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Duong thang Euler va mé rong

Tran Quang Hung

Tém tat ndi dung

Bai viét nay gidi thieu cac mé rong ctia duong thang Euler véi céac kién thitc dimg cho THCS

Dudng thing Euler c6 thé coi 1a mot trong nhitng dinh 1y quen thuoc nhat ctia hinh hoc phing.
Khai niem dudng thing Euler trudc hét lien quan dén tam gidc, sau dé da dugc md rong va tng
dung cho tit gidc noi tiép va ca n-gidc noi tiép, nhung vi khdi lugng kién thitc qua 16n nén trong bai
viét nhé nay toi chi mong muén trinh bay nhitng van dé co dong xic tich nhat lien quan dén khai
niém nay trong tam giac. Xin hen cac ban chuyén dé mé rong cho da gidc & nhitng bai gidng tiép
sau.

Bai 1 (Dudng thiang Euler). Cho tam gidac ABC. Chiing minh rang trong tam G, tric tam H va

. . , GH . ..
tam duong tron ngoai tiep O cung nam trén mot duong thang. Hon niia o = 2. Duong thang noi
H,G, 0 goi la dusng thang Euler ctia tam gidc ABC.

Lai gidi

Bai toan nay c6 nhieu 10i gidi, 10i gidi sau day stt dung dinh 1y Thales kha don gidn, né la chia
khéa cho mot bai tong quét hon.

Trén tia doi tia GO lay H' sao cho GH' = 2GO. Goi M la trung diém BC. Theo tinh chat
trong tam thi G thuoc AM va GA = 2GM. Ap dung dinh 1y Thales vdo tam giac GOM dé suy ra
AH' ||OM (1).

Mit khéc do O la tam duong tron ngoai tiép tam gidc ABC, M la trung diem BC nén OM L
BC (2)

Hinh 1.

Tu (1),(2) suy ra AH" L BC, tuong tu BH' L CA vay H' = H la truc tam tam giac ABC.
Theo cach dung H' ta c6 ngay két luan bai toan.

Bai 2 (M6 rong dusng thang Euler). Cho tam gidc ABC. P la diém bat k¥ trong mit phang. Goi
A’ B, C" lan lugt 1a trung diém ctia BC,CA, AB. G la trong tam tam giac ABC.
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a) Chiing minh ring cac dudng thang qua A, B, C lan lugt song song véi PA’, PB', PC' dong

2 2 H
quy tai mot diem Hp, hon nita Hp, G, P thang hang va GPP =2.
b) Chiing minh ring cic duong thing qua A’, B',C' lan lugt song song vé6i PA, PB, PC dong
. . GO 1
quy tai mot diem Op, hon nita Op, G, P thang hang va GPP =3
Loi giai

a) Ta thay rang két luan ctia bai toan kha ric réi, tuy nhieén y tudng ciia 10i giai bai 1 gitp ta di dén
mot 101 gidi rat ngan gon nhu sau

Hinh 2.

Lay diém @ trén tia déi tia tia GP sao cho GQ = 2GP. Theo tinh chat trong tam ta thay ngay

G thuoc AA" vie GA = 2GA’. Vay ap dung dinh 1y Thales vao tam giac GPA’ dé suy ra AQ || PA'.
Chitng minh tuong tu BQ || PB’,CQ || PC’. Nhu vay cic dudng thang qua A, B, C' lan lugt song
son%gji PA', PB', PC' ddng quy tai Q = Hp. Hon nita theo cach dung Q thi Hp, G, O thing hang
. P
va =5 1
b) Ta c6 mot 1oi giai tuong tu. Lay diém R trén tia doi tia tia GP sao cho GR = §GP. Theo tinh

= 2. Ta c6 ngay cac két luan bai toan.

chat trong tam ta thay ngay G thuoc AA’ vi GA = 2GA’. Vay ap dung dinh 1y Thales vao tam giac
GPA dé suy ra AR | PA. Chiing minh tuong t¢ BR || PB,CR || PC. Nhu vay cic dudng thang
qua A, B, C lan lugt song song véi PA, PB, PC dong quy tai R = Op. Hon nita theo cach dung R

thi Op, G, P thing hang va = 2. Ta c6 ngay cac két luan bai toan.

