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CHUYEN DE
PHUONG TRINH NGHIEM NGUYEN

I. PHUONG PHAP DUNG TINH CHIA HET

1. Sir dung tinh chét chia hét
Cac tinh chat thuong ding :
— Néua:mvaaxb:mthib:m,
— Néua:b,bicthia:c.
— Néuab'cma UCLN(b,c)=1thia’c.
— Néua:m, b:nthiab: mn.
— Néuaib,alcvsi UCLN(b,c) =1 thia’ bc.
— Trong m s6 nguyén lién tiép, bao gio cling ton tai mot sd 1 boi cia m.
Vidu 1.Timx,y € Zthoaman : 3x + 17y = 159 (1)
Gidi :
Nhéan xét 3x : 3,159 : 3, suyral7y : 3. Ma UCLN(17,3)=1nény : 3.
bity = 3k (k € Z). Thay vao phuong trinh (1) ta duoc :

3x+17.3k =159 < x + 17k =53 < x =53 - 17k.

X =53-17k
T d6 ta duoc nghiém cua phuong trinh (1) 1a { ‘ (k €2).

Vi du 2. Tim nghiém nguyén ctia phuong trinh : X* —2y* =5  (2)
Gidi :
T (2) = x phai 1a s6 16. Pat x = 2k + 1 (k € Z) va thay vao (2) ta dugc :
AP +4k+1-2y" =5 2(K+k—1) =y

Suy ra y*1a s6 chin = y 1a s6 chin.
Dity = 2t (t € Z), thay vao (2.1) taco :

2k +k-1) =4 < k(k+1)=2"+1 (2.1)
Ta thay k(k + 1) 12 s6 chdn con 2t° + 1 14 s6 1 nén phuong trinh (2.1) v6 nghiém.
Vay phuong trinh (2) khdng c6 nghiém nguyén.
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2. Puwa vé phuong trinh wée sé
Vidu 3.Tim X, y € Z thoa man phuong trinh : Xy —x-y =2 (3)
Gidi :
Taco(3) ©@xy—x-y+1=3<x(y-1)-(y-1)=3<x-1)(y-1)=3
Suyrax—1eU(3). ViU(3) ={+£1;+ 3}nén taco bang sau :

x—1 1 —1 3 -3
y-1 3 -3 1 -1
X 2 0 4 —2
y 4 —2 2 0

Vay céac nghiém nguyén cta phuong trinh (3) 1a: (4 ; 2), (2; 4), (0;-2), (-2 ; 0).
Vidu 4. Timx € Z dé x* — 2x — 4 1a mot s6 chinh phuong.

Gidi .

Pitx’—-2x-4=y*(yeZ) & (x-1)-y'=5 > (X-1-y)(Xx-1+y)=5 (4).
Vi35 =15=(-1).(-5), nén tir (4) ta c6 cac trudng hop :

. Xx-1-y=1 X—y=2 Xx=4 o
— Truong hop 1 : =S =S (thoa man).
X=1+y=5 X+y=06 y=2
X—1l-y=-1 X—-y=0
— Truong hop 2 : y = y <> X =y =-2 (thoa man).
X-1+y=-5 X+y=-4

(thoa man).

-1-y=5 —Vy=6 =4
—Tru’c‘rnghqp3:{x y <:>{X Y <:>{X

Xx-=1l+y=1 X+y=2 y=-2
X-1-y=-5 X—-y=-4 X=-2

_ Truong hop 4 : Y= XY= (tho man).
X=1l+y=-1 X+y=0 y=2

Viy cdc gid tri x can tim [a x e {2 ; 4}.

