém cdc doan DK, EM, FN.
a) Chitng minh rdng cdc duong thang AT, BU, CV dong quy tai diém S.

b) Chitng minh rdng diém S ndm trén duong thing Euler ciia AABC.

A
E
J
K X U
F
H
» \4
T Z
Y x
‘N
C
B D
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Loi gidi. a) Goi H 1atruc tim A ABC. Dé thiy H 1a tam ndi tiép, A, B, C 1a tam bang tiép cia
ADEF. (H) tiép xic v6i EF, FD, DE tai X,Y, Z.

Do OALEF tai J va DK || OA nén DK 1 EF, suy ra DK, EM, FN la cac dudng cao cua
ADEF.

Ké duong kinh XX’ ctia (1), dé thidy D, X', J thang hang. Ta c6 XX’ || DK do clung vudng
géc EF, ma I 1a trung diém XX’ nén (DJ, DX, DA, DK) = —1.

Suy tiép (AJ, AX, AD, AK) = —1,kéthop DK || AJ do cung vudng goc EF, nén AX di qua
trung diém T cua DK.

Suy ra
sin ZTAE XE AF XE AC XE
1_[sinéTAF 1_[XF AE 1—[XF AB l_[XF
do DX, EY, FZ dong quy tai diém Gergonne ctia A DEF . Theo dinh ly Ceva dang sin, AT, BU, CV
dong quy tai S.

b) Do Y Z vudng gbc véi phan gidc trong géoc D nén song song vdi phan giac ngoai goc D hay
YZ || BC.Suyra AABC va AXYZ c6 cac canh song song, ma H, O lan luct 12 tAm ngoai
nén AX, BY, CZ ddng quy tai mot diém nam trén OH . O

Bai toan 2. Cho AABC noi tiép duong tron (O), ngoai tiép dwong tron (1) (E, F la tiép diém
Vvdi cdc canh AB, AC ). Puong tron (O,) qua hai dinh A, B va tiép xiic vdi duong tron (1) tai
diém M, duong tron (O,) qua hai dinh A, C va tiép xiic vdi duong tron (I) tai diém N.

a) Chitng minh rdng cdc duong thang EM, FN, AD dong quy tai diém S.

b) Chiing minh rdng diém S ndm trén duong thing OI.
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Loi gidi. a) Goi S 1a giao diém EM, FN. SE, SF 1an luct cat (MAB), (MAC) tai P, Q.
Do (1) cung tiép xic AB, (O;) va AC, (O,) nén

PA?> = PE - PM = Pp;q) = PI* —r?
QA*> = QF - ON = Pg;q) = QI* —r?

do d6 PA* — QA* = PI? — QI?. Theo dinh ly Carnot, suy ra A/ L PQ. Ma Al LEF, nén
PQ || EF.

Mt khac, M N dbi song v6i EF, suy tiép M N d6i song v6i PQ, hay PQM N noi tiép. Do dé
Ps/imap)y = SM - SP = SN - SO = Ps/mac),

hay S nim trén A D la truc dang phuong ctia (M AB), (MAC).

b) Cdch 1. O, P nam trén dudng trung truc AB nén OP LAB. Ma IE1LAB nén OP | IE.
Tuong tu, OQ || IF.

Theo chiing minh trén thi PQ || EF, nén AOPQ, AIEF cé céac canh tuong ing song song
nén OI, EP, FQ dong quy tai tim vi tu S ctia hai tam gidc.

Cdch 2. Tiép tuyén tai M, N ctia (MAB), (MAC) lan ludt cit AB, AC tai H, K. S nam trén
dudng dbi cuc ctia H, K dbi vé6i (1), nén theo dinh ly La Hire, HK 1a dudng dbi cuc cta S dbi
v6i (/) hay ISLHK. (1)

10
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Mat khac, ta c6
Puyay= HM? = HA- HB = Pyy0), Px)a)= KN?> = KA- KC = Pgj(0).
nén HK la truc dang phuong ctia (0), (I), hay O LHK. (2)
Tur (1) va (2) suy ra S, O, I thang hang. O

Bai toan 3. Cho AABC. Puong tron néi tiép (1) tiép xiic cdc canh BC, CA, AB tai cdc diém
D,E,F.Goi M,N, P la tdam bang tiép tuwong iing cdc dinh A, B, C. Chiing minh rdng co duy
nhdt mét diém S c6 cung phuong tich véi sdu duong tron (MBE) ,(MCF),(NCD),(NAF),
(PAE), (PBD) va diém S nam trén duong thding Euler ciia AABC.

Goi y. Ching minh M D, NE, PF la truc dang phuong ciia titng cip dudng tron. Theo bai toan
1, ching dong quy tai S ndm trén dudng thang Euler cia AABC.

11
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PHUONG PHAP TU DUY TO HOP

Tran Nam Diing
(Pai hoc KHTN DHQG, thanh phd Hd Chi Minh)

Bai toan 1. Cho mét bang vuéng m x n (m dong va n cét). Ta dién cdc so —1,0, 1 vao cdc 6
vudng cua bang sao cho tong cdc so d moi hang, moi cot déu chia het cho 3. Tim gid tri lon nhat
ciia 5o cdc s6 1 dugc dién.

Loi gidi. Dat S(m,n) 1a s6 cac s6 1 16n nhit dudc dién vao bang m x n. Ta sé giai quyét cac
trudng hgp don gian trudce.

e Truong hgp 1: 3 | m va 3 | n.

Trong trudng hop nay, ta dién vao bang tit ca cac s6 1. Nhu vay S(m,n) = mn.

e Truong hgp 2: 3 |mva3 ) n.

Ta sé chiing minh rang S(m, n) < m(n —1). That viy, gia st cé m(n —1) + 1 6 dudc danh. Nhu
viy, theo nguyén 1i Dirichlet, ton tai mot dong gdm toan céac sd 1. Nhung diéu nay mau thuin
do 3 f n. Mau thuin nay cho ta diéu phai chiing minh.

Biy gid ta sé chi ra mot cach danh sb théa man S(m,n) = m(n — 1). Trong trudng hop
n = 3k + 1 thi ta c6 cach danh s6 sau:

T T T
1111110
T
171,110
I I ISR NN
| | |
11170
| ] ]

T 1T 1
1111111 -1
s e S SR
171717 1)-1
]

| [
| A R IS |

| | I R

12
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e Truong hgp 3: m = n # 0 (mod 3).

Ta sé giai quyét trong trudng hop m = n. Khi d6 ta sé& chiing minh S(m,m) < m? — m. That
viy, tuong tg nhu phan trudc, néu S(m, m) > m? —m + 1 thi ton tai mot dong gom toan cac sd
1, diéu nay vo ly.

Trong truong hdp m < n. Ta sé ching minh S(m,n) < mn — n. That vay, ta cd
Sm,n) < S(m,m)+Sn—m,m)=m*>—m+ (n—m)(m—1) =mn —m.

Bay gid ta sé chi ra mot cach danh s6 thda man S(m, n) = mn —n. Ta chia bang thanh hai phan
mxmva(m—n)xm.

I I I I I
ol 1 1111|1111
- TR
170111 111 1
I I I [N SR R SR
| | | | |
11 lo 11l
EU e R et e fooodeo
Lttt ofjololo
1 1 1 1 1

Nhu vy ta chi con phéi gidi quyét truong hop m = 3k + 1, n = 3k + 2 nhu mot bai tap vé
nha. =

Bai todn 2. C6 mét con éch nhdy tir A sang B trong bdng vuéng 5 x 7. Méi budc nhdy la 1
hodc 2 budc, la lén trén hodc sang phdi.

]
]
|
|
]
:
|
____'____
|
|

I I I
I I I

Hoi con éch co bao nhiéu cdch nhdy?

L&i gidi. Gid st bang chi c6 kich thudc 1 x 7. Trong mdi 6, ta danh cach di chuyén tit A dén 6
d6 (tai A ta danh s 1). Nhu viy ta c6 cach danh sb sau:

13

o)

T T T T
111121315
| | | |

13
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Mot cach tuong tu, tai mdi 6 trong bang 5 x 5, sd cach di dén 6 (m, n) bang tdng cac cach di
dén cac 6 (m — 1,n), (m — 2,n), (m,n — 1), (m,n — 2), nghia 12 bang tdng cac sd dugc viét
trén cac 6 do. Nhu vay ta c6 bang sau:

I I I I I I
S0 1 1 155611390/ B
T it e
30 0 0 1 11060
\
| | | | | |
2 1 4 11222 | | | 304
RN R s R I e
1215110213171
T R S Sl B
Al 112131518113
S6 dudc viét & B 1a: 556 + 1390 + 304 + 1060 = 3310. ]

Bai toan 3. Ta phdn tich 20 thanh téng ciia 2 s6. Sau do thuc hién tiép tuc nhu vdy vdi cdc s6
bén dudi. Véi moi tong, tinh tich hai sé cia tong. Tong tdt cd cdc tich trén c6 thé nhdn gid tri
bao nhiéu?

L&i giai. Ta sé thi trong cdc trudng hdp nhd. Trong trudng hop n = 5, ta tinh dudc tdng céc
tich tao thanh 12 10 (trong vai trudng hop). Ta du dodn két qua trong trudng hop téng quat: Tong
thu dugc c6 gia tri (g) va ta sé chiing minh bang quy nap.

That vy, nhan xét hién nhién ding khi n = 2. Gid st ta c6 tdng céc tich thu dudc véi k < n —1
1a (X). V6i n, ta phan tich thanh tng clia hai s m va n —m déu nhd hon hodc bing n — 1. Theo
nguyén ly quy nap, ta ¢6 tdng cdc tich dudc tao thanh trong trudng hop nay l1a (7) va (*3").
Nhu vay tdng céc tich thu dugc khi phén tich n thanh cic tong 1a

m n n—m +m )
5 5 mn —m).
Viéc con lai la chiing minh

(2)+(3") me-m=(2)

Ta c6 thé dé dang khai trién dang thdc nay va chiing minh bang dai s6. Tuy nhién ta ciing c6
mot chitng minh t6 hop nhu sau: Gia sit c6 n doi bong thi ddu vong tron méot lugt. Nhu vy sd
céc tran dau dugc t6 chiic 1a (g) Bay gio gia st n doi bong nay chia thanh hai nhém gém m doi
va n —m doi. Nhu vy s tran déng trong mbi nhém nay 1an luot 1a () va (™). Sau d6, ta cho
céc doi trong hai nhém nay diu v6i nhau thi s tran diu 12 m(n — m). Nhu vay, ta da cho n doi
béng du vé6i nhau (va khong c6 su trung 1ip) nén ta cé:

m n n—m +m( ) = n
) 5 mn—m) = | |.
D6 1a diéu phai ching minh. O]

14
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Bai toadn 4. Cho bdng vudng 8 x 8 ddnh ddu x sao cho khong cé bon é nao dwoc ddanh ddu tao
thanh hinh chit nhdt. Tim gid tri [6n nhdt ciia sé cdc ddu x.

Lsi giai. Bai todn cho ta y tudng dém bang hai cach. DPE tim gia tri 16n nhét cia sd cac dau x,
ta sé cb gang tim mdt chin trén "t6t" (64 hay 56 déu la chin trén nhung khong t6t). Ta md hinh
hoa lai bai toan nhu sau:

Xét 8 tap hop Ay, Ay, ..., Ag C {1,2,...,8}. Trén bang 8 x 8 mdi, ta dién vao 6 x;; s6 1 néu i
thudc A; va 0 néu i khong thudc A ;. Theo gié thiét, do khong c6 hinh chi nhat nao duge danh
diunén |4; N A;| < 1,Vi # j.

Ay | Az | A3 | Ay | As | A6 | A7 | As

1|1 1

2 0

3

411 0

5

6

7

8

Nhu vay s6 6 dugc danh dau x 1a s6 s6 1 dudc dién trong bang va ta dit 1a S. Mot nhan xét don
8

gianla § = Z d (k) v6i k 12 s6 s6 1 trén mbi hang.
k=1

Ta sé dém sb ciip (1, 1) trén mbi hang:

o Mbi hang ¢6 d (k) s6 1 nén s6 cip (1, 1) trén mdi hang 1a (%

2

%, (d(k) %, d(k)* —d(k)
(1) g

k=1 k=1

) nén téng sb cdp (1, 1) Ia

e Hai ciip cot bat ki cho ta t6i da mot cip (1, 1). Nhu vy ta c6:

) 2 8
So cap 1 trén cac hang < SO cédp cot = (2) = 28.

Nhu vay ta co:
8

5 d(k)? — d(k) .

28.
2

k=1
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8
Kéthop véi S = > "d(k),tac S < 25.

k=1
Nhung khi thit lai (trong mot sb trudng hop) thi ta chi danh diu dudc 24 6 nén ta sé cb ging
chiing minh ring S = 25 khong thoa. Pay 12 bai tdp vé nha cho phuong phap dém bing hai
cach két hop véi chiing minh céc trudng hop cu thé. [

Ta c6 mdt bai toan cung chu deé sau:

Bai todn 5. Cho X = {1,2,3,...,4n}. Hai tdp A, B C X duoc goi la khong gidéng nhau néu
[(A\ B) U(B\ A)| > 2n+ 1. Goi Ay, A,, ..., Ay la cdc tdp con doi mét khong giong nhau
cua X.

(a) Chitng minh rang m < 2n.

4n + 1)

(b) Chitng minh rang m < 3

Li giai. Céu (a) dudc tiép can don gian bang dém bang hai cach. Ta thiét 1ap bang sau:

12 4n

As 0

Am

Trong bang trén, hai dong bat ki chifa it nhat 21 + 1 cip (0, 1) (khdng tinh thif tu) trén mbi cot
tuong ting. Bay gid, ta s& dém s6 S 1a s6 cip (0, 1) trén cic mbi cot.

e Dém theo cip dong: C6 (7) cdp dong, mbi cip dong nay ¢6 it nhit 2n + 1 cip (0, 1). Do

do:
S > (’Z) @n+1).
2

A . .2 9 s A [N A v N m ~ ~
e bém theo cot: Trén cOt j, gid stcd c¢; so 1 thisocap (0,1)lac;(m —cj) < R Tu do
suy ra

16



Gap g6 toan hoc 2016

Nhu vay ta co
P L Qn + 1)
n.— < -(2n )
4 2

Tir d6 ta c6 m < 2n + 1. Tuy nhién, néu nhu déng thiic xy ra thi trén méi cot, ¢; # n —c; nén
khong co dezlng thiic & trén (mau thuan). Vay m < 2n + 1 hay m < 2n. ]
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PHUONG PHAP TO HOP

Tran Nam Diing
(Pai hoc KHTN DHQG, thanh phd Hd Chi Minh)

Bai toan 1. Cho n gidc. Ké tdt cd cdc duong chéo ciia n gidc do, biét ring khong co ba duong
chéo nao dong quy.

a) C6 bao nhiéu giao diém ciia cdc duong chéo ?

b) Cdc duong chéo chia phan trong ciia da gidc thanh bao nhiéu mién?
L&i gidi. a) Chon 4 dinh bat ky, ta dugc mot tif gidc va mot giao diém cia hai dudng chéo. Vi
khong c6 ba dudng chéo nao dong quy nén sd giao diém cia cic dudng chéo la C,*.
b) Goity,ta, ..., ty lasd giao diém clia cc dudng chéo thi 1,2, ..., m. Khi do
t1 1a sb giao diém cla dudng chéo thii nhit, s& tao thanh #; + 1 mién mdi.

t, 12 s giao diém ctia dudng chéo thit hai, sé tao thanh 7, + 1 mién méi.

tm 12 56 giao diém ctia dudng chéo thii m, sé tao thanh #,, + 1 mién mdi.

Suy ra
Somién =1+ + - +tm+m+1
= S6 giao diém céc dudng chéo + S dudng chéo + 1
nn-3
:c;+—( 5 )+1=C,$_1+C,;‘.
Péaps6 C2_, + Cr. O]

Bai toan 2. Chotdip A = {1,2,...,20}.

L&i gidi. a) S6 tap con ctia A 14 229,

S tap con clia A ¢6 ba phan tit 1a CJ,.

S6 tap con clia A ¢ tdng cdc phan i 1a 18 1a 21°.

S6 tap con clia A c6 ba phan tii va c6 tdng cac phan ti 12 18 12 210,

S tap con cla A c6 ba phan tif va c6 tng céc phan tif chia hét cho 3142C3 + C2 +7-7 - 6.

18
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b) S6 tap con c6 tdng cac phan ti chia hét cho 3 1a ?
Cach 1. Phan hoach A thanh ba tép
Ay ={1,4,7,...,19%, 4y = {2,5,8,...,20}, A3 = {3.6,9, ..., 18}.

LAy phan tir 1 ctia A1 va 2 clia A2. Khi d6 xét A;g = A\ {1,2} = {3,4,...,20} thi |4| = 18
nén sb tip con ctia A;g 12 2'8. Vi mdi tip con clia A,g, ta tim cach xdy dung mot tap con cia
A c6 tdng cac phan t chia hét cho 3.

e Néu tdng cac phan ti clia tip con clia A;g chia hét cho 3 thi ta giit nguyén tip con hoiic
thém ca {1, 2} vao tap con.

e Néu tdng cic phan tif clia tp con clia A;g chia 3 du 1 thi ta thém {2} vao tap con.

e Néu téng cic phan tif clia tp con clia A;g chia 3 du 2 thi ta thém {1} vao tap con.
Do d6 néu goi ¢;g 12 s6 tip con ctia A;g va chia hét cho 3 thi sb tap con ctia A thoa yéu cau bai
toan 12 218 + 5.
Tuong tu 1dy thém mot phin tif ctia A1 va mot phan i cla A2 ta dudc

C1g = 216 +C16 —_ .. — 216 +214 _|_212 ++26 +C6-

Khi d6 chi con lai sdu phan tif cia A3, ma tht c tap con clia A3 déu c6 téng cac phan ti chia
hét cho 3 nén cg = 2°.

Suy ra sb tap con clia A c¢6 téng cdc phan ti chia hét cho 3 1a

220 + 27

218+216+214+212+”_+26+26: 3

Céch 2. Goi ¢ 1a can bac ba cua don vi thi

C=1vax’—1=x-0)x-)(x-2).

Xét
P(x) = (x =) (x —£2) - (x — ¢%)
=[6c-D - x-)]" x-0(x—¢) (1)
= (x3—1)6(x2—|—x+1).
Khi do

P =1+ (1+8%) - (14+¢°) = co+ il + el

trong d6, ta chiing minh dudc cg, ¢1, ¢, 12 s tip con ctia A c6 tdng cac chit s6 1an ludt chia hét
cho 3, chia 3 du 1, chia 3 du 2. Yéu cau bai toan 1a tinh a,.

Tacé ¢y + ¢, + ¢, = sb tip con ctia A = 22°. Miit khac theo (1) thi

P(—l) = Co + Clé‘ + C2§2 = 26.
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Suy ra
co+ (22 —co—c2)E—ea(1+8) =25,

tuong duong
C0—02—26—|— (220—6'0—26'2); = O,

hay
co—cp =26 N 220 4 27
o= ——
Co + 26‘2 = 220 0 3
Céach 3. Pit a,, b,, ¢, 12 s6 tap con ctia tip {1,2,...,n} c6 tdng cac phan i 1an lugt chia hét

cho 3, chia 3 du 1, chia 3 du 2. Yéu cau bai toan 1a tinh ayg.
Dé dang tinh dudc a, = 2,by = ¢, = 1
Tu mot tdp con X cuatap {1,2,...,3n — 1}, ta xay dung tap con cua tap {1,2,...,3n + 2} c6
tdng cac phan ti chia hét cho 3.
e Néu tdng cic phan ti ctia X chia hét cho 3 thi thi ta ¢ thé thém vao X céc tap

@, {3n}, {3n + 1,3n + 2}, {3n,3n + 1,3n + 2}.

e Néu téng cic phan tif ctia X chia 3 du 1 thi thi ta ¢6 thé thém vao X cdc tap

{3n + 2}, {3n,3n + 2}.

e Néu téng cic phan i ctia X chia 3 du 2 thi thi ta ¢6 thé thém vao X cdc tap

{3n + 1}, {3n,3n + 1}.

Suy ra asp+2 = 4a3p—1 +2bsp—1 4 2¢3p—1. Tuong ti cho bsp 2. €3p+42, ta Xy dung duge quan
hé truy hoi

A3p42 = 4a3p—1 + 2b3,—1 + 2¢30-1

bantz = 2a3,—1 + 4b3y—1 + 2¢351

Cant2 = 2a3p—1 + 2b3y—1 + 4c3p1

Suy ra
23n+2 + 2n+1

3
~ ;o . 20 7
T do6 tinh dudc a,g = % O

Aspnt+s = 10as, 42 — 16b3,—1 = a3p42 =

Bai toan 3. Té mau trong 10 6 vuéng bang bon mau xanh, do, tim, vang. Hoi co bao nhiéu cdch
16 sao cho 5 6 lién tiép dugc t6 dii bén mau.

Goi ¥. Moi cach to déu dudc xac dinh néu biét day 1ip va mau ctia 5 6 dau tién.
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HAM TONG CAC CHU sO

Luu B4 Thing
(bai hoc Su pham, Ha Noi)

1. GiGi thiéu vé ham tdng cac chir sb

1.1. Dinh nghia

Cho s6 ty nhién n = a,a,as - - a;. Khi d6
Sn)=a,+ay+--+a
12 ham t6ng cac chit s6 clia n viét trong hé co s6 10.
Néun = ajasas---a; viét trong hé co sb p thi
Sp(n) =a,+a,+as+---+a.

Khi 6 | |
n=ap ' +ap T + - +aip+a.

Chii y rang néu n 1a s6 nguyén duong thi a; > 0.

1.2. Tinh chat
Sau day 1a mot s tinh chat ctia ham tdng céc chit sb.

e V6imoia,b € N thi
S(a+b) < S(a)+ SOb).
Chiing minh. Ta cé

S(a) + S(b) — S(a + b) = 9- (s6 cac phép nhé khi cong hai s6 a va b).
e Tuong ty, ta ciing c6
Sy(@)+S,(b)—S,(a+b) = (p—1)-(s6 cac phép nhé khi cong a va b trong hé cd sb p).

T do suy ra
Spla+b) < Sp(a) + Sp(b).
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e S(ab) < min(aS(b),bS(a)).

Chiing minh. Tacé

Ap dung (1), ta suy ra diéu phai chiing minh.

ab=a+a+a+---+a=b+b+b+---+b.
b lan

a lan

Dinh Iy 1. Véi moi s6 nguyén duong a, b thi S(ab) < S(a)S(b) va S(ab) = S(10"ab).

Bai toan 1. Ching minh rdng vdi moi sé tw nhién n thi

Loi giai. Taco

Suy ra

Tir d6 suy ra diéu phai chiing minh.

S(2n) < 28(n) < 10S(2n).

S(n)=S(10n) =S2n +2n +2n+2n+ 2n) < 552n).

1 < S(2n) <2
5 S(n)

O
Bai toan 2. (Phdn Lan 2014) Tim tdt cd q € Q sao cho ton tai n nguyén duong théa mdn

Loi giai. Tu bai 1 ta suy ra
nguyén duong thoa 5;(2””)) =

Xét
Khi dé

Suy ra

T do suy ra

Diéu nay tuong duong vdi

S(2n) = qS(n).

é < g < 2. Ta sé chiing minh v6i moi g € [é 2] N Q thi ton tai n
= q =

r
5

2n=11---1022---2,
—_—

a

b

S(n)y=5a+b va SQ2n)=a+2b.

a+2b_r

5+b s

s(a +2b) = r(5a + b),
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tic la
(5r —s)a = (2s —r)b.

Chona = 2s —r va b = 5r — s, ta dudc s6 nguyén duong n thod dé bai.

Véyqe[%;Z]ﬂ@. [
Cau hdi. 5((;!)) c6 thé nhan nhiing gid tri nao?
Ta co () .
S(3n) <3S(n), suyra SGn) > 3
Chonn = &-_g“ll,thé thi S(3n) = 12,S8(n) = 7 4 3a. Do d6 % = % — +o00.

a

Bai toan 3. Ton tai hay khong sé nguyén duong n sao cho S(n) = 19965 (3n)?

Loi giai. Chon
n=33---36
Ng—
598656 3
thi n thoa yéu cau dé bai. O

Cau héi. Néu thay yéu cau ctia bai toan thanh S(n) = 20165 (3n) thi c6 ton tai n hay khong?
Bai toan 4. (Argentina 2012) Tim sé nguyén duong n nhé nhdt sao cho
S(n) =S2n) =8503n) =---= 85(2012n).
L&i gidi. Ta giai bai toan thong qua bd dé va mot s6 nhan xét sau.
B6 dé 1. Vi moi x nguyén duong thod 1 < x < 10" — 1 (n la sé nguyén duong) thi
S(x(10" — 1)) = 9n.

