CHUYEN BE: Ham sb va thuan nhat, chuan hoa trong ching minh BBT-CT THCS
Nguoi thuc hién: Bau Anh Kién (Diendantoanhoc.net)
Hoc sinh 9A THCS Cao Xuén Huy- Nghé An

1) M¢ dau:
2) Phuong phap:
a) Ham s6 trong chitng minh bat dang thtc- cic tri THCS:

-0 chuong trinh THCS, ham s6 do thi ta chi hoc ham s6 bac nhat, titc la:
-Ham s6: y = az 4 b v6i a # 0 cho ta dd thi la mot dudng théng di qua diém j, (a1 truc tung 3 diém —b
) a

brén truc hoanh, hinh vé:
Do dd thi ctia ham s6 bac nhéat 1a mot duong thing di tit dudi len nén ta c6 tinh chat sau:
* Tinh chat: Ham 86 y = ax +b v6i g # 0 tren doan [20; 21]. V6i a > 0:

flx)<m<e f(x1) <m
flg) 2me flxg) >m

Dé cac ban c6 thé hinh dung mot cach cu thé, ta sé tiép can véi mot sé vi du sau:

Bai toan 1 : Cho z,y,z >0 thdéa man: x +y + z = 4.

Ching minh: x +y > ayz

Giai:
Xét P=ayz— (x4y) =azyz— (4 —2)
bat xy =1t

= f(t) =tz — (4 — z) la ham s6 bac nhat doi véi ¢ (2 1a tham sd)

4 — 2
Taco: 0 <<\ 42)
N ) P ~ X P . (4_2)2
Duya vao tinh chat trén, ta can ching minh: f( 1 ) <0
4 — 2)? 4 — 2)? —4)(z —2)?
That vay: £ 4Z> ):z(%)—(él—z):%SO(dox+y+z:4)

Vay ta ¢6 P <0 hay bPCM
* Nhan xét: Véi bai toan trén ta c6 2 cdch don gin sau:
*Cl: a4+ b > abc

S a+b>ab(d—a—0b)

< (a+b)(ab+1) > 4adb

*C2: (a+b)(a +b+ c)* > 4(a+ b)*c > 16abc = a + b > abc (Ding theo AM-GM)

*Bai toan 2: Cho z,y,z > 0théaman x+y +2 =1

Tim Min: P :a:2—|—y2 +22+9x2£

* Bai toan nay dudc minh téng quat nhu sau:

Bai toan tdng quat:(PlanBbyFESN)

Cho z,y, z 1a ba s6 duong théa man: z +y + z =k (Vk > 0)

9
TimMin:P:m2+y2+z2+%

Chon k =1 ta sé c6 bai toan trén!
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CHUYÊN ĐỀ: Hàm số và thuần nhất, chuẩn hóa trong chứng minh BĐT-CT THCS

minhhai
Typewriter
 Người thực hiện:  Đậu Anh Kiên (Diendantoanhoc.net)
 Học sinh 9A THCS Cao Xuân Huy- Nghệ An
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1) Mở đầu:
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Giai (PlanBbyFESN): Véi nhitng ngudi chua duge tiép xtic nhiéu véi BDT Schur thi bai toan nay qua thuc
13 khong hé dé:

Sau day 1a nhitng 13i gidi ctia minh cho bai BDT nay:

1 1
Tac():A:a2+(b+c)2+bc(9?a—2)—§:bc(gg—2)+2a2—2a+§

Diat be =t
90‘ 2 1 N N £ 1 A~ Z P P N Zz
= A= t(? —2)+2a* — 2a + 3 1& ham s6 bac nhat d6i vé6i ¢t (a 1a tham sd)

(1—a)?
4

Ta co: 0 <t <

. . 9a N , . N
Dai véi bai toan nay, ta chua chac chan rang hé so > —2 > 0 nén ta can ching minh dong thai ca hai céi sau:

f(0) =0
(1-a)’
>0
5 >
That vay:
1 1
f(O):2a2—2a+§=2(a—§)220
(1—a)? a(3a —1)?2
= >
) = S0
. L ... . 11
Nén ta ¢c6 DPPCM. Dau "=" sé l1a bo sb: (g, 3 g)