3. Téach ra cac gia tri nguyén
Vi du 5. Giai Vi du 3 bing cach khac.
Gidi :
Biéuthix theoy: x(y—1)=y+2 (5)
Ta thidy y = 1 khong phai 12 nghiém cta phuong trinh (5) (vi khi d6 (5) tré thanh

0x = 3, vo nghiém), nén chia ca hai vé ctia (5) cho y — 1 # 0 ta duoc :

:y+2:1+ 3

y-1 y-1

X
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ViX € Znén 16 Z,suy ray — 1 phai la udc cua 3.
y_
Ta lap bang :
y—1 1 1 3 3
X 4 —2 2 0
y 2 0 4 —2

Viay cac nghiém nguyén cta phuong trinh (3) 1a: (4 ; 2), (2 ; 4), (0; -2), (-2 ; 0).
BAI TAP
1. Tim cac nghiém nguyén cua cac phuong trinh sau :
a) 2X + 3y = 156 ; C) 2x* +3xy —2y* =7 ;
d)x*-y*=901 ; f) X — 2y? = 5.

2. Cho da thirc f(x) ¢ cac hé s nguyén. Biét rang f(1).f(2) = 35. Chimg minh rang da
thirc f(x) khong c6 nghiém nguyén.

b)3xy +x-y=1,;
e) x*—xy =6x—5y—8;

Il. PHUONG PHAP XET SO DU TUNG VE

1. Tim nghiém nguyén ciia phwong trinh
Vi du 6. Tim nghiém nguyén cua phuong trinh : 9x + 2 =y* +y (6)
Gidi :
Viét lai phuong trinh thanh : 9x + 2 =y(y + 1) (6.1)
Ta thay vé trai ctia (6.1) 13 sb chia cho 3 du 2 nén y(y + 1) chia cho 3 du 2.

Néu y chia hét cho 3 hodc y chia cho 3 du 2 thi y(y + 1) déu chia hét cho 3, trai véi
két luan trén.

Dodéychiacho3dul. Paty=3k+1(ke Z)thiy+1=3k+ 2. Khidotaco:
OX+2=0Bk+1)(Bk +2) & 9Ix =9%(k + 1) & x =k(k + 1).
Thir lai x = k(k + 1) vay = 3k + 1 thoa man phuong trinh d cho.
Vay nghiém nguyén cua phuong trinh (6) lax =k(k + 1) vay=3k + 1 (k € 2)
2. Chung minh phwong trinh vo nghiém
Ta chimg minh hai vé khi chia cho cung mot s khong thé cing mét s du.

Chiy: Haiso a—bvaa +b(a, b € Z) cé cing tinh chén Ié.
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Thét vy : Vi (a —b) + (a+b) =2alamét s6 chan nén a —b va a + b hodc cing la
$0 chan, hodgc cung la so lé, tuc la chung cung tinh chan lé.

Vi du 7. Chtng minh rang cac phuong trinh sau khong c6 nghiém nguyén :

a) Xx°—y*=2006 (7)

b) x*+y?*=2007  (8)

Gidi :

a) Cach 1. Phuong trinh (7) viét thanh : (x —y)(x +y) = 2006  (7.1)

Vi (X —V) + (X + ) = 2x 13 s6 nguyén chin nén (x — y) va (X + y) cung tinh chén 1é.

Tir (7.1) suy ra (X —y) V& (x + y) déu chin. Do d6 (x — y)(x + y) chia hét cho 4. Nhung
2006 khong chia hét cho 4. Ttr d6 suy ra (7.1) vo nghiém.

T d6 phuong trinh (7) v6 nghiém.

Cach 2. S6 chinh phuong chia cho 4 chi co thé du 0 hodc 1. Do do x?, y* chia cho 4
chi c6 s6 du 0 hoidc 1. Suy ra x° — y* chia cho 4 ¢6s6 du 0, 1, 3. Con vé phai 2006 chia cho
4 du 2.

Vay phuong trinh khong c6 nghiém nguyén.

b) X7 y? chia cho 4 ¢6 s6 du 0, 1 nén x* + y? chia cho 4 ¢6 s6 du 0, 1, 2. Con vé
phai 2007 chia cho 4 du 3.

Vay phuong trinh (8) khéng ¢6 nghiém nguyén.

