Mot so bai toan hinh hoc chon doéi tuyén
VMO cua Ha Noéi cac nam gan day
Nguyén Duy Khuong-chuyén Toan khoa 1518-THPT chuyén Ha Noi Amsterdam

L3i néi dau: Trong céc dé chon doi tuyén thi HSGQG ctia Ha Noi bao gio ciing
danh mét thoi lugng mot bai danh cho phan mon hinh hoc phéng. Cac bai toan nay
khong doi héi nhiéu kién thitc, song, lai can sy tinh té trong qué trinh ké vé hinh phu
ciing nhu cach phéi hgp céc kién thic toan chuyén. Diéu dac biéet 1 toi thay c6 kha
nhiéu bai hinh dugc 1ay hodc lai tao tit cac dé thi ctia Nga. Dé cac ban tiép can dé
dang, sau day toi xin gidi thigu mot vai bai hinh hoc hay chon tuyén ctia Ha Noi(dac
biét 1 bai hinh chon tuyén Ha Nai 2016-2017)

Bai toan 1(Chon doi tuyén VMO Ha Nai 2016-2017): Cho tam giac ABC(AB <
AC) nhon noi tiép dudng tron (0). Goi M la trung diém BC. AM cit (O) tai cac
diém A, D. Gia st BDNAC = F,CDNAB = E. (ABF)N(ACE) = A, P. Goi (S))
la dudng tron qua C' tiép xtc AB tai A. Goi (S;) 1a dudng tron tiép xtc AC tai A
vadi B. A,Q = (S1) N (S2). Chiing minh rang tam giac OPQ vuong.




Loi gidi(Nguyén Duy Khuong): Ta thay ngay dudc rang: P la diém Miquel
clia t1t gidc toan phan ACFDBE do d6 di nhién P, E, F thang hang. Theo dinh 1i
Borcard thitacé: O, M, P L EF dodé EF||BC vayla: /BCD = ZDEP = ZDBP
do d6 PB tiép xtc (O). Tuong ty PC tiép xtc (0). Ké cac duong kinh AX, AY lan
lugt cta (Ss), (S1). Lai ¢6: LZAQB = 180° — LAX B = 180° — LAS,0. Tuong tu thi:
LAQC = 180°— LAS,0 do d6 LAQB+ ZAQC = 360° —2/AS5,0 = 2(180°— LA) =
360° —2/A do dé hién nhien /BQC = 2/A do d6 P, B,Q, O, C nam trén mot dusng
tron vay nén OQ L P(@) do do6 ta thu dugc ngay dpcm.

Nhan zét: Néu bai toan héi la chiing minh A, P, Q thang hang thi c¢6 vé sé hay hon.
Di¢u nay ciing khong khé dé chitng minh. Cha ¥ viéc tit gide AS5S,0 la hinh binh
hanh nén 5,5, chia doi AO do dé theo tinh chat vi tu di nhien X, Y, O thang hang.
Ta c6: ZAQX + ZAQY = 90° + 90° = 180° nén X, Y, @, O thang hang. Di nhiéen la
AQ 1 OQ do d6 A, Q, P thang hang.

Bai toan 2(Ha Noi TST 2015-2016): Cho duong tron dudng kinh AB. Lay diém
C trén nita dudng tron nay sao cho 90° < ZAOC < 180°. Lay K la 1 diém thay doi
tren doan OC. V& cac tiép tuyén AD, AE dén duong tron (K; KC). Chiing minh
ring DE, AC, BK dong quy tai 1 diém.




L&i giai 1(Ngdo Thé Anh Khoa-12T1-THPT chuyén Ha N6i Amsterdam):
Goi AC cat duong tron (K) tai diéem T,giao BK tai diem L. Do C la tam vi tu
AT  OK

trong cia (O) va (K) nén ta co: TC = KO do d6 ta c6: TK||AB. Ap dung dinh
1i Menelaus cho tam giac LAB véi cat tuyén OKC ta co:

CL OA KB CL TL

——.——=1. DoTK||AB né 6 —— = — 6: (AL, TC) = —1. M3
CA OB KL 0 I nén ta cé oA TAdOdO (AL, TC) at

khac néu goi DE cat AC tai diém L' thé thi (AL'TC) = —1 do d6 L = L' do do ta
c6: DE, BK, AC dong quy(dpem).