GOp
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Nhan xét. Bai toan trén thyc sy 13 mé rong clia duong thang Euler. Phan a) khi P = O tam duong
tron ngoai tiép ciia tam giac ABC ta c6 ngay Hp = H la tryc tam tam gidac ABC. Ta thu dudce noi
dung ctia bai toan duong thang Euler. Phan b) khi P = H tryc tam clia tam gidac ABC thi Op = O
tam duong tron ngoai tiép tam giac ABC.

Sau day ching ta hay tng dung cac bai toan nay vao nhiing bai hinh hoc khac. 0 day thuat ngt
goc tao bdi hai duong thang dé chi goc bé nhat trong bén géc tao thanh khi hai dudng thang dé cat
nhau, ching ta thuong ky hiéu géc tao bdi hai duong thang z,y 1a (x,y).

Bai 3. Cho tam giac ABC' va tam giac A'B'C" dong dang (cuing huéng). Chiing minh réng goc tao
béi dudng thing Euler ctia tam gidc ABC va tam giac A’B’C’ bing goéc hgp béi hai dudsng thing
BC va B'C".

Loi gii
Dé chitng minh bai toan nay, ching ta sit dung bé dé don gian sau
B6 dé 3.1. Cho tam giac ABC va tam giac A’B'C’ dong dang (ciing huéng) thi (AB, A’'B’) =
(BC, B'C") = (CA,C'A).

Loi gii

Chung ta sé sit dung ngon ngit clia ti gidc noi tiép dé dién _dat 10i gidi nay cho chat ché. Goi X
1a giao diém ctia BC va B'C’, Z la giao ciia AB vi A’B’. Do B = B’ nén tit gidac B'ZBX noi tiép.

Hinh 4.

Tit d6 dé suy ra C’XB = BZA' (hoic BXDB = A'ZA) hay (BC,B'C") = (CA,C"A’). Chiing
minh tuong tu ta duge (AB,A'B’') = (BC,B'C") = (CA,C"A").
Tré lai bai toan. Goi O,0', H, H' lan lugt 1a tam dudng tron ngoai tiép va tryc tam cac tam giac
ABC va A'B'C'.
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Hinh 5.

Duong thang Euler ciia tam giac ABC va A'B'C’ 1a OH va O'H’. Tit tinh chat co ban ctia hai
tam gidc dong dang ta dé& chiing minh duge AAOH ~ AA’O'H’. Do dé theo bo dé (OH,0'H’) =
(HA,H'A") = (BC,B'C") = (CA,C'A") = (AB, A’B’). D6 la diéu phai chiing minh.

Sau day ching ta chii yéu tap trung vao ching minh su dong quy ciia cac dudng thing Euler.
Bai 4. Cho tam giac ABC c6 cac dudng cao AA’, BB', CC'. Ching minh ring duong thing Euler clia
tam giac AB'C', BC'A’, CA'B' ddng quy tai mot diém trén duong tron ngoai tiép tam giac A’B'C".

Lai giai

Goi H la giao diém ba duong cao AA’, BB',CC', Ay, By, Cy lan lugt 13 trung diem HA, HB, HC,
dg, dp, d, 1an luot 1a dudng thang Euler ctia tam gidc AB'C’, BC'A’, C A'B’. K¥ hieu duong tron ngoai
tiép tam giac XY Z 1a (XY Z), ky hicéu nay ching ta sé dung trong ca bai viét nay.

Ta chia ¥ rang Ao, By, Cy cling chinh 13 tam dudng tron ngoai tiép cac tam giac AB'C’, BC'A’, CA'B’
nén dy,, dy, d. 1an lugt di qua Ag, By, Co.

Ta cht y rang (A'B'C") = (AgByC)) chinh 1a dudng tron chin diém ctia tam gidc ABC. Néu ta
chiing minh dudc dy, d. cit nhau tai mot diém trén (A’B'C") thi tuong tu d., d, v& dq, d, chiing cit
nhau tai mot diém trén dusng tron (A’B’C’), mat khac d,, dy, d. 1an lugt c¢6 diém chung Ag, By, Co
v6i (A’B'C") nén ching chi con mot diém chung khac nita, do dé ching dong quy tai mot diém trén

(A'B'C).

