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Mé& dau

1. LY DO CHON DE TAI

Trong chuong trinh toan hoc pho thong thi bat dang thic 1a mot noi dung kho
cho cd ngusi day 1an ngudi hoc. Mic khac mot phan 16n cac bat dang thic 1a thuan
nhat nén viéc nghien ciu céc phuong phap ching minh bat ding thtc thuan nhat
va phuong phap bién mot bat déng thitc khong thuan nhét, co diéu kien vé dang
thuan nhat va sau d6 chiing minh né 1& nghién ctu, gidi quyét mot 16p rong cac bai
toan bat dang thitc. V6i mong mudn sit dung nguon kién thitc co s va so cap dé giai
quyét dude 16p bai toan bat dang thiic phuc vu thiét thuc cho viee day va hoc chuong
trinh pho thong, bdi dudng hoc sinh gioi, toi chon dé tai "Phuong phap chuan hoa
va phuong phap thuan nhat trong ching minh bat ding thic".
2. MUC PICH NGHIEN CUU

Muc dich ctia dé tai nay 1a trinh bay c6 hé thong tit co sé 1y thuyét vé ham so6
thuan nhat dén bat déng thic thuan nhat. Sau dé trinh bay mot sé6 phuong phap
chiing minh bat ding thic thuan nhat; phuong phap chuyén mot bat déng thic
khong thuan nhat, c6 diéu kién vé dang thuan nhat va ching minh né. Ngoai ra van
dung 1y thuyét dé sang tao mot s6 bat ding thic mdi.
3. POI TUGNG VA PHAM VI NGHIEN CUU

D6i tuwong nghién citu

Nghién cttu cac bat dang thic thuan nhét, bat ding thic thuan nhat déi xing,
bat dang thic AM-GM,bat dang thitc Cauchy-Schwarz bat dang thic Schur, bat
dang thitc Muirhead va céc ting dung ctia chiing.

Pham vi nghién cidu

Nghién citu 16p bai toan bat ding thiic dai sé trong chuong trinh toan pho thong,
trong cic ky thi hoc sinh gidi qubc gia va quoc té.
4. PHUONG PHAP NGHIEN CUU

Phuong phap nghién cttu tu lieu, phuong phap thuc nghiém & truong pho thong
va phuong phép théo luan trao déi qua ban be, dong nghiép.
5. Y NGHIA KHOA HOC VA THUC TIEN

Tao duge mot tai lieu vé bat déng thiic dé tham khao khi nghién citu, giang day



va boi dudng hoc sinh gidi.
6. CAU TRUC CUA LUAN VAN

Ngoai phan mé dau va két luan, luan van gom cé 3 chuong:

Chuong 1. Kién thiic co ban

Chuong 2. Bat dang thic thuan nhat

Chuong 3. Phuong phap chuan hoi va phuong phap thuan nhit trong
chitng minh bat dang thiic



Chuong 1

Kién thic cd ban

1 Ham s6 thuan nhat

Dinh nghia 1.1. Ham s6 thuc f(xy, s, ..., x,) cla cac bién s6 thuc xy, X, ..., T,
xac dinh trén mién D duge goi 1a ham s6 thuan nhat néu véi moi (x4, o, ..., T,) € D,

v6i moi s6 thuc ¢ sao cho (1, txy, ..., tx,) € D thi ton tai sé thuc m sao cho:

fltxy, tay, ... tx,) =t f(xy, Ta, ..., )

Khi d6 ta n6i ham s6 f(xq, T, ..., T,) 1a ham s6 thuan nhat bac m.

2 Da thic dbi xing

Dinh nghia 1.2. Ham s6 f(z1, %9, ..., %,) clia cic bién sb6 thuc xy, Ty, ..., T, Xac
dinh tren D dudc goi 1a ham s6 déi xing trén D néu :

(1,22, ....,2,) €D thi (To(1), To) s Tom) € D
f(xhx% "'nxn) = f(xa(l)a Ly(2), """ 7:[:0(11))

trong d6 o 1a hodn vi bat ky cia {1,2,--- ,n.}

Dinh nghia 1.3. Da thic P(xy, X, ..., 2,) cla cdc bién s6 thuc 1, T, ..., T, dugc
goi 1a da thitc d6i xiing néu né 1a ham s6 déi xing.

2.1 Biéu dién da thic dbi zing qua cic da thic déi xing co bdn

Dinh 1y 1.1. Véi mdi bo s6 (nq, ny, n3) € N? thod man n; > ny > ny déu c6 hitu
han bo s6 (t1, ta, t3) € N? sao cho:

b1 2ty >ty van; > t,ng +ng >ty + 19,0y +ng +ng =1 + 1y + ts.

(Khl do6 ta néi bo o) (nl, N, ng) troi hon bo sO (tl, tg, tg) va ky hiéu:(nl, Na, ng) —
(t17t27 t?)))

Dinh 1y 1.2. Gid st f (21, x9, ..., T,) € Rlxy, 29, ..., x,] 1A mot da thitc d6i xiing khéc
da thitc khong, thé thi c6 mot va chi mot da thiic h(xy, o, ..., x,) € Rlxy, 29, ..., 7]



sao cho f(xy, Ty, ..., x,) = h(p1, pas .-, Pp) trong d6 pi, Do, ..., Pn 12 céc da thic d6i
xing co ban.

2.2  Phwong phdp biéu dién da thic dbi xing thuan nhat 3 bién qua
cic da thic dbi xing co bin

Xét da thite d6i xiing thuan nhéat ba bién P(xy, zy, x3), ¢6 hang ti cao nhat
la: $1a1$2a2x3a3

bat D =21+ Xy + T3, = X 1Ty + ToXs + X123, 7 = T1Tex3. Khi d6 ta tim tat

2 z

ca cacC b@ Sé (tih tig, t23> thod man:

(aq, g, a3) = (tiitie, tiz) = (tartan, toz) = ... = (Lmatma, tims)

sau do6 ta bieu dién:
P(SCl, X, .fl?g) = )\Opa1—a2qa2—a3ra3 + Z )\Z.ptil—ti2qti2—ti37ati3
i=1
Cubi cuing dung phuong phap dong nhat thic ( tic 1a cho bo s6 (x1, T2, 23) nhan

m + 1 gia tri khac nhau) ta tim dugc tat ca cac he s6 A;,i = 0,1,--+ ,m va suy ra

duge biéu dién ctia P(xy, T, T3).

