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1 Bo6 dé va vi du mé dau

1.1 BoO dé (V6 Qudc Ba Can - Vasile Cirtoaje)

Véi ba s6 thuc duong a, b, ¢ c6 tich bang 1 thi
1 1 1

>1
a2+a+1+b2+b+1 +02—|—c—|—1 -
Chitng minh. Vi abc = 1 nén ton tai z,y, z > 0 sao cho
Yz, Ty
a:ﬁ7 :;7 :?
Khi d6 BDT tré thanh:
4 4 4

x y z
>1
y22’2 +y2l’2 +l’4 + ZQ.I’Q + Z{L"yQ +y4 + {L'2y2 +5L'y22 + 2’4 —
Theo BDT Cauchy ta co:

1’4 y4 24

+ +
Y222 fyza? +at o 2202 4 zay? 4yt 22y? + oy + 24

2
- (l’2+y2+2’2)
Tt oyt a2y 222+ 2202 tayz (e Y+ 2)

Vay ta chi can chiing minh:

2
(x2+y2+22) > et byt a2 2 2 gz (e y o 2)

e 22+ 22+ 2 > ey (e y+ 2)

1 1

1
& 2(ar:y — yz)2 + é(yz — za:)2 + a(z:c — :cy)2 > ()

Dang thitc x4y ra khi v chi khia =b=c=1.

Bé dé da ro vay két hop véi dao ham nhu thé ndo? Ta xét vi du sau day thay cho
16i gidi thieu phuong phap.!
1.2 Bo6 dé két hop véi dao ham

Vi du 1 (Lé Hitu Dién Khué).

V6i ba s6 thiyc duong a, b, ¢ ¢6 tich bang 1. Chiing minh réng:

1 1 1
+ + >
324 (a—1)> 32+ (b—1)° 3+ (c—1)7° "

ITrong bai viét, néu khong can nhan manh sé goi su két hop nay don gian la B6 dé
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Phan tich: Qua giéng vé gid thiét va két luan so v6i bd dé nhung khong may & chd

1 S 1
302+ (a— 1) ~ @ +a+l

BDT nay khong phéi lac nao cling ding. Vay ta sé diéu chinh lai mot ti, ta sé dat cau
hoi tai sao phai 1a a® + a + 17 bo dé yéu cau la phai c6 dang a®™ + ™ + 1 la dugc, vay
thi a* + a? + 1 dudc hay b + a3 +1...

Hoa ra van dé 1a ta can c6 mot danh gia

1 1
>

3024 (a—1)* ~ @@ +am+1

ding v6i moi a duong, dong nghia dé chitng minh bai toan ta chi viéc tim m. Ta sé xem

1 1
f(a): 2 2m m
3a2 + (a—1)° a™+a"+1

1a mot ham s6 theo bién a va nhiém vu cudi cling 1a tim m sao cho ham s6 dat GTNN
la 0 khi a = 1.

Van con qua phtc tap, ta dang mo mam dé di chit khong phai gidi mot bai han hoi nén
chua can ddm bdo can va di. Ta sé gidm nhe lai, cuc tri tai @ = 1 thi sao? (vi ¢6 mot

tham s6 can 1 phuong trinh 1& gidi dugc) hy vong dé sé 1a GTNN.

, —8a + 2 2ma®™~! 4 ma™~!
[ (a) = 2 2
<3a2 + (a — 1)2) (a®™ +a™ +1)
, -2 m
Vay ta chi can ching to
1 1

>
3024 (a—1)* ~ a'+a?+1
That vay, BDT trén tuong duong:

ala—1)?(a+2)>0

Lot GiAn Ta ¢6 danh gia sau (tuong tu cho b, c):

1 1
>
362+ (a—1)2 ~ adt+a?+1

Vi vay:
1 1 1

+ +
3a2+ (a—1)* 32+ (-1 32+ (c—1)

1 1 1
_a4+a2+1+b4+b2+1+c4+c2+1
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theo bo dé trén ta dude didu phai ching minh. Déng thitc x4y ra khi va chi khi a = b =
c=1. L]