Nhan xét 1. S(n) = S(9n) va S(9n) chia hét cho 9, suyra 9 | n.

Nhan xét 2. n c6 it nhit 4 chit sb.
That vay, gia st n = abc, trong d6 a, b, ¢ khong ddng thdi bing 0. Ta c6

1001n = abcabc, suyra S(1001n) =2S(n) (voly).

Khi n ¢6 4 chit s6, gid st n = abcd (a # 0). Xét phép nhan n véi 1001:

1001 x n = abcd000 4 abcd.
Néua +d < 10,tacé S(1001n) = 25(n) (voly). Dodéa + d > 10.
Néuc < 9thi S(1001n) — S(n) = b +c + 1> 0 (Vo ly).

Tuong tu, néu b < 9 hoiic a < 9 ciing suy ra S(1001xn) > S(n), mau thuin véi dé bai.
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Viya =b =c¢ =9,khidon = 999d chiahét cho 9, ma 9+ d > 10nénd = 9.
Thit lai v6i n = 9999, theo bd dé ta ¢
S(n) =S2n)=S5GBn) =---=85(2012n) = 36.
Vay n = 9999 1a s6 nhé nhit thda min dé bai. O
Bai toan 5. (USAMO 1992) Tinh

S(9%x99 %9999 x -+ x999--.9).

L5i giai. Ap dung bd dé cia bai 4, suy ra

S(9x99%9999 x ---x999...9) = 9.2",
—_—

27569

Bai todn 6.

(a) (IMO SL 1998) Chitng minh rang vdi moi s6 nguyén duwong n thi ton tai sé k co n chit
56 sao cho S(k) | k.

(b) Chitng minh rdng toén tai vé han sé nguyén duong k sao cho k khéng chiia chit s6 0
naova S(k) | k.

Lsi gidi. (@) Néun = 3!, chonk = 111---111 thi S(k) | k.
—_———

3/

Néu n # 3 ton tai 5" sao cho 3% < n < 35+, Xét

aa---b x (10" = 1),
—
s times

trong dda,b # 0, b # 1 vaa # 9 thoa man

A=

aa---ab < 10" —1. *)
——

s lan

Sé cac chitsb ctia Alas + ¢ + 1 vad S(A) = 9¢. Ta can chon s, ¢ sao cho

s+t+1=n L s+t=n-—1
, tucla
9 | A 9 | A

Chont =3",s=n—1-3">0.Khidé
9t = 35'+2 | 103‘« —1, suyra 9| A,
hon nita s + 1 < ¢ nén (*) dudc théa man.
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(b) Gia st ¢6 hitu han s6 k khong chiia sb 0 nao thda man dé bai. Goi s6 k 16n nhét théa min
Sk) | k laaazas - a,.

Ta xét

k' = aja,a3 - a,a1G203 - Ap,d 10203 - Qp.

C6 S(k') = 3S(k) va3k | k', nén k khong 1a s6 16n nhit, vo ly. Ta ¢6 diéu phai chiing minh. [
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SO PHUC VA SO HOC

Nguyén Song Minh

Dinh nghia 1.

1. Vanh s nguyén Gauss, ky hiéu 1a Z[i], 12 tp hop tat ca céac sb phiic c6 dang a + bi v6i
a,beZ.

2. Trén vanh s6 nguyén Gauss, ta trang bi hAim chudn N(x) dudc xdc dinh nhu sau: Néu
X =a + bi thi N(x) = |x|?> = a® + b2

3. V6ia, B € Z[i], tandi B | « néu ton tai y € Z[i] sao cho o = By. Tit day suy ranéu 8 | o
thi N(B) | N(x).

4. Trong Z[i], y dudc goi 1a u6c chung ctia a, 8 néu y |« va y | B. Hon nifa, y 12 u6c chung
16n nhét ctia  va B néu va chi néu y 1a uéc chung c6 chuin 16n nhat.

Vidu 1. Xet4va2i. Co N(4) = 16, N(2i) = 4. Cdc wdc chung Ién nhdt ciia chiing la
2,—2,2i,—2i. Nhu vdy trong Z[i| wéc chung Ién nhdt cé thé'khong la duy nhdt, nhung
tdt cd wdc chung 16n nhdt déi mot lién két voi nhau, tiic la néu y, va y, la wéc chung lon
nhdt cia a va B thi N(y1) = N(y2).

5. S6 p € Z[i] dudc goi 1a s6 nguyén tb phic khi va chi khi néu p | af thi p |« hodc p| B.

Chii . S6 nguyén t6 trong Z c6 thé khong 1a s6 nguyén t6 phic. Chang han nhu c6
2=(0+i)(1—i)nhung2 f1+iva2 f1—i.

Bai toan 1. Tim tdt cd s6 nguyén té trong 7 ma ciing dong thoi la sé nguyén té phikc.
Loi giai. Ta xét hai trudng hgp sau:

e Néu p =4k + 1 thitdontai p = a> + b*> = (a + ib)(a —ib) nhung p fa +ib nén p
khong 12 sb nguyén t6 phiic.

o Néup =4k +3vagiasi p = (a+ib)(c +id)thi p?|a®+ b?va p?|c?+d? Do
p c6dang 4k 4+ 3 nén p laude claa, b, ¢, d. Suy ra p 1a sd nguyén td phiic.
VAay v6i p = 4k + 3 thi p 1a s6 nguyén tb phic.
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Tinh chit. Néua, B € Z[i] vay € Z[i] thod man «, B nguyén t6 cing nhau va o = y",n > 2
thi ton tai u, v sao cho o = eu”, B = e’v" Véi e, e’ 1a don vi.

2

Bai toan 2. Tim tdt cd s6 nguyén duong a, b, ¢ sao cho a?, b?, ¢? la mot cdp sé cong.

Loi gidi. Taco (a+ic)(a—ic) = 2b%> = (1+i)(1—i)b?.Tacé thé coia, b, c ddi mdt nguyén
to cing nhau. Gid st 14+i | a+ic,suyraa+ic = (14+i)(u+iv),suyraa—ic = (1—i)(a—ic).
Tir d6 suy ra b? = u? + v2. O

Bai todn 3. Cho p la s6 nguyén t6 dang 4k — 1 va x, y, z nguyén duong thod (x,y) = 1 va
x2 + y? = z**. Chitng minh rang p | xy.

Loi gidi. Tacod (x +iy)(x —iy) = z?P. Goi d 1a u6c chung 16n nhat ctia x + iy, x — iy. Néu
2| N(d) thi z chdn, suyra 4 | x2 4+ 2, vd 1y vi (x, y) = 1. Ngoai ra, d 1a uSc ctia 2x va 2iy,
madlénénd | xvad | y,suyra N(d)=1.Tudésuyra (x +iy,x —iy) = 1.
Theo tinh chét trén, suy ra x + iy = u(a + ib)*? v6i u 1a don vi, dong thoi

x —iy = ii(a —ib)*”.

Ta co

(x4 iy)?—(x — iy)? = 4xy = u? [(a ik —(a— ib)“k] =y2[(a +ib)"*' = (@ —ib)"*].

Ta co
(a+ib)? =a? + (b =a? —ib?» =a—ib (modp).
Tuong tu
(a—ib)! =a? +ib? =a+ib (mod p).
Tudé p | (@ +ib)?™ —(@—ib)?*' . Suyra p | 4xy, ma plénén p | xy. O

Bai toan 4. Gidi phuong trinh nghiém nguyén duong x? = y? + 1 vdi p la sé nguyén té Ié.

Loi gidi. Taco (y +i)(y —i) = xP.Do(y +i,y —i) = Il nény +i = u(a +ib)?, va
y —i = ii(a —ib)”. Khong mét téng quat, gid st u = 1. Tacé

. D . —ofe—
20 =2 Z <2k N 1) (lb)2k+1ap 2k 1.

0<2k+1<p

Suy ra

p 2k+1 k p—2k—1
1= b —1)*a? .
2 <2k n 1) (=1)a

0<2k+1<p
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Do vé phdi chia hét cho hnén b | 1. Tacé
41 = Z p (_1)kap—2k—1.
2k + 1
0<2k+1<p
Néu +1 # (=1)F" thi
0<2k+1<p +
chia hét cho p, vo ly. Ngudc lai, ta c6
_ 2 42 2% 2k—2
0=C2+Cla® + -+ C2a*2,

Suy ra a? + b? = 2 v6i a chin. Gié st v, ((£)) = ¢ thi

p nin p— 2 a2k—2
a = —_—,
2t 2t =2 ]t(2t — 1)

Via chan nén vy(a®2) > 2t —2 >t > v(1). Suy ra v, (C2'a®"?) > q 4 1. Do d6 0 chia
hét cho 29 nhung khong chia hét cho 27+, v ly. O

Sau day 12 mot s6 bai tip dé rén luyén.
Bai tép 1.
(a) Tim 7 sao cho c6 thé viét n duéi dang n = a? + b2 .

(b) Néu ton tai a, b sao cho a? + b?> = n thi phuong trinh a? + b? = n c6 bao nhiéu
nghiém?

Bai tap 2.
(a) Ching minh ring Z[+/—2] ciing c6 nhiing tinh chét giébng nhu Z[i].
(b) Giai phuong trinh nghiém nguyén x> = y? + 2.
Bai tap 3.
(a) Chiing minh Z[+/—7] cling c6 nhiing tinh chat giéng véi Z[i] .
(b) Giai phuong trinh x2 + 7y? = 2" v6i n nguyén duong.

Bai tap 4. V6i D < 0 khong 1a s6 chinh phuong, ky hiéu N(a + b~/D) = a® + Db?. Chiing
minh ring chi ¢é D € {—2,—3,—7, —11} 1a 1am cho Z[+/D] c6 tinh chét giéng véi Z[i].
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CAC PHUONG PHAP CHUNG MINH
BAT DPANG THUC

Vo Qudc Ba Cén
(Archimedes Academy, Ha Noi)

1. Phuong phap don bién

Bai toan 1. Vdia, b, ¢ la ba sé thie khong dm théa man diéu kién a + b + ¢ = V5. Tim gid
tri I6n nhdt cia
P = (a® — b*)(b* — c?)(c* — a?).

Loi gidi. Gia st c = min{a, b, c} tachican xéth > a. Dit

{xzx/az—cz {a Vx2 4+ ¢
b

=
y = /b2 —¢2 =/y2+c2
khi do
Vizat+bte=vVxt+2+Vy2+c2tezx+y,
va

P <x?y*(y* —x?).
Chu ¥ rang 4xy + (x — y)? = (x + y)2. Tt d6 ap dung bét dang thiic AM-GM, ta c6

P> < (x+y)?-xy-xy-xy-xy-(x—y)>

4xy + (x — )27
12
3125

2 2

nhét can tim 1a /5. O]

Do d6 P < /5. Péng thiic x4y ra khi va chi khi (a, b, ¢) = (ﬁ_l V541 , O) . Vay gia tri 16n

Bai toan 2. Cho cdc sé thuc khong ém a, b, c théamdna +b + ¢ = /5. Tim gid tri l6n nhdt
cua biéu thiic
P =a(b—c)>+b(c—a)’+c(a—b)>.
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L&i gidi. Khong mat tinh tong quat, gid st ¢ = min{a,b,c}, dita = c + x, b = ¢ + y V6i
x,y>O,khidé\/§=a+b+c=x+y+3c2x—|—y.OTacé
P=ab-c)Y+blc—a)P+c@->b)’
=(c+x)’—(C+yx>+cix—y)°
=c (y3 —x3) + Xy (y2 —x2) +c (x3 —y3) —3cxy(x —y)
=xy(y —x)(y + x + 3c¢)

= V5xy(y — x).
Do d6 4p dung bit dang thic AM-GM ta c6
5
P? =5(xy)*(y —x)* = 2 -2xy - 2xy - (x2 —2xy + yz)
5 1,, »
<Z'E(x + 2xy + y?)
o) 6
ﬁ(x + )
625
< -
108

Do d6 gid tri 16n nhit cia P 1a 232, dat duge khi (a,b,¢) = (2/55/13, 2/5EY15 0) cing

cac hoan vi vong quanh tuong dng.
Bai toan 3. Védia, b, ¢ la ba s thuc khong dm théa man diéu kién a + b + ¢ = /5. Tim gid
tri I6n nhdt ciia
a(b—c)* +b(c —a)* + c(a —b)*.
Loi gidi. Khong mét tinh tdng quat, gid st ¢ < a < b, dit
f(a,b,c) =ab —c)* 4+ b(c —a)* + c(a — b)*.
Ta co

f(a,b,c)— f(a+c,b,0)=ab—c)*+b(c—a)*+cla—b)*—(a+c)b*—b(c +a)*
=a[(b—c)4—b4]—|—b[(a—c)4—(a—|—c)4]+c[(b—a)4—b4]
< 0.

Pita' =a+cthid +b=a+b+c=+5va

P < f(a',b,0) = a'b* + ba'* = V/5a'b (a* — a'b + b?)

= ?-341% (@ —a'b +b?) < g-( 2 4 2d'b + b%)?
2545
12

Vay gid tri 16n nhét cia P 1a 222, xay ra khi (a,b,c) = (3‘/5?/@, 3“F5J6“/E,O) cling céc

12 2
hodn vi tuong dng. [

30



Gap g6 toan hoc 2016

Bai toan 4. Cho a, b, ¢ thuéc [0, 1]. Tim gid tri Ion nhdt ciia

P=(@-b)b-c)c—a)a+b+c).

Loi gidi. Gid st ¢ = min{a, b, ¢} khi d6 ta chi can xét trudng hop a < b. Khi d6
P=0bB-a)b—-c)a—c)la+b+c).
Dé thiy bat dang thiic Iic nay 16n nhat khi b 16n nhit, tic b = 1. Vay

P=(N0-a)(l-c)(1—-c)a+b+c)
=—-a)(l—=0)[(a—c)+ (@*>—c?
<(1—a)(a+a?)
=a(l —a®).

Pén day cong viéc con lai 1a khdo sat ham s6 f(a) = a(1 — a?) véi a € [0, 1] hoic diung bat
dang thic c6 trong so.

Kétluaanaxz%gdatdwckhiaz%,bzlvéc=0. 0
3

Bai toan 5. Chitng minh rdang vdi moi x > 0, n € N*. Chitng minh rdng

x"(x" T4 1) (Xt 1>+
xn4+1 2 '

(Viét Nam MO 2011)

Lsi gidi. V6in = 1 bat dang thic cAn chiing minh trg thanh
x(x2+l) o x+1\°
x+1 T\ 2 ’
hay la
(x + D* > 8x(x% + 1).
Hién nhién diing theo bat dang thic AM-GM.

Gia sit bt dang thifc can chiing minh diing dén n = k > 1 ta cn chiing minh né ciing ding véi
n =k + 1, hay

wk+1 (xk+2 +1) _(x 4 23
xk+1 11 A 2 )
Ma theo gia thiét quy nap thi

x + 1\ - xk (XA 4+ 1)
2 xk +1
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Nén ta chi can ching minh

x+1 2 vk (xk+1-|—1) xk+1 (xk+2-|—1)
( 2 ) xk4+1 7 xktl 4

b

(x + 1)? (ka + 1)2 > 4x (xk+2 + 1) (xk + 1) .
Theo bét dang thiic AM-GM thi
(x + 1) (xk+1 n 1)2 _ (xk+2 14kt x)2
>4 (xk+2 n 1) (xk+1 n x)
= 4x (xk+2 + 1) (xk + 1) .

Nén bét dang thifc cAn chitng minh ciing ding v6i n = k + 1, theo nguyén ly quy nap bai todn
dugc chiing minh. O
Bai toadn 6. Cho ddy (ay) : Aman < Gm + an, Ym,n € N*. Chitng minh rdng

da , 43

a; + B 3

+ot L >a, VneN,

(APMO 1999)
L5i giai. Néun = 1 thi bat dang thic hién nhién.
Gia st dung v6i moi k < n. Ta ching minh né ding v6i moi

as ap ap+1
a1+2+ +n+n—|—1

Z dpt1-

Ta c6 danh gia

al+7+?>as,
a a
T R e
Do d6
n—1a n—1a n—2a a
I e R e | RN A L B LR
2 2 3 n
hay la

a a
(n—i-l)(al—i-?z—l—----l-;n) >2(ay +a + -+ ay).
Chﬁyrﬁng Am+n < dm + ap nén
2(a;+ay+ -+ ap) =n-apy.

Ta c6 diéu phéi chiing minh. O
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Bai toan 7. Cho n sé nguyén duong phdn biét ay, as, ..., a,. Chitng minh rdang

2n + 1
3

a?+ai+-tat> (ap +az + -+ ay).

(Romania TST 1999)

Loi giai. Truong hop n = 1 thi bat dang thic hién nhién ding. Gia st bat dang thic ding trong
trudng hop n sd ta sé chiing minh né ciing diing trong trudng hop n + 1, ttic chiing minh

2n +3
a%+a§+...+ai+ai+l QT(G1+02+"'+an +an+l)-

Theo gia thiét quy nap thi

2n +1
ai+as+--+a, > ;@ tar+-tan),
nén ta can phai chiing minh
2n +1 n+3
3 (a1+a2—|----+an)+a,2l+l>T(a1+a2+---+an+an+1),
thu gon thanh
3ap., = 2(ar +ax+ -+ ay) + 2n + 3)an1. (1)
Giastia; <a; <--- < ay < ap+ khi dé
a—ayz1l,a3—a =21, ..., ap41—ap 2 1.

Dodovéimoil <i <n,tacd

an+1—a; = @p+1—ay) + (ap—ap—1) +---(@iy1—a;)) 21 +14+---4+1=n—1i+1.
n—i+1

Tica; < apy1 +i—n—1, V1 <i <n.Dan dn

n
. nn+1
ay+ax+---+a, <nay+1—nmn+1) +izzll = Nnd,4+1 —%.
Nhu vy dé chitng minh (1) ta chi can chiing minh
nn+1
3ap,, =2 [”lan+1 - %] + (2n + 3)an+1,
hay la
3a5+1 —(@4n +3)ay41 +nn+1) >0,
hoac
(Cln+1 —n— l)(3an+1 — an) 2 0.
Hién nhién ding nén ta c6 diéu phai chiitng minh. O
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Bai toan 8. Cho dong nhdt thitc
x—Dx—=2)---(x—=2016) = (x = 1)(x —2)--- (x — 2016).

Xoa di k nhdn ti bdc nhdt ti hai bén ciia dong nhdt thitc nay, dé sao cho méi bén con it nhdt 1
nhdn i, va dugc mot phuwong trinh khong co nghiém thue. Hoi so k nhé nhdt dé’ lam dugc nhu
vady la bao nhiéu?

(IMO 2016)
Li gidi. DE thiy 1a k > 2016, vi néu chang han d€ lai x — 1 & bén tréi thi phai x6a n6 di & bén
phéi, néu khong sé& c6 nghiém x = 1, ta ching minh k = 2016 la gid tri nhé nhit can tim.

Khi k = 2016, ta x6a c4c nhan ti c6 dang x — 4k —2 va x — 4k — 3 & vé trdi, dong thdi x6a cic
nhan tf ¢6 dang x — 4k — 1 va x — 4k — 4 & vé phai, khi d6 phuong trinh thu dudc 1a

x—Dx—-4)---(x—4t—1)(x—4t—4)---(x —2016)

=x—-2)(x—=3)--(x —4t —2)(x — 4t —3)--- (x — 2015). @)

Ta chiing minh phuong trinh trén khong c6 nghiém thuc, hay chiing minh véi moi x € R thi

x—Dx—-4)---(x—4t—-1)(x—4t—4)---(x —2016) 3
<(x=2)(x—=3)---(x—4t —2)(x —4t —3)---(x — 2015) 3)
That vay véi x > 2016 hodc x < 1 thitacd
0<(x—Dx—-4) <(x-2)(x—=5),

0<(x=5x-8) <(x—-6)(x—17),

0< (x—4t—1)(x—4t—4) < (x —4r —2)(x — 4t - 3),

0 < (x —2013)(x — 2016) < (x — 2014)(x — 2015).

Nhan tuong ting cac bit dang thic trén lai thi ta dudc (3).

V6i 1 < x <2016 thi

o Néu x € [4t,4t + 1] ta viét (3) lai thanh

x—Dx—4)--(x—41)4t +1—x)4t +4—x)--- (2016 — x)
<(x=2)(x—=3)---(x—4t+1)4t+2—x)4t+3—x)--- (2015 — x).
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Tuong tu nhu trén thi

0<(x=Dx—4) <(x—-2)(x—3),

0< (x—4r+3)(x—41) < (x—41t +2)(x —4r + 1),
0<@r+1—-x)dt+4—x)<@t+2—x)4t+3—x),

0 < (2013 — x)(2016 — x) < (2014 — x)(2015 — x).
Nhan cic bét dang thiic trén vé theo vé ta thu dugc diéu can chiing minh.
e Néu x € [47 + 1,4t + 2] ta viét (3) lai thanh
—(x—1D(x—4)---(x—4t—-1)(4t+4—x)--- (2016 — x)
< (r=2)(x = 3) - (x — 41 + D)4 + 2 — x)(d1 + 3 — x)--- (2015 — x).

Bit dang thiic nay ding do vé trai khong duong con vé phai khong 4m va dang thic khong
thé x4y ra.

o Néux €[4t + 2,4t + 3] ta viét lai (3) dudi dang
x—Dx—4)---(x—4t—-1)4t+4—x)---(2016 — x)
>x=2)(x—=3)---(x—4t—-2)(4t +3—x)--- (2015 — x).

Trong trudng hop nay, ta hién nhién da c6 x > 2, do d6 ta 1an lugt c6 cac bit dang thiic
sau
x—1>x-22>0,

x—4H)(x-5>x-3)(x—6) >0,

(x—4t)(x—4t—1)> (x—4t+ 1)(x —4t—-2) > 0,
4t+4—x)4t+5—x)> @t +3—x)4t+6—x) >0,

2016 — x > 2015—x > 0.
Nhan céc bit dang thic trén lai ta thu dudc diéu can ching minh.
o V6i x € [4t + 3,4t + 4] ta viét (3) lai thanh

—(x—D(x—4)---(x—4t—1)4t +4—x)--- (2016 — x)
<(x=2)(x—=3)---(x—4t —2)(x — 4t —3)(4t +5—x)--- (2015 — x).

Tuong ty truong hop x € [4¢ + 1,4t + 2] thi bat dang thiic nay diing do vé trai khong
duong con vé phai khong am va ding thic khong thé xay ra.

Do d6 véi moi x € R ta déu c6 (3) ding, suy ra phuong trinh (2) vo nghiém thuc. Vay k = 2016
1a gid tri nhd nhit can tim. O
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SU DUNG TINH TOAN ANH TRONG GIAI
PHUONG TRINH HAM

Vo Qubc Ba Can
(Archimedes Academy, Ha Noi)

1. Bai giang

Bai toadn 1. Tim tdt cd cdc ham f thod man, f : R — R va

fa=fON)=r®+xf+f(»)-1LVxyeR (D

Loi giai. Trong (1), thay x béi f (y), ta co
SO =2f(f )+ (-1, VyeR

T do6 suy ra
a+1

2

SO =520+ T vy er,
trong doa = f (0).
Thay x béi f (x) trong (1), ta dugc

S =fml=fUC)+1 oD+ ) f)—1

=a—31f ()~ f QP Ve y R
Ta dang can chiing minh £ (x) — f () nhan moi gia tri trén R.
Truong hop 1. f (y) = 0 Vy € R khong théa man dé bai.
Truong hop 2. Ton tai yo € R sao cho f (o) # 0.
Cho y = yg taco
S&=f W)= fx)=xf(yo)+ f(f () —1VxeR

Vé phai nhan moi gia tri trén R vi thé f (x) — f (y) ciing vdy. Pitt = f (x) — f (y),suyrat
nhan moi giatritrén Rva f (1) = a — %tz. Thir lai tim dudc a = 1.

Vay ham can tim 1a f(x) = 1—2x%, Vx € R. O
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Nhan xét. Mot s Iuu y khi gidi phuong trinh ham c6 chita £ (f (x)):

e Thudng nhiing bi€u thic tu do nhu x, y, ... dé xii ly hon.
e f (f (¥)) khd phic tap nén can dudc thay thé bdi mot biéu thiic dé dung hon.

e C6 thé thay tuy y x bang mot gid tri thudc tip xac dinh, nhung khong dudc thay nhu vy
véi f (x), trtt khi f toan anh.

e Ludn phai thit lai két qua tim dudc.