BAI TAP
3. Tim cac nghiém nguyén cua cac phuong trinh sau :
a) 3x° —4y* =13 ; b) 19x? + 28y* = 2009 ;
C)x*=2y* -8y +3; d) x* — 4y* = 12345...20082009

4. Chung minh rang kh6ng ton tai cac sd nguyén x, y, z thoa man :
X +y +72°=X+Yy+2z+ 2008
(Trich dé thi HSG 16p 8, huyén Thai Thuy 2007 — 2008)
5. Ton tai hay khong s6 nguyén n théa man : n® + 2006n = 2008°%" + 1
(Trich dé thi HSG 16p 8, huyén Thdi Thuy 2006 — 2007)
6. Ching minh rang s A =100...0500...01khong 1a 1ap phuwong ctia mot s ty nhién.

49¢s0 50¢s0
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I1l. PHUONG PHAP DUNG BAT PANG THUC

1. Sap thi tw cac 4n
Vi du 8. Tim ba sé nguyén duong sao cho tong cia ching bang tich caa chlng.
Gidi :
Céach 1. Goi cac s6 nguyén dwong phai tim 13 x, y, z. Theo dé bai ta c6 :
X+Y+Z=Xyz (9)

Ta thiy X, y, z ¢ vai trd nhu nhau nén ta c6 thé sap thir tu gia tri cua cac 4n, chang
han 1 <x <y <z (*) ma khong lam mat tinh tong quat ctia bai toan.

Tr(9)tacoXxyz=x+Yy+2z<3z=xy<3(doz>D0).

Tur do xy € 11 ;2 ; 3} (vi x, y nguyén duong). Xét ba trudng hop :

— Véixy=1,taco6x=1vay =1 Thay vao (9) ta dugc 2 + z = z, loai.
— Véixy=2,tacdx=1,y=2. Thay vao (9) ta dugc z = 3.

— Véixy=3,tacox=1,y=23. Thay vao (9) ta duoc z = 2, loai vi y<z.

Vaybasdcantimlal;2 ;3

Cach 2. Chia hai vé ctia (9) cho xyz > 0 ta duoc : i+ 1 +i =1 (9.1)
Xy yz zX
Giésfr1§xsy§z.T1‘J:(9.1)suyra:1:i+i+i§%+%+%—%,

Xy yz zx x* x* x* X
Suy ra % >1, do 6 x*< 1 hay x = 1 (vi x nguyén duong).
X

Thayx=1vao(9.1): 1+y+z=yze (Yy-1)(z-1) =2
Do 0<y-1<z-1, nén ta chi c6 mot truong hop:
y—1l=1lvaz-1=2hayy=2vaz=3.

Vay ba sdcantimlal;:2: 3.

2. Xét tirng khoang gia tri ciia 4n

Vi du 9. Tim cac nghiém nguyén duong ctia phuong trinh : 1 + 1 = % (10)
Xy
Gidi :
Céach 1. Do X, y ¢6 vai tro nhu nhau nén ta c6 thé gia sit 1<x <y. Tir (10) ta suy ra
1_2
—>—=YyY>6
3y
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Mait khéc, ciing tir (10) ta suy ra :£<%:> y>3
y

Nhuvayy € {4;5; 6}. Xét ba Truong hop :
— Trudng hop 1 : x = 4, tr phwong trinh ta dugc y = 12 (thoa mén).
— Truong hop 2 : x =5, tir phuong trinh ta dugc y = % (loai).

— Truong hop 3 : x = 6, tr phuong trinh ta dugc y = 6.
Tém lai, phuong trinh (10) c6 ba nghiém nguyén : (4 ; 12), (12 ; 4), (6 ; 6).

Céch 2. Pua phuong trinh da cho vé phuong trinh uée s
1 1 1
;+§:§<:>xy—3(x+y):0<:>(X—3)(y—3):9.

Vé trai phuong trinh trén 1a tich cua hai sb nguyén do x, y 1a cac s6 nguyén. Tir d6
suyrax—3vay—3phailaudccial3. ViUQB)={+1;+3}néntacodbangsau:

X—3 1 -1 3
y—3 9 -9 3
X 4 2 6
y 12 —6 6

3. Chi ra mjt hay nhiéu nghiém nguyén

Phuwong phdp xét ting khoang gia tri cua an con dwge thé hién dudi dang : chi ra
mét hodc va sé la nghiém cia phwong trinh, réi chitng minh phwong trinh khéng con
nghiém nao khac.