3 B4t ding thic Schur

3.1 Bwnh ly Schur

V6i moi s6 thiye khong am x, y, z, v6i moi s6 thyc duong r ta co:

(@ —y)z—2)+y(y—2)y—2)+2(z—2)(z—y) >0

Dang thtic xay ra khi va chi khi: z = y = 2 hodic x = y va z = 0 vA cac hoan vi clia

ching.

3.2 Hé qua

Néu x, y, z la cac s6 thue duong thi bat déng thiic ding véi moi sbé thuc r va
dau dang thic xay ra khi va chi khi z =y = 2.

Dinh nghia 1.4 (Téng hoan vi vong tron va tong déi xing ). :

Cho ham s6 f(x,y, z) clia ba bién s6 thuc z,y, z, khi do:
i~ Ta goi tong hoan vi vong tron cac bién ctia ham s6 f(z,y, 2) ky hiéu va x4c dinh
la:

cyclic



ii> Ta goi tong ddi xing cac bién ctia ham s6 f(x,y, z) ky hiéu va xac dinh 1a:

Y [y, 2) = flay. 2+ [, 2 9)+f (g, 2, 2)+ [y, 2, 2)+ f (2 0,9)+f (2., 2)

sym

3.3 Bat ddng thic Schur suy rong

Bo s6 thuc (z,y,z) duge goi la bo s6 don dieu néu ta c6: x > y > z hodc
zZ>Yy >

Dinh 1y 1.3. V6i moi s6 thuc khong am: a, b, ¢, x, y, z sao cho cac bo sb (a, b, ¢), (x,y, 2)
1a cac bo s6 don di¢u thi ta luon ¢6 x(a—b)(a—c)+y(b—c)(b—a)+z(c—a)(c—b) > 0.
Dang thitc xay ra khi va chf khi: (a = b = ¢) hodc (a=bva z=0) hodc (b=c¢
vaxr =0)

4 Dinh Iy Muirhead

4.1 Khar niém lam tro

/ /

= (a}, d},- -+ ,al), ta noi rang bo s6

Cho hai bo s6 thuc: a = (ay, ag, -+ ,a,),a
a’ bi lam troi béi bo s6 a hay bo s6 a troi hon bo s6 a’ néu:
ap 2> Gy > -+ 2 Ap3 0y > Gy > -+ - 2> ay,
a+ays+---4a>a+ay+---+a,l <k<n,
a+ay+---+a,=a,+ay+---+a..

Khi d6 ta ky higu: (ay, ag, ..., a,) = (@}, dl, ..., a’) hodc (a), a, ...,a.) < (ay,as, ..., a,).

4.2 Dinh nghia phép bién doi T

Cho bo 6 thue @ = (ay, g, -+ , ), gia st ay, va qq 1a hai s6 khac nhau trong

o va oy > oy, Diit: p = S = S0 g 6

t>0,ap=p+t,ag=p—t.

Khi d6 v6i mbi s6 thue q ¢d dinh thod man: 0 < ¢ < t ta xéc dinh phép bién doi T
nhu sau:

@ =p+q

Ta)=d e d;=p—q

O/i = Oéi,i 7£ k,Z #l
Néu o = T'(«) thi ta néi ' thu duge tit v nhs phép bién déi T hay T bién doi «
thanh o'
Bay gio cho bo s6 duong (21, Tg, - -+ , ), ky higw: > 2,252 - - - 2, 14 tong doi

sym

xiing cta cac biéu thic dang: ;' x,*? - - - 2, ta c¢6 cac bo de sau:



2 s z < / / /
Bo dé 1.1. Néu o/ = T'(«) thi D a¥t'we®2 -, " < Y M ag® - 2,7,
sym sym

Déng thic xay ra khi va chi khi: 7 = 29 = -+ = x,,.

Bé dé 1.2. Néu o/ < o nhung o khong dong nhat véi o thi ton tai o* sao cho
o < o va o thu duge tit o nho thuce hién lien tiép mot sé hitu han cac phép bién
doi T.

Bé dé 1.3. Néu o/ < a thi o/ ¢6 thé thu dugc tit a nho ap dung lién tiép hitu han
lan cac phép bién déi T .

4.3 Dinh ly Muirhead tong qudt

Cho n s6 duong xy, Ty, - -+ , X, cho hai bo s6 khong am o = (ay, g, -+ , ) va
o = (ay,a'y, -+, a,) thod diéu kien:
> > >, >0d>ah > >a, >0.
Khi d6 diéu kien can va di dé

! / !
N /
E 1M, > g T, 1A o= o
sym sym

Déng thic xay ra khi va chi khi: o, = o/; i =1,n hodc 11 = 29 = - -+ = T,,.

4.4 Dinh lj Muirhead cho 3 sb

Cho céc sb thlI'C ay, g, Aas, bl; bQ, bg thoa:

a; > ay > az > 0301 > by > by > 0;
a; > by, a; + as > by + by;
&1+a2+a3:b1+b2+bg.

Cho x,y, z 1a cic s6 thuc duong, khi d6 > x¥y®2z% > > abiyb2zbs,

sym sym

Dang thiic xay ra khi va chi khi: a; = b; i = 1,2,3 hoac x = y = z.
Dé ching minh dinh 1§ trong trudng hop nay ta can dén mot bo dé sau:

B6 dé 1.4. Cho cac sb thuc khong am ay, as, by, by thod: a3 + as = by + by va
max{ay;as} > max{by;by}. Khi d6 véi céc sb thyc duong x,y ta co :

:Calya2 € ﬂia2ya1 > xhybz 4 xbzyh'

Dang thiic x4y ra khi va chi khi: a; = by v& as = b, hoic x = v.



5 BAat dang thitc gitta trung binh céng va trung binh nhan (Bat
dang thitc AM - GM)

Dinh 1y 1.4. V6i n s6 thuc khong am bat ky: ay,as, -+ ,a,, (1 <n € N), dat
a;+as+---+a,
AM = L 2 , GM = \"/al.agm'- N
n
Ta luon c6:  AM > GM. Dang thic xay ra khi va chi khi: a1 = ay = - - - = a,,.