Bai todn 2. Tim tdt cd cdc ham f thod man f : R — Rva

fE+fON=20)+2xf () + f(=x).¥x,y eR )

Loi giai. Tacod f (y) = 0,Vy € R1a mdt nghiém ham.
Xét trudng hop ton tai yo € R sao cho f (yo) # 0. Thay y bdi y, trong (2), ta dudc

G+ f () = f2 (o) +2xf (yo) + f (=x),¥x € R,

Hay ta suy ra
f(x+ f (o) — f(—x)=ax +b,Vx e Rvaa #0. 3)

Vé& phii ctia (3) nhan moi gid tri trén R, do d6 Vx € R, 3a, B: x = f (o) — f (B).
Thay x bdi — f (y) trong (3), ta dugc
fO)=/20=-2f2+f(f ). Yy eR.
Suyra f (f (¥)) = f>(y) +a,Vy eR,véia = f(0).
Thay x bdi — f (x) trong (2), ta co
fUUOM=f@I=lf - f®P+aVx,yeR

Do f(x) — f(y) nhan moi gia tri trén R nén suy ra

f(x) =x*+a,Vx eR.
Thi lai ta thly ham f (x) = x2 + a, Vx € R thoa véi moi sb thuc a. O
Bai toan 3. Tim tdt cd cdc ham f thod man f : R — Rva

U+ =) -y +4yf (x).Vx.y eR. “)

Loi giai. V6i cung y tudng trén, trong (4), thay y béi f (x), ta dude

SR2F )] =f(0)+4f%(x),¥x €R. (%)
bita = f (0). D€ st dung f [2f (x)], tathay y béi 2f (y) — f (x) trong (4) d€ thu ducc

fQfON =12 () =2f WMI+8f(x) f(») =4/ (x).¥x,y €R.
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Tu do suy ra

SR =2f WM =[2f x) =2f * +a,¥x,y €R.

Dén day ta thuc hién cic buc quen thudc nhu hai bai trén.

Két luan nghiém cda bai toan f (x) = 0,Vx € Rva f (x) = x2>+a,Yx €R (a € R).

Bai toadn 4. Tim tdt cd cdc ham f thod man, f : R — R va

fRfX)+y)=x+f2f()—x).YVx.yeR.

Loi giai. Trong (6), thay y b6i —2 f (x), ta dudc
fO) =x+7Q2f(=2f(x)—x),VxeR.
Do d6 f toan anh, suy ra dc € R sao cho: f (¢) = 0.

Trong (6), thay x béi c, ta c6

JOF2f (@) =c+2f2f ) +0).VyeR

Tudosuyra f(y)—c=f2f (y)—c).batt = f (y),tacd f 2t —c) =1t —c.

Trong (6), thay x bdi 2t — ¢, suy ra

X +c
2

J(x)=

X—c
—c=—,Vx eR.
2
3 . A N A N 2 2 ~ A N A N N __ x—cC
Thi lai thay ham s0 nay thoa thod man. Vay ham can tim la f(x) = %%, Vx € R.
Bai todn 5. Tim tdt cd cdc ham f thod man f : RT — R* va

fO2)+/07) x4y
2@+ 20 24

vdi moi x,y,z,t € RY thod man xy = zt.

Loi giai. Trong (7),thay x =y =z =t = 1,tadugc f(1) = 1.

Trong (7), thay y =t = 1va z = x ta dudc

2
% =1= f(x*)=f(x).Vx eR".
Trong (7), thay x = z%,t = z, y = 1 ta dugc
fEY)+1 441
21 (2?) 222
Tu (8), ta suy ra

1
= 7@+ =22+Z—2,vZeR+.

1
122

(f(2) - 2) (f(z) _ 2) _0.vzeR*
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Cacham f (z) =z,Vz e RT va f (z) = 1, Vz € RY thoa yéu clu dé bai.

Xét truong hop Jo, B # £1 ma:

f(a)=oc,f(ﬁ)=%-

Thay «, Bvao x, y, z,  ta c6 mau thuan, ta loai trudng hop nay.

Vdy cdc ham can tim 1a f (z) = z,Vz e Rt va f (z) = 1,Vz e RT.

Bai tap 1. Tim tit cd cic ham f thoAmin f : R — R va

FUG=)=rOfO0-f®+ 1) —xy.Vx.y eR

Bai tap 2. Tim tit cd cic ham f thodAmin f : R — R va

Fa=fOoN=Fr(x+y"2)+(f()+ry°?)+1.Vx,y eR.

Bai tap 3. Tim tit ca cdc ham f thodAman f : R — R va

fx?+f0)=xf(x)+yVx,y eR.
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PHUONG TRINH HAM

Vo Qubc Ba Can
(Archimedes Academy, Ha Noi)

Céc bai toan phuong trinh ham va bét phuong trinh ham luén rét thd vi va 16i cudn dbi véi ngudi
lam toan. Tut mot phuong trinh nao d6, chi bang mot vai phép thé don gian, ta c6 thé tim dudc
céc tinh chét dic biét cia ham sd dudc cho hoic tham chi 1a cong thic téng quat ctia ham. Tuy
nhién, khi di sdu vao vin dé nay thi viéc chi dung phép thé d€ gidi la chua di, dic biét 1a véi
céc bai todn bat phuong trinh ham. Do vy, chiing ta can c6 nhitng cong cu khic bd trg dé ting
cudng thém tinh hiéu qué ctia phuong phap thé. Liic nay, viéc sit dung day sd va gidi han mot
cach linh hoat s& gitip con dudng di trd nén sang sta va dé dang hon rét nhiéu.

Nhan thiy vai trd rat 16n ctia day sd va gi6i han trong cic bai toan phuong trinh, bat phuong
trinh ham, ching toi quyét dinh thuc hién bai viét nay d€ chia sé kinh nghiém ctia minh trong
céch st dung ciing nhu d€ dudc hoc hdi va nhan dugc y kién dong gép tif quy dong nghiép gan
Xa.

Dudi day 1a mot s6 ky thuét st dung chin va kep diy s6 thudng dudc st dung trong giai toan:

e Trong nhiéu trudng hop, ta can tim cdng thiic tdng quat ciia ham s6, khi d6 mot trong cic
huéng di ma ta c6 thé nghi dén 1a thiét 1ap mot bat dang thiic dang:
an < f(X) < by,

& day (a,), (b,) 12 hai diy dugc chon sao cho bit dang thifc trén ding v6i moi n (ing véi
mdi x cb dinh). Lic nay, néu lima, = limb, = L(x) thi biang cach chuyén sang gidi
han, ta sé tim dudc cong thiic tong quat ctia f(x) 1a L(x).
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e Néu cin suy xét mot tinh chit nao d6 ctia f'(x), ta c6 thé thiét Iap mot bit dang thic dang:

A(f) = anB(f),

trong d6 A(f), B(f) la hai biéu thiic cia x va f(x), con (a,) l1a day dugc chon sao cho
bét dang thifc trén ding v6i moi n (ing véi mdi x ¢ dinh). Liic nay, dua trén su hoi tu clia
a,, ta c6 thé dua ra nhiéu két luan cho A(f) va B(f), tit d6 suy ra tinh chit cia f(x).

Trong nhiéu trudng hop, ta c6 thé thay (a,) bang mot biéu thiic ¢6 chida 4n y nao dé thay
ddi ngoai x ciing dudc. Liic nay, viée xét gidi han ham sb theo y c6 thé ciing s& mang lai
nhiéu tinh chit quan trong d€ gitip chiing ta hoan tét 15i giai cac bai toan.

Bai toan 1. Tim tdt cd cdc ham sé f : R — R théa mdn: Vi moi x € R, ta cé

f2x) =2f(x) (1
va

|f() —x| < 1. 2
Lsi giai. Tir (1), bang cach st dung quy nap, ta chiing minh dudgc

J(@2'x) =2"f(x)

v6i moi x € R va v6i moi n € N. Bay gi0, ta s€ chiing minh f(x) = v6i moi x € R. That vay,
gia st c6 x¢ € R sao cho f(xg) # xo. Dét f(x¢) = xo + € v6i ¢ # 0. Khi do, ta c6

f(2"x0) =2" f(x0) = 2"x0 + 2"¢

voi moi n € N. Suy ra
| /(2"x0) — 2"xo| = 2"|¢]

v6i moi n € N. Do (2) nén { f(2"x0) — 2"xo| < 1. Két hop véi dang thiic trén, ta thu dugc
2" el < 1

v6i moi n € N. Tuy nhién, két qua nay khong thé nao thda man véi moi n € N. Mau thuén thu
dudc cho ta két qua vira khang dinh & trén, tic f(x) = x véi moi x € R. O

Bai toan 2. (VMO, 2013 - A) Goi F la tdp hop tdt cdc ham sé6 f : Rt — RY théa mdn

fBx) = f(f(2x)) +x

véi moi x € RY. Tim hang sé A I6n nhdt dé’véi moi f € F va vdi moi x > 0, ta déu co

f(x) = Ax.

Loi gidi. Tur gia thiét, ta suy ra

[ = f (f (2%)) +3 3)
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véimoi x € R*. Do f (f (%)) > Onéntacé

X
f) >3
v6imoi x € RT. Pita; = % Tir hai bt dang thiic trén, ta suy ra

2x X , 2x x  2a7+1
> . — _ > - — —_ =
S(x) alf(3)+3 ai- 5 +3 X

. 2 )
v6i moi x € RT. Bang cich dita, = 2a13+1 va ap dung két qua vua thu dudge vao (3), ta co
2x X, 2x x  2a43+1
X)>as- — )+t =->a5 —+ - = X
fw>af (5)+5oa Sl =2

véi moi x € R*. Bing cach lip lai cic quy trinh danh gid gidng nhau nhu vy, ta thu dugc

f(x) > anx “4)

v6i moi x € R* va v6i moi n € N*, trong d6 (a,) 1a day truy hdi dudc x4c dinh bdi a; = % va

2a; + 1
apn+1 = 3 .

Ta chiing minh dudc (a,) la day tang va bi chan trén bdi % nén c6 gidi han hitu han. Tur d6 dé
dang tim dugc lima, = 1. Bay gid, trong (4), ta cho n — +oo thi dudc

1
f(x) = (limay)x = 5% Vx e RT.

Miit khic, d& thiy ham s6 f(x) = Lx thoa man diéu kién d& bai. VAy Apa = 1. u

Bai toan 3. (Bulgaria, 2006) Tim tdt cd cdc ham s6 f : RY — RY théa man ddng thitc
J+y)—flx—y) =4y f(x) f(y) ®)

véi moi sé thuc x > y > 0.

C6 thé doan dudc cac ham sb thdoa man phuong trinh trén sé c6 dang f(x) = kx2. Mot trong

céc cach tiép can thuong thiy 1a ching minh f(2x) = 4f(x) dua trén viéc tinh f(5x) bang hai

cach dé tir d6 quy nap 1én f(nx) = n? f(x), budc cudi ciing la st dung tinh don diéu cta f dé
suy ra cong thiic tdng quat cho no.

O day, chiing t6i sé gidi thiéu mot cach tiép can khac dé chiing minh f(2x) = 4f(x). C6 thé

thy rang, néu ta ching minh dugc lim, ¢+ f(x) = 0valim__, wt J(¥) = f(xo) thi tir phuong
trinh dé bai, bang cach cho x — y*, ta sé thu dudc ding diéu ta can.
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Loi giai. Trong (5), ta thay x bdi x + y thi dugc

fx+2y) = f(x) =4/ f(x + ) f () (6)

v6i moi x, y > 0. Tir ddy, dé dang suy ra f ting ngit trén R*. Tir két qua nay din dén f(x +
y) > f(y), vata cling suy ra rang

f(x+2y)>4f(y)
v6i moi x, y > 0. Tiép tuc, ta thay x bdi x + y vao (6) va st dung bit dang thic trén thi dugc
f+39) = f(x+ ) +4/(x +20) f () > fO) +4V/4f () f(y) = 9f ().
Cit thé, cit thé, ta quy nap 1én dugc rang:

f(x+ny) >n?f(y).

v6i moi x, y > 0 va véi moin € N*. Thay y = % vao bét phuong trinh trén, ta dugc

()

n n

v6i moi x > 0 va véi moin € N*. C6 dinh x vachon — 400, ta thu dudc lim,_, 4o f(%) =0,
tu do suy ra
lim f(x)=0.
x—0+

Bay gio, trong (6), ta cho y < x thi thu dudc
0 < flx +2y)— fx) <4y f(2x) f(y).
C6 dinh x va cho y — 0T thi ta ¢6 limy,_,o+[ f(x + 2y) — f(x)] = 0, hay

limf(x) = f(xo).

x—>x0
Dén day, bang cach cb dinh y trong (5) va cho x — y*, ta dugc

fQ2y) =41()

v6i moi y > 0. Dua trén két qua nay, ta c6 thé quy nap dugc

f(nx) =n?- f(x),

v6i moi x > 0 van € N*, (Chi viéc cho x = 2y, 3y, ..., ny vao (5) la dugc.) Tu d6 suy ra

fn)=n?f(1)

va

r(5) = o) S g
n n? n? n?

v6i moi m, n € N*. N6i riéng, ta c6 f(x) = kx? v6i moi x € QT. Do f don diéu va tap R
trit mat trong QF nén ta cé f(x) = kx? v6i moi x > 0. Him nay thdéa min yéu cau dé bai. [
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Bai toan 4. (Bulgaria, 1998) Chitng minh rdng khong ton tai ham sé f : RT — RT théa man

F2x) = fx+0)[fx) +y] (7)

vdi moi cdp sé thuc duong x, y.

L&i giai. Gid st ton tai ham s6 f nhu trén. Khi d6, ta c6 thé viét lai gia thiét dudi dang
20+ 2f () = yf(x) = f(x + p)[f(x) + y],
hay
[+ ][/ () = f(x + )] = yf(x).
Tu day, ta c6
y-fx)
fx)+y

v6i moi x, y € RT. Két qué trén chiing t6 f 12 mot ham gidm thuc su trén R, Bay gio, ta ¢d
dinh xo € R™ va chon sb tu nhién n sao cho nf(x + 1) > 1. Khi d6, ta c6

kY 1 % 1
f(x+§)—f(x+k+1)>f(x+") ,;>f(x+1) !

fx) = flx+y) =

n fl+5 4+ fe+D+,
1.1 1
> n n _
RS AT

v6i moi k € N, k < n. (Chi y ring ham s6 g(t) = - v6i u > 01a ham ting trén R*.)

Trong bat dang thic trén, 1an ludt cho k nhan gia tri tit 0 dén 1 — 1 va cOng tit ca cac bt dang
thic lai theo vé. Khi d6, ta thu dudc két qua sau

o= 1) = 5 ®
v6i moi x > 0. Bay gid, chon s6 tu nhién m sao chom > 2 - f(x), ta cé
FO) = flrm) = [f(0) = fx + D]+ -+ [fx+m=1) = fm)] > T > f(x).

tir d6 suy ra f(x + m) < 0, mau thuin. Vay khong ton tai ham f nao thda man (7) [

Nhan xét. Bai todn trén cling xuit hién trong dé thi IMC nim 1999 va 13i giai trén chinh 1a ddp
4n ctia n6. DE thiét 1ap duogc tinh chét (8) & trén, ta da st dung tdng sai phan. Day 12 mot phép
todn thu vi c6 thé gidp ta thu dudc nhiéu chit quan trong trong cac bai todn cé dang hiéu nhu
thé nay. Ngoai cach gidi da néu & trén, ta cling c6 mot cach khéc st dung day truy hoi nhu sau:
Thay y = f(x) vao (7), ta thu dugc

J(x)

fx+ f(x) < — 9)

v6i moi x > 0. Trong ta thay x béi x + f(x) thi co

< f(x+ f(x)) < f(x)
2 22

[+ )+ fx+ f(x0))

44



Gap g6 toan hoc 2016

v6i moi x > 0. Mit khic, ciing theo (9), tacé x + f(x) + flx+ fx) <x+ f(x)+ f(x)
Tir d6, st dung tinh nghich bién ctia ham £, ta thu dudc

f(x+( )f()) fz(x) (10)

v6i moi x > 0. Tir (9) va (10) két hop v6i f nghich bién, bing cach sit dung lién tuc phép thay
X bdi x + f(x), ta dé dang chiing minh dugc

1 f(x)
f(x+(1+2+ + )f()) o
véi moi x > 0 van € N*, Dol—l— +o L= 2—— < 2va f giam nén tu trén, ta suy ra

Flet2 ) < 28

v6i moi x > 0 van € N*. Trong bit dang thifc trén, ta cho n — 400 thi thu dudc
flx+2-f(x) <0
mau thuan vi f ludn nhén gid tri duong.
Bai toan 5. (Bulgaria, 2008) Tim tdt cd cdc ham f : R — R théa mdn
f+y) 20+ Df(x) (1D

vdi moi cdp s6 thuc x, y.

Loi giai. Thay y = —1 va thay x béi x — 1 vao (11), ta thu dugc

fx) =0

v6i moi x € R.Tir day, két hop véi (11), ta suy ra

fx+y) = (Vy+1) fx) = f(x)

véi moi x € R va véi moi y > 0. Két qua nay chiing t6 f 1a ham khong gidm trén R.
Bay gio, ta viét lai (11) dudi dang

S +y?) = f(x) = yf(x) (12)
v6i moi x, y € R, va xét hai day (a,), (b,) v6iag = by = 0,

1 1 1 1
an_1+2_2+ + bn:1+§+"'+;,

Trong (12), ta thay x bdi x + ax va thay y bdi ﬁ thi c6
fxta)  f¥)
k+1 k+1

S(x +ags) — f(x +ax) =
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véi moi x € R va k € N. Trong bét dang thifc trén, lan ludt chok = 0, 1, ..., n — 1 va cong
tAt ca cac bat dang thic lai theo vé, ta thu dudc

fx+an) = f(x) = bn f(x)

v6i moi x € R van € N. Mit khéc, ta dé dang ching minh dudc a, < 2 va b, — +oo (diy la
hai két qua quen thudc, ban doc c6 thé tu chiing minh). Do d6, tit bit dang thifc trén, ta c6

fx+2)— f(x) = f(x +an) — f(x) 2 bu f(x)

véi moi x € R van € N. Néu tdn tai xo € R sao cho f(xo) > 0 thi tif bat déng thifc trén, bang
cach thay x = xo va chon — 400, ta sé thu dudc diéu mau thuin (vé phai tién dén duong vo
cung trong khi vé trai 12 hing s6). Do viy, ta phai c6 f(x) = 0 v6i moi x € R. D& thiy ham
nay théa man cdc yéu cau ctia dé bai. O

Nhan xét. Ngoai cach st dung tong sai phan thdng qua hai day (a,), (b,) nhu trén, ta cliing c6
thé tiép can bai toan ndy theo cich khac nhu sau: Ta xét x, y > 0 va thay y bdi /¥y vao bat
phuong trinh (11) thi thu dugc

fx+y)=(Vy+1)-f(x), Vx,y=>0.

Dén day, bang cach st dung lién tiép bt dang thic trén, ta c6

n n n n
2
=(\/Z+1)f(x+—(n_2)y+z)2(\/Z+1) f(x+—(n_2)y)
n n n n n
"2(\/Z+1) - f(x)
n

véi moi x, y > 0 van € N*. Tur do, ta suy ra

f(x)=0 (13)

v6i moi x > 0. That vdy, gia st ton tai xo > 0 sao cho f(xo) > 0. Thay x = x, vao bit ding
thtc trén va ¢ dinh y = yo > 0, sau d6 cho n — 400 thi c6

f(xo + yo) . Y n_
™2 (1) =

Mau thun nay chiing té khong ton tai s6 xo néi trén, hay néi cach khéc, (13) ding. Bay gio, ta
xét x < 0 vathay y = 4/—x vao (11) thi dudc

f0) = (vV=x+1) f(x) =0

v6i moi x < 0. Tu d6 suy ra f(x) = 0 v6i moi x < 0. Tom lai, ta cé f(x) = 0 v6i moi x € R.

Doi khi, ta ciing ¢6 thé st dung cong thiic nghiém ciia cic phuong trinh sai phan dé tim cong
thic tdng quat cho cac diy ldp cla f(x), roi tif d6 dua vao mién gia tri cia f(x) ma suy ra
nhiing tinh chit dic biét cia ham sb dudc cho.
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Bai todn 6. Tim tdt cd cdc ham s6 f : RT — R™ thod man
f(f(x) = 6x— f(x)
vai moi sé thuc dwong x.

Loi gidi. Co dinh x > 0 va dit fo(x) = x, fu(x) = f(fu—1(x)). TU gid thiét, bing cich st
dung quy nap, ta chiing minh dugc

Jnt2(X) + fur1(x) = 6f5(x) =0

v6i moi n € N*. Pay la phuong trinh sai phan tuyén tinh cip hai nén biang cach xét phuong
trinh dic trung clia no, ta tim dugc cong thic tdng quat cia f,(x) l1a

2x — f(x) 3x+f(x)X2n
5

x (=3)" + z

Ja(x) =

v6i moi n € N*. Do f,(x) > 0 nén két qua trén, ta suy ra

[2x — f(x)] (—%)n +3x+ f(x) >0

v6i moi n € N*. Néu 2x — f(x) > O thi bang cach xét n 16, n = 2k 4+ 1 vacho k — +o0, ta
c6 thé thiy bat dang thic trén sé khong thé ludn ding. Con néu 2x — f(x) < 0 thi bang cach
xét n chin, n = 2k va cho k — +o00, ta ciing thu dudc két luan tuong tu. Do vay, ta phai c6

f(x) = 2x.
Ham nay thoa man cac yéu cau cua bai toan. O

Nhan xét. Bai todn trén ciing c6 thé dudc giai bang phuong phap kep diy s6 nhu sau: Xét hai
day sb (a,) va (b,) dudc xic dinh bdi ag = 0, by = 6 va
6 6

2 by = .
1+ b, 1T 11 g,

ap+1 =

Dé thiy a,, b, > 0 v6imoin > 1. Tacod

6 6 6(1 + an)
a = = = ,
do do
| 2| 4la, — 2| < 4| )|
a — = ——— X — |y — .
n+2 an +7 7 n

Tir day, bang cach st dung nguyén 1y anh xa co, ta ching minh dudc lima,, = limas,41 = 2,
hay lima, = 2. Tuong tu, ta ciing c6 lim b,, = 2.

Bay gid, ta sé ching minh bang quy nap rang
anx < f(x) < bpx (14)
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v6i moin € N*. Do f(f(x)) > 0nén 6x — f(x) > 0, t ddy ta dé thiy khdng dinh diing véi
n = 0. Gia st khang dinh ding vé6i n = k, tiic ta c6

arx < f(x) < bx.
Khi d6, thay x bdi f(x) vao bat dang thifc trén va st dung gia thiét, ta thu dudc
ar f(x) < f(f(0) < be f(x),
hay
ar f(x) < 6x — f(x) < b f(x).

Tur day, ta dé dang suy ra

Ap+1X = x < f(x) < X = bry1x.

1 + by
Nhu vay, khang dinh ciing ding v6i n = k + 1. Bit dang thiic (14) dudc chiing minh.

1+ ay

Bay gid, trong (14), bing cich cho n — +oo va chi y lima,, = limb, = 2 nhu di chiing minh
& trén, ta dé dang suy ra f(x) = 2x v6i moi x > 0.

Bai toan 7. (APMO, 1989) Tim tdt cd cdc song dnh ting thuc su f : R — R thod mdn
f(x) +g(x) =2x

vdi moi x € R, trong do g(x) la ham nguoc cua f(x).

Loi gidai. Pat fo(x) = x va fu(x) = f(fn_l(x)), tuong tu cho g,(x). Thay x béi f(x) vao
phuong trinh dé bai, ta dude f>(x) + x = 2f(x). Tir d6, bing quy nap, ta chiing minh dugc
Jnr2(X) =2 fn1(x) + fu(x) = 0.

Giai phuong trinh sai phan nay, ta tim dudc

Ja(¥) = x +n[f(x) - x]
v6i moi n € N. Mdt cach tuong tu, ta cling chiing minh dugc

gn(x) =x+ n[g(x) — x] =X —n[f(x) — x].

Do f(x) la song anh tang ngat nén f,(x) va g,(x) ciing la cac ham tang thuc su. Do d9, véi

moi x > y, tadéucéd f,(x) > fn(») va gu(x) > g.(y). Néi cach khdc, ta c6
@) —x] >y 4l =] @0l —x]-[f ) -y]} > y—x  (5)

va
x=n[fx)=x] > y=n[f) =] & n{[f0) = x] = [fO) =y]} <x=y.  (6)
Néu f(x)—x > f(y)— y thi bang cich cho n — +oo trong (16), ta thu dugc diéu mau thuin.
Connéu f(x)—x < f(y)—y thibang cach chon — 4 oo trong (15), ta ciing c6 két qua tuong
tu. Do vay, ta phai c6
J)—x=f(y) -y

v6i moi x > y. N6i cach khac, f(x) = x + ¢ vdi moi x (6 ddy ¢ 1a mot hing s6 nao d6). Ham
nay thoa man cac yéu cau cua bai toan. O]
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Nhan xét. Bai todn nay ciing 1a dé du tuyén IMO nim 1979.
Bai toan 8. (BMO, 2009) Tim tdt cd cdc ham s6 f : N* — N* thod mdn
f(f2m) +2f%(n)) = m* + 2n° (17)

vdi moi cdp sé nguyén duwong m, n.