Hinh 6.
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Vay ta tap trung vao chitng minh két luan giao diém J clia dy, d. nam trén (A’B’C"). That vay,
ta dé chiing minh duge cac tam giac A’B'C va A’BC’ dong dang (cung hudéng). Do d6 theo bai 3 goc
tao bdi duong thang Euler (dy, d.) = (B'C, BC') = (AB, AC) = (A¢Bo, AoCy) (dang thiic cudi 1a do
AB || AgBy, AC || AgCp). Ta chi ¥ ring géc hgp bdi hai duong théng 1a géc bé nhat trong bon goc
tao thanh khi hai duong thing d6 cit nhau, do d6 ti gidc AyByJCy noi tiép hay giao diém J clia
dp, d. ndm trén (AgByCy) = (A'B'C"). Bai toan duge chiing minh.

Nhan xét. Diém dong quy J ciia ba duong thing Euler néi trén thusng duge goi 1a diém Jerabek
ctia tam gidc ABC. Diém Jerabek cé nhiéu tinh chat hinh hoc thi vi, ban doc c6 thé tham khao
them trong [3,4].

Bai 5. Cho tam gidc ABC truc tam H. Chting minh ring dudng thing Euler ctia cac tam giac
HBC,HCA, HAB dong quy tai mot diém trén duong thang Euler ctia tam gidc ABC.

Loi giai
D@ giai bai toan nay ching ta can hai bo dé quen thudc sau
B6 dé 5.1 Cho tam giac ABC tryc tam H. Thi (HBC),(HCA), (HAB) lan lugt déi xing véi
(ABC) qua BC,CA, AB.
Loi giai

Goi giao diém khac A ctia HA véi (ABC) 1a A’. Theo tinh chit tryc tam va goc noi tiép dé thay
HBC = HAC = A’BC. Do d6 tam giac HBA’ can tai B hay H vi A’ déi xting nhau qua BC do d6
(HBC) dbi xting (ABC). Tuong tu cho (HCA), (HAB), ta c¢6 diéu phai chiing minh.

A

W
N

Bo6 dé 5.2 Cho tam giac ABC, truc tam H, tam dudng tron ngoai tiép O, M la trung diém BC thi
HA=20M.

Lai giai
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Hinh 8.

Goi N la trung diem C'A dé thay OM || HA do ciing vuong géc BC va OM || HB do ciing vuong
. AB .
goc C'A nén ta c¢6 tam gidc AHAB ~ AOMN ty so UN 2. Do d6 HA =20M, do6 la dieu phai
ching minh.
Tré lai bai todn. Goi O4 1a tam (HBC) theo bo dé 5.1 thi O4 déi xing O qua BC, két hgp bo dé 5.2
suy ra OO, song song va bang OH nén ti gidc AHO4A 1a hinh binh hanh nén AO,4 di qua trung
diém E ctia OH. Tuy nhién dé thay A 1a tryc tam tam gidc HBC do dé duong thang Euler clia tam
gidc HBC 14 AO4 di qua E. Tuong tu thi duong thang Euler clia cac tam giac HCA, HAB ciing di
qua E nam trén OH la dudng thang Euler ctia tam giac ABC. D6 la diéu phai chitng minh.

Hinh 9.

Nhan xét. Diém dong quy E la trung diém OH ciing chinh 1a tam dudng tron chin diém quen
thuoc. Duong tron chin diém di qua chin diém gom trung diém ba canh, chan ba dudng cao va trung
diém doan néi tryc tam va dinh, duong tron nay cling duge biét dén véi tén goi la duong tron Euler
cua tam giac.

Bai 6. Cho tam giac ABC tam dudng tron noi tiép I. Chitng minh ring dudng thang Euler clia cac
tam giac IBC,ICA, IAB dong quy tai mot diém trén dudng thang Euler clia tam giac ABC.

Lai gidi
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Ta st dung céc bo dé sau
B6 dé 6.1. Cho tam gidc ABC noi tiép duong tron (O), tam dudng tron noi tiép I. A cit (O) tai
diém D khac A thi D la tam dudng tron ngoai tiép tam giac IBC.

Lai gidi

St dung tinh chat géc noi tlep va goc ngoal tam glac ta co

IBD=1BC +CBD = IBA+TAC = IBA+TAB = BID
Vay tam giac IDB can tai D. Tuong tu tam giac IC'D can tai D do d6 DI = DB = DC' vay D
1a tam duong tron ngoai tiép tam giac 1BC.