6 BAat ding thiic Cauchy-Schwarz

Dinh 1y 1.5. V6i 2 bo n s6 thuc bat ki (ay, ag, ..., ay), (b1, by, ..., b,) ta luon co:

(Z a;b;)? < (Z a’iz)(z b’)

Diang thitc xay ra khi va chi khi:

Q

ap ag

b b b,

n



Chuong 2

Bat dang thic thuan nhét

1 Bét ding thic thuan nhét

Dinh nghia 2.1. Bat dang thic dang f(x1, 2, ..., 2,,) > 0 trong d6 f(xy, o, ..., T,)
a2 mot ham sé thuan nhat dudc goi la bat dang thic thuan nhat. Khi dé cac bat
dang thie:  f(x, o, ...y xn) < 05 f(2y, oy .oy xy) > 05 f (21, 29, ..., x,) < 0 cling
duoc goi la cac bat ding thitc thuan nhét.

2 Mot sé6 phuong phap ching minh bat dang thitc thuan nhat
2.1 Phuong phdp don bién

Dé chitng minh bat dang thic f(z1, zs, ..., 2,) > 0 trudc hét ta chiing minh

flxy,2e,x,) > f(t,t, 25, ..., 2,), trong do: ¢ = 122 hodic t = /T, 25.
Dé chitng minh f (1, xg, ..., x,) > f(t,t, 23, ..., 2,) ta thuong ching minh:

flxy, 2o, .y x,) — f(t,t, 23, .. 2,) >0

Cubi cling dé két thic viéc chitng minh ta chi can chting minh f(¢,¢, 3, ..., 2,) > 0
day la bat ding thic c6 s6 bién it hon bat dang thic ban dau.
Trong qua trinh chiing minh ta c¢6 thé ding thém mot s6 bién phap nhu sau:

i> Néu bat dang thic déi xting véi cac bién thi ta c6 thé gia si:

T1 S T S S Ty hOéC I Z T Z Z Tp-
ii> Néu bat dang thic c6 dang hoan vi vong quanh thi ta c6 thé gia si:
xy = min{xy, Ty, ...,x,} hodic x = max{xy, xs,...,T,}.

Hién nhién cac thi thuat dé khong lam giam tinh tong quét ctia bai toan ban dau.

Minh hoa phuong phap:

Bai toan 2.1. ( Czech- Slovakia 1999 )
Cho cac s6 thic duong a,b,c. Chiing minh rang:
a b c

> ]
b+20+c+2a+a+2b_




Loi giai:
Khong méat tinh tong quat, gia st a > b > c.
Bat ding thitc can ching minh tuong duong véi:

> a(a+2b)(2a+ ¢) — (a+ 2b)(b+ 2c)(c + 2a) > 0

eyelic
& 2(a®+0°+)+3a*(b—c) —3a(b* — ) +3bc(b—c) — (a®b+b’c+cPa+3abec) > 0
& 2(a® +0* + ) +3(b — ¢)(a® — ab — ac + be) — (a®b + b*c + c*a + 3abc) > 0
Dit f(a,b,c) = 2(a®+b*+c*)+3(b—c)(a* —ab—ac+bc) — (a*b+b*c+ c*a+3abe)
va: b= Tacé f(a,bc)— flat,t) =

= 2(b’+c*—2t*)+3(b—c) (a®—ab—ac+bc)+a* (t—b)+a(t*—c*)+3a(t*—bc)+(t* —b*c)
Trong do: 2(b* + ¢ — 2t*) = 2(b— ¢)*(b+ ¢); a*(t —b) = —a?55;

a(t?*—c*) = w; 3a(t*—bc) = 2a(b—c)*; vat? —b*c = (b
Do doé:

fla,b,c) — f(a,t,t) = é(b —o)[12(b* — ) + 4a(b — ¢) + 20(a — b)(a — ¢)]

|
o
~ -
—~
S
()
|
Q
[V
|
N
S
o
~

1 5
= i(b —¢)’(3b+3c+a) + é(a —b)(a—c)(b—rc)
Via>b>cnen f(a,b,c) — f(a,t,t) > 0 luon ding. Mic khéac ta co:
fla,t,t) = 2(a®+2t*) —a’*t—t*—t?a—3at® = 2a°+3t*—a*t—4at* = (a—1)*(2a+3t) > 0

luén ding. Vay bat ding thic duge ching minh.
Dang thiic xay ra khi va chi khi: a = b = c.

2.2 Phuong phap phan tich binh phuong

Dinh ly 2.1. Cho S = f(a,b,c) = S,(b— ¢)* + Sy(c — a)* + S.(a — b)? trong d6
f(a,b,c),Sq, Sy, S, 1a cdc ham s6 clia ba bién a, b, c. Khi dé:
i>NéusS,,S,,S.>0thiS>0
ii> Néu S,, S., S, + 25, 5. +2S5, > 0thi S >0
iii>Néua>b>cva S, Sy +5,,5+S,>0thiS>0
iv>Néua>b>c>0,85,,5.>0vaa*S, +bS,>0thi S >0

Minh hoa phuong phap:
Bai toan 2.2. Cho cac s6 thuc khong am a, b, ¢ trong d6 c¢6 nhiéu nhat mot s6
bang 0. Chiing minh ring:
a(b+c¢) blc+a) cla+D) S 9. 8a’b*c?
bQ + C2 C2 + a2 a2 + b2 - (0,2 + b2)(b2 + 02)(02 + a2)
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Loi gidi:
Bét ding thitc can ching minh tuong duong véi:
alb+c) blc+a) cla+d) 8a*b*c?

b’+c2  A+a® a4+ D _3_((a2+52)(52+02)(02+a2)_1)20
Ta co:
a(b+C)_1:b(a—b) cla—c) b(c—|—a)_1:c(b—c) alb—a)
b? + 2 2+ P+ A+a? (@+a)  (2+a)
c(a+b) _alc—a)  blc—0b)
2+ (@) (@)
Lai co:

bla—b) alb—a) (a—0b*ab—c*) clb—c)  blc=b)  (b—c)*(bc—a*)