Loi giai. Tir gia thiét, dé thdy f don anh. Chi y rang véi moi n € N*, ta déu c6
(n+4)2>+2n+ 1% =n>+2(n+3)>%
Suy ra
F(fPa+dH+2 2+ 1) = f(f2(n) +2f%(n +3)).
Do f don anh nén tit dang thic nay, ta suy ra
Ao+ +2f2m+1) = f2(n) +2f%(n + 3).

DAy 1a phuong trinh sai phan tuyén tinh cip 4 ctia diy f2(n). Giai phuong trinh nay, ta tim dudc

f*(m) = An* + Bn + C + D(-1)" (18)
v6i moi n € N*. Bay gid, ta sé& tim cdc gid tri cu thé cia A, B, C, D. Liy binh phuong hai vé
cua (17) va st dung (18), ta dugc

A[A(m? +2n%) + B(m + 2n) + 3C + D(=1)" + 2D(-1)"]*
+ B[A(m* + 2n*) + B(m + 2n) + 3C + D(=1)" + 2D(-1)"]
4 C + D(=1)Am>+2n)+Ben42m+3C+DD" 2D _ (12 4 922

C6 dinh n. Chia hai vé ciia dang thiic trén cho m* rdi cho m — +o0, ta tim dugc 4 = 1. Do dé

[(m? +2n%) + B(m + 2n) + 3C + D(=1)" +2D(-1)"]*
+ B[(m® 4+ 2n%) + B(m + 2n) + 3C + D(-=1)" + 2D(—1)"]
+C+ D(_1)(m2+2n2)+B(m+2n)+3C+D(—1)”’+2D(—1)” _ (m2 +2’12)2
hay
2(m* + 2n)[B(m + 2n) 4+ 3C + D(—=1)" + 2D(-1)"]
+ [B(m + 2n) + 3C + D(—1)" +2D(-1)"]?
+ B[(m* + 2n*) + B(m + 2n) + 3C + D(—1)" + 2D(-1)"]

+C + D(_1)(m2+2n2)+B(m+2n)+3C+D(—1)m+2D(—1)” —0.

C6 dinh 7. Chia hai vé ctia dang thic trén cho m? 16i cho m — 400, ta tim dudc B = 0. Do
d6, dang thiic trén c6 thé dugc viét lai thanh
2(m? 4 2n?)[3C + D(—=1)" +2D(=1)"] + [3C + D(~=1)" + 2D(-1)"]
+C + D(_1)(m2+2n2)+3C+D(—1)m+2D(—1)” —0.

Trong dang thifc trén, xét m chin, n chin va cho m, n — +oo, ta dé thly C + D = 0. Tuong
tu, xét m 1é, n 1é vachom, n — 400, tacingc6 C — D =0.Dod6 C = D = 0. Tom lai, ta
c6A=1vaB=C =D =0.Suyra f2(n) = n, hay f(n) = n v6i moi n € N*. Haim nay
thoa man cic yéu cau clia bai toan. O
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Déi khi, ta phai xi 1y cdc bai toan v6i ham lién tuc. Khi d6, cdc tinh chat thuong dugc st dung
la:
e Néu ham s6 f lién tuc tai xo thi lim,_,, f(x) = f(xo).

e Néu ham sb f lién tuc tif khoang A vao khoang B va don dnh (4, B C R) thi n6 12 ham
don diéu thuc su.

e Néuham sb f lién tuc trén doan [a, b] thi n6 c6 gia tri 16n nhit va nhé nhét trén doan do.

e Néu ham sd f lién tuc tir khoang A € R vao khoang B C R, va f(x;) = a, f(x,) =b
(V6i x1, X, € Avaa, b € B, a < b) thi f c6 thé nhan moi gi4 tri trén [a, b].

e Néu ham s6 f lién tuc tit A vio B va f(x) # M (A, B € R, M la hing sb) thi mot
trong hai diéu sau sé dudc thoa man:

o f(x)> M véimoi x € 4;
o f(x) <M v6imoi x € A.

Bai toan 9. Tim tdt cd cdc ham lién tuc f : R — R thod mdn
f(f() = f(x) +2x
véi moi so thuc x.
L&i gidi. Tur gia thiét, d& thy f don anh va £(0) = 0. Do f lién tuc nén né 1a ham don diéu

thuc su. Tiép theo, ta s& ching minh £ 12 todn 4nh. That vay, gid st ton taisba € Rdé€ f(x) # a
v6i moi sb thuc x. Khi d6, tacéd f(x) > a véi moi x € R hodc f(x) < x v6i moi x € R.

Gia st f(x) > a véi moi x € R. Néu f gidm ngit thi ta c6
2x +a <2x + f(x) = f(f(x)) < f(a)
v6i moi x, mau thuan. Do d6 f ting ngit. Suy ra, v6i moi x < 0, ta c6
fx) > f(x) +2x = f(f(x) > f(a).

Do f tdng ngit nén tii day, ta c6 x > a v6i moi x < 0, mau thuan.

Tuong tu, trong trudng hop f(x) < a v6i moi x € R, ta ciing thu dugc diéu mau thuin. Nhu
vay, f la toan anh va do d6 né la song anh.

Bay gig, dat fo(x) = x va f,(x) = f(f,,_l(x)), ta chiing minh dugc
Ja2(X) — far1(x) =2f,(x) =0

v6i moi n € N. Tur d6 suy ra

Ja(x) = 2",

Zx—Tf(x) x (=1)" +

X+ /)
3
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Do £ 1a song anh nén né ton tai ham ngude. Goi g(x) 1a ham ngudc clia f(x) va dit go(x) = x,
gn(x) = g(gn—1(x)). Thay x bdi g(x) vao phuong trinh ban dau, ta dugc

2g(x) +x— f(x) =0 (19)
v6i moi x € R. Trong (19), ta tiép tuc thay x bdi g(x) thi thu dugc
2g2(x) +g(x) —x =0
v6i moi x € R. Tir d6, bang quy nap, ta ching minh dudc
28n+2(x) + gn+1(x) — gu(x) =0
voi moi n € N. Suy ra

x —2g(x)

3 x (=" +

gn(x) =

2x + 2g(x) 1\"
B 20 X(E) .

Tu (19) suy ra 2g(x) = f(x) — x. Do do

) = 2O iy T ()

v6i moi n € N. Xét hai truong hgp sau:

Trudng hop 1: f ting ngdt. DE thiy f,(x) va g,(x) ciing ting ngit. Do £(0) = 0 nén
2(0) = 0 va g,(0) = 0. V6i mdi sb thuc x > 0, tacé g,(x) > £,(0) = 0 nén

B i+ T (1) 0

v6i moi n € N*. Néu 2x — f(x) > 0 thi bang cach cho n 1 van — +o0, ta sé thu dudc diéu
mau thuin. Con néu 2x — f(x) < 0 thi bang cich cho n chin va n — +o0, ta ciing thu dudc
két qua tuong tu. Do d6, tacéd f(x) = 2x véi moi x > 0.

Chiing minh tuong tu, ta cling ¢6 f(x) = 2x v6i moi x < 0. Nhu vay, trong trudng hgp nay, ta
tim dudc f(x) = 2x. Ham nay thod min c4c yéu cu ctia bai toan.

Trudng hap 2: f gidm ngdt. Dé thdy f»,(x) ting ngit, f>,4+1(x) gidm ngit va £,(0) = 0. Véi
mdi x > 0, ta co fzn(X) > f2n(0) =0= f2n+1(0) > f2n+1()€) nén

2x —3f(x) N X —|—3f(x) 40 f(x)3—2x N x+3f(x) o 2n+1

véi moin € N*. Néu x 4+ f(x) < 0 thi bang cach cho n — +oo0, bat ding thiic vé trdi sé khong
thé thoa man. Con néu x + f(x) > 0 thi bang cach cho n — +o00, bat dang thiic vé bén phai
ciing khong thé thod man. Do vy, ta phdi c6 f(x) = —x v6i moi x > 0.

Chung minh tuong ty, ta cling c6 f(x) = —x v6i moi x < 0. Téom lai, trong truong hgp nay, ta
c6 f(x) = —x v6i moi x. Him nay ciing thod man cdc yéu ciu ctia bai todn. ]
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Bai toan 10. (Chon doi tuyén DH Vinh, 2012) Tim tdt cd cdc ham sé [ lién tuc tir tdp [0, +00)
vao [0, +00) thod mdn ddng thiic

2100 =1 (5r1) (55

vdi moi s6 thuc khong dm x.

L&i gidi. Do f lién tuc trén [0, +00) nén né ciing lién tuc trén [0, 1]. T d6 suy ra ton tai cac
s6a, b €0, 1] sao cho
f(a) = max f(x) =M
x€[0,1]
va

f(b) = min_ f(x) = m.

x€[0,1]

DoﬂW=2fmy:f@;W+j(;ﬁ;0va

a+1 a
<M, - | <M
f( 2 ) f(a2+a—|—l)
< 1) nén ta suy ra
a—+1
=M.
(*5)

Tir day, bang quy nap, ta chiing minh dugc

f(a+§:_1):M

a+1

> < lva

(cht y ring

__a
a’2+a+1

v6i moi n € N. Trong dang thiic nay, cho n — +o0, ta dugc f(1) = M. Chiing minh tuong tu,
ta ciing c6 f(1) = m. Do dé6 M = m. Diéu nay ching t6 f 1a ham hang trén doan [0, 1].

Gia stt f(x) = ¢ v6i moi x € [0, 1]. Khi d, ta c6 thé viét lai phuong trinh ban dau dudi dang

f(x)=%f(x+l)+lc.

2 2

Tir dang thiic nay, ta chiing minh bang quy nap dudc

1 x+2"—-1 1 1 1
f(x)—z—nf(z—n)+(§+2—2+"'+2—n)c

v6i moin € N. Chon — +o0, ta dudc f(x) = c. Him ndy thoa min yéu cau dé bai. [

Bai toan 11. Tim tdt cd cdc ham sé f lién tuc tit R vao R théa mdn diéu kién:

fr+fO+))+f+fC+x))+fz+ fx+y)=0 (20)

vai moi bé so thuc x, v, z.
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Loi gidi. DE thly f(x) = 0132 mot nghiém ctia phuong trinh nén & day ta chi can xét f(x) # 0.
Thay x, y, z béi 5 vao (20), ta thu dugc

X
F(5+r@)=0
v6i moi x € R. Tiép tuc, thay x bdi 2 + f(x) vao dang thic trén, ta duge
X 1
7 (5 +30w0) =0
véi moi x € R. Tur dy, bang quy nap, ta chiing minh dugc

7 (s + 550 =0

véi moi x € R van € N*. Trong dang thic trén, ¢b dinh x va cho n — 400, sau d6 sit dung
tinh lién tuc ctia £, ta suy ra £(0) = 0. Tux ddy, bang cach thay x = y va z = —x vao (20), ta c6

f(f@2x) —x) = -2f(x)

v6i moi x € R. Do f(x) # 0 nén ton tai xo sao cho f(xo) # 0. Xét diy (a,) dugc xac dinh
bdi ag = xo vaay41 = f(2a,) — a,. Khi d6, dé thiy

f(an) = =2f(an-1) = (=2)* f(an-2) = --- = (=2)" f(xo)

v6i moi n € N*. Néu f(xo) > 0 thitacé lim,_ 4o f(a2,) = +00 va

lim f(azn—1) = —o0.
n—-+o0o

Con néu f(xo) < 0 thi ta c6 két qua ngudc lai. Nhung trong ca hai trudng hop nay, ta déu thiy
rang f(x) khong bi chin, ma £ lién tuc nén no toan 4nh.

Pén day, bang cach thay y = z = 0 vao (20), ta c6
2f(f(x)) + f(x) =0

v6i moi x € R. Do f toan dnh néntacd f(x) = —3, Yx € R. Thi lai, ta thay théa man.
Vay phuong trinh da cho c6 hai nghiém la f(x) = 0 va f(x) = —3. ]

Bai toan 12. (IMO, 2013) Cho ham sé f xdc dinh trén tdp QF va nhdn gid tri trong tdp R théa
mdn dong thoi cdc diéu kién sau:

(1) fX)f(y) > f(xy) vdimoix, y € QF;
(2) fx+y) > fx)+ f(y)véimoix, y € QF;

(3) 6n tai mét s6 hitu ti a > 1 sao cho f(a) = a.
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Chitng minh rang f(x) = x vdi moi x € Q*.

Loi gidi. Thayx =avay = 1vao (12), tadudc a- (1) > a, tic f(1) > 1. Tu day, bang cach
st dung quy nap két hop véi (12), ta chiing minh dudc

f(m)=>n

v6i moi n € N*. Thay x = gvéi p,q € N* (p,q) =1vay = q vao (12), ta dugc

1 (g)-f@ > F(p) = p>0.

Ma f(q) > g > 0 nén tu day ta co

f(x)>0
v6i moi x € QF. Két hop vé6i (12), ta suy ra f(x) 1a ham ting thuc su trén Q. Bay gio, tir (12),
st dung quy nap két hop v6i f(a) = a, ta thu dugc

fla@") <a”
v6i moi n € N*. Ta s€ chiing minh
f(x)=x (21)
v6i moi x > 1, x € Q7. That vay, gid st c6 xo > 1 sao cho f(xo) < xo. Khi do, dit
f(x0) = xo — & V6i0 < & < xo. St dung quy nap két hop véi (12), ta c6

f(xg) < f"(x0) = (x0 — )"
v6i moi n € N*. Mat khac, do f tang nén ta cé
fxg) = f(lxg)) = Lxg) = x5 — L.
Do d6, két hop véi bat dang thiic trén, ta thu dudc
xXg — 1< (xg—¢)"

v6i moi n € N*. Nhung, mot diéu rd rang 1a bt déng thic nay sé sai vdi n di 16n. Mau thuin
nay cho ta diu vira khang dinh, tic (21) ding. Tiép theo, ta sé chiing minh

fx)=x (22)
véimoix > 1, x € Qt. Chonn € N* sao cho a” > x + 1. Khi d6, ta cé
> f@") = f(@" —x)+x) > f@a"—x)+ f(x) = (@ —x) +x =a".

Do viy, ddu dang thic trong cac danh gid phai xay ra va do d6 (22) diing.

an

Thay x = gvc’ji p,q €N* (p,q) =1vay =g vao (12),tasuyra

fx) = x
v6i moi x € Q. T (12) st dung phuong phap quy nap, ta c6
fnx) = nf(x)
v6imoi x € QT van € N*. Tu do, cho x = gvéip, q € N*, (p,q) =1van = g, tadugc
flx) <x
v6i moi x € QF. Vay f(x) = x v6i moi x € Q. Ta thu dudc két qua can chiing minh. O
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Bai toan 13. Tim tdt cd cdc ham sé6 f : R — R théa mdn déng thoi cdc diéu kién:

(1) f(x+1) > f(x)+ 1vdimoi x € R;

(2) f(xy) = f(x)f(y)vdimoix, y € R.

L&i gidi. Thay x = y vao (13), ta dudc f(x?) > f2(x) > 0. T d6 suy ra f(x) > 0 véi
moi x > 0. Do dé, bang cach thay x = 0 vao (13), tacé f(1) > £(0) + 1 > 1. Tiép tuc,
thay x = y = 1vao (13),tacé f(1) > f2(1), tic 0 < f(1) < 1. Két hop véi trén, ta dudgc
f(1) = 1vadodé f£(0) = 0. Tir (13) va (13), bang quy nap ta c6

fx+n) > f(x)+n (23)

véimoi x € R, n € N, va
S = f(x) (24)

v6i moi x > 0 van € N*. Stt dung (23), v6i mdi x > 0, ta cd
f)y=f{xt+x]) = f({x)) + [x] > |x] >x— 1.

Tur day, két hop véi (24) va (13), v6i mdi x > 1 va véi mbi n € N*, ta thiy ring

(" — 1) 7 G) < FOM (xi) <fm=1.

f(l)g—l
X Jxn —1

v6i moi x > 1 van € N*. Trong bit dang thic trén, ¢b dinh x > 1 va cho n — 400, ta thu
duge f(+) < %, hay n6i cach khédc (chd y rang f(0) = 0va f(1) = 1),

Do vay, ta c6

fx) <x (25)

v6i moi x € [0, 1]. Mit khéc, do (13) nén ta ciing chiing minh bing quy nap dugc ring

flx—n)< f(x)—n

véimoin € N. V6imdi x < 0, tacéd | x| < 0nén

S = f{x}+ Lx]) < fF(x) + ] < v+ L] = x (26)
Trong (13),tathay x = y =1 v6it € [—1, 0] thi co
POy < f@?)<e?

nénsuyrat < f(t) < —t. Kéthop véi két qua & trén, ta thu dudc f(¢) =t véimoit € [—1, 0].
Bay gid, vdi mbi x < —1, st dung két qua trén, ta c6

1

x

L0 = 01 ( ) < FON S (xi) < f=1
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nén f2(x) < x2,suyrax < f(x) < —x. Két hop két qua nay véi (26), ta dudc f(x) = x véi
moi x < 0. Tiép tuc, thay y = —1 vao (13) va xét x > 0 thi c6

—x = f(=x) > fO)f(-1) = —f(x),

suy ra f(x) > x v6i moi x > 0. Két hop két qua nay véi (25), ta dudc f(x) = x vdi moi
x € (0, 1). Cudi cing, xét x > 1, tacé

1

x

L = s ( ) < S =1

nén f(x) < x. Két hgp véi bat dang thic f(x) > x, tadudc f(x) = x véi moi x > 1. Tém lai,
ta da ching minh dugc f(x) = x v6i moi x va ham nay thda min cdc yéu ciu ctia bai toan. [

Bai todn 14. (MOSP, 2007) Tim tdt cd cdc ham sé f : R — R théa méan f(1) = 1 va
x
7 (37 + 2) =y pa 57 @)
véi moi cdp sé thuc x, y (y # 0).

Loi giai. Thay x = 0 vao (27), ta dugc f(yf(O)) = 0. Néu f(0) # O thi bang cach chon
y = %, ta dugc (1) = 0, mau thuin vdéi gid thiét. Do d6, ta phai c6 f(0) = 0.

Bay gio, gia st rang ton tai a; # 0 sao cho f(a;) = 0. Thay x = a; va y = 1 vao (27), ta
duge f(at + 1) = 0. Tu d6, ta ¢ thé xay dung dugc day (a,) v6i an+1 = a2 + 1 thoa man

f(an) =0
v6i moi n € N*. Thay x = 1 vao (27), ta dudc
1 2
f y+s =yfO "+ 1
v6i moi y # 0. Tiép tuc, thay x bdi x + 1 vao (27) va st dung két qué trén, ta c6

_ y(x? + l)f ((x2 +1)? +x2y2)

X x2

x2+1
f(xyf(x2+1)+ )
Xy
v6i moi x, y # 0. Thay y bdi = vao phuong trinh trén, ta dugc

2 2 2 2 2

x2 x2
v6i moi x, y # 0. Mat khac, st dung (27), ta cing c6

x2+1

f (yf(x2 +1) + ) =y + DS (2 + 12 +)7).
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Két hop véi dang thiic trén, ta dudc
y(x?+1) 7 ((x2 + 1) +)?

2 2 ) =y + DS (G2 +D*+y7),

hay

x2

f ( =x2f((xX®+ 1>+ y?) (28)
v6imoi x, y # 0. Néu f(x) =0, Vx > 4 thi biang cach thay x = y = 5 vao (27), ta thu dudc
diéu mau thuin. Do d6, ton tai mot sd thuc b > 4 sao cho f(b) # 0. Do lima, = 400 nén
ton tai m € N* sao cho a,, > b. Bay gio, vdi chi y ring b > 4 > (% + 1)2, ta c6 thé chon

x2=2 Véyzzb—(%-i—l)zdévcé

 am
(+1)>+y>=b
x2 -

Thay céc sd nay vao (28), ta thu dudc f(a,) = % f(b), hay f(b) = 0, mau thuan. Va nhu thé,
ta da ching minh dugc f(x) = 0 khi va chi khi x = 0.

am

Bay gio, v6i mdi x # 0, ta c6 thé chon y sao cho yf(x) + 3= x2 + y? (day 1a phuong trinh
bac ba 4n y nén ludn c6 it nhat mdt nghiém thuc). Thay vao (27), ta dudc

(1—=xy) f(x* +y*) =0.
Tuy nhién, theo chiing minh trén thi f(x? 4+ y?) # 0. Do d6, ta phai c6 y = 1. Suy ra

tir day ta dé dang tim dugc f(x) = + v6i moi x 7 0. Ta di dén két luan:

néux =0

0

fx)=4{1
— néux #0
X

Ham nay théa man cac yéu cau cua bai toan. ]

Bai toan 15. Vgi méi ham g : 77 — 7+, g(1) = 1 cho trudc, chitng minh rang ludn ton tai
ham sé f : ZT — 7T thod mdn
f(n) > gn)
véi moin € 7%, va
f(mn) = f(m) f(n)

vdi moi cdp sé nguyén dwong nguyén to cung nhaum, n.
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L&i gidi. Ta sé xdy dung ham f thod min céc diéu kién trén. Xét diy
{aitiez+ = (2,3,4,5,7,8,9, 11, ..)

1a diy ting cac luy thita cia cic sd nguyén td. Céc sb trong diy c6 dang p;.x /" duodc xép theo thi
tu ting dan. Ta c6 nhan xét rang, néu mot ham f : Z* — Z% cé tinh chat f(mn) = f(m) f(n)
khi (m, n) = 1 thi cac gia tri cia n6 sé dudc xac dinh dva trén day f(a;).

Ta thiét 1ap day f(a;) bang phép quy nap nhu sau:

e Chon f(ay) > g(ay).

e Gia st cic s6 f(ay), f(az), ..., flax_1) da dudc xdc 1ap. Xét tat ca cac sb6 dang g(s),
v6i s 1a tich clia cac s6 khic nhau tli tip {a;, as, ..., ai}. Ta sé chon s6 bAtky f(ax) 16n
hon tit ¢4 cic sd dang g(s).

Ta da chon dudc day gia tri f(a;) va thém diéu kién nhan tinh (f(mn) = f(m) f(n)) sé& xac
lap nén ham f : Z* — Z*. Ham f dudc thiét 1ap nhu trén thod man céc yéu cau clia dé bai.

That vy, v6i moi n € Z*, ta c6 thé bi€u dién n = aj,a;, -+ a;, vOi iy < i, <--- <i,. Do dd
f(n) = flaiai,---a;,) = flai) flai,) - flai,) > flai,) > glai,ai,---a;,) = g(n).
Bai toan dudc ching minh xong. [

Bai toan 16. (Trung Quéc, 1993) Cho ham s6 [ : RT — R thod man

flxy) < f(x)f(y) (29)
vdi moi x, y > 0. Chifng minh rdng véi moi x > Ovan € 77 thi
SO < SV )V (3 Y f(xm). (30)

L&i giai. Ta chiing minh bang quy nap theo n. Dé thiy khang dinh ding véi n = 1. Gia st
khazlng dinh (30) dung véi cac s6 1,2, ..., n.Khido,tacod

F&5) < SV )V F(x3) - V(xR
v6ik =1, 2, ..., n. Nhan n bat phuong trinh trén lai, ta thu dudc
n—1

SRR @) S = @) S f (M.

Nhan ca hai vé ctia bat phuong trinh trén v6i f(x) f(x?)--- f(x"), ta dugc

n+1

SR O 00 2 2 2 S,
Mat khac, st dung (29), ta lai c6

VP = [][f) f" )] = e,

i=1
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Két hop véi ddnh gid & trén, ta suy ra

n+1

SR O ) 2 Y.

Nhan hai vé ctia bat phuong trinh cudi cho f(x"*1) va liy cin bac n + 1 hai vé, ta suy ra khang
dinh (30) ciing diing véi n + 1. Theo nguyén ly quy nap, ta c6 khang dinh ding v6i moi n. [

Nhan xét. Bing cach dit a, = In f(x"), ta c6 thé phat biéu bai todn trén lai dudi dang day sb
nhu sau: Cho a4, a,, ...laday cac so thuc thoa man ai+j <aj+ajvéimoii, j =1,2, ...
Chiing minh rang véi moi n € Z* thi

ar+ =+ + — > a,.
2 n

Bai toan nay da dudc st dung & ky thi APMO nam 1999.

Bai toan 17. Tim tdt cd cdc sé a > 0 sao cho ton tai hang s6 K > 0 va ham f : R — R thod

L1107 (X2 4 ko

Vi moi cdp s thue x, y.

