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Mot so tinh chat cua hai duong dang giac
L] L] 2 o A 3 (e N e
hai diém lién hgp dang giac va ing dung
Nguyén Duy Khuong-chuyén Toan khoa 1518-THPT chuyén Ha Noi Amsterdam
Tém tat noi dung: Trong cac dé thi HSG khéi niem dudng ding giac khong con la
lam xong st dung thanh thuc né trong céc bai toan nhu mot cong cu thi kha kho va
mat nhicu thoi gian. o) day toi xin néu mot s6 tinh chat co ban ciing nhu néu mot
s6 bai toan hay vé chu dé nay.
I) Mot sé6 dinh nghia va tinh chét co ban:

Dinh nghia hai dudng ding giac: Cho tam gidc ABC, hai dudng Az, Ay goi la
ding giac trong géc ZBAC néu ching déi xting nhau qua phan giac géc ZBAC.

T dinh nghia ta c6 thé suy ra mot sé tinh chat nhu sau:

Tinh chat 1: Cho tam gidc ABC va hai dudng Az, Ay dang giac trong géc ZBAC.
Khi d6 ZzAB = ZyAC.

Tinh chat 2: Cho géc ZxOy, hai dusng OA, OB dang giac trong géc ZxOy. Ké
BH 1 Ox(H € Ozx), BK 1 Oy(K € Oy). Ching minh rang: HK 1 OA.

Tinh chat 8: Cho géc ZxOy, hai dusng OA, OB déng giac trong géc ZzxOy. Ké
BH 1 Ox(H € Oz), BK 1L Oy(K € Oy). Qua A ké AE, AF lan lugt vuong goc
Ox, Oy tai cac diém E, F. Khi d6 E, H, F, K dong vien(chi § chiéu do ciing ding).

Tinh chdt 4: Cho goc ZxOy va 2 diem A, B nam trong mién géc ZxOy. Qua A ké
AX||Oy(X € Ox), AY||Ox(Y € Ozx), BZ||Oy(Z € Ox),BT||Ox(T € Oy). Khi dé
X.,Y,Z T dong vien < OA, OB déng giac trong géc zO0y.

Tinh chat 5: Cho tam gidc ABC c6 2 duong déng giac AE, AF(E, F € BC). Ching
BE BF  AB?

EC'FC  AC*

Tinh chdt 6: Cho tam giac ABC c6 2 dusng dang giac AE, AF(E, F € BC). Chiing
minh ring: (AEF) tiép xuc (ABC).

minh ring:

Chitng minh: o) day xin chting minh céc tinh chat 4,5,6. Cac tinh chat 1,2,3 kha
don gian chi can dinh nghia va cac phép bién doéi géc co ban xin nhudng lai cho ban
doc.

Tinh chat 4



Goi ZBN AY = K. Ta nhan thay dugc: ZKAX,OZKY,YTBK déu la cac hinh
binh hanh do d6: ZXAY = /KYT = /ZBT.

Vay ma: ZzOB = Z0ZB va LyOA = ZOAY do d6 LZOAX = ZOBT. Vay la

X AX .
ANOAX ~ AOBT. Do d6 g—T =37 hay 1a OZ.0X = OY.OT(dpcm). Diéu nguge

lai hién nhién ding.
Tinh chat 5(Ban doc tu vé hinh):
Goi L, H lan lugt 1a hinh chiéu ctia E, F len AB, K, M 1a hinh chiéu ctia E, F len

P Sapre Sapr FH.AB FL.AB EFH
AC. Ta thay rang: VT= ) = . . Do do d & —— =
y o Ay Tans Sace Sacr  EK.AC EM.AC —° P T ER
F . N
——(dung do ta thay hai tam giac dong dang tuong ting).

FL

Tinh chat 6(Ban doc tu vé hinh): Qua A ké tiép tuyén Az véi (ABC). Ta co:
LxAB + /BAE = /C + /FAC = ZAFE do d6 Az cing tiép xiac (AEF) do do
(ABC) tiép xtc (AEF).

Nhan zét: Céc tinh chat 3,4,5,6 1a cyc ki quan trong va c6 nhiéu ing dung trong lam
bai tap.



Tiép tuc toi sé dé cap tdi khai niem 2 diém lien hgp dang gidc trong tam giac.

Dinh nghia hai diém lién hgp dang giac: Hai diém dude goi 1a lién hop dang
giac néu ching ding giac véi nhau trong(ngoai) hai géc bat ki ctia tam giéc.

Tinh chat 7: Cho P,Q lien hop dang giac trong tam giac ABC. Khi dé chan céc
duong vuong goc ha xudng tit P, Q ndm trén cing 1 dudong tron(Dudng tron Pedal).

Chitng minh: Ap dung tinh chét sé 3 ba lan ta c6 dpem.

Tinh chat 8: Cho tam gidc ABC va 2 diém lien hgp ding giac trong tam giac ABC.
Goi APN(0) =M, A, goi MQ N BC = E. Chiing minh rang: PE||AQ.