(1)2+02) + (02 —I—a2) o (62+02)(02 —I—az)’ (02+a2) (a2—|—b2) o (62+a2)(a2 —I—b2)’
alc—a)  cla—c) (c—a)(ca—"b)

(CL2 + b2) (b2 + 02) (CL2 + b2)(b2 + 02)'

Va:
S8a’b*c? - (a* 4+ b*)(b* + 2)(* + a*) — 8a?b*c?
@+ )+ )@ T ) @+ 7)F + @)+ )
2B — )+ P — a®)? + A(d® — bP)?
(@ P T )@ )
a’(b+c)*(b—c)* + b*((c + a)*(c — a)? + A(a + b)*(a — b)?
(a* 4 0°)(0* + &) (¢ + a?)
Do d6 bat dang thiic can chiing minh duge dua vé dang tuong duong la:

S.(b—c)*+ Sy(c —a)®* + S.(a—b)* >0

Trong do:
be — a? a*(b+ c)? _ be(2a* + b* + ¢?) - 0.

‘%:MMWW@+@WW“WWV+@®“WQ_W“WWV+@@“W%_

ca(20* + ¢ + a?) ab(2¢* + a® + b?) -0
(a? + ) (0* + *)(¢ + a?) (0 +02)(0* + ) (¢ +a?) —
Nén theo i> bat dang thic: S,(b — ¢)* + Sp(c — a)? + S.(a — b)* > 0 ding.
Vay bat dang thitc ban dau dugce ching minh.

Sb = >0; S.=

2.3 Phwong phdp ing dung bat ddng thic Schur va bat ding thic
Schur suy rong

Dinh 1li Schur:
V6i moi s6 thiie khong am: x, v, z, véi moi s6 thyc duong r ta co:

(@ —y)z—2)+y(y—2)y—2)+2(z—2)(z—y) >0
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Diang thic xay ra khi va chi khi: £ = y = 2z hoac x = y va 2 = 0 va cac hoan vi clia
chung.
Minh hoa phuong phap:

Bai toan 2.3. (Balkan Mathematical Olympiad)
Cho cac s6 thie duong a, b, ¢. Chitng minh rang:

a? v’ c3 3(ab+ bc + ca)
+ + >
b>—bc+c? 2—ca+a®>  a*—ab+? a+b+c
Loi gidi:
Ta co:
3(ab+b
bt HEE ) et (e—a)? >0

a+b+c

luon dang. Nén ta chi can ching minh:

3 BB 3
¢ + + ¢ >a+b+c
b2 —bc+c2 c2—cat+a? a?—ab+b*

Theo bat dang thitc Cauchy-Schwarz ta co:

a(b?> — bc + 2
S = S e TR )
cyclic cyclic
a3
= sz_bc+c2z (b° —be+c)
cyclic cyclic
hay:
; (2 a)

Z a > cyclic

o b> —bec+ 2 cyzc:ma(b2 — bc + 2)
Ta c6: S ab*—be+c?)=>a*h— > abc  nén:

cyclic sym cyclic
(a+b+c) Za(bQ —bc+ ) = (a—l—b—l—c)(Za%— Z abe)
cyclic sym cyclic
= Za3b+2a262 +Za266— BZ a’bc = Za3b+2a262 — Z a’be
sym sym sym cyclic sym sym cyclic
Va: (> a?)?= > a*+ > a*b? Do do:
cyclic cyclic sym

(Zaz)Qz (a—|—b+c)Za(bQ—bc+02)(:> Za4+2a2b022a3b

cyclic cyclic cyclic cyclic sym
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ding theo bat ding thic Schur véi r = 2. Suy ra:

(2 a?)’

cyclic

> b
Za(bQ—bc+02)_a+ e
cyclic
Tom lai ta co:
a2)?2
Z a’ - (cyzcl:ic ) >a+b+c>3(ab—|—bc—|—ca)
b2 —bc+ct = > a(b®—be+c?) ~  a+b+c

cyclic cyclic

Vay bat dang thic duge ching minh.
BAt dang thiic Schur suy rong:

V6i moi s6 thuce khong am: a, b, ¢, z, y, z sao cho céc bo s6 (a, b, ¢), (z,y, z) 1a cac bo
s6 don di¢u thi ta luon c6:  z(a—b)(a—c)+y(b—c)(b—a)+z(c—a)(c—0b) > 0.
Dang thic x4y ra khi va chi khi: @ = b = ¢ hodc @ = b va 2 = 0 hosic b = ¢ va
z =0

Minh hoa phuong phap:

Bai toan 2.4. Cho céc s6 thue duong a, b, c. Chiing minh réang:

a2+bc+b2+ac+02+ab> a N b N c
b3+C3 C3_|_a3 a3+b3_b2+62 02+a2 a2+b2

Loi gidi:
Vi bat déng thiic c¢6 tinh d6i xtng nén khong giam tong quat, gid si: a > b > c.

Ta co:
a a a(b+c) S _a

> =
b2 +c2 —be — b2+ 2 b3 +¢2 T b2+ 2

Tuong tu:
b(c+a) - b cla+Db) S
A+ad —cEA+a A+ T a2+ b2
Ta chting minh bat ding thtic manh hon la:
a’>+bc b+ ac 02+ab>a(b+c) blc+a) cla+D)
B+ AE+a P+ bB+A3 A+ a? a® + b’
a’+bc—ab—ac UV +ac—bc—ba A +ab—ca—cbh

>
b+ ¢ + A+ a? * a® + b3 =
1
& ma—da-0+5—b-db-a)+—Flc—a)(c=b) 20 (21)
Dat:
1 1 1

:b3—}—c3’y:c3+a3’2_a3—|—b3

X
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Via>b>cnena®>+0? >a*+c >+ suyrax >y >z
Khi doé:
21) e z(a—b)a—c)+ylb—c)(b—a)+z(c—a)(c=0b) >0
ding theo bat dang thiic Schur suy rong.
Vay bat dang thic dugce ching minh.
2.4 Phuvong phap ing dung dinh li Muirhead

Dinh 1li Muirhead cho 3 sb:
Cho cac s6 thuc ai, o, a3, bl, bg, bg thoa:

{a12a22a320;b12b226320;

a; > by, a; +as > by + by;
&1+&2+a3:b1+b2+bg.