Loi giai. Tur gia thiét, ta suy ra

20) + +3 K
f(2)2 f(y)>f(x4y)+2—a|x—y|“, 31)
f(x)‘i‘f(—x;y) 3x 4y K .
- >f( : )+?u—ﬂ, (32)
3x+y xX+3y
f(4);f(4)>f(x;y)+2£a|x_y|a (33)
Liy (31) + (32) + 2 x (33), ta dugc
S+ f) x+y a
SOEI) (), K e

Tir day, bang céch lip lai quy trinh thé nhu trén, ta chiing minh biang quy nap dudc

FOLI0), p (50) 4 Ko

véi moi n € N*. Néu a < 2 thi biang cach cho x # y van — 400, ta thu dugc diéu mau thuan.
Do d6 a > 2. Ta sé chiing minh dy 1a tap hop tt ca cac s thuc a thod man yéu cau dé bai.

That vay, véia > 2, xét f(x) = |x|* va K = 5, ta s& ching minh bAt dang thic diu bai dugc
thoa man v6i moi cap so thuc x, y, tic la
X a + a a
||2|y|2

xX+Yy
2

o
2

(34)

‘ a

59



Gap g6 toan hoc 2016

Dé:lt f(x, y) = VT(34) — VP(34), ta co

f(=x, =y) = f(=x,y) = f(x, =y) = f(x, y).
Do d6 f(x, y) 1a ham chin véi x va v6i y. Vi vdy, khong mat tinh tdng quat, ta c6 thé gia st
x > 0vay > 0. Khi d6, bat dang thiic (34) dugc viét lai duéi dang
a a a _
x“ 4y > xX+y n ‘x y
2 2 2

a

Véix +y =0,tacé x = y = 0 nén bat dang thiic hién nhién diing.

Xét trudng hop x + y > 0. Khi d6, do bét dang thic trén c6 dang thuan nhit ddi véi x, y nén
ta c6 thé chuan hoa x + y = 2. Theo d6, ta phai chiing minh

x4 4 y4 xX—y|
> 1 ‘ 35
5 1 (35
Do 0 < ‘%! <%=lnén
xX—yq (x—y)? _x*+y?
I+ <1 = :
+ 2 + 4 2
Mit khdc, theo bét dang thiic trung binh luy thira, ta lai c6
a a 2 2\ 2 2 2
x“+y > xX“+y > X4y '
2 2 2
Do d6 (35) dudc chitng minh. Bai todn dugc gidi quyét xong. [

Dé két lai bai viét nay, xin dugc néu thém mdt sb bai toan d€ ban doc tu nghién cifu thém.
Bai tap 1. (Bulgaria, 2008) Cho f : R* — R* 12 hiam s6 tho min
2f(x%) = xf(x) +x
v6i moi x > 0. Ching minh rang 7 (x3) > x2 v6i moi x > 0.
Bai tap 2. (IMO Shortlist, 2005) Tim tit cd cic ham s6 f : Rt — R thod man
S ) =2f(x + yf(x))

v6i moi cip sb duong x, y.
Bai tap 3. (KHTN, 2010) Tim tit ca cdc ham s6 f : Rt — R thod man

SO +2y) = fx —y) =3[f() + 2V f(x) f()]

v6i moi cip sd duong x > y.
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Bai tap 4. Tim tit ca cac ham f : RT — R* thoa mén

F(£F0N) + f(f @) =2 +5

v6i moi s6 thuc duong x.

Bai tap 5. (Brazil, 2012) Tim tit ca cdc toan anh f : RT — R* thoi mén

26/ (f(¥) = f)|x + £(f )]

v6i moi s6 thuc duong x.

Bai tap 6. (Viét Nam TST, 2007) Tim tat c4 cdc ham lién tuc f : R — R thoa mén

f(x)=f(x2+)3—c+é)

v6i moi sb thuc x.

Bai tap 7. Tim tit c4 cac ham lién tuc f : R — R thod min
f@2x+1) = f(x)

v6i moi s6 thuc x.

Bai tap 8. Tim tt ca cac ham lién tuc f : R — R thoa min

fx+y=f )=+ - r10)

v6i moi cip sb thuc x, y.

Bai tap 9. (Ha Noi, 2013) Tim tit c4 cac ham lién tuc f : RT — R™ thod min dong thdi cic

diéu kién sau
(1) f(2x) =2f(x) véi moi x > 0;

(2) f(f3(x)(ef(x) — 1)) = x2(e* — 1) f(x) v6i moi x > 0;

(3) fle=1)=(e—=1)f(1);
(4) f(k) € N* v6i moi k € N*.

Bai tap 10. (Turkey, 2013) Tim tit cd cic ham f : R — R* thod man dong thdi cic diéu kién

(1) f(x?) = f2(x) —2xf(x) v6i moi x € R;
(2) f(—x) = f(x —1) véimoi x € R;

(3) f tang thuc su trén (1, +00).
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Bai tap 11. (THTT, 2002) Tim tit ca cic ham f : R — R thod min
fx=f) = fx+ 2+ (SO +y°?) +1

v6i moi cip sb thuc x, y.

Bai tap 12. Tim tit ca cac ham f : R — R thoa mén

O+ ) =[x+ )+ ][ fx—»)+ f(»]

v6i moi ciip sb thuc x, y.

Bai tap 13. (Téng quat IMO 1992) V6i mbi s6 tu nhién n > 2 cho trudc, tim tit ca cac ham s
f R — R thoa man dang thic

fE"+f))=y+ f"(x)
v6i moi cip so thuc x, y.
Bai tap 14. (Saudi Arabia, 2014) Tim tit cd cic ham f : N* — N* thod mén

fn) + f(f())
2

f(n+1)>

v6i moi s6 nguyén duong 7.
Bai tap 15. (Romania, 2004) Tim tit ci cdc don anh f : N* — N* thoa min

f(rm) < =

v6i moi s6 nguyén duong 7.

Bai tap 16. (IMAR, 2009) Chting minh rang véi méi ham sd f : RT — R* déu ton tai it nhét
mot cip sb6 duong x, y sao cho

S +y) <yf(f(x).

Bai tap 17. (IMO, 2011) Cho ham s6 f : R — R thoa man

SO+ ) <yf()+ f(f(x)
v6i moi x, y € R. Chiing minh rang f(x) = 0 v6i moi x < 0.
Bai tap 18. (IMO Shortlist, 2009) Chiing minh rang khong ton tai ham f : R — R thoi mén

fx=f0) <yf(x) +x

v6i moi cip sb thuc x, y.
Bai tap 19. Chohamsb f : [0, 1] = [0, +00) thod min

P00 (5 4

2 2

véi moi x, y € [0, 1]. Chiing minh ring v6i moia, b, ¢ € [0, 1], a < b < c thi

b+ P rey < by + 2.
—da cC—da
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Bai tap 20. Cho cac hamsb £, g : [0, 1] — [0, 1], trong d6 f ting nghiém ngit, thod min
f(e(x) =x

v6i moi x € [0, 1]. Chiing minh ring v6i moi n € N* thi

S () e(E)] <
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Lé Phuc Lu
(FPT Software, thanh phd H6 Chi Minh)

1. Tinh chat

Tinh chit 1. (Hé thic Steiner) Cho tam gidc AABC va AD, AE la hai dudng déng gidc goc
A. Khi dé

BD BE (AB)\’
CD CE \AC) "

Néu E 1a trung diém BC thi AD la dudng dbi trung va % = (ﬁ—g)z.

Tinh chat 2. Cho tam gidc AABC ndi tiép duvng tron (0) c6 diém M 1a trung diém canh
BC. Tiép tuyén tai diém B, C cit nhau tai diém 7. Puong thang AT cit canh BC, dudng tron
(O) tai cac diém D, E. Khi do
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A4

e Tit gidc ABEC 1a it gidc diéu hoa.
e Cac duong thﬁng AD,ED, BD,CD lanluot 1a dudng d6i trung cua cac tam giac AABC,
AEBC,ANABE, ANACE.

e Tam ndi tiép I ctia tam gidc ADM 1a chan dudng phan giic trong ZBAC (do AI, E1 1a
cac duong phan giac trong ZDAM, Z/DEM)
Tinh chat 3. Quy tich cic diém D nim trong géc ZBAC va % = % la dudng dbi trung
géc A cua tam giac A ABC.

B D M C

Tinh chit 4. Cho tam gidc AABC. Néu EF 1a dudng dbi song v6i canh BC thi dudng dbi
trung clia tam gidc AABC la dudng trung tuyén ciia tam gidc AAEF.
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Bai toan 1. Cho tam gidc AABC c6 diém D thudc canh BC. Goi DM, DN, AE la duong doi
trung cuia cdc tam gidic AABD, AACD, AABC. Chiing minh rang

a) Néu diém D la trung diém canh BC thi tit gidgc MNDE la hinh thang cdn.

b) Néu diém D la chdn dwong phdn gidc trong goc A cua tam gidc AABC thi cdc duong
thing BN,CM, AE déng quy.

L&i gidi. a) Do DM, DN 1a dudng ddi trung cia AABD, AACD nén
MA _ (DA\> NA (DAY’
MB \DB) ' NB \DC)"

Néu D 1a trung diém BC thi DB = DC,suyra %—g = %,hay MN || BC.

A
T
7W\
B E D C

Goi T 1a trung diém AC. Do DN, AE 1a dudng dbi trung, DT 1a dudng trung binh nén ta c6
INDC = LTDA = ZDAM = ZEAN.Suyra A, E, D, N d6ng vién. Tuongtu A, E, D, M
dong vién. Ta thu dugc diéu phai chiing minh.

b) Do DM, DN, AE la dudng d6i trung cua AABD, AACD, AABC nén

MA DA®> NA DA®> EB _ AB?
MB DB 'NC DC EC AC

A
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Néu AD la phan gidc thi 24 = 42 Suyra

EB NC MA
EC NA MB
Theo dinh 1y Ceva, BN, CM, AE dong quy. [l

Bai toan 2. Cho tam gidc NABC c6 /B = 2/C. Trung truc canh BC cdt canh AC tai diém
D. Piém E déi xiing vdi diém D qua diém A. Ching minh rang duong déi trung AF ciia tam
gidc ABC song song vdi duong thing BE.

Loi giai. Do D thudc trung truc BC nén DB = DC,hay /DBC = /DCB = %AABC. Suy
ra ZABD = /DCB, hay AB la tiép tuyén cia (DBC), suy tiép AB> = AD - AC.

E

c
Do AF 1a dudng dbi trung nén
FB AB?> AD AE
FC AC ~ AC AC’
Theo dinh ly Thales, ta dugc AF || BE. ]

Bai toan 3. (USA TST 2007) Cho tam gidc AABC thay déi c6 CA*> + CB? = 2 - AB?. Cdc
duwong thang CD, CM lan lugt la phdn gidc va trung tuyén ciia tam gidc AABC. Gid sit diém
E la diém thod mdn diém D la tam néi tiép tam gidc ACME. Chitng minh rdng trong ba ty s6

CM ME EC . 3. 5t 1V 56 kho 51
E B oar €O dung mot ty sO khong doi.

L&i gidi. Goi F 1a giao diém AE, BC. Do D 1a tam noi tiép tam gidc ACME nén CD, ED 1a
phan gidc /M CE = /MEC, suy ra CE 1a duong dbi trung cia ACAB va CAEB la ti giic
diéu hoa. Suy tiép ZCEA = ZCBM, Z/ACE = Z/BCM ,hay ACAE ~ ACMB. Tit d6

AC _MC 2-MC
AE MB  AB
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Do M D la phan gidc ACME, AD 1a dudng dbi trung cia ACAE nén

ME FE CE AB? AB?

MC FC CA®> 4.CM?> 2(CA*>+CB*) —AB? _;

Tir d6 suy ra diéu phai chiing minh. O

Bai todn 4. Cho tam gidc NABC c6 AB < AC néi tiép duong tron (0) cé duong phdn gidc
trong AD, phdn gidc ngoai AE. Tiép tuyén ciia duong tron (O) tai cdc diém B, C cdt nhau tai
diém T. Puong thdng qua diém D, vuong géc voi canh BC cdt duwong thing AT tai diém S.
Chitng minh rang diém S ndm trén mot trong ba duong trung binh ciia tam gidc ATDE .

Li gidi. Goi M 1a trung diém BC. AT cit BC tai N, DS cat TE tai K.

Tacé (EDBC) = (NMBC) = —1,nén (EDNM) = —1 hay (TE,TD,TN,TM) = —1. Ma
DK || TM, do d6 S 1a trung diém DK. Suy ra S ndm trén dudng trung binh dinh D ctia tam
giac TDE. [
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Bai toan 5. Cho tam gidc AABC c6 AB < AC néi tiép duong tron (O), ngoai tiép duong
tron (I). Gid sit duong tron (1) tiép xiic canh BC tai diém D va duong thang AD vudng goc
vdi duong thing OI. Chitng minh rdng AD la dwong ddi trung ciia tam gidc AABC.

Loi gidi 1. (1) tiép xic AC, AB tai E, F.

D& thly OA*> — OD*> = DB-DC = (p—b)(p—c), va
IA? —ID? = [A? —r?> = EF? = (p —a)*.
Theo dinh ly 4 di€ém, OI L AD, nén
0A2 —0D?*=1A>-ID*> < (p—b)(p—c)=(p—a)* & b>+c?> =ab +ac.
Ta can chiing minh A D 1a dudng ddi trung cia AABC, hay

DB  AB? —b 2
DC ~ AC ‘i’%% & (b—0o) (b* +c* —ab—ac) =0.

Pang thiic cubi dudc suy ra theo chiing minh trén. [

Lai gidi 2. Goi M 1a trung diém BC. AI cat () tai diém thit hai D’. Do OI L DD’ nén OI,
tiép tuyén tai D (hay BC) va D’ dong quy tai S. Tit d6 suy dudc (BCSD) = —1. Theo Hé
thic MacLaurin, ta dugc SB - SC = SD - SM.

Mit khic, ZOTD = ZOMD = 90° nén OTDM nbi tiép, hay ST - SO = SD - SM.

Tt hai diéu trén suyra ST - SO = SB - SC hay TOBC noi tiép.

Xét (0),(ATO),(TOBC). Truc dang phuong cta (O),(TOBC) la BC, truc dang phuong
cta (ATO),(TOBC) la OT. Mit khac, do AATO vuodng tai T nén tiép tuyén tai A cta (O)
ciing 1a tiép tuyén tai A ctia (ATO) va la truc dang phuong ctia chiing. Theo tinh chit clia tim
dang phuong, ta dugc SA 1a tiép tuyén cta (O). Tu d6 suy ra AD la dudng dbi trung clia tam
giac ABC. ]
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Bai toan 6. (Balkan MO 2009) Cho tit gidc toan phdan ABCDEF sao cho duong thing BD
song song vdi duong thang EF. Hai duong tron (CBE) , (CDF) cdt nhau tai diém thit hai M .
Chitng minh rang AM la duong déi trung goc A cia tam gidc AABD.

Loi giai. Tac6 LBME = /BCE = /DCF = Z/DMF,/EBM = ZECM = ZMFD. Do
do AMBE ~ AMFD.

Suy ra 35%33 ==.Ma BD || EF nén gf; = ﬁ—g. Tt day suy ra diéu phai chiing minh. [

Bai toadn 7. Cho tam gidc AABC cé AD la duong ddi trung. Puong tron (ABD) cdt canh
AC tai diém M, duong tron (ACD) cdt canh AB tai diém M. Chitng minh rang duong thdng
MN song song vdi duong thing BC va DM = DN .

L5i gidi. Do MDAC noi tiép nén DM = 2BAC wigng ty DN = RCAB My DB — (4B)7
suyra DM = DN.

Cung do MDAC ndi tiép nén Jgg = AB , tuong tu’ = %. Ma % = (ﬁ—B)z, suy ra
MB — 48 hay MN || BC. O
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Bai toan 8. (Pé nghi Gulf MO 2016) Cho tam gidc AABC c6 AB < AC néi tiép duong tron
(O) c6 trong tam G va cdc duong trung tuyén BN, CM . Hai duong tron (GMB) ,(GNC) cdt
nhau tai hai diém G, K. Puong thing AK cdt duong tron (O) tai diém D. Puong thing DB
cdt duong tron (AK B) tai diém X, duong thang DC cdt duong tron (AKC) tai diém Y . Chiing
minh rang

a) Puong thing OD vudng goc véi duong thing XY.

b) Piém K la trung diém XY.

Loi giai. a)Taco DB-DX = DK-DA = DC - DY.

Déan dén

X0?-Y0? = (XO*>-0D?*) - (YO*> - 0D*) =XB-XD-YC-YD
= (XD + DB)XD — (YD + DC)YD = DX?> - DY>.

Tir do, theo dinh ly 4 diém, suyra OD L XY.
b) Do ABKX, ACKY, ABDC ndi tiép nén /BXK = /BAK = /BCD nén BCXY noi

tiép. Suy ra XY la dudng db6i song v6i BC, ma theo bai todn 6 thi DK 1a dudng ddi trung ctia
ADBC nén DK 1a dudng trung tuyén ctia ADXY . 0
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CAC BAI TOAN HINH HOC NEU ... THI

Lé Phuc Lu
(FPT Software, thanh phd H6 Chi Minh)

1. M6t sbé vi du

Bai toadn 1. Cho tam gidc ABC. Trén tia déi tia CB ldy diém D sao cho CB = CD, trén tia
dbi ciia tia AC ldy E sao cho AE = 2AC. Chiing minh néu BE = AD thi tam gidc ABC
vuong J A.

Loi giai. Goi M, N lan luot 1a hai diém d6i xung cua A, E qua B.Khidétacoé BEDN, ABM D
12 hinh binh hanh suy ra AD = BE = DN nén AADN can tai D ¢c6 DM 1a trung tuyén nén
DM vudng goc v6i AN, ma AB || DM nén AN L AB hay ZBAC = 90°. O]

Bai toan 2. Cho tam gidc ABC c¢6é M, N lan lugt la trung diém ciia AB, AC, G, H ldn luot
la trong tdm va truc tam. Chitng minh rang néu A, M, G, N cing nam trén duong tron (o) thi
(w) tiép xiic (BHC) .
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Lsi gidi. Ké tiép tuyén Gx clia dudng tron (w). Ta thiy ti gidc AFHE noi tiép nén ZBAC +
ZEHF = 180°, ma Z/BAC + ZMGN = 180° nén LZEHF = ZMGN nén ti giac BHGC
ndi tiép.

Tacé LxGB = ZMGB — /xGB = Z/GMN + /GNM — /xGB = Z/GNM
ma M N song song v6i BC (tinh chit dudng trung binh) néntacé /xGB = /GNM = /GCB
suy ra Gx ciing 12 tiép tuyén ctia dudng tron (BHC). O

Bai toan 3. Cho tam gidc ABC c6 G, I lan luot la trong tdm va tam duong tron ni tiép. Pt
BC =a,CA = b, AB = c. Chitng minh rdng

(a) NéuIG | BC thi AB + AC = 2BC.
(b) Néu IGLBC thi IG = 3 1 la bdn kinh duong tron ngi tiép.

(c) Néu G € (I) thi
a’>+b>+c*> 6

ab+bc+ca 5

Loi gidi. (a) Vi BI la phan giac goc Z B nén ta co
Al BA c

ID_ BD p—-b
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Ma IG || BC nén

1A GA
D~ GM 7
do do c
p—b:2’ suyra AB + AC = 2BC.

(b) Kéo dai IG cat (I) tai E, D, AE cat BC tai F. Theo két qua ctia mdt bd dé quen thudc, ta
c6 M la trung diém cta DF.
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B D™ M ¥ —eC

Ap dung dinh Iy Menelaus cho A DEF véi su thing hang ctia A, G, M ta dugc

GD MF AE _
GE MD AF

Tu do suy ra
GD 3 Gl 1
— =3, suyra — = —.
GE Y™ ID T3
(c) Xin danh cho ban doc. ]

Bai toadn 4. Cho tam gidc ABC nhon noi tiép duong tron (O). Ké duong phdn gidc CCy.
Puong cao ké tir dinh C cdt OCy tai K. Chitng minh rang néu K € (BOC) thi ZACB = 60°.
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Loi giai. Taco

C1C . C1X - ClA . CIB ES C10 . C]K
nén tif gidc OXKC ndi tiép.

Goi X la giao diém cta CC; va (0). Ta c6 OX LAB,CK1AB nén CX || OK. Tud giic
OXKC ndi tiép ma n6 ciing 12 hinh thang nén né 1a hinh thang can vi thé XK = OC. Suy ra
XA = XO = 0A, do d6 tam gidc AOX déu. Suy ra ZAOX = 60°, tic 1a ZACB = 60°. [

Bai toan 5. Cho tam gidc ABC c6 duong phdn gidc BD, CE. Goi x la duong thing ddi xiing
AB qua CE va y la dwong thdng déi xing voi AC qua BD. Goi K la giao diém ciia x, y.
Chitng minh rdang

(a) IK1LBC,I = BDNCE

(b) Néul € (KDE) thi AD + AE < BC
Lsi gidi. (a) Theo tinh chat dbi xdng ta c6 td gidc B’AK B noi tiép nén /KA\B = /B'AB.

Suy ra
/KA|C = ZBAC.

76



Gap g6 toan hoc 2016

Tuong tu
/ZKA,C = ZBAC.
Do d6 tam giac A5 KA} can.

Ta sé chiing minh K/ 1a phan gidc. That vy, xét AKBA, c¢6 I 1a tim dudng tron bang tiép
ting v6i goc B nén A, 1 la phan giac goc LKA, A). Tuong tu A1 la phan giac goc LK A’ A,.
Nhu viy 7 1a tim dudng tron ndi tiép tam gidc KA, Ay, do d6 K1 1a phan gidc géc ZK. Vay
KI 1 BC.

(b) Tacd LEKD = 180° — £A/2 xét tong ba gic clia tam gidc K A} A}, ta suy ra LA = 60°.
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Ta co b b
AD — c c

Cc+a’ b+a’

Bing bién d6i tuong duong ta c6
AD + AE < BC, tuong duong vé6i b2 +c?2—a?>—bc =0.
Diéu nay hién nhién ding theo dinh ly cos. [

Bai todn 6. Cho tam gidc ABC nhon, khong cdn, néi tiép (O) va H la truc tdm, M la trung
diém BC. AM, (AM) lan luot cdt (O) tai diém thit hai la N, K. Chiing minh rang néu HA =
NH thi AK, BC, OH dong quy.

Lsi gidi. Theo két qua ctia mot bd d& quen thude thi K, H, M thang hang. Goi S 1a giao diém
cua AK va BC, khi d6 H la tryc tam tam giac ASM.Tacé SH L AM ma OH 1 AM (Do
HA = HN), thanh thi S, H, O thang hang. N6i cach khic, ba dudng thang AK, OH, BC
dong quy. O

Bai toan 7. Cho tam gidc ABC nhon noi tiép (O). Xét M, N lan luot di chuyén trén AB, AC
va (AMN) cdt (O) tai diém thit hai la T. Goi S la diém doi xvung véi T qua M N . Chitng minh
rang néu S € BC thi ST luén di qua diém cé dinh.
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T
A
I
o N
H
<
B\ N K c
L
iT/

L&i giai. Ta sé chiing minh ST di qua giao diém L ctia dudng thang ndi tir A t6i truc tam H
v6i duong tron (O).

Goi T’ 1a diém d6i xiing v6i T qua BC. T T’ cit BC tai K. I 1a chan dudng vudng goc ké tit
T clia taa gidc ATMN. IK cat M N tai S.

Dé thﬁy ATMN ~ ATBC nén LTNS = ZTCB.Ma £ZTIK + ZTCB = 180° (do tu
giac TIKN noi tiép) nén LTIK + ZTNS = 180°, do d6 ti gidc TISN ndi tiép, suy ra
S = /1 = 90°.

Ta c6 S d6i xing véi T qua J, T’ d6i xing véi T qua K ma I, J, K thang hang nén ST’ 1a
dudng thang Steiner clia tam gidc ABC \ng vé6i di€ém T, suy ra n6 di qua tryc tam H.

Tacé T’, S, H thang hang, 1iy d6i xing chiing qua BC tac6 L, S, T thang hang, hay ST di
qua mot diém cb dinh. O
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Bai tap 1. Cho tam giac ABC khdng can c6 AD, BE, CF la duong phan gidc. Ching minh
rang néu DE = DF thi ZA > 90°.

Bai tap 2. Chotam giac ABC c6 M € BC va H, K lan luot 13 hinh chiéu ctia M 1én AB, AC.
Goi P, Q lan ludt 1a tam ctia (ABH ) , (ACH). Chiting minh rang néu PQ | BC thi trung diém
cua OM latam cua (MPQ).

Bai tap 3. Cho tam gidc ABC ndi tiép (0O) va c6 dudng tron ndi tiép (1) tiép xic véi AB, AC
tai E, F. (O;) qua A, B va tiép xic vé6i (I) tai M. (O,) qua A, C va tiép xiic v6i (1) tai N.
(01) va (0,) tiép xtic nhau tai D.

(a) Chiing minh AN, FM va AD dong quy tai K.