* Nhan xét: D6i véi bai toan trén, ta con 2 cich sau:
*C2: (ngocanh99)

Ta c6 bd dé quen thudc sau, chiing minh hoan toan bing AM-GM:

(a+b—c)(b+c—a)(c+a—0b) <abc

Ap dung bé dé ta dugc:

xyz > (k —2z)(k — 2y)(k — 22) = 9zyz > 4k(xy + yz + x2) — k3



4 -k 2 2k K2
S P>+ (zy +yz +z2) _ (z+y+2) _ K

2 2 2
*C3: (PlanBbyFESN)
~ -, . s, £ 1 1 1 ~ X . £ P2 ’ ~
Theo nguyén 1i Di-rich-1& trong3soa—§;b—§;c—§ ludn ton tai 2 so ¢6 tich khong am
1 1 11 22 9ab 3c?
Gia st (a—g)(b—g)zO@)ab—ngg(a—kb)(:)abc—l—gZg(l—c)(@abc—k%Z§C® C;C—F%zc
9abe 1 (a+b)?* 1 (1-¢2 1 1
_ 2 | JAC 2 g2 _t2s @ty 1oa > _ 12 _ 1t
=P Za—i—Qfa—l—b—i—c 267 2 20—1—07 5 20—1—0 5
Bai toan 3: Cho z,y, 2z > 0 théa man: x + y+ z = 1.
Ching minh: zy + yz + zx 2xyz§%
Giai: . . .
DatA:E—(xy+yz+zx—2xyz):E—x(y—&—z)—yz(l—?m):yz(Qm—l)—az—}—:ﬂ—l—ﬁ
bat yz =t
2 7 NI £ 1A 3 PYr N %
=A=tR2z—-1)—az+z +2—71aham s0 bac nhat doi véi ¢t (« 14 tham s0)
1— 2
Tacé:0<t§ﬂ
4
f(0)>0
Vay can chitng minh: 1—1)2
= =0
1 1 7
FO) == 50— 45 >0
That vay: (1- x)g 1
f( 1 ):§(3x—1)2(6x+1)>0

Vay ta ¢c6 DPCM.

* Nhan xét: D61 v6i bai toan trén ta con mot sd cach:

*C2:Dox+y+z=1.

7 7
my+yz+zx—2xyz§E@(wy—l—yz—i—xz)(x—i—y—l—z)—?xyzgﬁ(x—i—y—i—z)g

Khai trién
BDT < 7(2® + 4 + 2%) + 152y2 > 6xy(z +y) + 6yz(y + 2) + 622(2 + ) (1)
Ma 23 + 43 + 23 > 3zyz (AM-GM)

(e 2® +9° + 23 + 3zyz > ay(r +y) +yz(y + 2) + 22(2 + 2)

Sayz>(x+y—2)(e+2z—-y)(y+ 2z —2) (Ding theo AM-GM)


minhhai
Rectangle

minhhai
Typewriter
--------------------------------------------------------------------------------------------------------------------------------------------------


P 1 1 1 . . P
*C3: Trong?)s():cff;yff;zggténtaiit nhat 2 s6 c6 tich khong am.
1 1

Gidsiizx—=>0y—=->0

astw—o20y—72

1 1 1 1 z 1

- Jy—=)>0= - 2> = = - > =

(@=3)-3)20=ay+523(@+y) S ayz+ g2 2z +y)
2 1

= 2zyz < — — —z(z+ y)= xy + yz + za — 2xyz §§ +§z(x+y)+xy
Ma:
2 1 2 1 (z+y)? 2 1 1 9 1 l, 7 7
otz <Zi4- LY b a(l—)+-(1—2)2 = ——(2— =) — < —
g° T 3rlety) tay s grt eyt g2t 3rl=2)+7(1=2) TR U T

Minh s& néi thém mot chit vé tinh chat ham s6 bac hai, nhung chi mang tinh gi6i thiéu cho moi ngudi 1a
chinh:

Ham so bac hai : y = ax® + bx + ¢ v6i a khac 0 1a mot parabol nhu hinh vé:

Véi a > 0:

Véia <0

* Tinh chét: Di véi ham s6 y = az® + bx + ¢ véi a > 0 Dé chiing minh f(z) < 0 v6i z € [z0; 1] ta can
CM:

{f(xo) <0
f(z1) <0

2. boi
{2

le ham s6 y = az? + bz + ¢ v6i a < 0 D& chiing minh f(z) > 0 v6i © € [xq;21] ta can CM:

IV I\/ e

Bai toan: Cho a,b,c € [1,2] CM : a® 4+ b* 4 ¢ < 5abc

Lai gidi: Bai nay néu khong nham 1a § trong THTT, ¢6 hai cdch nhu sau:

*Cach 1:

Khong méat tinh téng quat ta gia st a > b > ¢

a®—ba+2=(a—2)(a®2+2a—-1)<0

b +5a—5ab—1=((b—-1)b*+b+1—-5a) < (b—1)(a*+a+1—5a)=(b—1)(a* —4a+1)<0
A +5ab—5abc—1=(c—1)(*+c+1-5ab) < (c—1)(a*+a+1—-5a)=(c—1)(a*—4a+1)<0

Cong 3 bdt trén lai v6i nhau = dpcm

*Cach 2:
a> b 2
A= —+ —4+ —<5
be —I- + ab =

Do vai trd ciia a,b,c binh ding, gid st 1 <a<b<c<?2

\ﬁagbvabgc:(a—b)(bQ—CQ)§O:ab2+b02—ac2—b3§02>b3§ab2+b02—ac2
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2 v b
Chia?véchoabc>0éf§7+gff(1)
ca a b

o

2 2
Mt khac = < & —
be ac

QI\D
&

B <
(Z)Vaab*ab

a
c

Cong vé theo vé (1);(2);(3) : A< (= + <)+ (% + 2)

—_

. 2a
Vitwgidthiet: a <c<2<2a= —>1va—-—>1>—
c a

[\)

= (

2a c 1 a 5
— —1). — < =
c a 2 c -2
c b 5
Twong tu: — + - < —
ne b b+c_2
Cong vé theo vé : A <5 (DPCM)

Bai nay ting dugc Rias Gremony dang 1 lan ma lic d6 minh ciing tim duge 1 cdch nhu sau(tat nhien
khong dep cho 1am):

*Cach 3: bat: e+ 1=a,y+1=bz+1=c¢
1<a,b,c<2=0<zx,y,2<1
Khai trién(1) ra ta duge:
= 1) e 2*+3> 2?+3> x+3<bryz+5» ay+5) x+5
@2(x+y—|—z)—|—5xyz+52xy—|—222x3+32x2 ()
Do0<z,y,2<1
nén ta c¢é: (1 —2)(1 —y)(1—=2) 20:1+ny2xyz+2m
:>2+2ny2 2:1:yz+22:6 (**)
T (*) va (**) ta sé c¢6 diéu can chitng minh néu:
4(x+y+z)+7a:yz+32xy2x3+y3+z3+3(ﬂc2+y2+22)
Do 0 < 2,5,z < 1 nén hién nhiéen:
IES I
D

ny > 0;xyz > 0 (Dpcm)

Va ta sé chiing minh bai toan nay bing phuong phap ham s6 bac hai nhu sau:

Cach 4: Phuong phap ham s6 bac hai:
Gidsta>b>c=2>a>b>c>1=c<a<2<2

Ta ¢6: a® 4+ b + & — 5abe < 0 < 2ca® + 1% + 3 — babe < 0
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Xét f(a) = 2ca®+b®+c> —5abe 1a ham s6 bac hai d6i véi a (b, ¢ 1a tham s6) c6 hé s6 2¢ > 0. Ta c6: a € [b; 2]
f(b) <0
f(2¢) <0

f(b) =b*(b—2¢) +c(c* —b*) <0
f(2¢) = (b—c)(b* +bc—9c¢*) = =3c*(b—¢) <0

Dé chitng minh f(a) < 0 ta can chitng minh: {

That vay: { (DPCM)

* Tuy nhién ham s6 bac hai minh chi dua ra mang tinh tham khao 14 chinh, trong chuong trinh THCS, céi
nay gan nhu khong st dung dén!