Khi d6 véi moi s6 thuce duong x, v, 2 ta co: Z xhy*2z% > Z a2
sym sym
Dang thiic xay ra khi va chi khi: a; = b; 1 = 1,2,3 hodc x = y = z.
Minh hoa phuong phap:
Bai toan 2.5. (USAMO 1997)
Cho céc s6 thie duong a, b, ¢. Chiing minh réng:
1 1 1 1
a3+b3+abc+b3+c3+abc+c3+a3+abc = abc

Loi gidi:

Bét ding thitc can ching minh tuong duong véi:
Z [(a®+b*+abc)(a® + ¢ +abe)abe] < (a®+b*+ abe)(b* + ¢ + abe) (® + a® + abe)
cyclic

1 1
& - Z(a7bc+4a5b262+3a4b4c+a3b?’c3) < = Z(a7bc+2a663+2a5b202+3a4b4c+a3b303)

2 2

sym sym
& Z a’b® > Z a’b’c®  ding theo Muirhead vi:(6; 3;0) = (5;2;2)
sym sym

Vay bat dang thitc dugce ching minh.

2.5 Phwong phdp ing dung tinh chat cia da thdc doi xing thuan
nhat biac 3

Dinh 1y 2.2. Néu P(u,v,w) la da thic d6i xtng thuan nhat bac 3 tren R va
P(1,0,0) >0, P(1,1,0) > 0, P(1,1,1) > 0 thi P(z,y,2) >0 z,y,z > 0.
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Minh hoa phuong phap:

Bai toan 2.6. Cho céc s6 thic duong a, b, c. Chiing minh réng:
a2+b2—abJr b* + 2 — be +cz+a2—ca
(c+a)(c+b) (a+b)atc) (b+c)(b+a)

3
> 2
— 4

Loi gidi:
Bat ding thitc can ching minh tuong duong véi:

w

a*+ b’ N v+ N A+ a’
(a+0)(b+c)c+a) (a+b)(b+c)(c+a) (a+b)(b+c)(c+a)
3 p3 o 3
v i(Z)(Zj C;(fi 52 Z & 8@+ 0+ &) —3(a+b)(b+)(c+a)>0

Xét: P(x,y,z) =8z +y* +2°) = 3(x +y)(y + 2)(z + x) ta co6 P(x,y,2) 1a da
thitc di xting thuan nhat bac 3 va P(1,0,0) = 8, P(1,1,0) = 10, P(1,1,1) = 0.
Suy ra: P(a,b,c¢) >0 a,b,c> 0Hay 8(a*+b*+¢*)—3(a+b)(b+c)(c+a) > 0.
Vay bat déang thiic duge ching minh.

> =
!
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Chuong 3

Phuong phap chuan hoa
va phuong phap thuan nhat
trong ching minh bat dang thic

1 Phuong phap chuan hoa

Ménh dé 3.1. Néu f la ham n bién thuc thuan nhat bac m thi véit € R, ¢t > 0
nao dé va u € R" ta ¢6 f(u) > 0 tuong duong véi f(tu) > 0.

Chting minh:

Vi ham s6 f thuan nhat bac m nén f(tu) = t™. f(u)
Do dé véit > 0 ta c6: f(tu) >0 t"f(u) >0« f(u) > 0.
Meénh dé dugc chitng minbh.

Nhéan xét 3.1. Do ménh dé néi trén nén dé chiing minh bat dang thtc thuan nhat
dang f(u) > 0 ta chi can chiing minh bat dang thic f(tu) > 0 v6i tu thod man
mot dieéu kien dic biet va t > 0 nao do6, viéc chon sb ¢ thich hgp sé gitp ta gidm bét
vat va trong viéc bién doi céc bicu thic.

St dung ménh dé noi trén ta c6 thé thu hep pham vi can xét clia cac bién hon so
v6i yeu cau clia bai toan. Viéc chuyén bai toan chiing minh mot bat ding thiic thuan
nhat vé viéc chiing minh bat dang thic dé trong pham vi hep hon clia céc bién nhu

trén goi 1a chuan hoa bat ding thitc thuan nhat.

1.1 Chiéng minh bit dang thitc thuan nhat bang phuong phdp chudn
hoa
Bai toan 3.1. (Suu tam)
Cho cdc s6 thuc duong a, b, ¢, ching minh rang:
a’ b? c? a+b+c
+ + >
b+c c+a a+b 2

Loi gidi:
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a’ b? o a+b+c
f(a’b’c):b+c+c+a+a+b_ 2
khi d6 f(a, b, c) la ham s6 thuan nhat bac 1 nén néu ton tait > 0 ma f(ta,th,tc) > 0
thi f(a,b,c) > 0.
Vé6i a,b,c > 0 chon t 1a 86 thod man ta + tb + tc = 1 (hay t = ——) va dat

a+b+c
a =ta,b =1tb,d = tc.
Khid6 o', b, >0vaa + b + ¢ = 1. Ta chi can chitng minh:
fld' b, d)y>0 v6i d+b+=1 va a,b,d>0. (3.1)

Do d6 ta can chiing minh:
a/2 b/2 C/2
+ +
l—a 1=V 1-¢

Theo bat dang thitc Cauchy-Schwarz ta co:

I b/ /
12:(a/+b/+cl)2:(/1_a/a—+,/1_b/ /+,/1_C/ c )

> (3.2)

DO | —

v1i—d v1—=0» 1—-¢
a/? b/2 C/2 a/? b/Z C/2
<B-d-V-(¢ =2
<@-a S v S e )

hay:
a/2 b/2 C/2
> Z
1—a’+1—b’+1—c’ -2
Bat dang thiic (3.2) duge chitng minh suy ra bat dang thitc da cho duge chitng minh.

Nhan xét 3.2. Néu khong nham lan trong cdch hiéu va trdnh phic tap trong trinh
bay loi gidi thi trong loi gidi trén, ké tw dong c6 ky hiéu (3.1) dén hét loi gidi, ta co
thé dung bo s6 (a,b,c) thay cho by so (a’,V,c). Hay néi cich khdc, véi bat ding
thite da cho ta chi can ching minh trong truong hop a,b, ¢ thod man mot dieu kién

dac biét nao dé. Tu bai todn 3.2 dén bai todn 3.4 ta s dung cdach néi nay.