Vi du 10. Tim céc s6 tu nhién x, sao cho : 2 +3* =5 (11)
Gidi :

5" 5
— Voix=0,taduoc:1+1=1,loai.

Phuong trinh (11) viét thanh : ?— +3— SR (EJ +(§j =1

— Véix =1, taduoc: §+§:1,thoémﬁn.

— Véix> 1, thi 2 <z, 3 <§,suyra(2j + 3 <z+§:1,loai.
5 5\5 5 5 5 5 5

Viy nghiém duy nhét cua (11) lax =1

4. Sir dung cac bit dang thirc quen thudc
Mot s bat dang thirc can luu y
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— Bat dang thirc Co-si % >/ab (a, b =0, ddu bang c6 < a = b).

— Bét ding thirc Bunhiacopxki : (a° + b?)(x* + y°) = (ax + by)?. D4u bang xay ra
khi va chi khi ay = bx. , ,
— Bat dang thic chira dau gia tri tuyét doi :

IX| = X, ddu bang c6 < x =0 ; -Ix| < x, déu bang c6 = x <0.
—|x] <x < |[x]
IX] + |y|] = |X + Y|, dau bang c6 < xy = 0.

Vidu 11. Tim céc s6 nguyén duong x, y thoa min phuong trinh :

¢+ +Y) =4y (12)
Gidi :
Céach 1. Ap dung bat dang thirc Co-si ta co :

x? + 1 = 2x, d4u bang c6 < x = 1.

X2 + y? = 2xy, d4u bing c6 < x = .

Vi x, y nguyén duong nén nhan céc bat dang thirc trén vé theo vé ta dugc :
O + 1)(X* + y?) = 4x%y, ddu bang c6 khi va chi khix =y = 1.

Vay phuong trinh (12) ¢6 nghiém duy nhatx =y = 1.
Cach2. (12) & X'+ Xy* + X +y* - 4x’y =0 = (xX* —y)* + (xy = x)* = 0.
Phuong trinh trén chi xay ra khi va chi khi :

2 _ 2 o2
{X y_OQ{y_x @{y_x < x =y =1 (vi x, y nguyén duong).

xy —x =0 x(y—-1)=0 y—1=0
BAI TAP
7. Tim cac nghiém nguyén cua cac phuong trinh sau :
X +Xy+Y =2X+V; b) X* +xy +y*=x+V;
c) X*—3xy + 3y’ =3y ; d) X’ —2xy + 5y* =y +1;
8. Tim cac nghiém nguyén ctua phuong trinh : 1 + 1 = %
Xy
9. Tim céc s6 ty nhién X, y thoa man : Xy _ g
Xy

(Trich dé thi HSG 16p 8, huyén Thdi Thuy 2007 — 2008)

10. Tim cac sb tu nhién x théa man :
a) 2°+3°=35; b) 3 +4* =5" ; c) 5 +12* =17".
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11. a) Tim ba s nguyén duong sao cho tich ciia chung gip d6i tong cta chung.
b) Tim bdn s6 nguyén duong sao cho tong cua chiing bang tich ctia chung.
12. Tim cac sb nguyén x vay sao cho : X3 +xX* + x + 1 = y°.
13. Tim cac nghiém nguyén duong cua phuong trinh : X! + y! = (X + y)!
14. Chtrng minh rang phuong trinh sau khong c¢6 nghiém nguyén duong :
X7 4yt = 19Y

