Ban mot chit vé hai 18i giai va cac mé réng cho
mot bai toan hay trén bao THTT

Nguyén Duy Khuong-chuyén Toan khoa 1518-THPT chuyén Ha Noi Amsterdam

Bai toan(T8/466-H6 Quang Vinh-THTT): Cho tam gidc ABC c¢6 duong cao
AH. Duong tron tam I duong kinh AH cat AB, AC tai S,T. BT cat CS tai K. Goi
tiép tuyén tai S va T cia (I) cat nhau & M. M A giao BC tai N. IM cat ST tai J.
Chitng minh ring NJ di qua trung diém AK.

Bai toan trén la mot trong cac bai toan toi duge néu tén xong 1oi giai cia tac gia lai
stt dung t6i hang diém diéu hoa. Mic dau sé kéo ngan 10i gidi xong stt dung hang
diém & day c6 1& cling chua that can thiét. Sau day toi xin gidi thieu 15i giai ma toi
da gdi toa soan chi stt dung kién thitc 16p 9, va qua do6 thay ro duge ban chat ciia bai
toan 1a cau hinh no.

Ldi giai 1(Nguyén Duy Khuong):

Truée khi di vao 15i giai ta can chitng minh 1 bo dé nhé nhu sau: "Cho tam giac
ABC ngoai tiép duong tron (I). (I) tiép xtic BC,CA, AB tai D, E, F. DM la duong



kinh ctia (). Tiép tuyén () tai M c&t DF, DE tai G va H. Goi AD c&t GH tai K.
Khi d6 K 1a trung diem GH."

Chitng minh: Goi GH cat AB, AC tai J,N. Goi AM cat BC tai P. Ta dé thay

S : S o . GJ FJ] FJ

rang: PC = BD. Theo dinh 1i Thales ta lai c6 dugc rang: DB - 7B~ BD =
GJ = JF = JM. Hoan toan tuong tu ta ¢c6: NM = NH = NFE. Lai theo
. PR . JK  MN = AK
dinh 1i Thales ta C(\). 5D — PC (= AD)
ta thu ngay dugc rang: JK = MN. Do d6 GJ+ JK = JM + MN = JN va
KH=KM+ MN+NH=JK+ MN+ KM = JN do d6 GK = KH(= JN) hay

K 1a trung diém GH.

ma ta c6 duge raing BD = PC nén

Quay lai bai toan ban dau, tit bai toan phu ta dé c6 duge AM di qua trung diem BC
hay N 1a trung diém BC. Ap dung dinh 1i vé dudng thing Gauss cho ti gidc ASTK
v6i TK N AS = B va SK N AT = C thi do N la trung diém BC va J la trung diém
ST( hién nhién J 1a trung diém ST do M la giao 2 tiép tuyén ctia (1) tit S va T) nén
ta thu ngay dugc rang NJ di qua trung diém AK (dpcm).

Chi i Dudng thang Gauss 1a mot khai niem khong hé phiic tap va cac ban hoc sinh
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THCS hoan toan c6 kha nang tir chiing minh duge bang dinh i Menelaus: "Cho
tit gidc ABCD. Gid st ABNCD = E,ADNBC = F. Goi H,I,J lan lugt 1 trung
diém AC,BD,EF. Khi d6 H,I,.J thing hang va ngudi ta goi day la duong thang
Gauss."

Loi giai 2(Loi giai gbc): Diém khac biét gitta hai 1i gidi nay ndm & doan chiing
N la trung diem BC. Goi A, 1a giao diém ctia M A véi (I)(Ay # A). Khi d6 ta thay
rang: AT A5S 13 1 tit giac dieu hoa. Ké tiép tuyén At ctia dudong tron (I) thé thi co:
(At, AAy, AT, AS) = —1. Do AH | BC nén At||BC. Vay ap dung tinh chat chum
diéu hoa ta c6: N la trung diém BC. Dén day ta tiép tuc giai nhu 16i giai thit nhat.

Nhan zét: O 161 giai th hai thi ta thiy ring viec st dung dinh li vé hang chium didu
hoa da kéo ngan lai cac doan bién doi trong 15i giai thi nhat. Diém hay nita ctia loi
giai nay 1a né c6 thé dung cho bai todn md rong.

Bay gio xin ban vé van dé thi hai chinh 14 cdc md rong clia bai toan nay. Trong 10i
gidi tong quat thi y tudng loi giai thi hai da phat huy duge cong hicu tdi da.