(b) Chiing minh K thudc dudng thang O1 .
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Bai 1. Giai hé phuong trinh

I R
X =
x2+y2
x+3y
Y x2—|-y2_

Bai 2. Chiing minh ring véi mdi s6 nguyén n ton tai vo han cach dé viét n duéi dang
n==+1"+2>+.-- k%
v6i s6 nguyén duong k va cic dau +, — dugc chon phu hop.

Bai 3. Cho AABC c6 d6 dai cic canh khong vudt qua 1. Goi p, R, r 1an ludt 1a nta chu vi,
ban kinh dudng tron ngoai tiép va noi tiép clia tam gidc A ABC. Ching minh riang

p(1 —=2Rr) < 1.

Bai 4. Cho nita dudng tron duong kinh BC c¢b dinh va diém A di chuyén trén d6. Hai diém D
va E ndm ngoai tam gidc ABC sao cho tam gidc DAB can tai D va tam gidc EAC can tai E.
Biét /ZDAB = /EAC = o khong ddi. Goi T 1a trung di€ém clia doan DE. Chiing minh ring
diém T di chuyén trén dudng tron cb dinh khi diém A di chuyén.

Bai 5. C6 10 ban hoc sinh dang choi mdt tro choi. Biét riang khoang cach gilta cc ban 1a khic
nhau vi mdi ban déu c6 mdt qua bong. Khi ¢ hiéu 1énh clia ¢d gido, mdi ban phai chuyén qua
béng cho ban ditng gan minh nhit. Goi A 1a s6 ban c6 bong. Tim gi4 tri nhd nhét cta A.
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Bai 1. Giai phuong trinh lugng giac
(2cosx — 1) (sinx 4+ cosx) = 1.
Bai 2. Cho a, b, ¢ 12 ba sb thuc khong 4m. Chiing minh rang
(3a +2b +¢)* > 63/3(a + b + ¢)(ab + be + ca).

Bai 3. Cho day s6
Ug = 2,7/!1 =1

(un) :

Upt2 = Upt1 + Uy, YV =20

va k 12 mot s6 nguyén duong 18 bat ky.

a) Chiing minh riang néu n 1a s6 nguyén duong 18 thi uy 12 uSc ctia u,.

b) Ching minh rang néu n 1a s6 nguyén duong chan thi u,2C 12 u6c ctia ug, — 2. Dic biét, néu
n = 2 thi u7 = upg — 2. Tit d6 hay chiing minh u; + 2 khong thé 1a luy thiia bac 5 cta
bat ky s6 nguyén duong nio.

Bai 4. Cho tam gidc AABC ndi tiép dudng tron (0), ngoai tiép duvng tron (7). Pudng thang
qua I va vuong géc v6i CI cat BC va cung nhd BC (khdng chia A) clia dudng tron (O) lan
luot tai U, V. Pudng thang qua U va song song v6i Al cit AV tai X. Ching minh ring néu hai
dudng thang X7 va Al vudng géc v6i nhau thi duong thang X/ di qua trung diém doan AC.

Bai 5. C6 32 chiéc dia xép thanh nhiéu chdng. O mdi budc ta chon mot chdng 6 k dia, sau d6
bdc thém vao chong nay k dia nita 1y tif mot chong khac c6 khong it dia hon. Héi sau hitu han
budc c6 thé xép tit ca dia vao mot chong hay khong?
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Bai 1. Cho sb tu nhién m. Xét diy sb

u; =

(un) :

[ S

Upnt1 = 14+u, —u, ,VneN

a) Chiing minh rang khi m = 2 thi day (u,) hoi tu va tim gidi han cia day.
b) Ching minh ring khi m = 3 thi day (u,) khong hdi tu.
Bai 2. Choa, b, ¢ 1a ba s6 thuc khong Am. Chiing minh ring
(Ba +2b+c¢)® > 63 (a+b+c)(ab+ be +ca).
Ding thiic x4y ra khi nao?

Bai 3. Vat chit di truyén & vi khudn Mathobacterium 12 ADN dang vong gém n gen (1 nguyén
duong) danh sb tir 1 dén n theo chiéu kim dong hd. Enzym Squarase phién ma theo quy tac:
Phién ma gen thi nhét; sau d6 trudt t6i 4 gen, phién ma gen do; tiép tuc trudt téi 9 gen, va phién
mai gen d6 (tiic 1a 1an lugt phién ma gen thi 1, thi 5, thi 14, ... va cd xoay vong nhu vay). Tim
n dé€ vi khuan phit trién binh thudng (tit ca cic gen déu dugc phién ma).

Bai 4. Cho tam gidc ABC ndi tiép dudng tron (O) va diém D thudc doan BC. Pudng tron (/)
tiép xtic AD tai X, tiép xtic BD va tiép xic trong véi (O). Pudng tron (I,) tiép xic AD tai
Y, tiép xiic CD va tiép xiic trong véi (O) (X,Y thudc doan AD). Pudng thing qua X vudng
géc v6i Al cat dudng thang qua Y vudng géc A1, tai K. Goi M, N lan luot la trung diém cia
AK, XY.

a) Chiing minh riang dudng tron dudng kinh AK truc giao v6i cac dudng tron (1;), (1»).

b) Chiing minh ring dudng thang M N ludn di qua diém cb dinh khi D di dong trén doan
BC.

Bai 5. C6 2n vién soi (n nguyén duong cho truéc) dang dudc xép thanh 3 déng. Mbi 1an thuc
hién cho phép 1y mot nita sd vién soi tif déng sdi ¢ chin vién sdi va chuyén sang dong khac.
Chiing minh ring, du cdc déng séi ban dau dudc xép thé nao, sau mdt s6 hitu han bude thuc
hién nhu thé, ta c6 thé tao ra mot dong sdi c6 ding n vién séi.
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CAC BAI TOAN PE NGHI

Phan | - Dé bai
1. Dai s6, giai tich

Bai toan 1. Cho sb tu nhién m. Xét day s6 (u,) thda man

1

u1:§

Ups1 =1+u, —ul}, Vn e N

(a) Chitng minh rang khi m = 2 thi day (u,,) hoi tu va tim gidi han cia day.
(b) Chiing minh rang khi m = 3 thi ddy (u,) khong hoi tu.
Bai toan 2. Cho diy s6 (u,) théa man

15
Uy = §’u2 = 2a
2

1 n
un+2+§: \/uﬁ+1+un+—4n2_1,‘v’neN.

Chiing minh rang day (u,) hoi tu va tim gidi han cta day.

Bai todn 3. Cho da thiic f(x) = ax® + bx? + cx + d, (a # 0) va diy sd (x,,) 12 mot cip
s6 cong c6 cong sai khac khong théa man Vk € N*, £(xx) 1a 1ap phuong ctia mot sd nguyén.
Chitng minh rang f(x) 1a 1ap phuong ctia mot da thic bac nhat.

Bai toan 4. Cho ba sb thuc khong 4m a, b, ¢ théa man ab + be + ca > 0. Chiing minh ring

a+b b+c cta 23(a + b +c)?
b+c¢c c+a a+b”~ 27(ab+bc +ca)

Bai toan 5. Cho a, b, ¢ 12 ba s6 thuc khong 4m. Ching minh riang

(Ba +2b +¢)® > 63(a + b + ¢)(ab + be + ca).
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Bai toan 6. Cho sb tu nhién m € N*. Chitng minh rang ton tai diing mot day sd nguyén duong
(a,) thda man diéu kién

ay = 1,a2 > 1,

ap'  +1=apayz,Vn € N.

Bai todn 7. Cho da thiic P (x) c6 hé s6 nguyén va c6 n nghiém phan biét. Chiing minh rang da

thic (P (x))* + 1 ¢6 mot nhén tit ¢6 bc thip nhét 1a 2 L”;IJ bat kha quy trén Z [x].

Bai toan 8. Tim tat cd cac ham sb lién tuc, théa man f : R — R sao cho f (x) — f (y) 1asd
hitu ti, v6i moi x € R va y thdoa man x — y httu ti.
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Bai todn 1. Cho AABC c6 dd dai cac canh khong vudt qua 1. Goi p, R, r 1an lugt 1a nita chu
vi, ban kinh dudng tron ngoai tiép va ndi tiép ctia A ABC. Chiing minh ring

p(1 —2Rr) < 1.

Bai todn 2. Cho ti gidc ABCD ndi tiép duvng tron (O) va M, N 1a trung diém hai canh
AB,CD. buong tron (OMN) cat duong tron (O) tai hai diém X, Y; cat 1an lugt cac dudng
tron (CDM) , (ABN) tai di€ém thit hai Z, T.

Chiing minh ring hai dudng thang XY, Z T song song.

Bai toan 3. T gidc ABCD noi tiép dudng tron (0). Hai AABC, AADC lan lugt ngoai tiép
hai dudng tron bang nhau (/;) , (1»). Pudng tron (0’) tiép xic trong v6i dudng tron (O) tai T
va tiép xtic hai canh AB, AD tai E, F. Tiép tuyén tai A, T cit nhau tai diém S. Chiing minh
rang

a) Ti gidc I, I,C T noi tiép.
b) Badiém S, I;, I, thang hang.

Bai toan 4. Cho AABC ndi tiép dudng tron (0), ngoai tiép dudng tron (/). Pudng thang qua
I va vudng géc v6i CI ciat BC va cung nhd BC (khong chiia A) clia dudng tron (O) 1an luot
tai U, V. Puong thang qua U va song song v3i AJ ciat AV tai X.

Chiing minh rang néu hai dudng thang X7 va AI vudng géc v6i nhau thi dudng thang X7 di
qua trung diém doan AC.

Bai toan 5. Cho A ABC ndi tiép dudng tron (0) va dudng kinh AA’. Puong thang qua diém A4’
va song song véi phan gidc trong géc ZBAC cit hai canh BA, BC tai By, B,. Pudng thang qua
diém A’ va song song véi phan gidc ngoai goc Z BAC cit hai canh CA, CB tai C;, C,. Chiing
minh ring hai dudng tron (BB, B,) , (CC,C,) tiép xiic nhau khi va chi khi AABC vuong tai
A.

Bai todn 6. Cho tam gidc ABC ndi tiép dudng tron (O) va diém D thudc doan BC. Dudng
tron (1) tiép xdic AD tai X, tiép xtic BD va tiép xiic trong véi (O). Pudng tron (I,) tiép xiic
AD tai Y, tiép xtic CD va tiép xiic trong v6i (O) (X, Y thudc doan AD). Pudng thang qua X
vudng goéc véi Al cit dudng thang qua Y vuong géc Al tai K. Goi M, N lan lugt 1a trung
diém cia AK, XY.

a) Chitng minh rang dudng tron dudng kinh AK truc giao v6i cac dudng tron (1;), (I»).

b) Chiing minh rang dudng thang M N ludn di qua diém cb dinh khi D di dong trén doan
BC.

Bai toan 7. Cho dudng tron (O) va day cung BC cb dinh, diém A di chuyén trén cung 16n
BC. Céc diém E, F trén tia BA, CA sao cho BE = CF = BC. Puong thing qua E song
song canh BF cit duong thiang qua diém F song song canh CE tai diém D. Dung tam gidc déu
XBC,YBC.
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a) Chiing minh ring dudng thang A D ludn di qua diém cb dinh khi diém A di chuyén.

b) Hai dudng thang thay ddi qua diém X 1an lugt cit hai dudng tron (EXY),(FXY) tai
M, N va P, Q. Chiing minh ring dudng thang di qua trung diém MQ va NP luon di qua
diém cb dinh khi M N, PQ di chuyén.

Bai todn 8. Cho nita dudng tron dudng kinh BC cb dinh va diém A di chuyén trén d6. Hai diém
D va E nam ngoai tam gidc ABC sao cho tam gidgc DAB cén tai D va tam giac EAC cén tai
E.Biét /ZDAB = Z/EAC = o khong d6i. Goi T 1a trung diém ctia doan DE. Chiing minh
rang diém T di chuyén trén dudng tron cb dinh khi diém A di chuyén.
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Bai toan 1. Chdng minh ring v6i mdi sd nguyén n ton tai vo han cach dé viét n dudi dang
n=+1>+£2>+... £ k2
v6i s6 nguyén duong k va cic ddu +, — dudc chon phit hop.

Bai toan 2. Cho day s (a,) thda man ay = 2016, a, = a>_, + 1V¥n > 0. Tim s du cla as¢;6
khi chia cho 2002.

Bai toan 3. Cho day sb
Uy = 2,u1 =1

(un) :

Upnyo = Upy1 +Up, V0 20

va k 1a mot s6 nguyén duong 18 bat ky.

a) Chitng minh rang néu n 1a s nguyén duong 18 thi uy 12 uSc ctia ug,.

b) Chiing minh ring néu n 1a s6 nguyén duong chin thi ui 12 uSc ctia ug, — 2. Dic biét, néu
n = 2 thi u,zc = U, — 2. Tt d6 hay chiing minh u,; + 2 khong thé 1a luy thira bac 5 cua
bt ky s6 nguyén duong nao.

Bai toan 4. Cho p > 2 1a mot sd nguyén td va f 1a da thiic hé s6 nguyén c6 bac p — 1. Gia st
v6i moi s6 nguyén a, b, néu a — b khong chia hét cho p thi f(a) — f(b) ciing khong chia hét
cho p. Ching minh ring hé s cao nhit cia f (tic 12 hé s6 ting v6i x?~1) chia hét cho p.

Bai todn 5. Vat chit di truyén & vi khudn Mathobacterium 12 ADN dang vong gom n gen (n
nguyén duong) danh s6 tit 1 dén n theo chiéu kim dong hd. Enzym Squarase phién ma theo quy
tac: Phién ma gen thd nhét; sau d6 truct t6i 4 gen, phién ma gen do; tiép tuc trudt téi 9 gen, va
phién ma gen d6 (ttic 1a 1an lugt phién ma gen thi 1, thi 5, thi 14, ... va cii xoay vong nhu vay).
Tim n d€ vi khuin phat trién binh thudng (tit ca cac gen déu dudc phién ma).
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Bai toan 1. C6 32 chiéc dia xép thanh nhiéu chdng. O mdi budc ta chon mot chdng ¢6 k dia,
sau d6 boc thém vao chong nay k dia nita liy tit mot chong khac c6 khong it dia hon. Hdi sau
hitu han budc c6 thé xép tét ca dia vaio mot chdong hay khong?

Bai toan 2. Cho n diém A, As, ..., A, dudc ndi véi nhau béi mot s6 doan thang. Hai diém
dudc goi 1a ké nhau néu c6 mot doan thang ndi ching. Hé n diém goi 12 “dd” néu hai diém bat
ki hoic ké nhau hoic cung ké v6i mot diém thi ba.

(a) Tim sd doan thang nho nhét ctia hé n diém du.

(b) V6in = 6, cho luc gidc A A>A3A4AsAe. Can it nhit bao nhiéu doan thang nita dé hé 6
dinh cua luc giac tré thanh du?

Bai todn 3. C6 10 ban hoc sinh dang chdi mdt tro chai. Biét rang khoang cach giita cac ban la
khéc nhau va mdi ban déu c6 mot qua bong. Khi ¢6 hiéu 1énh ctia c6 gido, mdi ban phai chuyén
qué bong cho ban diing gan minh nhit. Goi A 1 s6 ban c6 béng. Tim gid tri nhé nhét cta A.

Bai toan 4. O dit nuéc Panem c6 tit ca 12 quan. Ngudi ta xdy dung cédc con dudng sao cho véi
hai quan A, B bat ki, luén c6 mot dudng di hai chiéu nbi quan A va quin B. Hai quan C, D
dudc goi 1a thong véi nhau néu ta c6 thé di tit C dén D ma khong phai di qua quan nao khac.
Goi M 1a tip hop tit ca cic cip quan thong v6i nhau. Biét rang khong ton tai ba quan X, Y, Z
d6i mot thong nhau, nghia 1 dong thdi théa man X thong v6i Y, Y thong véi Z va Z thong véi
X. Ching minh rang |[M| < 36.

Bai toan 5. C6 2n vién sdi (n nguyén duong cho trude) dang dugc xép thanh 3 déng. Mdi lan
thuc hién cho phép liy mot niia sd vién soi tir déng sdi ¢ chin vién séi va chuyén sang dong
khéc. Chiing minh riang, di cic dbng sbi ban dau dudc xép thé nao, sau mot s hitu han budc
thuc hién nhu thé, ta c6 thé tao ra mot déng sdi c6 diing 7 vién soi.
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Bai toan 1. Cho sé tu nhién m. Xét ddy sé (u,) théa mdn

1
u; = E
Ups1 =1+u, —ul}, Vn e N
(a) Chitng minh rdang khi m = 2 thi ddy (u,) hoi tu va tim gidi han ciia day.

(b) Chitng minh rdang khi m = 3 thi ddy (u,) khong hoi tu.

L&i gidi. a) Bang quy nap ta sé chiing minh u,, € [% %] ,Vn € N (x).

That vay, v6i n = 1 thi (x) dung. Gia st u, € [% %] Khi d6 ta can chiing minh

, 5 1\> 3
gun—i-l:l‘l’un_ungz@og Upn — 3 gz
Diéu nay ludn ding do u, € [3. 3]. Xét ham sb

15
fx)=1+x—x*véixeD=|-,=
24
la ham giamdo f'(x) = 1—2x < 0,Vx € D.Honntia, f(D) C D nén f(f(x)) la ham tang
trén D.

Tacou, = 2,uz = 15 nénuy < usz, suy ra f(uy) > f(u3) hay up > u4. Bang quy nap, ta
ching minh dudc day (u2,+1) la day tang va bi chan trén, day (u,,) 1a day giam va bi chan dudi
nén hai day hoi tu. Pat a = limu,,41 vab = limu,, véia,b € D.

Tir cong thidc truy hoi, ta cé

a=fb)=f(f@) & @-1>@+1)=0.

Ta nhan nghiéma =1 € D,dudc b = f(a) = 1 = a. Suy ra khi m = 2, day (u,) hdi tu va
limu, = 1.

b) Ta s€ ching minh u, ¢ {—1,0,1},Vn € N.
e Gia su ton tai ny € N sao cho Ung+1 = 0. Khido 1 + uy,, — “;310 = 0. biéu nay cho ta Un,
1a mot s6 vo ti, mau thudn do u,, = f(f(--- f(u1)-++)) (no — 11an f)1a mot s6 hitu ti
dou; = % Truong hdp u, = —1 chiing minh tuong tu.

e Gia st ton tai no € N nhd nhit sao cho u,,+; = 1. Khidé6 1 = 1 + u,, — u> , hay

\ no’
Un, € {0, —1}. Dicu nay la vo ly theo chiing minh trén.
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Gia st day da cho hdi tu khi m = 3. Tir cong thiic truy hoi, ta c¢6 limu,, = 1 va
Upt1 — 1 = uy (1 _ui) = —up (Up + 1) (u, — 1)
= (=D Uy + Dty p—y + 1) (g — 1)

Suy ra
un-i—l_l:c‘(_l)n'un(un+1)"'ul(ul+1)- (1)

trong d6 ¢ 1a hiang s6 khac 0.
batv, = |u, (uy, + 1) | thiv, >0,Vn € Nvalimv, = 2. Tu (1) tacéd limv,vy---v, = 0.

Miit khéc, do lim v, = 2 nén ton tai ng sao cho v, > 2,Vn > no. Khi d6, didt A = vivy -+ U,

thi4 > 0va
3 n—no
vlvz---vn>A-(§) .

Do d6 limvyv, - -+ v, = +00 (mau thuan). Vay khi m = 3, day u, khong hoi tu. ]

Bai toan 2. Cho ddy sé (u,) théa mdn

15
ulzg,uzzl
+1 \/2 +u, + " Vn e N
Uy, — = 4/U U, + —,vn .
AR n+1 4n2 — 1

Chiing minh rang day (u,) héi tu va tim gidi han ciia ddy.

L&i gidi. Tu cong thiic truy hoi, ta c6

1 1 1
— 2
Unir + 5 = \/un+1+un+1+—4(4n2_1),VneN.

Bing quy nap, ta ching minh dudc u, > *2,Vn € N. Khi d6 ta c6

2 2
Upio + Uptz = Uy + Uy ,Vn e N.

@0

Cong thiic trén c6 thé bién ddi thanh

1
2 2
I + +u, + ——— VneN.
Mn_|_2 + Un+2 + Upn+1 8(2n 1) Mn+1 Un+1 Uy 8(2n 1) n
Tur do6 ta suy ra
w2 4 Uper +u +———u2—|—u2+u1—l—l——8\7‘n€N
ntl nt " 8@2n—1) 2 8 ’ ’

Ta viét lai thanh

(Ung1—2)(Upy1 +3) + (up —2) =0,Vn eN.

i 8(2n —1)
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bit v, = u, —2. Khidétacév; = —5,v, =0, va
1
Unt1(Ung1 +5) + vy + m =0,VeN.
Ta sé chiing minh bang quy nap rang — m < 0,Vn € N(x).
That vay, véi n = 1 thi (x) dung. Gia su c6 — m < 0 thi

1
5) =— —— | <0,
Un+1(Vp41 + 9) |:Un + 8(2n — 1)]

suy ra v,41 < 0. Biy gio ta sé chiing minh rang

1 1
Vnt1 (Vg1 +5) 2 _8(2n .y |:_8(2n ) + 5i| . 2)

Bit déng thiic nay tuong duong véi

1 1 1
— > — — 51.
[”” T 8@ = 1)] 82n + 1) [ sen+1) T }
Khi d6 ta c6 thé viét bit dang thic trén thanh

192n? 4 30n — 31
vy < .
642n — 1)(2n + 1)?

Diéu nay ding do

192n% +30n — 31 .
v, <0< véin > 1.
64(2n — 1)(2n + 1)2

Nhu viy ta c6 (1) ding. Do f(x) = x? + 5x la ham dong bién trén (—1, +00) va ta c6

Upt1 > —1, —m > —1 nén tu (1), ta Cé Upt1 > —

Nhu vay, theo nguyén li quy nap, ta c6 — 8Gn

82n+1)"

1)<v,,<0 Vn € N.

Tit d6, theo dinh Iy kep, ta ¢6 lim v, = 0 hay limu,, = 2. Ta c6 diéu phai chting minh. [

Bai todn 3. Cho da thicc f(x) = ax® + bx?> + cx + d, (a # 0) va ddy sé (x,) la mot cdp
56 cong o6 cong sai khdc khong théa man Nk € N*, f(xi) la ldp phuong ciia mot s6 nguyén.
Chitng minh rang f(x) la ldp phuong ciia mét da thitc béc nhdt.

Lsi gidi. Do (x,) 1a cap s6 cong nén s hang tdng quét cta diy c6 dang x,, = un +v, Vn € N*
(u, v 1a hing sb). Ddt f(x;) = y? thi (y,) 1a ddy sb nguyén.
Ta co
lim (ys41—yn) = lim (i/f(xn-i-l) - i/f(xn))
+o0 n—+o00

_ S +1)+v)— f(un +v)
"—>+°° V2um + 1) +v)+ Jfum+ 1) +v) fun +v) + 3/ 2un+v)
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Vi f(u(n +1) 4+ v) — f(un + v) la mot da thiic bac khong qua 2 theo n nén
LS+ v) = fun +v)

=acR.
n——+o0o }12

Mit khéc, do f2(u(n + 1) +v), f(u(n + 1) + v). f(un + v), f2(un + v) la céc da thic bac
6 theo n va c6 hé s bic cao nhit déu duong nén ta c6

VF2um + 1) +v)+ ¥ fu@m+ 1) +v) fun +v) + 3/ f2@n + v)

n——+o0o I’l2

ton tai va khac 0.
Do d6 ta c6 lir_{l (Vns1 — ) = @ € R. Két hop véi (V41 — yn) 12 ddy s6 nguyén nén day
n—>+oo
nay 13 ddy diing ké tir s6 hang nao d6. N6i cach khac: In, : Vi > ny, yui1 — Vp = @, suy ra
VYn > n,, v, = an + B (a, B 1a cic hing sb).

Vay Vn > n,, f(un + v) = (an + B)°. Tit d6 suy ra

fln) = (n—“—+ﬂ) n > no.