IV. PHUONG PHAP DUNG TINH CHAT CUA SO CHINH PHUONG

1. Sir dung tinh chat vé chia hét ciia s6 chinh phwong
Cac tinh chat thuong dung :
— S6 chinh phuong khong tan cung bang 2, 3, 7, 8.
— S chinh phuong chia hét cho sé nguyén t6 p thi chia hét cho p.
— Sb chinh phuong khi chia cho 3, cho 4 chi ¢ thé du 0 hoic 1.
— S6 chinh phuong chia cho 5, cho 8 thi s du chi c6 thé 13 0, 1 hoic 4.
— Sb chinh phuong 1¢ chia cho 4, 8 thi s6 du déu 1a 1.
— Lap phuong ctia mot s6 nguyén chia cho 9 chi ¢6 thé du 0, 1 hoic 8.
Vidu 12. Tim céac s6 nguyén x dé 9x + 5 1a tich cta hai s6 nguyén lién tiép.
Gidi :
bit x(9x + 5) = y(y + 1) v6i y nguyén thi :
36x +20 = 4y* + dy < 3(12x + 7) = (2y + 1)*  (13)
Ta thay vé trai (13) chia hét cho 3 nén vé phai ciing chia hét cho 3.
S6 chinh phuong (2y + 1)? chia hét cho 3, nén ciing chia hét cho 9.
Ma 12x + 7 khong chia hét cho 3 nén 3(12x + 7) khong chia hét cho 9.

Mau thuan & trén chimg t6 khong ton tai s6 nguyén x thoa man diéu kién dé bai.

2. Sir dung tinh chat kep

Can chii y dén tinh chat : gifra hai s6 chinh phuong lién ti€p khong c6 s6 chinh
phuong nao. Tur d6 suy ra véi moi s6 nguyén a, X ta ¢ :

— Khong ton tai x dé a® < x* < (a + 1)%
— Néua’<x’<(a+2)>thix*=(a+1)>~
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Vidu 13. Chimg minh rang v6i moi sd nguyén k cho trude, khong ton tai sd
nguyén duong x sao cho : x(x + 1) = k(k + 2).

Gidi :

Gia su : x(x + 1) = k(k + 2) v4i k nguyén, x nguyén duong.

Ta viét phuong trinh trén thanh : X* + x + 1 = (k + 1)°.
Dox>0nénxX’<xX*+x+1<x*+2x+1lhayx*<(k+1)*<(x+1)7° (14)
Ta thiy x* va (X + 1)* 14 hai s6 chinh phwong lién tiép nén (14) khong thé xay ra.
Vay khong ton tai s6 nguyén duong x thoa man diéu kién dé bai.

Vi du 14. Tim cac sb nguyén x dé biéu thirc x* + 2x° +2x% + x + 3 1a mot sb chinh
phuong.

Gidi :

Dit x* + 2x3 +2x% + x + 3 = y? (18), v6i y 1a sb tu nhién.

Taco:y? = (X" + 23+ X + (0 + x +3) = (xX* + x)* + (X* + x + 3).

Ta s& chimg minh a?<y?< (a+2)?véia =x*+ X.

Thatvay: y —a=x"+x+3=(x+ %)2+ % >0, suy ray* > a°.

@+2) -y = (X +x+2)° = [(* + )" + (X + X + 3)]

= [0 + %)% + 40X +X) + 4] = [(X° + X)* + (x* + x + 3)]
=3 +3x+1=3(x + %)2+ % >0, suy ray” < (a+ 2)>°

Doa’<y?<(a+2)?nény*=(a+1)% hay (X +x)*+ (X + x + 3) = (x* + x + 1)°

SEHX)+HE+X)+3=(C+ X +203+X) +1

&X' +x-2=0 < x=1hoicx =-2.

Vi x = | hodc x = -2, biéu thtrc di cho bﬁng 9= 32, thoa man.

Vay cac gia tri nguyén cia x can tim lax € {-2; 1}

BAI TAP
15. Tim c4c nghiém nguyén ctia phuong trinh : 3x* + 4y” =6x +13.

16. Co ton tai hay khong hai s6 nguyén duong x va y sao cho x? + y va y* + x déu 1a s6
chinh phuong.
17. Chimng minh rang c6 v6 s6 s6 nguyén x va y dé biéu thirc sau 1a s6 chinh phuong :
A+243+.. + X)X + 22 +F +...+X).
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18. Chung minh rang khong c6 sd chinh phuong nao viét duge dudi dang 2° +3° trong
doé p 1a s6 nguyén to.