A

D
Hinh 10.

Bo6 dé 6.2 (Dinh Iy Menelaus). Cho tam gidc ABC mot duong thing cit ba canh BC,CA, AB
tuong tng tai A, B',C” thi
A'B B'C C'A
AC'B'A'C'B
Dinh 1y da dugc chiing minh chi tiét trong §7 cia [7].
Trd lgi bai todn. Goi O 1a tam (ABC), I A giao (ABC) tai diem O, khac A, G, G4 1an lugt 1a trong
tam tam giac ABC,IBC, M la trung diem BC, GG 4 cit OO, tai E.

Theo bd dé 6.1 va cac tinh chat co ban ta thay Oy4 la trung diém cung BC' khong chita A clia

[GA_AG_2A OAE 2
(O) do d6 OO 4 vuong goc BC' tai M. TM = AM 3 Men GG, || AO4 suy ra O 3 (1),
GaE 104  COy4

= = 2).
G,G IA IA (2)
Goi G40, (duong thang Euler ciia tam giac IBC) cit OG (dudng thang Euler clia tam gidc
ABC tai S). Ta sé chiing minh rang S c6 dinh.

Goi N 13 hinh chiéu ctia I len AB. Do AIB = B/CBA nén hai tam giac vuong ATAN va AO,CM
IA IN r CO4

0.C MO, ~ MO. ™= 0,04 (3).

hon ntta

dong dang. Do d6
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Hinh 11.

Ap dung dinh 1y Menelaus vao tam giac GOE ¢6 S, G4, O4 théng hang ta c6

SG 040 G4E
SO OAF G4G
SG R CO
—OAM
_SG 2R
=503 (@)

1=

SG 3r

Vay ——
Y50 2R’
di qua S nam trén dudng thang Euler ctia tam giac ABC. Ta c6 diéu phai chiing minh.

do d6 S ¢6 dinh. Tuong tu, cac duong thang Euler ctia tam gidc ICA, IAB ciling

Nhan xét. Diém dong quy S thuong duge goi 1a diém Schiffler clia tam giac ABC. Ban doc c6 thé
tham khéo thém tinh chat diém nay trong [3,4]

Qua hai bai 5, 6 ching ta thit diat ra cau héi vé mot bai toan téng quat, c6 nhitng diém P nao
trong tam giac ma duong thiang Euler clia cic tam gidc PBC, PCA, PAB dong quy ?(R6 rang la
tinh chat nay khong ding véi moi P trong mit phang). Thuc chat quy tich cac diém P nhu vay la
mot dudng cong bac 3 hgp véi duong tron ngoai tiép tam giac, bai toan dé da vuot qua khuon kho
ctia chuyén dé nay. Tuy vay ching ta c6 thé dua bai toan dé vé mot bai toan don gian hon ma cé
thé coi nhu 14 mot dau hieu dé xét su dong quy clia ba duong thang Euler, d6 la bai toan dudi day

Bai 7. Cho tam gidc ABC va P la diém bat ky. O4, Op, O¢ lan lugt 1a tam duong tron ngoai tiép cac
tam giac PBC, PC A, PAB. Chiing minh ring duong thing Euler ctia cac tam giac PBC, PCA, PAB
dong quy khi va chi khi AO4, BOg, CO¢ dong quy.

Lai gidi
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Ta st dung bo dé sau
B6 dé 7.1 (Dinh Iy Desargues). Cho tam gidc ABC va tam gidc A’B'C’ néu goi D, E, F tuong ting
1a giao ctia B'C’, C'A’, A'B’ v6i BC,CA, AB. Khi d6 AA’, BB',C'C" dong quy khi va chi khi D, E, F’
thang hang.

F
Hinh 12.

Bo dé da dugc chiing minh chi tiét trong §7 ctia [7].
Tré lai bai todn. Goi G4, Gg, Ge lan lust 1 trong tam cac tam giac PBC, PCA, PAB, cac dudng
thing Euler tuong tng 1a O4G 4, OpGp, OcGe. Ap dung bd dé 7.1 cho tam gidgc O4050¢ va tam
gidc GAGpGe ta thiay O4G4,0pGp, OcGe dong quy khi va chi khi giao diém tuong tng cta
OBOC N GBGC = {Al}; OcOA N GcGA = {Bl}; OAOB N GAGB = {Cl} théﬂg hang (1)

Ciing ap dung bo dé 7.1 ta lai thay AO4, BOg, CO¢ dong quy khi va chi khi khi giao diém tuong
ting ctia OpOc N BC = {Ay}; OcOxNCA = {By}; 0405 N AB = {C,} thang hang (2).