. P N 3.y s A A R A .
Hai da thic f(x) va (2x — %2 + B)” bing nhau tai v s6 di€m nén ta c6

u

av

fo = (5= p) vrer

Néu o = 0 thi f(x) la da thic bac 0 (trdi v6i gia thiét). Vay f(x) 1a 1ap phuong ctia mot da
thtic bac nhit. Ta c6 diéu phai chitng minh. ]

Bai toan 4. Cho ba sé thuc khong ém a, b, ¢ théa man ab + bc + ca > 0. Chiing minh rang

a+b+b+c cta 23(a + b +c)?
b+c¢c c+a a+b”~ 27(ab+bc +ca)

3)

L&i giai. Chd y ring

(a —I—b)(ab+bc+ca) abc b2c
b
b+c ala + )+b+ b+c
abc bc?
_ by + 22 4 pe—
aM+)+b+c+c b+c’

nén (3) tuong duong véi

abc bc? 23
— >_ 2
E |:a(a—l—b)+ +b 5 C:|/27(a—|—b+c),

tuong duong voi

1 23
2 2
(@+b+c) +abcz —b+c>—27(a+b+6) E b+c
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thu gon thanh

4 1 bc?
— b 2+ ab > .
27(a—|— T +a Czb—i—c Zb-i—c

Theo bét dang thiic Cauchy-Schwarz thi

1 9
> .
Z:b—i-c 2(a+b+c)

Ta quy bai todn vé chiing minh

4 9abc bc?
— b > ,
27(a+ ) +2(a-|—b—|—c) Zb-i—c

hay la
bc%(a + b +c)
b+c

4 9
E(a+b+c)3+§ab(/‘>z

’

tuong duong véi

4 ; 9 abc? )
E(a+b—|—c) +§abc22( —|—bc)

b+ c
hoac
i(a—l—b—l—c)3—i-2abc>al)2—l—bcz—i-caz—l—abci: ¢ 4)
27 2 7 bh+c
D& thiy (4) chinh 1a hé qua clia hai bt dang thiic sau
4
ﬁ(a +b+c¢)® > ab® + bc? + ca®, (5)
Jabe > abe 3 (©)
—abc = abc .
2 b+c

Ta thy (5) 1a mot bt dang thic quen thudc cla Vasile, ta sé ching minh (6). That vay vi
abc > 0 nén %abc > 2abc, va

¢ abc(a®h + b*c + c?a + abc)
b+c (@a+b)yb+c)c+a)

2abc — abc Z = 0,

nén (6) dung.

Pang thiic xay ra khi va chi khi @ = 0, b = 2c¢ cung cic hoan vi tuong dng. Bai toan dudc
ching minh. [
Nhan xét. Chiing minh (5). Gia st a 12 s& ndm giita b va ¢, khi d6 c(c — a)(a — b) > 0, cho nén

ab?® + be? + ca® < ab? + be? + ca®? + abe + c(c —a)(a —b) = a(b + ¢)?.

Theo bét dang thic AM-GM, thi

ab+c)?=4-a-

b+ b+
b—;—c_b—;—c<4|:a+ >+ 75

3
4 3
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Bai toan 5. Cho a, b, ¢ la ba sé thuc khong dm. Chiing minh rdng

(3a +2b 4 ¢)> > 6v/3(a + b + ¢)(ab + be + ca). (7)

Loi gidi 1. Dit
f(a,b,c) = 3a +2b+c)® — 6\/§(a + b +c)(ab + bc + ca).
Ta co
fla,b,c)— f(0.a +b,a+c) =6+3a(2a® + 2ab + be + 2ca) > 0.
Do d6 f(a,b,c) > f(0,a + b,a + c), nhu vy ta chi can chiing minh (7) trong trudng hop
a = 0. Lic nay bét dang thiic trd thanh
(2b + ¢)* = 63/3bc(b + ¢). (8)

Néu trong b, ¢ 6 mot sd bang 0 thi (8) diing. Xét trudng hop b, ¢ déu duong dit b = kc (k > 0)
khi d6 (8) tré thanh
2k + 1) > 63/3k(k + 1).
Xét ham s6 Ok + 1)
2k + 1
flk) = ——,
k(k +1)

ta co
2k + 1)?(2k? + 2k — 1)

K2k + 1)2

Do d6 phuong trinh (k) = 0 ¢6 nghiém duy nhit k = ko = @ T d6 dé dang suy ra

f (k) =

fk) = f(ko) = 63,
Ding thiic xay ra khi va chi khia = 0, b = (‘/gT_l)c Bai toan dugc chiing minh. O
Loi giai 2. Patx =a+ b,y =a+c, (x,y > 0)khidé 3a + 2b + ¢ = 2x + y, ta c6 danh
gida+b+c<x+yva
ab 4+ bc +ca <ab+bc+ca+a*=(@a+b)a+c)=uxy.
Nhu vay ta chi can chiing minh
2x +y)? = 6V/3xy(x + ).
Ap dung bét ding thic AM-GM, ta c6
6\/§xy(x+y) = 3«/§-x(«/§+ 1)-y-(x-|—y)(«/§— 1)
<3ﬁ|:x(ﬁ+l)+y+(x+y)(ﬁ—l)}3

3
= (2x +y)*.

Tt d6 suy ra diéu phai chting minh. O
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Bai toan 6. Cho s6 tw nhién m € N*. Chitng minh rang ton tai diing mot ddy sé nguyén dwong
(an) théa man diéu kién

a; =1,a, > 1,

ap'  +1=apayyz,Vn € N.

Loi gidi. T gia thiét, ta c6 ay +1=ajaz = as. Khido6

a4:a§”—|—1:(a;"—|—1)m+1:a2-A+2
5) ar as ’

v6i A 1a da thic theo bién a, bicm? — 1 > 0. Do as € Nvaa, > 1 néna, = 2.
Khi d6 ta da ching minh su duy nhét ctia day s6 nguyén duong néu ton tai 1a diy

ar ::1,02 ::2,
ay,  +1=apani2,¥n € N.

Ta sé chitng minh (a,) 1a ddy s6 nguyén duong bing quy nap (x).

2 am™ 41
Véin = 1,2 thi (x) ding. Gia st (x) ding dén n = k, khi d6 a = *=1—— e N.
Ak—2
& chu i 5 4 o A . . ay +1
Ta sé chiing minh dung dén n = k + 1, tiic can ching minh a4, = e N.
Ak—1

That vay, ta co

b

alrcn—l—_'_l)m +1= (ai' | + D" + (ak—2)"

al’ +1 = (
k (ag—2)™

ap—2

suy 1a (ak—1ak—3 — D)(ay’ +1) = (ai’_; + D" + ag—1ax—3 — 1, viay , = ax—1ax—3.

Taco (@), + )" — 1 ‘dk—1 nén [(a,’i’_1 + D"+ ag_1a5—3 — 1] ax—1. Mat khéc, ta lai ¢6

(ax—1ax—3 — 1,ax_1) = 1 nén ta phdi c6 (a’ + 1) :ax_;.

al» + 1 ) )
Suy ra agpq = & € N. Vay gia thuyét quy nap ding, hay (a,) l1a day so nguyén duong.
ag—1

Viay day sb
aq ::l,a2 ::2,
ap +1=aya,42,¥n €N

1a day s6 nguyén duong duy nhat théa man diéu kién dé bai. O

Bai toadn 7. Cho da thitc P (x) c6 hé s6 nguyén va cé n nghiém phdn biét. Chitng minh rang da
thite (P (x))? 4 1 ¢ mot nhan ti ¢6 bdc thdp nhdt la 2 L%J bdt khd quy trén 7. |x].
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Loi gidi. Dit
(P (x)* + 1= P (x) P2(x) Pe (x) ©)
vi P; (x) 1a céc da thic bat kha quy trén Z [x], i = 1, k.

Goi x1, X3, ..., X, la cic nghiém cua P (x). Tu (9) suy ra:
Py (x;) Py (xj) -+ Pic (x;) = 1. j = Ln. 10
Suy ra P; (xj) = +1,do do

1 — _
Pi (XJ) l(xj)vl Ky N ( )
LAy dao ham hai vé ctia (9) ta dugc
k
D Pi(xj) e Pli(xg) - P (x5) = 0. (12)
i=1

Thay (10) va (11) vao (12) suy ra

Zp/i (x;) Pi (x;) =0.

Do d6 x; véi j = 1,n la nghiém cta phuong trinh
k k !
Y 2P (x) P (x) = (Z P? (x)) .
i=1 i=1

Ma P; (x,-) = *+1nén

k
Y P (xj)-n=0j=T1n.
i=1

_ k
Tac6 x;, j = 1,n 1a nghiém ciia da thic )~ P? (x;) — n va dao ham clia né nén suy ra
i=1

k
D PP (x) = (x—x)(x —x2)% - (x — x0)2Q (x) + 1.
i=1

Tir dang thic trén suy ra ton tai chi s6 g sao cho P;, (x) c6 bac 16n hon hoic bang .
Néu n chin, khi d6n = 2 \_%J , bai toan chiing minh xong.

Néu 7 18, vi (P (x))*> 4 1 khong c6 nghiém thuc nén P;, (x) ciing khong thé c6 nghiém thuc.
Nhu vy P;, (x) bac chdn, nén né ¢ béc it nhit la n + 1, cling bang 2 | 23! |. Bai todn dugc
ching minh xong. [

Bai toan 8. Tim tdt cd cdc ham sé lién tuc, théa man f : R — R sao cho f (x) — f (y) la s6
hitu ti, vdi moi x € R va y thoa man x — y hitu ti.
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Loi giai. Ta sé chiing minh rang cac ham s6 can tim c¢6 dang f (x) = ax + b véia € Q va
b € R. Dé kiém tra ring cac ham c6 dang trén thda dé bai.

Ly g 1a sb hitu ti bat ky va dit
g =fx+q9—fX.

Day 1a ham s6 lién tyc va theo gia thiét chi nhan gia tri hitu ti, do d6 g, 1a ham hing. That
viy, gid st ton tai x; < x, thda g, (x1) # g4 (x2). Ta c6 thé chon ¢ 1a s6 vo ti nim gilia
g4 (x1), g4 (x2). Do g, lién tuc nén phai ton tai x3 € (x;,x2) sao cho g, (x3) = ¢ (mau thuin
Vi g, chi nhan gia tri hitu ti).

bita = f(1)— f(0)vab = f(0). LAy n € Nbatky vaditr = f (5) — f (0). Tt d6 ta suy
ra

f(x-l—%)—f(x):f(%)—f(O):r,Vxe]R.

Ta co:

(G ror-[ )0l () () ()]

Tuong tu ta cling co

fED—SO==[fO-f(D=[f ()= D=~ () = (=3)]
= —kr.

Chok =n,tacéa = f(1)— f(0) =nr.Suyrar = 7.
Dodé f(5)— f(0)=kr =% suyra f () =a -5+ b, Vk € Z.

Nhu vdy, f (x) = ax + b, Vx € Q. Chuyén qua gidi han, Iuu y 13 v6i mbi sb thuc déu ton tai
day s6 hitu ti hoi tu vé n6, nén f (x) = ax + b, Vx € R. Ta c6 diéu phdi chitng minh. O
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Bai toan 1. Cho AABC c6 dé dai cdc canh khong vuot qud 1. Goi p, R, r ldn lugt la nita chu
vi, bdn kinh dwong tron ngoai tiép va néi tiép ciia AABC. Chiing minh rang

p(1 —2Rr) < 1.

Loi gidi. Goia,b,c va S la do dai ba canh va dién tich cta AABC,v6i0 < a,b,c <1.Tacd

_ abc __ __ _abc
S =%g = pr.,suyra2Rr = 5.

Bit dang thiic cin ching minh tuong duong véi
b b
atb+c 1 — _avbe <1,
2 a+b+c

a+b+c<abe+2,

hay la

hoac

1-—a)(1=b)+ (1 —c)(1—ab) >0.
Diéu nay hién nhién diing do 0 < a, b, c < 1. Pang thiic x4y ra khi vichi khia = b = 1 va
cac hoan vi, hay AABC cén c6 canh bén bing 1. U
Bai toan 2. Cho tit gidc ABCD noi tiép duong tron (O) va M, N la trung diém hai canh
AB,CD. Puong tron (OMN) cdt duong tron (O) tai hai diém X,Y ; cdt lan lugt cdc duong
tron (CDM) ,(ABN) tai diém thithai Z, T.

Chiing minh rang hai duong thing XY, ZT song song.
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L5i gidi. Goi E 1 giao diém AB, CD. D& thiy OMEN ndi tiép. Xét (ABN) , (O) , (OMEN)
thi AB, NZ, XY la ba truc dang phuong nén chiing dong quy tai tim dang phuong K. Tuong
tu CD, MT, XY dong quy tai L.

Do K la tim dang phuong nén KA - KB = KE - KM, ma M 1a trung diém AB nén theo hé
thiic Mac Laurin thi (EKAB) = —1vaEK-EM = EA-EB.Tuongtu EL-EN = EC-ED.
Tu d6, suy ra EK - EM = EL - EN, hay MKLN ndi tiép, suy tiép ZLKN = ZLMN. Két
hop ZLMN = /TZN do MN Z T ndi tiép, ta duoc ZLKN = ZTZN,hay XY || ZT. [

Bai toan 3. Tit gidgc ABCD néi tiép duong tron (0). Hai AABC, AADC ldn lugt ngoai tiép
hai duong tron bang nhau (11) , (I,). Puong tron (O') tiép xiic trong véi duong tron (O) tai T
va tiép xiic hai canh AB, AD tai E, F. Tiép tuyén tai A, T cdt nhau tai diém S. Chitng minh
rang

a) Tit gidgc 1,1,CT noi tiép.

b) Ba diém S, I, I, thing hang.

Loi giai. a) TE, TF cat (O) tai M, N. TA cat (O’) tai J khac T.

Tacé JETF lati giac dituhoanén T (JTEF) = —1.SuyraT (ATMN) = —1,hay AMTN
- < s e A N A TM _ AM

cung la ti gidc di€u hoa, suy tiep 75 = Z5- (1)

Do (0’) tiép xtic véi (O) va AB, AD, nén theo mot két qua quen thudc thi M, N 1a trung diém
caiccung AB, AD. Kéth()p 1, I, 1a tam noi tiép AABC,AADC,tadugc MA = MI,,NA =
NI,.(2)

Tir (1) va (2) ta duge Fh = 4§01, ma ZTMIy = ZTNIy, nén ALTM ~ ALTN. Suy ra

LTI)M = /TI,N,suy tiép LTI,C = £T1,C, hay I,1,CT noi tiép.
b) Theo ciu a, AM TN la tii gidc didu hoa nén S, M, N thang hang. Do SA Ia tiép tuyén nén

SM B AM sin/MAS B AM sin/MCA
SN AN sinZNAS AN sinZNCA'
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Mait khéc, cing theo cau a,taco MI; = MA, NI, = NA. Va

. r . )
IMCA = —, INCA = —/—,
sin cl sin ch

chu yrang ry = r,.

T d6, dé dang suy ra % . Z—g . IIII—AC,I = 1. Theo dinh Iy Menelaus, S, I;, I, thang hang. [

Bai toan 4. Cho AABC ndi tiép duong tron (0), ngoai tiép duong tron (I). Puong thding qua
I va vuéng goc vdi CI cat BC va cung nhé BC (khong chita A) ciia duwong tron (O) lan lugt
tai U, V. Puong thing qua U va song song vi AI cdt AV tai X.

Chitng minh rang néu hai dwong thiang XI va Al vudng géc vdi nhau thi dwong thiang X1 di
qua trung diém doan AC.

Loi giai. Goi M, N la giao diémcta IX va AC, AB.UX cit AB tai Y. Do I latamndi AABC
cho nén
/BIU = /BIC —90° = /BAI.

Ma /BAI = /BYU do UX || Al,suyra ZBIU = ZBYU, hay BYIU ndi tiép. Két hop
v6i BI la phan giac /B, tadudc AIYU cantai I.

Mait khic, do UX || AT va AI LXI nén IX LUX, hay X la trung diém U'Y. Tu do, ta c6

VX XU XY NX
VA Al  AI NI’

hay VN || AI.Dodé ZBNV = /BAI = /BIV, hay BNIV néi tiép. Suy ra

ZIBV = ZINV = ZNIA = 90°,

do d6 BV la phan giac ngoai ZB. Suy ra ZVAC = ZVCA, hay AVAC cantai V.
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Mit khic, do BNIV, ABVC noi tiép nén ZMIV = ZNBV = 180° — ZMCYV dan dén
IMCYV ndi tiép. Suy ra ZVMC = ZVIC = 90°, hay VM LAC. Tt d6 suy ra M 1a trung
diém AC. O]

Bai toan 5. Cho AABC ndi tiép duong tron (O) va duong kinh AA’. Puong thing qua diém
A’ va song song vdi phén gidc trong géc / BAC cdt hai canh BA, BC tai By, B,. Puong thdng
qua diém A’ va song song vdi phdn gidc ngoai goc /BAC cat hai canh CA, CB tai Cy, C».
Chitng minh rdang hai duong tron (BB, B,) ,(CC,C») tiép xiic nhau khi va chi khi AABC
vuong tai A.

o B> C C>

C

A/

N

L&i gidi. ByBs, C1C, 1an ludt cat (O) tai diém thd hai M, N. Do B, B, C;C» song song véi
phén giac trong va ngoai ZBAC nén ching vuong goc nhau tai A’. Tt d6 M N la dudng kinh
cta (0O), hay AM A’ N la hinh ch@ nhét. Suy ra AD la phan giac trong Z/BAC va M, N la trung
di€m cic cung BC.

Tir d6, tacé MN L BC,kéthgp v6i By B, LC,C,, suy ra B, latruc tim AMNC,, hay MC, L NB,
tai 7. Hon nita, do ZM TN = 90° nén T nam trén (O) .

K& tiép tuyén T'x cta (BB, B»). Tacé Z/BAC = /BTC = 90° tuong duong véi
/TBC + /TCB = 90°,
/B, Tx +180° — LZTCC, = 90°,
/CoTx = %sdBAC.

Pang thiic cudi cung xay ra khi va chi khi T'x 1a tiép tuyén ctia (C C,C»), hay (BB B,) , (CC1C»)
tiép xuc nhau tai 7. [

Bai todn 6. Cho tam gidc ABC néi tiép duong tron (O) va diém D thuéc doan BC. Duong
tron (I,) tiép xiic AD tai X, tiép xiic BD va tiép xiic trong vdi (O). Puong tron (I,) tiép xiic
AD tai Y, tiép xiic CD va tiép xiic trong véi (O) (X, Y thudc doan AD). Puong thing qua X
vuong géc voi Al cdt duong thing qua Y vuong goc Al tai K. Goi M, N ldn lugt la trung
diém cia AK, XY.
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a) Chitng minh rdang dwong tron duong kinh AK truc giao véi cdc dwong tron (1), (I).
b) Chitng minh rdng dwong thang MN luén di qua diém cé dinh khi D di dong trén doan
BC.
L&i gidi. a) A1, vuong goc K X tai G, AI, vudng géc K'Y tai H nén AGHK noi tiép (M, M A).
Do dé
Pyyay = hM?> — 11 X?> = 1L1M> -~ 1,G - 11 A = LiM? — P, jouma) = MA>.

Chung minh tuong tu, ta ¢c6 Puyr,) = M A?. Vay dudng tron dudng kinh AK truc giao véi
(1), (12).

b) T cau a), suy ra Puyyry = Pumyay = MA*. Mit khéc, do N 1a trung di€ém XY nén
P/ = NX? = NY? = Pyy(1,). Tt ddy suy ra M N 1a truc dang phuong cta (1;), (1)

Ta c6 (I;) tiép xic BD tai Z; va tiép xic trong vé6i (0) tai Ty, (I») tiép xtic CD tai Z, va tiép
xtic trong v6i (O) tai T». Theo mdt két qua quen thudce, Z, Ty, Z,T> di qua P 1a diém chinh
gitta cung BC khong chia A cta (O) va

Ppi1y) = PZ,-PTy = PB> = PC*>=PZ,-PT, = Pp1,).

Suy ra P nam trén truc dang phuong M N cta (1), (I5), hay M N ludn di qua diém P cb dinh
khi D di dong trén BC. [

Bai toan 7. Cho duong tron (O) va ddy cung BC c6 dinh, diém A di chuyén trén cung lén BC.
Cdc diém E, F trén tia BA, CA sao cho BE = CF = BC. Puong thing qua E song song
canh BF cdt duong thing qua diém F song song canh CE tai diém D. Dung tam gidc déu
XBC,YBC.

a) Chitng minh rdng duong thang AD luén di qua diém cé dinh khi diém A di chuyén.
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b) Hai dwong thing thay doi qua diém X lan luot cdt hai duong tron (EXY),(FXY) tai
M, N va P, Q. Chiing minh rang duong thing di qua trung diém MQ va NP luén di
qua diém cé dinh khi MN, PQ di chuyén.

Lsi gidi. a) Goi J 1a giao diém BF, CE (ta xét trudng hop J nidm trong AABC, trudng hop
nam ngoai ching minh tuong ty). Dung hinh binh hanh JBJ'C. D& thiy JEDF ciing 1 hinh
binh hanh.

Do ABEC can tai B nén CE vudng goc véi phan giac trong goc B ma CE||BJ' nén BJ' ciing
vudng goc véi phan giac trong goc B, hay BJ' 1a phan giac ngoai géc B. Tuong tu, CJ' 1a phan
gidc ngoai géc C, suy ra J' 12 tim bang tiép goc A ctia AABC.

Xét tif gidc toan phan AE JFBC, theo dinh ly Gauss, trung diém JA, EF, BC thang hang. Mit
khac JEDF va JBJ'C la hinh binh hanh nén trung diém EF, BC ciing la trung diém JD, JJ'.
Suy ra trung diém JA, JD, JJ' thang hang, nén theo dinh Iy Thales, A, D, J’ thang hang. Ma
J' 12 tim bang tiép nén AD la phan gidc ZA. Do d6 AD ludn qua diém cb dinh 13 trung diém
cung BC khong chia A.

b)Rorang (EXY),(FXY)l1a(B; BC),(C; BC), chid y hai dudng tron nay bang nhau. Khong
mit tinh téng quat, gia st doan NP cit doan XY .
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Goi R la giao diém XQ,YN ; S la giao diém XM,YP. Goi 1y, I,, I3, I, 1a trung di€ém
MQ,NP, XY, RS. Xét ti giac toan phﬁn XNYPRS, theo dinh ly Gauss, 1,, I3, 1,4 thflng hang.
(1)

Do (B), (C) bing nhaunén ZXQY = ZXMY  suyra ZRQY = ZSMY .Kéthop ZNYQ =

/NXQ = /ZMXP = /MYP, tadugc AYOR ~ AYMS. Suy tiép ZORY = /MSY, va
AYPR ~ AYNS. Tu dé, ta c6

RO RQ RY SM SY SM

= = — — = — =k.

RP RY RP SY SN SN
Do Iy, I,, I41a trung di€ém M Q, NP, RS nén

1 1 1

7= (74 W) = Lok (7 4 50) = LT

2 2 2
suy ra I, I, I, thang hang. (2)
Tir (1) va (2) suy ra I; I, ludn di qua I3 ¢b dinh (trung diém XY hay BC). ]

Bai todn 8. Cho nita duong tron duong kinh BC co dinh va diém A di chuyén trén do. Hai diém
D va E nam ngoai tam gidc ABC sao cho tam gidc DAB cdn tai D va tam gidc EAC cdn tai
E. Biét /DAB = /EAC = « khéng déi. Goi T la trung diém ciia doan DE. Chiing minh
rang diém T di chuyén trén duong tron co dinh khi diém A di chuyén.

L&i gidi. Goi M, N lan ludt 1a giao diém ctia BD, AC vaCE, AB. Tac6 ADAB, AEAC can
va /DAB = /EAC = anén /DBA = ZECA = a, hay BMNC noi tiép.

Miit khic, ZAMB = 90° — ZMBA = 90° — « khong d6i. Suy ra BM NC ndi tiép dudng tron
(K) cb dinh.

Ta c6 AAMB vuong tai A va ADAB can tai D nén D la trung diém BM . Suyra KD 1 BM.
Mit khac, ZMBA = ZEAC = 90° va AB1AC nén AE1BM.

Tt hai diéu trén, suy ra KD || AE. Tuong ti, KE | AD, hay ADKE 1a hinh binh hanh. Do
do, T cing la trung diém AK.
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Do K cb dinh va A di chuyén trén dudng tron dudng kinh BC nén T di chuyén trén dudng tron
1a 4nh clia dudng tron dudng kinh BC qua phép vi tif tm K ty s 1. O
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Bai todn 1. Chitng minh rdang voi mdi sé nguyén n ton tai vé han cdch dé’viét n dudi dang
n==+1"+£2>+--- k%

Véi 56 nguyén duong k va cdc ddu +, — dugc chon phi hop.

L&i gidi. Ta sé chiing minh véin = 0, 1,2, 3 ton tai it nhit mot cach viét thoa yéu cau bai todn.

Véin =0,tac60 =12—-2%2—-32 442 -52 4 6% 4+ 7> — §2.