Nhan xét:

e Tim ra tham s6 m dé cé danh gia trén chi la diéu kién can chit chua phai la di,

vay nén can kiém tra lai ma don gidn nhat 1a bién ddi tuong duong.

e Céch tim m bang dao ham that sy khong méi, tuy nhién st két hgp ctia bo dé va

phuong phap nay that sy sé cho mot cach nhin méi hoan toan.
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2 Cac vi du ap dung

2.1 Cac vi du co ban

Vi du 2 (Dé thi chon doi tuyén Anh du thi IMO 2005).

Véi ba s6 thuc duong a, b, ¢ c6 tich bang 1. Chitng minh rang:

a—+3 b+ 3 i c+3
(a+1)° (b+1)7 (c+1)> "

Phan tich: Ta sé tim m dé c6 danh gia

a+3 S 1
(a+1>2 —a2m+am+1

Thuc hién nhu trén ta dugec m = 2
Lo1 GIAL Ta cé:
a+3 3

>
(a+1)% a5 +a1+1

23.(z —1)2 (:c5 + 224 — 22 f 2+ 3)
>0

< D
(2 +1)" (26 + 23 + 1)

véi = ai, BDT hién nhién ding. Vay nén:
a+3 b+3 c+3
(@+1)°  (b+1*  (c+1)?

3 . 3 . 3
Tartai+1 b24bi+l e teidl

Theo bd dé trén ta duge diéu phai chiitng minh.
Diang thitc xay ra khi va chi a =b=c= 1. O

Vi du 3 (Dé thi chon déi tuyén Viét Nam du thi IMO 2005).

Véi ba s6 thuc duong a, b, ¢ c6 tich bang 1. Chitng minh rang:

1 N 1 N 1
(a+17° (0+1)?° (c+1)°

3
> 2
-8

Phan tich: Ta tim m dé c6 danh gia:
8 3
>
((l+1)3 - a2m_|_am+1

va tim dugec m = %
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Lo1 GiAr Ta co:
8 3
3 2 5
(a+1) ad+a2 +1

(x —1)* (52" + 102® + 6% + 10a + 5)

<~ 3
(22 +1)7 (a6 + 23 +1)
véi =z = +/a.
Danh gia tuong tiu cho b, ¢ két hgp véi bo dé ta duge diéu phai chitng minh. Dang thiic
xay ra khi va chi khia=b=c=1. ]

Két thic ¢ day hodc tiép tuc dua ra hang loat vi du tuong tu chdc chan sé lam ban
doc cam thay don dieu vi chua thay hiéu qud. Tiép dén ta sé dén vdi mot so bai todn

ma dang ban dau khé ma nghi dén bo dé.

Vi du 4 (Vasile Cirtoaje - Discrete Inequalities Vol 3).

Véi ba s6 thuc duong a, b, ¢ c6 tich bang 1. Chitng minh rang:

1 1 1
3/ 9 + 3/19 + 3/ 9 2
Va2 +25a+1 V2+25b+1 Je2+25¢c+1

Phan tich: Ta van chon ki¢u danh gia:

1 >_ 1
Va2 +25a+1 — @*" +am + 1

. Ly do vi sao ta manh dan chon cach danh gia nay xin dugc giai

[GCRIN )

va chon duge m =
thich sau.
Lo1 G1AL. Ta co:

1 1
>

Va2 ¥25a+1  af+a3+1

3Ya(a 1) ({"/a_2+4e/a+1)
&
(\3/&_2+ \3/5+1)3(a2+35a+1)

>0

Danh gia tuong tu cho b, ¢ két hgp véi bo dé ta duge diéu phai chiing minh. Dang thic
xay ra khi va chi khia=b=c=1. O]

Vi du 5 (MEMO, 2012).