19. Tim cac sb6 nguyén x dé biéu thirc sau 1a sé chinh phuong :
X'+ X+ X+ X+ 1.

20. Tim cac nghiém nguyén cua phuong trinh : X(x* + X + 1) = 4y(y + 1).
21. Tim cac nghiém nguyén cua phuong trinh : X* +X* + x> + X = y* + V.

22. Tim cac nghiém nguyén cta phuong trinh : X" — 2y* = 1.

V. PHUONG PHAP LUI VO HAN. NGUYEN TAC CUC HAN
1. Phuwong phap lui vé han
Vi du 15. Tim céc sd nguyén x, v, z thoa mén ding thirc : X° + 2y* = 42°  (15)
Gidi :
T (15) suy ra x © 2. Dat x = 2x; v6i x; hguyén. Thay vao (15) rdi chia hai vé cho 2
ta duoc:
ax? +y° =27° (15.1)
T (15.1) suy ray : 2. Bat y = 2y; voi y; nguyén. Thay vao (15.1) rdi chia hai vé
cho 2 ta duogc:
25 +4y; =7° (15.2)
Tu (15.2) suy raz : 2. Bat z = 2z, v6i z, nguyén. Thay vao (15.2) r6i chia hai vé cho
2 ta duoc:
XS 4+2y. =27} (15.3)
Nhu vay néu (x ; y ; z) 1a nghiém cta (15) thi (X, ; Y1 ; Z1) ciling 13 nghiém cta (15)
trong do x =2X;,Y =2y, ,Z =22;.

Lap luan twong tu nhu trén thi (x, ; Y, ; Z,) cling 1a nghiém cua (15) trong d6
X1 = 2X0, Y1 =2Y,, 21 =22, .

Ctr tiép tuc nhu vay ta di dén : x, y, z chia hét cho 2% v&i k 14 s6 tu nhién tuy y. Piéu
nay chi xdyrakhix=y=z=0.

D6 1a nghiém nguyén duy nhat cua (19).

2. Nguyén tic cwe han

Vi du 16. Chung minh rang phuong trinh (19) khong con nghiém nao khac nghiém
Xx=y=z=0.
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Gidi :
Gia sir ngodi nghiém X =y =z = 0, (19) con c6 nghiém (x;y;z) # (0; 0; 0).
Trong cac nghiém nhu vay, chon ra duoc nghiém (xo ; Yo ; Zo) ¢6 tong |x, |+ |¥e |+ |z nho

nhAt.

Vi (X0 ; Yo ; Zo) 1a nghiém ctia (19) nén : x} +2y? =4z, . Suy rax, : 2.

Dit xg = 2xy, ta duge : 8x} +2y; =4z, < 4x] +y, =2z,.Suyrayp : 2.

Dit yo = 2y, ta duge : 4x7 48y’ =27, <2x° +4y, =z,.Suyraz,: 2.

Dit zy = 273, ta duge 2x), +4y, =8z, < x) +2y; =4z,

Do d6 (x1 ; Y1 ; 1) cling 14 nghiém cua phuong trinh (18).

Hon nita, do cach chon nén (x5 ; y1;21) #(0;0;0), (Xo; Yo;2o) #(0;0;0)

%ol [Yo

|x1|+|y1|+|z1|:7 5 +Z—2° <|xo|+ Yo + 20|

Diéu nay trai vdi cach tron (xq ; Yo ; Zo).

Vay, ngoai nghi€ém x =y = z = 0 ra phuong trinh (19) khong con nghi¢m nguyén

nao khéc.
BAI TAP
23. Tim cac nghiém nguyén cua cac phuong trinh sau :
a) x*— 3y’ = 97°; b) X* + y* =32°;
)X +y =62 +1); d) x* +y?+ 2= 2xyz ;

24. a) Tim cac nghiém nguyén cua phuong trinh : X* + y* = 72%,
, b) Ching minh rang s6 7 khong viét dugc dudi dang tong cac binh phuong cua hai
s0O hitu ti.
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