Chiing minh:

Goi AQ cat lai (O) tai N va cat BC tai F. Ta lai c6 P,Q lien hop dang giac trong
tam giac ABC do d6: LPCM = ZPCB + ZBCM = ZQCA + LQAC = LCQN

PM M
ma /PMC = ZQNC nén ta o APMC ~ ACNQ(g.g) do do L4 — CM
CN ~ NQ

MA  MC .
Hoan toan tuong tu thi: ~NC - NE Do dé véi cha y rang MN|EF thi ta c6:

PM _CM MC NF ME
MA~ NQ NF NQ MQ

do d6 ta c6 PE||AQ(dpcm).
Nhan zét: Day 1a 1 tinh chat hay ciing nhu ¢6 nhiéu ting dung va chiing minh trén
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la cia Phan Anh Quan trén dién dan Aops.
IT) Mot sé bai todn ing dung

Dé cu thé hoa cac If thuyét trén chiing ta sé ciing quan sat mot s6 151 giai cac bai tap
tir d6 toi hi vong cic ban sé lam chii duge nhitng kién thitc méi.

Bai toan 1(Nguyén Xuan Hung-THTT s6 471):Cho tam giac ABC ¢6 I 1a tam
noi tiép. Mot dudng thing d qua I vuong goc AI. Lay cac diém E,F thuoc d sao
cho ZEBA = /ZFCA =90°. Cac diéem M, N nim trén BC sao cho ME | NF || Al
Chiing minh rang: (ABC) tiép xtc (AMN).

Loi gidi(Nguyén Duy Khuong):Trude tién xin nhéc lai bé dé quen thuoc khong
chitng minh: "Cho tam gidac ABC noi tiép duong tron (O) ¢6 X, Y lan lugt thuoc
BC sao cho AX, AY dang gidac. Khi d6 tam gidc (AXY) tiép xic (ABC)."

Quay trd lai bai toan:

Truong hop 1(AB = AC). Khi d6 ta c6: ATAB = ATAC do d6 dong thoi thay
rang: EFMN la 1 hinh chit nhat tit d6 hién nhien ta c6: AM, AN déng giac trong
tam gidac ABC bang bién déi géc don gian. Do d6 theo bo dé ta cé dpem.

Truong hop 2(AB # AC). Goi P,Q lan lugt 1a trung diém cac cung AB va AC lan
lugt khong chita C, B ciia (O). Tit gid thiét ta c6 ngay rang: A, B, E, I dong vién
nén ta c6: P latam (AEBI)(do ta c6 két qua quen thuoc P la tam (AIB))(*). Hoan
toan tuong tu thi Q ciing 1a tam (AICF) (x*). Goi BI,CT lan lugt cét lai (AIC) va
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(AIB) tai cac diém K, L khac I. T (x)(x*) ta thu duge cac hinh chit nhat 14 ATEL
va AIFK. Lai ¢c6: ME | NF || AI nén thu dugc: L, E, M thing hang va K, F, N
ciing thang hang. Ta chii ¥ do AB # AC nén LK khong song song BC.

Hién nhién tit 2 hinh chit nhat trén ta thay ring: ZLAI = ZKAI = 90° do dé
LAK 1 AI. Goi AD la duong phan giac trong goc BAC, goi LK cat BC tai diém
Jma LAK 1 Al nén AJ la phan giac ngoai goc BAC' .

Ta thay rang: AD, BK,CL ddng quy tai I. Do dé ap dung tinh chéat vé hang diém
diéu hoa thi (JALK) = (JDBC) = —1. Ké AH vuong goc BC tai diem H. Ta
thay rang: H(JALK) = —1 mad HA 1 HJ do d6 HA la phan giac goc LHK.
Vay ma lai ¢6: A, L, M, K dong vien va A, H, N, K dong vién(lan lugt thuoc dudng
tron duong kinh AM va AN) nén ta ¢6: (ML,MA) = (HL,HA) = (HK,HA) =
(NK,NA)(modr) do d6 chia y ME || NF || AI thé thi Al ciing 14 phan gidc goc
MAN hay 1a AM, AN ding giac trong tam gidgc ABC. Ap dung bd dé ta c6 (AMN)
tiép xic (ABC)(dpem).

Bai toan 2: Cho tam gidc ABC noi tiép (O) c6 AP, AQ dang giac trong tam giac,
AP cit lai (O) tai diém thit hai X. Chiing minh ring duong thing Simsons ting véi
X cua tam giac ABC vudng goc AQ.

Loi giai: Goi M, N, K lan lugt 1a chan duong vuong goc ha tit X xuéng AB, CA, BC.
Ta khong ching minh lai két qua co ban clia duong thang Simsons. Do ti giac



M X N A noi tiép suy ra ZANM = LZAXM, goi AQNMN = S do d6 cha y AP, AQ
dang giac tht AAMX ~ AASN do d6 ZASN = 90° vay AQ L M N (dpcm).