V6i ba s6 thiyc duong a, b, ¢ ¢6 tich bang 1. Chiing minh réng:

V1662 + 9+ V1662 + 9+ V162 +9 > 4(a+b+c) + 3
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Phan tich: Ta tim m dé c6 danh gia:

3

2
T RS |

Ol v~

nhu trén ta tim duge m = —. Van dé con lai 1a bién ddi tuong duong dé chitng minh
danh gia vira chon la dung.
Lo1r GiAr Dé thuan loi ta dat a = 2° ta cé:
3
16(12 + 9 — 4(1, Z = 1
as +as +1

9 3
=4 >
V16210 £ 94 425 — a8+ 2t 41

& (3% + 30" +3 - 42%)* > 16210+ 9

& 32tz — 1)* (320 + 62 + 92° + 4™ + 528 + 62° + T2t + 227 + 42+ 6) > 0
Vay danh gia trén luon ding tic:

v/ 16a2 +9 —4a + \/16b%2 + 9 — 4b + \/16¢2 + 9 — 4c

3 3 3
> + + — 7
as +as5 +1

as+as+1 as—+ad+1

Ap dung bé dé tren ta ducge didu phai ching minh. Dang thic xay ra khi va chi khi
a=b=c=1.

Nhan xét: Budc chitng minh danh gia tuong déi ning vé ky nang du khong kho

lam. Thay giao V6 Qudc B4 Can da khac phuc n6 bang cach thyc hién 2 buée danh gia

phu ¢6 thé tém tit nhu sau:

2 + 3
1602 +9—da> ot > °
20 +2a+1 7 g5 a5 +1

Tiép dén ta bat dav vdi cdc vi du ma gia thiét khdc di dan dan.

Vi du 6 (Azerbaijan NMO 2015).

. 1 N
V6i ba so thuc duong a, b, ¢ théoa man abe = 3 Ching minh rang:

15
a? + b2+ A + a®b? + v + Pa® > 16
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Phan tich: Dé c6 thé van dung bo dé ta thay doi gia thiét lai bang cach dat

Khi d6 zyz = 1 va BDT dugc viét lai la:

11 1
2 2 2
4(2° +y +z)+(ﬁ+?+;>215

dén day ¥ tudng bai toan da kha ro rang 1a st dung BDT AM - GM, néu vay bai giai
chi ding lai ¢ d6. Ta sé tim mot 101 gidi dua tren bo dé trén néu lam dude chic chin

day 1a mot 161 giai thi vi dep mat, tiic ta can tim m cho danh gia:

el 1
1’2 —x2m+xm_|_1

—6
va nhan dude m = =

Lor GiAL
Ta co:
42? + — 2> — 15_
Z x5 +x35 41
that vay,

1 15¢12
= 4t10 B A—
+ th -1 + t6 + tlQ

& (47 +1) (1+1°+") > 157
V6i t°> = a, BDT cudi ding theo AM - GM.
Danh gia tuong tu cho cac bién b, ¢ két hgp v6i bo dé ta duge dicu phai ching minh.
Diang thitc xay ra khi va chi a =b=c = % O
Nhan xét: Qua bai giai ta thay bd dé c6 thé ching minh duge cad BDT ¢o dién AM
- GM (duong nhién dang noéi la ba bién).

Vidu 7 (AM - GM 3 bién).

V6i ba s6 thuyc duong a, b, c. Chitng minh rang:

a+b+c> .
—3 2

abe

Phan tich: Trudc hét ta chuan hoa abe = 1 (dé c¢6 thé van dung bo dé) khi d6 BDT
can chitng minh 1a:

a+b+c>3
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nhu trén ta sé tim mot danh gia
3
a>
T a4 am 41
va tim dugc m = —1. Viéc hoan thanh bai giai danh lai cho ban doc.
Nhan xét: C6 vé nhu ta da dem cong cu qua manh dé xit Iy mot bai toan don gidn,
tuy nhién vi du nay la mau chét ctia van dé dé giai thich 1y do tai sao ta manh dan

chon Bo dé lam cau hinh dé danh gia:

e B6 dé dudc chitng minh bing BDT Cauchy dang phan thic 1a hé qui cta BDT
Cauchy, md BDT Cauchy thi xuat phét tit ddng thitc Lagrange nén ta khong heé
tring 1ap khi diing B6 dé dé chiing minh cho AM - GM ba bién nhu trén.