Bai toan 3.2. (Carlson)
Cho céc s6 thic duong a, b, ¢, chiing minh rang:

\‘3/(@+b)(b+0)(6+a) - \/ab+bc+ca
8 - 3

Loi gidi:

Bét déng thiic da cho thuoc dang bat dang thiic thuan nhat nén ta chi can ching
minh trong truong hop: ab + bc + ca = 3 (ing vé6i t = / ab+b36+ca,) khi d6 ta can
chiing minh :

(a+b)(b+c)(c+a)>8



17

Ta c6: (a+b+c)*>3(ab+bc+ca)=9=a+b+c>3
Theo bat dang thitc AM-GM: {/(abc)? < @t — 8/(abc)? < 1 = abe < 1 do
do:

(a+b)(b+c)(c+a) = (a+b+c)(ab+bc+ca)—abc = 3(a+b+c)—abc > 3.3—1 =8

Vay bat ding thic duge ching minh.

Bai toan 3.3. Cho céc s6 thiic duong a, b, ¢, chiing minh rang:
1 1
( b2 \/a6+b6-l-c6)>\/_(a—|—b—|—c)

Loi gidi:

Bat dang thiic da cho thudc dang bat déng thitc thuan nhat nén ta chi can ching
minh trong truong hop: a® + 0° + ¢ = 3 (ing véi t = ’/W) khi d6 ta can
chiing minh :

1

1 1
—+b2+— a+b+c hay: a’b®+ b+ cfa® > a’b*Fa+b+ o).

Theo bat dang thitc AM-GM ta cé:
a’b® + b*c® > 20%ac, b’ + *a® > 2c¢%ab, a’ + a*b* > 2a’be
va:
ab + 0% 4 b
3
Suy ra:  a*b* + b*c* 4+ c*a® > abc(a + b+ ¢) > a*b*P(a+ b+ ¢).
Vay bat dang thitc duge ching minh.

0 < a’b’? < =1 = a**? < abe

Bai toan 3.4. (APMO 1998)
Cho cac s6 thiic duong a, b, ¢, chitng minh rang:

a+b+c

a b c
(1+5)(1+E)(1+5) > 2(1+ Vi

)

Loi gidi:
Bét dang thiic da cho thudc dang bat déng thitc thuan nhat nén ta chi can ching
minh trong truong hop: abc = 1, khi d6 ta can chitng minh :

(a+b)(b+c)(c+a)>2+2(a+b+c)
Ta co:
(a+b)(b+c)(c+a) > 24+2(a+b+c) < (a+b+c)(ab+bctca)—abe > 2+2(a+b+-c)

& (a+b+c)(ab+bc+ca) > 3+2(a+b+c) & (ab+bc+ca—2)(a+b+c) > 3
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Theo bat déang thitc AM-GM ta cé:
ab+be+ca > 3V a2b?c? = 3 = ab+bc+ca—2 > 3—-2=1 va a+b+c > 3Vabc =3

nén:  (ab+bc+ca—2)(a+b+c)>a+b+c>3.
Vay bat dang thic duge ching minh.

2 Phuong phap thuan nhat
2.1 Thuan nhdt hod bat ddng thic khéng thuan nhat

Trong nhiing phan trén, ching ta da chiing minh mot s6 bat dang thic thuan
nhat biang nhitng phuong phap khéc nhau. Nhung v6i nhitng bat dang thitc khong
thuan nhat thi sao? Ching ta da biét, chi nhiing dai luong ciing bac méi c6 thé so
sanh v6i nhau duge con nhitng dai lugng khac bac chi ¢6 thé so sanh dugce véi nhau
trong nhing diéu kién nao d6. Mic khac c¢6 nhiéu bat ding thitc khong thuan nhat
dugc tao ra tit bat ding thitc thuan nhat. St dung yéu t6 nay ching ta sé chuyén
mot s6 bat déng thitc khong thuan nhat, cé diéu kien vé dang bat dang thic thuan
nhét. Viéec lam d6 dude goi la thuan nhat hoa bat ding thic khong thuan nhat. Sau
khi thuan nhat hod xong, ching ta sé chiing minh bat dang thic thuan nhat thu
duge bang nhitng phuong phap da néu trong nhitng phan trudc.

Dinh 1y 3.1. Véi a, b, ¢ 1a cac s6 thyc khong am, dit:
p=a+b+c qg=ab+ bc+ ca,r = abe.
Khi d6 ta co:
1) p*>3q
3) p’>20r

2/
4/

pq > 9r

N—

q’ > 3pr

—

5) 2p* +9r > Tpq 6') p’q+ 3pr > 4q°
8 pq® > 2p*r + 3qr
9 ¢° +9r* > dpqr 10)  2¢° +9r° > Tpgr
11) p* —4pg+9r >0 12)) p'—b5p*q+4¢° +6pr >0

( (
( (
( (
(7) p’q > 3pr+2¢* (
( (
( (
( (

1
13) p' +4¢*> > p*q + 30pr 14)  p*r+q¢° > 6pgr

2.2 Chitng minh bt dang thic bang phuong phdp thuan nhdt

Bai toan 3.5. (IMO Short list 1996)
Cho céc s6 thiic duong a, b, ¢ thod man diéu kién abc = 1. Chiing minh réng:
ab bc ca
+ + <1
a’+b+ab b+ +bc & +a®+ca
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Loi gidi:
Vi abc = 1 nén bat dang thiic can chiing minh tuong duong véi:

Z CLQbQC
a® + b> + a2b?c

cyclic

& > a?Pe(b++ab*c?) (P +a’+a*bc?) < (a®+0°+a*b?e) (VP + P+ b*cPa) (¢ +

cyclic
a’ + c*a’b)
& > a4+ 2> ahiE + > dE + Y a'be+ > b’

cyclic sym sym cyclic cyclic

< Z alh2 2 + Za10b5 + Za8b4c3 + Za7b7c + Za7b602
cyclic sym sym sym sym

S ad% + > abec> > dBbiE + S d'be+ Y a’bcd

sym sym sym cyclic cyclic
& (3 a" = > a®b'?) 4+ 3(3° a'b’e — Y a’b’c®) > 0 ding theo Muirhead.

sym sym sym sym

Vay bat déang thic dugce ching minh.