Nhan zét: Loi giai thi nhat rat hay béi toi thuce sy rat an tuong véi cach st dung vi
tu & day.

Lai giai 2(Nguyén Duy Khuong-11T2-THPT chuyén Ha Noi Amsterdam):

Goi BEK cit lai (O) tai diém th hai J. Goi JA cit DE tai diém N. Do ZK.JA =
ZKDA =90° do d6 tit giac JADE noi tiép. Do (O) tiép xtc (K) nén ap dung tinh
chat truc dang phuong thi tiép tuyén chung tai C ctia (O), (K),DE va JA dong quy
tai 1 diem N. Goi DE ciat BK tai diem M. K& tiép tuyén tht hai N.S t6i (K) thé
thi do NC da la tiép tuyén téi (K) nén ta c6: DSCE 1a 1 tit giac diéu hoa do do
hién nhien 1a ta cé: A, S, C thing hang. Goi M la giao diém ctia BK va DE. Goi I
la trung diem DE.



Do M la tryc tam tam giac ANK nén: MN.MI = MJMK = MD.ME(do
A, J, K, D, E dong vien). Vay ta thu duge: (NM, DE) = —1(theo hé thic Maclaurin)
suy ra: C(NM,DE) = —1 ma & trén ta da chi ra duge: C(NS, DE) = —1. Do do:
S,C, M thang hang. Vay AC, BK, DE ddng quy tai diém M (dpcm).

Loi giai 3(Nguyén Trung Hiéu-12T1-THPT chuyén Ha No6i Amsterdam):
Goi T 1a giao diém ctia AC va (K). Goi L la giao diem ED va TC. Tiu gia thiét ta
c6 duge: EDTC 1a mot tii giac dieu hoa. Do dé ta c6: ED,tiép tuyén tai T,C dong
quy tai 1 diém goi la diém P. Vay ta c6: PK 1 AC. Lai c6: AK 1 ED nén L la
trie tam tam giac PKA. Goi BK cit AP tai diém Q vay ta thu dudge: KQ L PA
vay ta c6: PQ.PA = PR.PK = PC? hay la Q thuoc (O). Do d6 c6: ZBQA = 90°
ma /ZKQA = 90° nén thu duge: B, L, K thang hang hay 1a DE, BK, AC dong
quy(dpcm).

Nhan zét: O 15i giai tht hai va ba déu chi trong t6i giao diém hai tiép tuyén cta ti
gidc diéu hoa xong cach tiép can cudi khac nhau dan t6i hai 16i gidi la mdat.

Loi giai 4(Nguyén Lé Phuéc): Mot 16i giai ngan nhat va hay nhat cho bai toan
hay nay.



Tren AC lay diem I sao cho IK|AO thé thi KI = KC do d6 CDIFE noi tiép.
Goi BK cat (O) tai H khac B thi ZAHK = 90° suy ra HDKFE noi tiép. Ma
/HCI = /ZHBA = /HKI suy ra CHKTI noi tiép. Ap dung tinh chét truc ding
phuong cho ba duong tron (CDIE),(HDKE),(CHKI) di nhien BK, AC, DE dong
quy.

Bai toan 3(chon déi tuyén thi VMO-Ha Noi 2014-2015):

Cho tit giac ABCD(AB < BD) nai tiép duong tron (O) biét AC = CD. Goi I la
tam noi tiép duong tron ABD. Goi (BIC) cit AB tai diém tht hai F. Goi E la
trung diém AD. Chiting minh rang: Al L EF.

Loi giai: Ta c¢6: ZLAI = £BAD + /DAL = £BAD + /BAI = ZAIL do d6 tam
giac AIL can tai L. Chung minh tuong ty ta ¢6: IL = LD. Lai c¢6 theo hé thic
lugng trong tam gidc vuong CDL thi LD?* = LE.LC = LI* do d6 ta c6: ALEI ~
ACIL(g.g). Vay ta c¢6: 90° + LICB = 90° + LIEA do d6 LICB = ZIEA. Do dé
ta thu duge tam gidc LFIA = ZFIA do d6 ta thu duge: AIFA = AIEA(g.c.g) do
d6 hién nhien thu duge: ATl la trung truc EF do do6 ta c¢6 dpem

Nhan zét: Bai toan trén khong qua khé va thudc vao phan an diém xong ki ning
bién do6i goc & 151 giai trén rat hay va quan trong. Dang cht § & diém hinh vé khong
nhu thong thuong da gitp tiép can 16i giai dé hon.