Véin =1,tac61 =1%—22 4324252 4+ 62,

e V6in=2tac62 =—12—-2%2-3%2 4 42,

Véin =3,tacé3 = —1% + 22,

V6i moi k € N, ta co cac deamg thuc sau

4=(k+1)>=(k+2)%—(k+3)7+ (k + 4> (13)

0=Gk+12—k+2>—k+3*+*k+9>°—*k +5*+*k +6)*+(k +7)>—(k + 8)%.
(14)
Gia st v6i mot sb tu nhién 7, ton tai mot cach viét dang

n==412+224+... + k2,

v6i mot cach chon nao dé sé nguyén duong k va cac dau +, —. Khi d6, thém vao dang thifc trén
hai vé ctia (13) ta dudc

n+4=+12+224+ ..+ k24+k+1)>—(k+2)> = (k +3)* + (k + 4~

Nhu vdy, néu n ¢6 mot cach viét nhu dé bai thi ta cling sé tim dugc mot cach viét theo dang d6
chon + 4. Mavéin = 0,1,2,3 tada tim dudc cic cach viét, nén moi s6 n € N déu c6 it nhét
mot cach viét.

Tiép theo, v6i mdi cach viét nhu trén cho n, thém 8 s6 hang cia (14) vao, ta sé dugc mdt cach
viét khac cho n. Do d6 véi mdi n € N ¢ vo sb cach viét theo dang da cho. Vi mbi mot cach
viét nhu vay cho n > 0, ta thay dau + bdi diu — va ngudc lai, ta sé dugc mot cach viét cho —n.
Tir day ta c6 diéu phai chiing minh. O

Bai todn 2. Cho day s6 (ay) théa man ag = 2016, a, = a>_, + 1¥n > 0. Tim s du ciia a»o16
khi chia cho 2002.
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Loi giai. Tac62002 =2-7-11-13.

Céc s6 du cta a, khi chia cho 2 1an lugt 12 0,1,0,... Nhu viy ax = 0 (mod 2), do d6
ar016 = 0 (mod 2)

Céc s6 du ctia a,, khi chia cho 7 1an lugt 12 0, 1,2,5,5,... Nhu vay a, = 5 (mod 7),Vn > 3,
do do6 arole = 5 (mod 7)

Céc s6 du cua a,, khi chia cho 11 lan lugt 1a 3, 10,2,5,4,5,4, ... Nhu vay a, = 4 (mod 11))
v6i moi n > 4 va n chan, do d6 asg16 = 4 (mod 11).

Céc sb du clia a,, khi chia cho 13 lan luct bﬁng 8,0,1,2,5,0,... Nhu vay asx = 5 (mod 13)
v6imoi k > 1,do db asg16 = 5 (mod 13).

Tit cac két qua trén ta suy ra asg16 = 510 (mod 2002). O

Bai toan 3. Cho ddy s6
0= 2,u1 =1

u
(un) :
Upnt2 = Upy1 + Uy, YN 20

va k la mot s6 nguyén duong 1€ bdt ky.

a) Chitng minh rdng néu n la sé nguyén duong 16 thi uy la wéc cia uy,.

b) Chiing minh rdng néu n la sé nguyén duong chdn thi u3 la udc ciia ug, — 2. Ddc biét,
néun = 2 thi ui = uy — 2. Tit d6 hdy chiing minh usi + 2 khong thé'la luy thita bdc 5
ciia bdt ky s6 nguyén duong nao.

1-+/5

2 b

1+4/5

2

L&i gidi. Cong thiic tong quét ctia diy s6 di cho la u, = a" + b" véia = vab =

chiy rang ab = —1.
a) St dung cong thiic tong quat trén, do n 1é nén
Uy = akn + bkn
_ (ak n bk) [ak(n—l) _ gk 4 k=32 pk(2) bk(n—l)]
n—1
_ (ak n bk) %I:ak(n—l) n bk(n—l)] —ab [ak(n—z)—l n bk(n—2)—1] L [(ab)k] 2 }

n—1
= Ug [Mk(n—n + Uk(—2)-1 + -+ (=1) 2 ] :
Do d6 uy 1a uéc caa u,k.

b) Giasun = 2%-t,trong d6 s > 1 vat 1é. Ta xét hai trudng hgp

e Néus = 1 thi
2 2
Uy —2 = (ak’) + (bkt) -2

_ (akt n bkt)z'

Do ¢ 1é nén theo cau a) thi a®* + b** = uy, chia hét cho uy. Tt d6 suy ra uy, — 2 chia
hét cho u?.
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e Néus > 1 thi

N2 N2
Ukn — 2 = (akl‘-Z l) + (bkt-Z ]> -2
_ (akt~2~?*‘ _ bkt'ZSl)z.

Dos > 1néna*"2 ™" —pk2°~" chia hét cho a*? +b*!, ma theo cau a) thi a¥? +b*! = uy,
chia hét cho uy. Suy ra u,x — 2 chia hét cho u3.

St dung cong thic tong quat cia (u,), dé dang ching minh u; = s — 2 v6i k 1é. Tir d6
Usk + 2 = ui + 4. Ta chuyén yéu ciu bai toan vé viéc chiing minh phuong trinh x? + 4 = y°
khong c6 nghiém nguyén duong. That vy, xét modulo 11 thi cdc s du c6 thé ¢6 khi chia x2 + 4
cho 11142, 4, 5,7, 8,9, con cac sd du khi chia y° cho 1112 0, 1, 10. Ta thu dugc diéu phai
chiing minh, tiic 12 u,; + 6 khong thé 12 luy thira bac 5 ciia bt ky s6 nguyén duong nao. [

Bai toan 4. Cho p > 2 la mét s6 nguyén té va f la da thitc hé s nguyén cé bdc p — 1. Gid sit
véi moi s6 nguyén a, b, néu a — b khéng chia hét cho p thi f(a) — f(b) ciing khéng chia hét
cho p. Chitng minh rdng hé sé cao nhdt cia f (tiic la hé sé iing véi xP~') chia hét cho p.

L&i gidi. St dung cong thiic ndi suy Lagrange tai p di€m 0, 1,..., p —1,tacé
fx) = Z [k 1‘[
J?él

Suy ra hé so cao nhat cua f la

e ) ©— ‘
ap-i =’;k!(p_1_k)! S (k) 1),k 0( )(—1) f ().

Tiép theo, ta chiing minh véi moi 0 < k < p — 1 thi

p—1 . k
( I ):(_1) (mod p).

That vy, do p > 2 nén p — 114 s6 chan, do d6

p—1y _  (p-D!
k]~ kl(p—1—k)

_ (p— 1!

Tkl k+ Dk +2) - (p—1)-(=1)p1-*
1

G

= (=D (mod p).
Theo dinh ly Wilson, ta cé

p—1 p—1
apr=-3 (” )( DE ) = -3 f6) (mod p).

k=0 k=0
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Ta sé chiing minh { £(0), f(1),..., f(p — 1)} 1a hé thing du day dd modulo p. That vay, do
j —i khong chia hét cho p v6imoi 0 <i < j < p— 1 nén f(j) — f(i) ciing khong chia hét
cho p. Tap hop { £(0), f(1),..., f(p — 1)} c6 p phan i va cic phan ti d6i mot khong dong
du v6i nhau theo modulo p nén d6 1a hé thing du day dd modulo p.

Tur d6 suy ra

p—1
ap1=-Y fk)=—-(1+2+-+p—1)=0 (mod p).
k=0
Ta c6 diéu phéi chiing minh. O

Bai todn 5. Vit chdt di truyén & vi khudn Mathobacterium la ADN dang vong gom n gen (n
nguyén dwong) ddnh sé tiv 1 dén n theo chiéu kim dong ho. Enzym Squarase phién md theo quy
tdc: Phién md gen thit nhdt; sau do truot tdi 4 gen, phién md gen do; tiép tuc trugt ti 9 gen, va
phién md gen do (titc la ldn lugt phién md gen thit 1, thit 5, thit 14, ... va cit xoay vong nhu vdy).
Tim n dé’vi khudn phdt trién binh thuong (tdt cd cdc gen déu duoc phién ma).

Loi gidi. Xét ddy sb
u; = 1
(ug) : 4 Ugsr = ug +k* (mod n) .
ur €4{1,2,...,n}
R rang, & 1an phién ma thif k, gen dugc phién ma nam & vi tri uy. Yéu cau bai toan tuong duong
véi viée tim n sao cho day (ux) nhan hétcan giatri {1,2,...,n}.
Pit f (x) = XD 4y 9 = f (k) (mod n).
Ta c6 cac nhin xét sau :
(1) Néu f (a) = f(b) (mod n) thi u, = up (mod n), ma ug,up € {1,2,...,n} nén
Ug = Up.

(2) Néu p | n va n thod man thi p ciing thod min, vi ddy (uy) chay qua hét hé thing du day
dd ctia n thi cling chay qua hét hé thing du day di ctia p. Do d6, néu p khong thoa man
thi boi s6 clia p ciing khong thod man.

Néun = 1,5 (mod 6) thi (n + 1) (2n + 1) = 0 (mod 6), khi d6

(k+n)tk+n+1)Q2k +2n+1)

Sk +n) = ; (mod )
_ k(k+1)6(2k+1) +n.|:(”+l)ézn+l) +k2+kn+k] (mod n)
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nén theo nhan xét (1) thi ux4, = ug, do d6 ta chi can xét uy, u,, ..

ngiatri 1,2,...,n khi va chi khi cac u;,i = 1, n d6i mdt khac nhau, nhung

f)=fm-1)+n*=fn-1)

nén theo nhan xét (1) thi u,, = u,_;, mau thuan.

(mod n),

., Up. Day (uy) nhan hét ca

Vay,n # 1,5 (mod 6). Ma cic s6 nguyén t6 16n hon 3 déu c¢6 dang 6k + 1 hoic 6k + 5, do d6
theo nhan xét (2) thi n chi c6 cdc uéc nguyén td 2 va 3. Kiém tra truc tiép thiy n = 3, 32 thoa
con n = 33 khong thod, nén n chi c6 thé 1a mot trong cc dang 27,3 -27,9.2°,

Ngudc lai, theo nhin xét (2) ta chi can chiing minh khi n ¢6 dang 9- 27 thi thod min yéu cau bai

toan bang cach ménh dé tuong duong sau bang quy nap theo .

V6i mdi ¢t € N*, ludn tim dude x;, € N* sao cho

Xer (X + 1) X + 1) = 2x7. +3x72 + x;, = 6r  (mod 27 -2"),
v6i moi r thudc hé thing du diy di modulo 9 - 2°71.
Khi ¢t = 1, v6i moi r thudc hé thing du diy di modulo 9, ta c6
r(mod9 [O0[1[2[3]4[5[6]7]38
6r (mod54) | 0 [6 |12 182430364258
X1r B3[1]11] 419281020

Meénh dé diing v6it = 1.

Gia sit ménh dé ding v6i mdi ¢ > 1. Tidc 13, v6i moi r thudc hé thing du day di modulo 9-2771,
ludn tim dugc x;, € N* sao cho 2x>. + 3x2, + x;» = 6r (mod 27 - 2) hay c6 thé biéu dién
duge 2x}. + 3x2 + x;p =27-2" - g, + 6r v6iq, € N.

Ta sé ching minh ménh dé ciing ding véi ¢ + 1. DE théy, khi r chay hét hé thiang du dy dd
modulo 9 - 277! thi &7 sé chay hét hé thing du day di modulo 9 - 2¢. Vi mébi r :

[ Néu dét Xit+1D)r = 27 - 2t qr+1 + X¢r- Khi d6

2x(3t+1), + 3x(2t+1)r + Xty = 272" g1 +2x) +3x2 + x;,  (mod 27 -2
(mod 27 -2'*1h),

Chon ¢+ sao cho (g;+1 + ¢¢) : 2, thi ta tim dugc x(+1), thod

=27-2"(qr+1 +q1) + 61

2X{1yr + 3%gnyy + X@+1yr = 6r (mod 27-2°71),

o Néu dit x(41)r = 272" - gr41 — X;r — 1. Khi d6

2X( 41y + 3XGqnye T Xawnr = 272" G — 237, — 3x,
=27-2" - (qr+1—q1) — 61

Chon ¢+ sao cho (¢;+1 — ¢;) : 2, thi ta tim dugc x(;+1), thod

— Xtr
(mod 27 - 2",

(mod 27 -2't1)

2XG 11y + 3XGq1), + X@ryr = —6r  (mod 272",
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Viéc chon trén luon thuc hién dudc nén ménh dé ding véi ¢ + 1, phép quy nap hoan tat.

Vay vi khuén phat trién binh thudng khi va chi khi n ¢6 dang 2,3 -27,9-2" v6it € N. Ta ¢
diéu phéi ching minh. O
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Bai toan 1. C6 32 chiée dia xép thanh nhiéu chong. O méi budc ta chon mot chong ¢é k dia,
sau do boc thém vao chéng nay k dia nita ldy tiv mot chong khdc co khong it dia hon. Hoi sau
hitu han budc co thé xép tdt cd dia vao mot chong hay khong?

Loi giai. Ta sé chitng minh c6 thé xép tat ca 2" dia vao mot chong sau hitu han bude bang quy
nap theo n.

Dé thay két luan ding khi n = 1. Gia sii ta ¢ thé xép 2" dia vao mot chdng sau hitu han budc.
Ta ching minh cho trudng hop 271,

Ta c6 hai nhan xét:

(1) S céc chong dia 18 12 s6 chan.

(2) Sau mdi buéc, hai chong dia nhan dudc ludn c6 s6 dia chin & mdi chdng.

Do d6 ta c6 thé ghép cip cac chong dia 18 v6i nhau d€ sau khi thuc hién viéc chuyén dia, ta nhan
dudc toan nhiing chdng dia chin. Khi d6 ¢ mdi chong, ta “gan” ci mdi hai chiéc dia thanh mot
chiéc dia méi thi tdng sd luong dia mdi 1a 2”. Theo gia thiét quy nap, ta c6 thé xép sb dia méi
nay thanh mot chong dia méi. Két luan ding v6i 27+, Ta thu dudc diéu phai chiing minh. [

Bai todn 2. Cho n diém A, A,, ..., A, dudc ndi véi nhau bdi mot sé doan thcfng. Hai diém
duoc goi la ké nhau néu c6 mot doan thang néi ching. Hé n diém goi la “dii” néu hai diém bdt
ki hodic ké nhau hodc cing ké véi mot diém thit ba.

(a) Tim s6 doan thdng nhé nhdt ciia hé n diém du.

(b) Véin = 6, cho luc gidc Ay AyA3A4AsAe. Can it nhdt bao nhiéu doan thcfng nita dé"hé 6
dinh cua luc gidc trd thanh du?

Li giai. (a) Do thi n dinh da cho phai 1a dd thi lién théng, do d6 6 it nhdt n — 1 canh. Chang
han ta c6 dd thi n — 1 canh la nhitng doan thang ndi A, A, ..., A,—1V6i A,, 1a “d0”. Vay sb
doan thang it nhitlan — 1.

(b) Ta goi bac ctia mot dinh trong do thi 13 sb canh ndi v6i dinh d6. Cac cip dinh Ay, Ay;
Ay, As; Az, Ag khong ké nhau ciing khong cuing k& mot diém thii ba. D& do thi 6 dinh trd thanh
“dd”, trong mdi cip dinh phai c6 it nhat mot dinh ting bac, do dinh dé can dugc ndi v6i dinh
con lai hodc dinh ké vé6i dinh con lai.

Do d6 téng sb bac clia cac dinh ting it nhit 3, nghia 14 can nbi it nhit hai canh. Ta c6 thé ndi
Ay, Ag; As, Az d€ thoa yéu cau d bai. VAy can nbi it nhit nhét hai doan thang nita dé€ c6 hé 6
diém du. ]
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Bai toan 3. C6 10 ban hoc sinh dang choi mét tro choi. Biét rang khodng cdch giita cdc ban la
khdc nhau va méi ban déu c6 mot qud bong. Khi c6 hiéu Iénh ciia cé gido, mdi ban phdi chuyén
qud bong cho ban ding gan minh nhdt. Goi A la sé ban cé bong. Tim gid tri nhé nhdt ciia A.

Loi giai. Ta xét cach sap xép sau.

Ag
Ay
A3 A1 |42 A7 Ao
Ag
A10
As

V6i cach sip xép trén, ta thiy sau hiéu 1énh clia co gido thi chi c6 ba ban 1,2, 7 1a con c6 béng.
Do d6 A < 3.

Ta s€ ching minh A > 3. That vay, goi X, Y la hai ban c6 khoang cach nho nhét thi X sé nhin
béng ctia Y va Y sé nhan bong ctia X nén c6 it nhét hai ban sé& c6 bong.

Gia stt X nhan it nhit 6 qua bong. Goi A;, A, ..., Ag 12 6 ban di dua qui béng cho X nhu
hinh vé

As

Trong AA; A;j 41X thi A;A; 1 16n nhat nén ZA; XA; 11 > 60° (i = 1,6va A; = Ay), suy ra
6
S LA XAi 1 > 360° (VO Iy).

i=1

Do do, gid su chi c6 ding hai ban X va Y con bong thi mdi ban sé c6 ding 5 qua bong. Goi
A;, B; (i =1, 4) 1an ludt 1 cdc ban dua béng cho X, Y nhu hinh.
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Ay B2

Al B,

Dé thdy /A;XA;i+1 > 60° (i =1,3) nén £A;XA4 < 180°. Tuong ty thi ZB,YB, < 180°.
Do do
(LAIXY + LB\ YX) + (LAsXY + £B,YX) < 360°.

Khong mit tinh tong quat, gia st
A1 XY + /B YX < 180°.

AA1XY c6 XY nho nhdt nén ZXA,Y < ZXYA,. Tam giac Ay B1Y ¢6 B1Y nhd nhit nén
ABIAIY < éAlYBl Do do ZXAlBl < lXYBl Tu’dng tu lYBlAl < AYXAl

Suyra /XA By + ZYB1A; < ZXYB, + ZYXA; < 180° (vd ly). VAy phii ton tai it nhat mot
ban nita cling c¢6 bong. Do d6 min A = 3. [

Bai toan 4. O ddt nudc Panem ¢ tdt cd 12 qudn. Nguoi ta xdy dung cdc con duong sao cho véi
hai qudn A, B bdt ki, luén cé6 mot duong di hai chiéu noi qudn A va quén B. Hai qudn C, D
duogc goi la thong voi nhau néu ta cé thé'di tic C dén D ma khong phdi di qua qudn nao khdc.
Goi M la tdp hop tdt cd cdc cdp qudn thong vdi nhau. Biét rang khong ton tai ba quin X,Y, Z
doi mot thong nhau, nghia la dong thoi théa man X thong voi Y, Y thong voi Z va Z thong véi
X. Chung minh rang |M | < 36.

L&i gidi. Ta phat biéu lai bai todn nhu sau: Cho G 1a db thi lién thong c6 2n dinh. Biét ring G
khong chifa tam gidc ndo. Ching minh ring sé canh ctia G khong 16n hon n? ().

Ta sé chitng minh bang quy nap. D& thiy n = 1 thi (%) dung.

Gia st (%) ding t6i n = k, tic 12 d6 thi G c6 2k dinh va khong chiia tam gidc nao thi s6 canh
khong qué k2. Xétn = k + 1. Goi a va b 12 hai dinh tily y ctia d6 thi ma hai dinh nay dugc ndi
v6i nhau. Ta ki hiéu d(a) va d(b) lan lugt 12 bic cla a va b, nghia 12 s6 canh nhén a, b 13 hai
dau mut. Gia st ta c6 d(a) + d(b) > 2k + 3. Khi d6 c6 it nhat 2k + 1 canh di tit 2k dinh con
lai dén a va b. Theo nguyén 1i Dirichlet, ton tai mot dinh ¢ dudc ndi v6i ca a va b, diéu nay mau
thuan do G khong chiia tam gidc ndo. Do d6 ta c6 d(a) + d(b) < 2k + 2.

Bay gio ta x6a di hai dinh a va b va cic canh c6 chiia a hoidc b. Theo nguyén 1i quy nap, dd thi
ldc nay c6 2k dinh nén s6 canh khong qua k2. Nhu vay, s6 canh ctia do thi 2k + 2 dinh sé thoa
man

M <kP4+da)+db)—1<k>+2k+1=(k+1)>%

Theo nguyén li quy nap, ta c6 diéu phai chiing minh. O
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Bai todn 5. C6 2n vién séi (n nguyén duong cho trudc) dang dugc xép thanh 3 dong. Méi lan
thie hién cho phép ldy mot mita sé vién soi tic dong séi c6 chdn vién séi va chuyén sang dong
khdc. Chitng minh rang, dit cdc déng séi ban dau dugc xép thé nao, sau mét sé hitu han budc
thiee hién nhu thé, ta co thé'tao ra mot dong séi cé ding n vién séi.

L&i gidi 1. Chd y 1a néu ta thu dudc tinh hudng 3 dbng s6i 1a (x, 2x, y) thi ta ¢6 thé thu dugc
(x,x,x + y), khi dé ta cé x + y chén nén chi viéc chuyén mot niia séi tir déng thit 3 vao mot
trong hai déng bang nhau la xong.

Ta mo ta thuat todn dé€ c6 thé dua vé trang thai (x, 2x, ¥). Vi tdng sd so6i 1a chan nén ton tai mot
dbng c6 sb s6i chin 1a 2m. Chon dbng séi nay ma mot dong sdi khac c6 sb soi 1a m’, ta dudc cip
(2m,m’). Néu m = m’ thi xong. Néu m # n, ta sé bién ddi cip nay ddm bao van con lai déng
s6i ¢6 s6 chin vién, sao cho hoidc téng s6 vién soi trong cip sé& giam, hoic giif nguyén nhung
hiéu |m — m’| giam.

Ta thuc hién nhu sau:

e Néu nhu m hodc m’ chin thi ta chuyén m vién séi vé dong thi 3 thi tdng s6 vién sdi trong
cap s€ giam va trong cap van cé mdt dong c6 so chan.

e Néu nhu m va m’ 18, ta chuyén lan ludt thanh (m,m + m’). Khi d6, déng (m + m’) c6 sb

—m‘ =@< lm —n|.

m+m’
2

soi chén va ‘
Vi s6 lugng vién séi cling nhu hiéu |m — n| chi c6 thé gidm hitu han 1an nén sau hitu han buéc
ta s€ dat dat dugc trang thai m = n. [

Loi gidi 2. (H6 Quéc Bdng Hung, Hoang D4 Kién) Chu y 1a néu ta thu dugc tinh hubng 3 déng
s0i 1a (x, 2x, y) thi ta c6 thé thu dugc (x, x, x + y), khi d6 ta c6 x + y chin nén chi viéc chuyén
mot nita s6i tit déng thi 3 vao mot trong hai déng bang nhau la xong.

Ta chi can xét trudng hop c6 hai ddng sbi 18 va mot dong sbi chin vi néu ca ba déu chan thi ta
chi can cb dinh mot déng rdi chuyén tir hai dong con lai sang hai déng d6 cho dén khi nao c6
mot so 1€ cac vién soi.

Goi ba dbng s6i 1a A, B, C va s séi & thoi diém thi n 14 (a,, by, c,). Chd ¥ ring néu nhu
(@n.bp,cn) = (2%a, b, c), trong d6 a, b, c 1é thi véi moi x, y khong 4m théa man x+y = 2¥—1,
ta déu c6 thé dua vé& (a@n41, bus1, Cns1) = (a,b+ax, c +ay) (st dung tinh chit moi s6 nguyén
duong déu c6 biéu dién nhi phan).

Theo nhén dinh trén, gia si ban dau (ag, by, co) = (2ka, b,c), ta cd dinh C. Do a, b 1é nén
ton tai duy nhit 0 < xo < 2% sao cho b + ax, chia hét cho 2%. Bién ddi thanh (ai,b1,c1) =
(a,b + axg,c + a2k — 1 — xp)). Luu y 1a b + axy c6 thé chia hét cho 2%+ nhung do liy
thita cia 2 khong thé€ ting vo han nén ta c6 th€ gia sit k 1a nhu nhau 6 moi budc. Ngoai ra
c1 =c+a*—1—x¢) > co. Viy 8 mbi budc ta thuc hién phép chuyén sdi nhu sau : Chuyén
tit A hodc B sang C sao cho v6i moi n thi a, hoic b, chia hét cho 2% va ¢, > c,—1 vac, 1&
(c6 thé chitng minh bing quy nap). Tat nhién ¢, khong thé ting vo han, do dé tdn tai n¢ sao cho
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Cn = Cp, VO MOi 1 > ng. Gid st a,, = 2kxn0, do ta khdng chuyén gi cho C nita nén sau hitu
han budc, ta s& dua vé& (x,,., 2% - 5, Cny).

Gid st x,, > by, thido x,, + 2% -5 = 2F . x,,, 4+ b,, nénsuyras > b,,, ct tiép tuc nhu viy ta
s€ c6 mot day s0 1é ting vo han, vo li. Ngudc lai, néu x,, < by, thi lai suy ra b,, > s > x,, vd
nhu vay ta c6 mot ddy s6 nguyén ting vo han bi chin, vo 1i. Do d6 ta ¢6 x,, = by, va lic nay ta
chuyén vé (xy,, bn,, ) 12 xong. O
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