Bai toAn mé rong thit nhat(Nguyén Xuan Hung-GV THPT chuyén Ha Nai
Amsterdam): Cho tam gidac ABC va lay 1 diém P nam trong tam giac ABC sao
cho AP vuong goc BC. E, F lan lugt 1a hinh chiéu vuong géc ciia P len AB va AC.
Tiép tuyén tai E va F ctia dudng tron (AEF) cit nhau 6 S. Goi I 1a trung diém
AP. Goi SI cat EF tai diém J. BF cit CF tai diem K va AS cit BC tai diém M.
Chitng minh rang: M.J chia doi AK.



Lai gidi(Nguyén Duy Khuong): Bai todn nay thyc chat 13 md rong xong ciing
khong thuc sy khé cho 1am. Qua P ké tiép tuyén véi (AEF) cat AB, AC tai hai diém
X,Y. Ap dung bai toan ban dau ta c6: AS di qua trung diém XY. Ap dung b6 dé
hinh thang thi ta c6: AS ciing di qua trung diém BC. Do dé thu duge M la trung
diém BC. Dén day lai 4p dung duong thing Gauss cho tt giac AEKF thi do J la
trung diém EF, M lai la trung diém BC nén ta c6 dpem.

Cubi cling dé cac ban ciing nghiém lai bai toan tit dau, sau day moi cac ban thudng
thiic 10i gidi cia to6i cho md rong ciia ban Nguyén Xuan Anh Quan, 11 Toan,
chuyén Nguyén Binh Khiém, Quang Nam dé nghi trén bao THTT:

Bai toan md rong thi hai: Cho tam gidc ABC noi tiép duong tron (O). (K) bat
ki qua B,C cat AB, AC tai cac diém E, F. Cac tiép tuyén tai E, F ctia (AEF) cat
nhau & T. AT cit BC tai diém N. Goi H = BENCF, AHN (0) = P(# A). PE
cat (O) tai diém R # P. BR cit EF tai diém J. Ching minh rang: N.J chia doi
AH.



Loi giai(Nguyén Duy Khuong): Bai toan tong quat nay thuc chat 1a ghép cia
hai bai toan sau. Khi c6 dugce két luan 2 bai phu nay ta ap duong thing Gauss cho
ti giac AFHE v6i HENAF = Bva HF N AE = C' la ¢6 duge dpem.

Bai toan 1: Cho tam gidc ABC ¢6 F, E trén AB, AC sao cho ti giac BFEC noi
tiép. Tiép tuyén tai F, F cia (AEF) cit nhau ¢ T. Khi d6 AT chia doi BC.

Chitng minh: Goi AT cét lai (AEF) tai diém L di nhién c6 tit giac AFLE diéu hoa.
Ké tiép tuyén Az ctia (AEF). Ta c6: (Ax, AT, AE, AF) = —1 = (Az, AT, AB, AC)
ma ta c6: LrAE = ZAEF = ZACB nén Az||BC. Do d6 theo tinh chat chum diéu
hoa ta c6 AT chia doi BC(dpcm).

Bai toan 2(Md rong bai toan Jeck Lim-Aops-Tran Quang Hung): Cho tam
giac ABC ndi tiép (O). Mot dusng tron (K) qua B, C cat AB, AC tai cac diém F, E.
BENCF = H. Goi AH cét lai (O) tai diém thtt hai P. PE cat lai (O) tai diém R.
Chitng minh rang: BR chia doi EF.



Chiing minh(Tran Quang Hung-GV THPT chuyén KHTN): Goi D la hinh chiéu cta
K len AH. Lay N doi xing F qua DK. Thé thi N thuoc (K). Vi ZBCP =
/BAP = /BFN = /BCN nén C, P, N thing hang. Goi AH cit BC & diém L va
lay Q do6i xitng P qua D. Ta c6: LFQA = LZQFN = LFNC = LAPC = LABC
nén BFQL noi tiép. Tuong tu thi CEQL ciing noi tiép nén AEQF ciing noi tiép.
Mit khic AEFB ~ AEQD nén thu duge hai tam giac NFB va EQP dong dang.
Vay LFBI = /EPQ = ZABR do d6 thu dugc BR di qua trung diem EF. Vay ta

¢6 dpem.

Nhan zét: Bai toan 2 nay da ting xuat hién tren tap chi Epsilon s6 thang 6/2015
trong bai viét ctia thay Tran Quang Hiing va Nguyén Bao Ngoc