e Ta phai thita nhan BDT AM - GM la BDT c6 dién duge st dung nhiéu (chinh
xac la rat nhiéu) trong chitng minh BDT, &y vay ma bo doi trén lai c6 thé ching
minh duge AM - GM. Diéu dé cho ta long tin bo déi nay cé thé giadi quyét dugc
rat nhicu dang toan chi khong phai han ché ¢ nhiing dang giéng B6 dé.

Cau hoi dat ra la mot bai ngau nhién cé dap dung bo doi nay dugc khong? Cau trd 1o

that khé noéi né tuy thudc vao moi nguot gidai dé thay dieu dé ta sé vao cdc bai todn sau:
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2.2 Khai thac thém bo do6i phuong phap

Vi du 8 (Vasile Cirtoaje, 2012).

V6i ba s6 thuc duong a, b, ¢ ¢6 tich bang 1. Chiing minh réng:

V2502 + 144 + V2502 + 144 + v/25¢2 + 144 < 5(a + b + c) + 24

Phan tich: Ta sé tim m cho danh gia

3
S5a+9 — /25a2 + 144 >

a?m 4 am 41
nhung that khong may 1a khong c6 m nao théa man 1y do 1a khi a tién vé 0 thi vé phai
la mot s6 am. Gap gidy lai va két luan bo doi phuong phap va bo dé khong dung duge
nita 161, néu ban doc suy nghi vay thi that 1 tiéc. Ta dé ¥ mot chit, 1y do lam vé phai
am la do s6 144 trong cin vi vay s6 9 dang trude khong du dé tri! Vay tai sao phai la 9
thay s6 khac duge khong? bao nhiéu 1a du?

V6i phan tich vay ta tién hanh gidi luon, chiac chan ban doc sé chon s6 12 thay cho s6 9

nhu sau:
5a + 12 — \/25a2 + 144 > L
—a?m 4 gm 41
—10 . < N . . P .,
va tim dugc m = I3 Viéc con lai la chiing minh danh gia nhu sau:

12
S5a + 12 — /2502 + 144 > —; —

g? +a1 +1
& (5670 + 10t — 1267 +10) " > ' (25¢%° + 144)

& 20 (56%° — 6627 4+ 106% — 1267 + 10¢'0 — 12t7 4+ 5) > 0

v6i t13 = a. C6 thé diing ham s6 dé ching BDT trén nhung c6 vé phiic tap, & day ta sé
dung AM - GM vé6i cach ghép cap cung kha tha vi:

5t%0 4 112 > 6t%7

9t20 + 38 > 12¢17

8t10 + 4t > 12¢7

Vay ta chi can chting minh:
20— 12 1210 318 4t 45> 0
< 6120 + 1210 4 30 > 6¢12 + 1845 + 24¢
ta lai ghép cap dung AM - GM:
6¢20 + 4 > 10t12
12t10 4+ 2412 4 4 > 1848
2112 1 22 > 24¢

10
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Vay danh gia trén duge chiitng minh. Hoan thanh bai giai danh cho ban doc.
Nhan xét: Chic chin ban doc chua théa man véi bai gidi trén, ding vay vi du nay
dugce chon khong phai dé pho dién k§ thuat tinh todn. Mot cau héi dat ra la véi bai
toan khéac thi s6 thém vao 1a bao nhiéu? Chic chin mot diéu tryc giac sé khong ding
vé phia chung ta niia.
Ta sé diéu chinh cach danh gia mot ti nhu 14 mot cach dé 1y giai cho con s6 12

5a+9+k— /2502 + 144 > 2m‘9’+—3k

a*™m +a™ + 1

Dé dam béo vé phai khong am ta phai chon k& > 3, khi d6 ap dung phuong phép tim m
nhu trén ta dugce:

—40 —10
T 1=k>3e <
m >3 3 =m <0
. “o ~ < _1 - 2,0 P2 A
Vay bai giai trén may man chon m = —10 tuong tng véi k = 3. Qua do6 neu ta chon k

13
la s6 khéc 16n hon 3 vAn c¢6 dude mot danh gia tuy nhien viec kiem ching danh gia co

ding hoan toan hay khong, kha 1a kho vi m 1a s6 kha xau. Hon nita k chi nén chon gan
3 (bién ctia diéu kién) néu xa ra chic chan danh gia d6 sé sai.
Dé thay dugc viec chon k khong duge may méc nhu thé nao ta can mot vi du nita nhung

truée hét ta xét vi du sau:

Vi du 9 (Bosnia and Herzegovina TST 2015 day 1 problem 1).

V6i ba s6 thyc duong a, b, ¢ théa man a + b + ¢ < 3. Tim gia tri nho nhat cta

a+1 N b+1 N c+1
a(a+2) b(b+2) c(c+2)

Phan tich: Dé dang dy doan GTNN 1a 2 va dé nhat 1& st dung phuong phép tiép
tuyén dé lam. Vay la t6t khi thi cit thé nhung ta dang tim toi v6i bo doi phuong phap
va bo dé nén ta thi tim mot 10i giai thi vi dua trén ching.

Ta sé tim m cho danh gia:
a+1 2
ala+2) ~ a?m+am+1

) ) e 1 s ek e s 2 an N eo 1%
va tim duge m = 5 Tuy nhién ta phai khoe 1éo mot ti méi dung duge bo de vi gia thiet
dugc suy ra la abe < 1. Vay nén, véi a, b, ¢ thoa gia thiét ta chon mot s6 ' > a sao cho
a'be = 1 khi do:

a+1 N b+1 N ctl a+1 N b+1 N c+1
ala+2) bb+2) clc+2) " d@+2) bb+2) clc+2)
Két hop danh gia trén cho ba bién d', b, ¢ ta hoan thanh bai toan.

Nhan xét: Ta dudc mot két qua chat hon lam khé dude phuong phap tiép tuyén la:

11
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V6i ba s6 thuc duong a, b, ¢ c6 tich bang 1. Chitng minh rang

a+1 n b+1 n c+1
a(@a+2) b(b+2) c(c+2) ~

Quay lai viéc chon k ta xét vi du sau:

Vi du 10 (Tuymaada Olympiad 2014).

P 1 1 1 .
V6i ba so thuc duong a, b, ¢ thoa man — + 5 + — = 3. Chiing minh rang:
a c

1 1 1 3
= = —
Vad+1 VBP+1 VAB+1~ V2

3 2 3
5_ a3+1Z 3
2<a_3+a5+1>

<:><\/a_3—1)2(a3+4\/a_3—|—1) >0

Vay véi abe > 1 thoa gid thiét ta luon chon duge ¢’ < a sao cho a’be = 1 khi d6:

3 . 3
9 (b3 +b 3+ 1) 2 (c3 NP 1)

IN

Lo1 G1AL. Ta co:

3 2 3

2 ad+1 2

7

[V
N o
|

v

_|_

>

DO W

2 (a’3 +d7 + 1)

Nhan xét:
N 2 - 21N > 2 .o 2 1 1 1 S
e Bai toan c6 the lam manh hon bang cach thay gia thiet —+ 3 +— =3 bang abc = 1.
a c

e Dé c6 dugc danh gia nhu trén ta da két hop ca 2 k§ nang ctia 2 vi du phan tich
rat k§ beén trén ttc chon dong thoi k,m cho danh gia:

14k 2 S 3k
ad+1 = a?m +am+1

: . - . 1 . 3 ~
Vi k > /2 — 1 va dé don gian ta da chon k = 5 tuong ting m = —5 Ban doc hay

thit tim v6i k = 1 sé thay khong c6 m mic du k thda man dieu kién, diéu do6 ching

té chon & phai gan bién ctia diéu kien mdi c¢6 hy vong danh gia chat.
Tiép tuc ta sé diém qua mot so bai todn dé thay tinh hiéu qud cia Bé déi trén:

12
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2.3 Cac vi du nang cao

Vidu 11 (JBMO TST - Macedonia 2013).