Bai toan 3(Nguyén Van Linh): Cho tam gidc ABC c¢6 AD la dudng doi trung
clia tam giac ABC. Lay E, F tréen AB, AC sao cho DE = DF. K la truc tam tam
gidc AEF. Goi H la tryc tam tam gidc ABC.Chiing minh réng (AK) tiép xic (O)
va (BHC).

Loi giai: Dé chiing minh (AK) tiép xtic (O) khong khé ta chi can chitng minh AK
va AH dang giac 1a 6n. Goi M la trung diém BC' thi ta c6: AD la trung tuyén tam
gidc AEF lai la ddi trung tam gidc ABC nén ta c6: AAEF ~ ANACB(c.g.c) do d6 ta
thay ngay la: AH, AK dang gidc(ching la tryc tam ciia 2 tam giac dong dang trung
dinh). Goi T 1a hinh chiéu ctia H len AM. Khi H,T, K thing hang khi d6 di nhién
(AK) tiép xtic (O)(tinh chat vi tw). HK chinh la dudng thing Steiner cla tii giac
toan phan AEDFBC do d6 K H song song véi dudng thing Steiner tng véi diem
Miquel clia t1t giac toan phan nay, do chinh la diém X 1a giao AD va (O). Ta thay
rang: /BXD = /C = ZAEF(chiing minh trén) do d6 tit gidc BDXE noi tiép hién
nhien khi dé X la diém Miquel cta ti giac toan phan AEDFBC. Vay ta quy bai
toan vé bai todn so 2 va thay ngay diéu phai ching minh.

Nhan xét: Bai toan trén dé cap t6i mot mang kha tha vi trong cac truong hop dic
biét ctia hai dudng déng giac dé la duong trung tuyén va dusng doi trung.

Bai toan 4(Nguyén Van Linh): Cho tam giac ABC noi tiép duong tron (O) c6
duong cao AH. Goi M la trung diém BC, H' déi xting H qua M. Goi tiép tuyén
tai B,C cta (O) cit nhau § P. Duong thang qua H’' vuong géc H'P cit AB, AC tai
F, E. Chting minh rang:/FPB = /CPE.
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Loi giai: Goi A’ ddi xting A qua M. Di nhién ta thay A’H’ vuong goc BC tai H'.
Goi K, L lan lugt 1a hinh chiéu ctia P len AB, AC. Ta dé y ring: PB d6i song ma
A'B||AC nén BP, BA' dang giac. Do d6 P, A’ lien hop dang gidc. Do d6 theo tinh chat
ve dudng tron pedal thi K, M, H', L dong vien. Ta quy bai toan vé bién ddi géc dinh
huéng. Ta c¢6: (BP,FP) = (KP,FP)— (KP,BP) = (FH',KH') — (MK,BM) =
(FH',KH') — (H'L,KL) = (CP,PL) — (EP, EL) = (CP, EP)(modr) do d6 ta c6
dpcm.

Bai toan 5(Phan Anh Quan): Cho tam gidc ABC noi tiép duong tron (O) c6
P,Q la hai diém ding gidc trong tam giac ABC. AP N (O) = A,D. M la 1 diém
thuoc canh BC. DM N (0O) = N, D. Chiing minh rang: ZPMB = ZANQ.



Lai giai(Phan Anh Quéan): Goi DQ N BC' = R. Ta c¢6: PR||AQ. Lay T € DN
D DP DT

sao cho PT||AN. Theo dinh li Thales thi DS =~ D0~ DN do d6 RT||QN. Vay

ANAQN ~ APRT. Do d6 £BMD = Z/MCD + ZMDC = ZBAD + ZCAN =

/QAC + /CAN = /QAN = /RPT do d6 PTMR noi tiép suy ra /PMB =

/ZPTR = ZANQ(dpcm).

Nhu vay la & trén day toi da gidi thieu mot sd bai toan tng dung cac kién thic vé
dudng déng gidc va hai diém lien hop déng giac. Cudi cling dé két thic bai viét xin
dé nghi hai bai toan khé dé cac ban luyen tap.

Bai toan 6(Nguyén Van Linh): Cho tam gidc ABC noi tiép duong tron (0). P la
1 diém bat ki trén phan giac goc A ctia tam giac ABC. CP, BP cat (ABP),(ACP)
lan lugt tai cac diem R, S # P. E,F la cac diem chinh gitta cung AC, AB ctia (O)
tuong tng khong chita B,C. AE, AF lan lugt cit lai (APC), (APB) tai cac diém
Z)Y # A. ZR,SY cit BC tai cac diém M, N. Chiing minh ring (AMN) tiép xiic
(0).

Bai toan 7(CeuAzul)(Aops): Cho tam giac ABC noi tiép duong tron (O). AP
12 phan giac(P nam trong tam gidc ABC). Goi BP,CP cat CA, AB va (O) lan lugt
tai E,U, F,V.FF cat (O) tai 2 diém S,T. Chting minh rang (PST) tiép xtc (PUV).