*%% Theo nhu kinh nghiém ctia minh, viéc van dung ham s6 bac nhat vao giai BDT la rat hay, ddu higu dé c6
thé van dung ham s6 bac nhat thuong 1a c6 diéu kién clia dé bai la tdng 3 bién bang 1 gié tri nao do: a+b+c =k

b) Thuan nhat trong bat dang thic:

TAt nhién, méi dau nghe cai tén nay thi tudng rang gi cao xa lam, minh ciing vay, ta thudng nghe tit thuan
nhét di doi véi tit chudn héa, tuy nhién trong chuyén dé nay minh sé khong néi dén céi nay, ma thuc ra ciing
khong biét ma dua ra, ta chi hiéu né gitp dé dang hon trong viéc giai toan ma khong mét di tinh tong quét
ctia bai toan!

Thuan nhat § day ma minh néi don gidn chi 14 dwa BDT can CM vé dang dang cap dé dé danh gia,
cai ma it ngudi sit dung, cac danh gid c6 thé 14 AM-GM, Cauchy-Schwarz, hoic cac BDT quen thudc nhu:
234y —zy(r+y) = (v+y)(r—y)? hay (a+b—c)(b+c—a)(c+a—b) < abe: Danh gia nay thuc ra la mot BDT ma
chiing ta c6 1& da quen: BDT Schur. Tuy nhién, ta sé chi xem d6 1a khai trién ciia BDT trén ma khong goi tén no!

Bai toan 1: Cho z,y,z > 0 théa man: x+y+ 2z =1
CM: T(zy+yz + zx) < 24 9zyz

Loi gidi: Dua BDT vé dang thuan nhat nhu sau:

T(xy +yz +20) <2+ 92yz & T(ay +yz + 22)(x +y +2) < 2(x +y + 2)° + 9zyz
& 2(2° + 4>+ 2%) > ay(z +y) +y2(y + 2) + 22(2 + 2)
sS@+y)(z—y)?+w+2)y—2°2+(+2)(z—2)?>0 (DUNG)

* Bai trén ciing c6 thé giai bing phuong phap ham s6 bac nhét trén, mai cac ban!

Bai toan 2: Cho a,b,c >0 va a®>+b> +¢ =3
CM: ab + bc + ca — abe < 2

Loi gidi: a,b,c > 0;a® + 0+ =3 =a+b+c<3
Bat déng thitc duge viét lai dudi dang thuan nhat nhu sau: (manh hon)

2a® 4+ b+ B
(ab—l—bc—i—cg)(a—i—b—i—c)_abcS (a —I—;) +¢3)

& 2(a® +b* + ¢*) > ab(a + b) + be(b + ¢) + ca(c + a)

ab+bc+ca—abc<2 &

S (a+b)(a—b)*+(b+c)(b—c)?+ (c+a)(c—a)> >0 (DUNQG)
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Bai toan 3: Cho a, b, ¢ 14 do dai ba canh ciia tam gidc c6 chu vi bing 1. Chitng minh ring:

1+1+1+9>4 1 n 1 n 1
a b ¢ - at+b b+c cHa

Giai: Day 1a 1 bai cia Phamngochung9a ding tim 1 161 giai dep, 16i gidi clia ban d6 dung phuong phap

S.0.S rat ling nhing.

Néu viét BDT du6i dang thuan nhat thi day 1a 1 bai hét siic don gian:
Dua BDT vé dang thuan nhat nhu sau:

l+1+1+9>4 ! + ! + ! & (a+b+ )(1+1+1)+9>4( +b+c)( ! + ! + ! )
a b ¢ - a+b b+c c+a “ c a b ¢ == ¢ a+b b+c cH+a
a+b b4+c cH+a c a b
& >4
c + a + b (a+b+b+c+c+a)
1 _a a 4a
Mot bai BDT quen thugc: — + — > —— (Cauchy-Schwarz)
b ¢ b+ ¢

3) Loi két:

Chuyén dé nay viét ki niém gan 1 nim minh gia nhap VMF va ciing 13 sip dén sinh nhat thi 15 clia minh.

Mong nhan nhiéu 18i cdm on tit cdc ban! :)

Ngudi thyc hién: Dau Anh Kién Hoc sinh 9A THCS Cao Xuan Huy- Nghé An
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