Véi ba s6 thuc duong a, b, ¢ théa man abc = 1. Chiing minh rang:
1 n 1 S
146  14c¢c™

) . ) ) 1 1 3
HuonG DAN. Sit dung dénh gid: -+ Tra - a1

(do dé gid thiét abc =1 la thita chua dung.) O

%(\/E +vb +ﬁ)+1ia +

Vi du 12 (Zdravko Cvetkovski).

Véi ba s6 thuc duong a, b, ¢ théa man abc = 1. Chiing minh rang:

a n b n c -4
a?+2 P+2 A2+2°
HuénG DAN. St dung danh gié:l—L+l>; ]
' 3 a?+2 97 3(a®+a+1)

MGa rong;:
V6i k =1,2,3,4,5 va a, b, c 1a cac s6 thyc duong c6 tich bang 1 thi BDT sau luon dang:

a n b i c - 3
a2+k b2+Ek 2+k " kE+1

Vi du 13 (V6 Qudc Ba Can).

V6i ba sé thuc duong a, b, ¢ thda man abc = 1. Chitng minh rang:

5 5 5
a n L n c <i
ad+1 b+ 1 c+1) — 25

) < , ) o1 a \° 1 3
HuonNG DAN. Sit dung danh gia: el (m> + 3 > (a0 ta 5 t1)

Vi du 14 (Crux Mathematicorum - Mihaly Bencze).

Véi ba s6 thuc duong a, b, ¢ théa man abc = 1. Chiing minh rang:

a i b i c ” 1 i 1 i 1
a2+a+1 VP+b+1 A4+c+1 " a+2 b+2 c+2

1 a 1 1
a+2_a2+a+1+§23(a2+a+1)
Cudi cung ta sé dén vdi cdac bai todn tu gid thiét dén dang todn déu khdc hoan toan

O

HuénG DAN. St dung danh gia:

vdi bo de, thé nhung khi ta st bo doi bo dé va phuong phdp trong bai vao thi dugc két
qud hoan toan bat ngd (vin nhdc lgi niém tin dé ta thuc hién budc danh gid nay dé la bo
deé rat chat va khi khi két hop vdi phuong phdp trén c¢é thé ching minh dude BDT AM -
GM).

13
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Vi du 15 (Vasile Cirtoaje, GM - B, 9 - 10, 1992).

Véi ba s6 thuc duong a, b, c. Chiitng minh rang:

\/a—l—b \/b—i-c \/c—i-a -

Hu6NG DAN. Ta chitng minh bai todn tuong duong vdéi gia thiét zyz = 1:

r+1 y+1 +
Stt dung dénh gia:
2 1 3
1 - +I> -
r+1 2 2( 1+x7+1)
O
Vidu 16 (IMO - 2001, Problem 2).
Véi ba s6 thuc duong a, b, c. Chiitng minh rang:
a i b i c -
Va2 +8bc VB2 +8ca V2 +8ab
HuéNG DAN. Chuan héa abe = 1 ta can chitng minh:
a b c
+ + >1
\/a2+§ \/b2+% 2+8
St dung danh gia:
a 1 n 1 S 1
a2+ 8 3 3_a_T8+a_T4+1
a
O
Vi du 17 (Jedaihan - Trich "BDT va nhing 16i giai hay”).
V6i ba s6 thuyc duong a, b, c. Chitng minh rang:
\/a4 + 2b%¢? N \/b4 + 2c2a? N \/04 + 2a%b? > atbt
— a c
a? + 2bc b2 + 2ca 2+ 2ab —
HudéNG DAN. Chuan héa abe = 1 ta can chitng minh:
\/a6+2+\/b6+2+\/c6—|—2 b
>a c
at+2a bt + 20 42
St dung danh gia:
ab + 2 3
N L 1> 2
a*+ 2a etz a?+a+1
O
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Vi du 18 (THTT - T9/460).