Bai toan 3.6. (IMO Short list 1995)
Cho céc s6 thie duong a, b, ¢ thod man diéu kién abc = 1. Chiing minh réng:
1 1 1 3

>
a*(b+c) Jrb?’(cha) +c:”(aer) — 2

Loi gidi:
Dat 2° = a,y® = b,2° = cthi x,y,2 > 0 va zyz = 1. Khi d6 bat dang thic
can chiing minh trd thanh:

1 3 xhyt 3
P T L T D VE v
Ta co:
ay’ 3 9.9(,3 | 3\(.3, .3 509 25 (234 (4523 (23423
C;icm>§@ 2y (y’+2°) (27 +2°) > 32y 2" (2 +9°) (v +27) (2% +2°)
<:>2le2 12+22:C12y9z3—|—22x9y926 >32x11y825+zx8 8,8
cyclic sym cyclic sym sym
@)qu 12+22x12y923+2$9y926>32x11y825_’_2x8 8,8
sym sym sym sym sym
me 12 Zx1185+2zx1293 lelss
sym sym sym sym
ng 9.6 ng 8 8 >

sym sym
ding theo Muirhead.
Vay bat déng thic dugce ching minh.
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Bai toan 3.7.  Cho céc s6 thuc duong a, b, ¢ thod man diéu kien ab+bc+ca = 1.

Chitng minh rang:
1 1 1

@107 bt  (cra)y

9
> 2
— 4

Lo gidi:
St dung diéu kién: ab + bc + ca = 1 dé thuan nhat hoa, bat dang thic can chiing

minh tré thanh:
1 1 1

+ +
(a+0)?2 (b+c)? (c+a)
Day chinh la dang ctia bat dang thic Iran 1996

bat: p=a+ b+ c,q = ab+ bc+ ca,r = abc thi p,q,r > 0 va:

Y (a+b)*(a+c)?

1 1 1 cyelic pt—2p*q + ¢* + 4pr
@t0? Bt (craP [@rdordecral  (pg—rp?
Do d6 bat dang thic can chiing minh tuong duong véi:
4(p'q — 2p°¢* + ¢° + 4pqr) > I(p*¢* +r° — 2pqr)
hay 4p*q — 17p*q* + 34pgr + 4¢°> — 9r* > 0
hay pq(p®—4pq+9r)+3q(p* —5p*q+-4¢*+6pr)+2q(p*q+3pr—4q*)+r(pg—9r) > 0
Bat dang thiic cubi ciing ding theo (117),(127),(67) va (27).
Vay bat déang thic dugce ching minh.

(ab 4+ be + ca) ]2%

3 Sang tao bat dang thiic
3.1 Sdng tao bat ding thic tw bit ding thic Schur
Tt bat dang thiic Schur ta da co:
(@ —y)@—2)+yy—2)y—2)+2(z-2)(z-y) =20
Véi moi x,y,2 > 0,r >0 hoic xz,y,z>0,7r€ R

Khichonr:1,x,y,z>0vadatx:%,y:%,z:%tacé:
1 3 1
>

- _|_ _— > -
< a3 abc a?b
cyclic sym
~ A g X a_b a
Nhan hai vé véi abe ta duge: 3 Z+32> 30§
cyclic sym
2,32 2;2, 22 322
. a“+b ab . a“b”+a“c”—b“c
hay: XL S <3 ey Y SRR g
cyclic cyclic cyclic

Ta c6 bai toan sau:
Bat toan the nhat:
Cho céac s6 thuc duong a,b, ¢ chitng minh rang:
a’b? + a?c? — b2c? b2 + b2 — a? P + AV — a’b?

a b c

< 3abe
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Ti bat déng thiic Schur, dat z = 1,y = 1,2 = % ta c6
) 11 1.1 1. —1(b—c)b—a)
i i Vs A S ¥

C
Xét tuong tu v6i y"(y — 2)(y — x) va 2"(z — x)(2z — y) va thé vho bat dang thic
Schur ta c6 bai toan sau:
Bai toan thi hazi:
Cho cac sb6 thuc duong a, b, ¢ chitng minh ring véi moi sé thuc z ta cé:
(a—0b)(a—c)c” N (b—c)(b—a)a® N (c—a)(c—Db)b* <0

a b c -

Tit bat dang thitc Schur, dit x = a + b,y = b+ c,2 = ¢+ a ta co:

Y aw—y)z—2)>0& ) (a+b)(a—b)b—c)>0
cyclic cyclic
Chia hai vé cho [(a 4 b)(b+ ¢)(c + a)]" taco: > Aeblead > g

' [(a+b)(ato)]" —
cyclic

Ta c6 bai toan sau:
Bai toan thi ba:
Cho cac s6 thuc khéng am a, b, ¢ trong dé cé6 nhiéu nhat mét sé6 bang 0. Chiing
minh ring véi moi s6 thuc duong z ta cé:
(a —b)(a—c) (b——¢)(b—a) (¢ —a)(c—b) _
[(a+b)(a+)]*  [(b+c)b+a)® [(c+a)(c+Db)]* —

Tt bat dang thiic Schur, dit x = 2a + b,y = 2b+ ¢, z = 2¢ + a ta cé:
Zxr(x—y)(.@—z) >0< Z(2b+c)r(2a—b—c)(2b—c—a) <0

cyclic cyclic

Chia hai vé cho [(2a + b)(2b + ¢)(2¢ + a)]" ta co:

(2a —b—¢)(2b —c —a)
2 bty S

cyclic

Ta c6 bai toan sau:
Bai toan tha tu:
Cho cac s6 thuc khéng am a,b, ¢ trong dé cé nhiéu nhat mét sé6 bang 0. Chiing
minh ring véi moi sé thuc duong r ta cé:
(2a—b—c)(2b—c—a) (2b—c—a)(2c—a—D) N (2c—a—"b)(2a—b—c)
[(2a + b)(2¢ + a)]" [(2b 4+ ¢)(2a 4+ b)]" [(2¢+a)(2b+ )]