Bai toan dugce chitng minh néu ta chi ra duge (1) va (2) tuong duong. Tic 14 Ay, By, C; thang
hang khi va chi khi Ay, By, Cy thang hang.

That vay, goi A’ la trung diém PA, ta dé thiy Og, O¢, A, Ay va A’ déu nam trén trung tryc
cia PA. Ap dung tinh chit trong tam ta thiy ngay dudng thing chia Gp, G% Ay so;llg song duong
1Gp 2

thang chita B, C, A;. Tt d6 stt dung hé qua ctia dinh 1y Thales ta c6 ngay 1. — A.C
1Ge 2
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Hinh 13.

PR . BiGo  BC CiGa A
Twong tu cho cac dinh B, C' ta c6 BG,  BACGs  C.B
A\Gp B\Ge C1Gy  AB B,C CA
A1Ge BiG4 C1Gp AyC ByA CoB

St dung dang thiic trén, ta ap dung dinh 1y Menelaus vio cac tam giac GG pGe, ABC thi
Ay, By, Cy théng hang khi va chi khi iigigigigﬁ; = 1 khi va chf khi izg.gzi.gzg = 1 khi
va chi khi A,, By, C5 thang hang. Suy ngudc lai cac két qua ta duge didu phai ching minh.
Nhan xét. Dau hicu AO,4, BOg, CO¢ dong quy c6 thé coi la kiém tra dé dang hon so véi viéc tric
tiép chi ra ba duong théing Euler dong quy. Ta dé dang kiém chiing lai diéu dé trong céac bai 5 va 6.
Sau day la hai bai todn tuong tu dé ap dung tinh chat nay
Bai 8. Cho tam gidc ABC dung ra ngoai cic tam giac deu BCA',CAB', ABC'

a) Chitng minh ring AA’, BB',CC’ dong quy tai diém F (Goi la diém Fermat ctia tam gidc
ABC), néu ﬁ, E, C < 120° thi F nim trong tam giac ABC.

b) Chiing minh ring duong thang Euler ctia tam gidc FBC, FCA, FAB dong quy tai mot diém
tren duong thing Euler ctia tam giac ABC.
Bai 9. Cho tam gidc déu ABC va P la diém bat ky, chiing minh ring dudng thang Euler ctia tam
gidac PBC, PCA, PAB dong quy.

Nhan xét. Chiing ta vAn con mot diéu nghi van 13 tai sao cac diém ddng quy ciia ba dudng thang
Euler luon ndm trén duong théing Euler ctia tam giac ABC ? Thuc chat day la mot tinh chat tha
vi tuy vay viéc ching minh né ciing vugt quéa khuon kho ctia chuyen dé nay, ching ta hay chi tham
khao phat biéu ctia né

Bai 10. Cho tam gidac ABC va P la diém bat ky. Néu duong thang Euler clia cac tam giac
PBC,PCA, PAB ddng quy thi diém dong quy nam trén dudng thing Euler clia tam giac ABC.

. Nhan céac ty s6 ta thu duge

Ta c6 mot chi ¥ ring bai 9 ciing da noi lén tinh chat ddng quy nay ding véi moi P trong mit phing
nhung v6i tam gidc ABC déu, diéu nay ciing phit hop véi bai 10 vi ta biét rang véi tam giac déu ta
coi dudng thang Euler ciia né 1a moi duong thang di qua trong tam ciia né.

Bai 11. Cho tam giac ABC'. Duong tron noi (1) tiép tiép xtc ba canh tam gidc tai D, E, F. Ching
minh ring dudng thang Euler clia tam giac DEF di qua tam dudng tron ngoai tiép O clia tam giac
ABC.

Lai giai
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Hinh 14.

Goi A, B',C" lan lugt 1a giao diem khac A, B,C cta I A, IB,IC véi dusng tron ngoai tiép (O).