V6i ba s6 thuc duong a, b, ¢ thoa abe > 1. Chitng minh rang:

a*b’c?  a*br aPhPet 3
+ + > —
bc+1 ca+1 ab+1 2

HuéNg DAN. Véi mbi a,b, ¢ thoa gia thiét ta luon chon duge ¢ < a théa man
a’bc = 1. Khi d6 BDT tré thanh:

a/3 b3 03
a’+1+b+1+c+1

3
> =
-2

St dung dénh gia:
3

+ -5
2 (b5 +b3 + 1)

>

N | —
N | —

b3
b+1

Vidu 19 (THTT - T8/454 ).

V6i ba sd thuc duong a, b, c. Chiing minh rang:

2 2 2
a H b H c +3>§ a H b H c
a+b b+c c+a —2\a+b b+c c+a

Hu6NG DAN. Ta chitng minh bai todn tuong duong véi gia thiét zyz = 1 sau:

(1)2+ 1 2+(1)2+3>5 R S
r+1 y+1 z+1 “2\z+1 y+1 =z+41

St dung déanh gia:

Vi du 20 (China Northern Mathematical Olympiad 2006).

V6i ba s6 thic duong a, b, ¢ c6 tong bang 3. Chitng minh ring:

a®+9 b +9 +9
5 T 513 T <5
202+ (b+c)? 202+ (c+a) 22+ (a+b)

Lo1 GIAL Bai toan tuong duong voi:

5 a2 49 5 b2 49 5 2A+9
- — tem————— - ——— >0
3 22+(B-a)? 3 20+(3-0) 3 22+(3-¢
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V6i méi a, b, ¢ thoa gia thiét, khong mat tinh tong quat ta xem a = min {a, b, ¢}. Khi d6
ton tai ¢’ thoa a < a’ <1 sao cho o’be = 1. Khi dé:

5__ @49 5 ¥49 5 49
3 22+(B-a)? 3 2W+(B-b° 3 22+ (30
5 a?+9 5 b? +9 5 +9
> - - st ————— o ———————
3 2d24+3B3—a) 3 224+(3-0b)°" 3 22+ (3—¢)

Dén day ta chi can stt dung danh gia sau:

5 ¥ +9 1 1

T L
3 2b2—|—(3—b)2+21 TG+ 1)

Vi du 21 (Dé chon déi tuyén Tinh Nghé An nim 2015 - 2016).

V6i ba s6 thuyc duong a, b, c. Chitng minh rang:

a n b n € n a n [ b n c =5
b+c¢c c+a a-+bd 2b + 2¢ 2¢ + 2a 2a +2b —

Phan tich: C6 thé tiép can bai toan bang Cauchy (tuong tu nhu chiing minh cho

BDT Nesbitt). O day ta ¢6 s& két hop véi bé dé dé cho ra mot 161 giai méi. Trude tien
ta chuan hoa a + b+ ¢ = 3 (khong chuan héa abc = 1 vi khi d6 BDT khong tach bién).
Khi d6 BDT can chting minh la:

a n b n c n a n b n c >3
3—a 3—-b 3-c¢ 6 — 2a 6 —2b 6 —2c —

Dén day c6 2 van dé phat sinh:

e Gia thiét a + b+ ¢ = 3 khong dung dugc B6 dé.

e Néu lam nhu cac bai trén ta sé danh gia o’ > a v6i hy vong a’bc = 1 va:

a N a_ a’ N a’'
3—a 6 —2a — 3—d 6 — 2ad’

Tuy nhién ham s6 f(a) = 3 ¢ 4 \/ G a2 la ham tang vi vay danh gid nay khong
—a — zQ

dung dugc.