<0

3.2 Sdng tao bat ding thic tw bat ddng thic Schur suy réng

Ta da biét bat dang thitc Schur suy rong:
V6i moi s6 thue khong am: a, b, ¢, x, y, z sao cho cac bo s6 (a,b,¢), (z,y, z) 1a cac

bo s6 don diéu thi ta luon co:

z(a—b)(a—c)+ylb—c)(b—a)+ z(c—a)(c—10b) > 0.
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Dang thic x4y ra khi va chi khi: @ = b = ¢ hodc @ = b va 2 = 0 hosic b = ¢ va
x =20

Trude hét gid st a > b > ¢ > 0 thi ta co:

ab > ac > be, a+b>a+c>b+c,

1 1 1 1 1 1 1 1 1
S>> > > > >
C a

b bc ~ ca — ab’ b+c  c+a a+b
Khi d6 v6i hai s6 thuce khong am m, n ta co:
a™ b™ ™

b+c)» ~ (a+c)” ~ (a+b)™

Do do ta c6 bai toan sau:
Bai toan thd nam:

Cho céac s6 thuc duong a, b, c chitng minh ring véi moi sé6 thuc khong am m,n
ta co:

a(a—b)a—c) b™"(b—c)(b—a) ™(c—a)(c—0D)

>0
(b+c)n (c+a)" * (a+b)" -
Néu chon m = n = 1 thi bat déng thic trén sé trd thanh:
3
a’ + abc
+— > a4+ b2 + 2
b+c

cyclic
Khi d6 néu xét them a® + 1 > 2a,b* +1 > 2b,c* + 1 > 2¢ hay:
A+ +c>2a+b+c)—3
ta c6 bal toan sau:

Bai toan thit sdu:
Cho cac sb thuc duong a,b, ¢ chitng minh rang:

a® +abc b3 +abc &+ abe
+ +
b+c c+a a+b

>2(a+b+c)—3

3.3 Sdng tao bat dang thidc bing cich s dung phvuong phdp chuan
hoa
Tit bat dang thitc Schur: > z*(x —y)(x — 2) >0

cyclic

hay Yo o'+ 3 2% =Y 2%y >0 hay  p'+3pr>5¢°

sym sym sym
Trongd6 p=x+y+2z,9q=xy+yz+zr,r="10Y2.
Lan lugt thuyc hién chuan hoa: ¢ = 5,p = 5,pr = % ta c6 cac bai toan sau:

Bai toan thw bay:
Cho cac s6 thuc khéng am z,7,z thoa méan diéu kién vy + yz + zx = 5, chiing
minh ring:

(x+y+2)+3oyz(z+y+2) > 125
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Bai toan tha tam:
Cho cac s6 thuc khéng am z,vy, 2 thoa man diéu kién x + y 4+ z = 5, chiing minh
rang:

(zy +yz + zx)* — 3xyz < 125
Bai toan thi chin:
Cho cac sd thuc khéng am z,y, 2 thod man diéu kién 2%yz + y’zx + 222y =
chitng minh rang:

1
3

(x+y+2)*—5(xy+yz+z2x)2+1>0.

Xét

A=) (x-y@® -y, B=> 2*(x—y)(z—2)

cyclic cyclic
Ta co:
mA+nB = m(2x4 — Zx3y) + n(z o'+ Z rPyz — Zx3y)
sym sym cyclic cyclic sym
= (2m +n) Zx4— (m—l—n)Zﬁy—Fan@z
cyclic sym cyclic

= (2m +n)(p" — 4p°q + 2¢° + 4pr) — (m +n)(p’q — 2¢° — pr) + npr
= (2m + n)p* — (9m + 5n)p*q — 2(3m + 2n)q* + 3(3m + 2n)pr
Trongdop=x+y+2,9q=2xy +yz+ z2x,7 = TY=2.
V6i  x,y,z,m,n >0thi mA+nB > 0 tit d6 ta c6 két qua tong quat la:
(2m + n)p* — (9m + 5n)p*q — 2(3m + 2n)q* + 3(3m + 2n)pr > 0
Chon n = 2m va thuc hién chuan hod p = 1 ta c6 bai toan sau:
Bai toan thit mudi:

Cho cac sé thuc duong z,y, 2 thod man diéu kién = +y + z = 1, chitng minh
rang:

14(zy +yz + 22)? — 19(2y + yz + 22) + 2loyz +4 >0
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Két luan

Qua qua trinh nghién ctu va hoan thanh luan van nay, tac gia da thyc hién
duge mot s6 noi dung chinh sau day:

1. Tim toi, chic loc va siap xép theo trinh ti, c6 hé thong cac kién thiic co ban
gom: Ham s6 thuan nhat; Ham s6 doi xting; Bat dang thitc Schur; Bat déng thic
Muirhead; Bat dang thic gitta trung binh céng va trung binh nhan; Bat déng thic
Cauchy- Schwarz.

2. Trinh bay mot s6 phuong phap ching minh bat ding thic thuan nhat gom:
Phuong phap don bién; Phuong phap phan tich binh phuong; Phuong phéap tng dung
bat ding thitc Schur; Phuong phép tng dung bat dang thiic Muirhead ; Phuong phap
tng dung tinh chat ctia da thic déi xing thuan nhat bac ba va phuong phap chuan
hoa.

3. Trinh bay phuong phap thuan nhat dé ching minh mot s6 bai toan bat ding
thic co dieu kien.

4. V6i mdi phuong phap néu trén déu c6 phan minh hoa phuong phap qua viéc
chiing minh mot s6 bat dang thic trong cac dé thi hoc sinh gidi qubc gia, quoc té.

5. Van dung phdi hgp céc bat dang thic Schur, Muirhead, bat dang thic gitta
trung binh cong va trung binh nhan va phuong phap chuan hoa dé dua ra musi bai
toan vé bat dang thic.

V6i viee st dung céc kién thic co ban, pho bién, so cap, luan vin nay sé la mot

tai lieu tham khéo trong viéc day va hoc vé noi dung bat dang thic.