Bai toan 4(chon déi tuyén Ha Nai thi VMO 2012-2013): Cho tit gidac ABCD
noi tiép khong phai la mot hinh thang. Goi AB cit CD tai E. AD cit BC tai diém
F. Phan giac cac goc CFD va BEC gap nhau é diem H. Hai duong chéo clia ti
giac ABC'D cat nhau tai diém I. Goi (ABI) cat (CDI) tai diém thit hai K. Chiing
minh ring: F, F, H, K dong vién.

Lai giai: Trudce tién ta co:
180° — /D — /C 180° — /B — /C

2 - 2 -
= 90°(1). Ta goi L la giao diém thit hai khac A cta (EAB) va (ECD).

/FHE =180°~/HFD—-/HEB—/FEAD = 180°—
LB+ /4D
2
Thé thi ta c6: EL.EF = EA.EB = EI.EK do d6 tit gidc LFKI noi tiép. Ap dung
tinh chit clia truc dang phuong cho cac dusng tron (FAB), (FCD), (O), (LFKI) thi

ta c6: LF, AB,CD, K dong quy tai 1 diém chinh la diém E.

Goi M, N lan luot 1a trung diém ctia AD, BC. Ta c6: ZLAD = 180° — ZLAF =
180°—ZLBF = ZLBC. Vay tac6: ALAM ~ ALBN(c.g.c)dod6 ZLMF = ZLNF
hay la L thuoc (FMN). Vay ta thu duge: ZOLF = 90°. Vay ma theo dinh li Borcard
thi OI 1. EF. Vay O, I, L thang hang. Hay la ta c6: ZEKF = 90°(2). Tit (1)(2) ta
thu duge E, F, H, K dong vién(dpcm).

Nhan zét: Bai toan nay khong kho va kha quen thudc véi hoc sinh chuyén.



Bai toan 5(chon doéi tuyén thi VMO-Ha No6i 2011-2012):Cho dudng tron
(O) va cac diem A, M trén (O) sao cho AM khong la dusng kinh (O). Lay [
tréen doan OA(I # O, A). (I,IA) cat dudng tron dudng kinh (IM) tai cac diém
B,C. MB,MI,MC cat (O) lan lugt tai cac diém D, E, F theo thi ty. DF cat
ME,MA, AE lan ludt tai T, S, Q. Chitng minh réng:

a)SD.SF = ST.SQ.
b) B,C,(Q thing hang.

Loi giai: a) Ta c6: ZQAM = /MFE = Z/QTM do dé hién nhién rang: ti giac
AQTM noi tiép hay la ta thu ngay duge rang: ST.SQ = SA.SM = SD.SF (dpcm).

b) Hién nhién ta c6 ngay dugc rang do (IM) cat (I;TA) tai diém B,C nén M B, MC
1a tiép tuyén dén (I,IA). Ta nhan thay do I ndm trén OA nén (I, [A) tiép xic (O)
tai A. M1 chinh 1a phan gidc géc BMC hay suy ra rang E chinh i trung diém cung
DAF cta (O). Ta quy vé bai toan méi chimg minh rang: AF, DF, BC' dong quy.

, ) '’ BD CM
Goi BC' cat DF tai diem @’. Theo dinh 1i Menelaus thi g’D'BM‘g’F =1do dé




' CF N N
g’D = 5D (vi CM = BM). Ta dé thay rang: EB va EC lan lugt di qua
trung diém cung DM, M F khong chita E ctia (O) (tinh chat quen thudc vé dudng
. AD  BD
tron Miztilinear). Do d6 theo tinh chat duong phan giac ta ¢6: —— = —— dong
_AF  CF . AF CF QF
T = o B rangay ring - = o5 = oD
AQ' 1a phan gidc ngoai ZDAF do d6 AQ' di qua trung diém cung DAF cta (O)
chinh 14 F hay 1a: Q = Q' do d6 ta c6: AE, DF, BC dong quy. Vay ta c6 duge dpem.

dan t6i:

hién nhién ta thu dudc ring

Nhan zét: Khai thac bai toan vé dudng thang Mixtilinear ¢6 nhiéu cach thi vi xong
viéc che gidu b6t di phan 16n gid thiét da gay chat khoé khan cho ngusi lam nhat 1a
2 cau a)b) it lién quan nhu bai trén