Loay hoay mai cudi bai viét méi nhan ra mot dieu rat don gian 1a Bé dé khong chi
ding v6i abc = 1 ma ding v6i cd a+b+ ¢ = 3,ab+ bc + ca = 3. Vay thi 2 kho khan trén
va ca nhitng kho khan phai lach di bang ham tang gidm déu duge gidi quyét mot cach
nhe nhang.
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Lot GI1Ar Ta st dung danh gia:

a a 3
+ Z —9 —9
3—a 6-2¢ " ¢7 +a5 +1

Tuong ti véi b, c. Két hop véi Bé dé (duong nhién dang néi trong truong hop a+b+c = 3)

ta dugc dieu phai ching minh. O]
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3 Két luan

Bo doi Bo dé tren rat hieu qua véi cac bai toan tach bién véi gia thiét abe 1a hiing sb,
khong nhitng vay véi ca nhiing bai khong tach bién ta cé thé chuan héa dé dua vé dang
tach bién ciing c6 thé ap dung duge. Dac biét v6i mot so bai c¢6 gia thiét tong a + b+ ¢
hodc ab+ be + ca 1a hing s6 néu khéo 1éo van c6 thé 4p dung duge hién nhien day khong
phai la van nang nén sé c6 nhitng bai khong ap dung dugc don cit nhu bai toan don
gian sau:

Romania 2005

V6i ba s6 thuc duong a, b, ¢ ¢6 tong bing 3. Chitng minh ring:

1 1 1 9 9 9
?—1—@—1—?2(1 +b°+c

Khong the dung dude ki thuat trong bai ly do:
e Néu lam manh gia thiét lén 14 abc = 1 thi BDT trén khong con dung nita.
e Néu diing Bo dé véi gia thiét a + b+ ¢ = 3, 2 thi khong tim duge m.

Qua bai viét ban doc c¢6 thé lita chon minh mot Bé dé khac (luu y Bo dé phai that
su chat va manh) ap dung kem véi phuong phap trong bai nhat dinh sé xuat hién mot

cong cu, mot 1oi giai dep.

2Xin nhéc lai khi d6 B6 dé van con ding
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BAI TAP DE NGHI

Bai tap 1 (Algebraic Inequalities).

V6i ba s6 thuyc duong a, b, c. Chitng minh rang:
a? N b? N & .
a?+ab+0>  bVP+bc+c2 AHca+a® T

Huéne DAN. Két qua truc tiép ctia Bo dé. H

Bai tap 2 (Va Dinh Quy).

Véi ba s6 thuc duong a, b, ¢ c6 tich bang 1. Chitng minh rang:

1 1
<3
a2—a+1+b2—b—|—1+02—c—|—1 -
P = 2 7 sz 1
HuonGg DAN. St dung danh gig: 1 — ——— + = > 5 O
a?—a+1 2

2@t +a2+1)

Bai tap 3 (Tran Qudc Luat, Vo Qudc Ba Can).

V6i ba s6 thuc duong a, b, ¢ ¢6 tich biang 1. Chiing minh réng:

a b c

<1
2a3+1+2b3+1+203+1 -
Huéne DAN. St dung danh gia: 1o_a +1 > L O
' 3 2¥+1 67 2(@?t+a2+41)

Bai tap 4 (Discrete vol 3).

V6i ba s6 thyc duong a, b, ¢ théa man abc = 1. Chitng minh rang:

Va2 —a+1+vV2—b+1+vVee—ct+l>a+b+tec

- 1 3
H 2 D* . 2 Anh oia: 2 _ 1 — - 0]
UOGNG DAN. St dung danh gia: v a? —a + a+2 Y@ ta+ )

Bai tap 5 (Dé chon doi tuyén Tinh Dak Lak lan 1 nam 2016 - 2017).

V6i ba s6 thyc duong a, b, ¢ théa man abc = 1. Chitng minh rang:

1 n 1 I 1 o
24a 240 2+4c ™
Huéne DAN. St dung danh gia: L + 1 > L O
' 3 2+4+a 67 =2
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