Khi d6 A’ 1a trung diém cung BC' khong chita A ctia (O) do d6 OA’ L BC suy ra OA’ || ID.
Goi giao diém ctia A'D véi OI la K, ap dung dinh 1y Thales vao tam gidac KOA’ ta thiy ngay
KD KI 1D

"4 RO - oA = % trong do6 r, R lan lugt 1a ban kinh duong tron noi tiép va ngoai tiép tam
gidc. Do d6 K ¢b dinh, tuong tu B'E,C'F di qua K.

. . KH "
Lay diem H thudc doan KO sao cho T = % Ap dung dinh 1y Thales trong tam giac KI1A’
. KH KD . . .
ta thay T~ KA (cung bang %) nén DH || ITA’. Bang tinh chat tia phan gidc va tam giac can

dé théy 1A'= Al L EF do 46 DH 1 EF. Chiing minh tuong tu EH L DF,FH L ED hay H 1a
triec tam ciia tam giac DEF. Ta cht ¥ rang I chinh 13 tam duong tron ngoai tiép tam gidc DEF,
vay IH la duong thing Euler ctia tam giac DEF di qua O. Ta c6 diéu phai ching minh.

Nhan xét. Bai 11 1a mot két qua rat hay gip vé duong thing Euler, nhd d6 ta cé thé chiing minh
duoc két qua tha vi khac nhu sau

Bai 12. Cho tam giac ABC, cac duong cao AA’, BB'CC" dong quy tai H. Goi D, E, F' 1a hinh chiéu
ctia H len B'C',C'A’, A’B’. Chiing minh rang dudng thang Euler clia tam giac DEF va tam giac
ABC trung nhau.

Lai gidi

Ta da biét mot két qua quen thuoc do6 1 tryc tam H cia tam giac ABC chinh 13 tam duong
tron noi tiép tam giac A’B'C’. Khi d6 theo bai 11, dudng thang Euler ctia tam gidc DEF chinh 1
duong thang néi H va N, trong d6 N la tam dudng tron ngoai tiép tam gidc A’B’'C’. Mit khéac tam
N duong tron ngoai tiép tam gidc A’B’C’ chinh 1 tam duong tron Euler ctia tam gidc ABC do d6
NH ciing chinh la dudng thang Euler clia tam giac ABC. Dé la diéu phai chitng minh.

Nhan xét. Ap dung bai 12 ta lai c6 mot két qua tha vi khac
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Bai 13. Cho tam giac ABC. Duong tron noi tiép tiép xtic BC,CA, AB tai D, E, F. Tam cac duong
tron bang tiép 1,, I, I.. Chiing minh ring duong thang Euler clia tam giac DEF va tam giac 1,11,
trung nhau.

Lai giai

Ta 4p dung két qua bai 11 vao tam giac I,I,1,, ta cht ¥ rang I chinh 1a tryc tam tam giac 1,11,
ta c6 dieu phai chiing minh.
Bai 14. Cho tam giac ABC, duong tron noi tiép (1) tiép xtuc véi BC,CA, AB tai D,E,F. A", B',C'
lan lugt 14 trung diém ctia EF, FD, DE. Ching minh riang cac dudng thang lan lugt qua A’, B’, C’
va vuong goéc véi BO, C A, AB dong qui tai mot diém trén dudng thang OI trong dé O 1a tam dudng
tron ngoai tiép tam giac ABC.

Lai gidi

Hinh 15.

Ta dé thay ID,IFE,IF lan lugt vuong géc véi BC,C A, AB nén cac duong thing lan lugt qua
A, B',C" va vuong goc vii BC, CA, AB sé tuong tng song song véi ID, I[E, IF. Ap dung phan b)
bai 2 ta suy ra cac duong thang nay dong quy tai mot diém trén IG véi G 1a trong tam tam giac
DEF. Tuy nhién IG ciing chinh 1a dudng thang Euler ctia tam giac DEF. Theo bai 11 IG di qua
O. Nhu vay diém dong quy nam trén 10O. Ta c6 diéu phai chiing minh.

Nhan xét. Ta c6 thé c6 két qua tong quat hon khi thay I béi diém P bat ky trong tam giac ABC
nhu sau

Bai 15. Cho tam giac ABC, P la diém bat ky, goi A’, B’,C’ lan lugt 1a hinh chiéu ctia P lén
BC,CA, AB. Chiitng minh ring cac dudng thang qua trung diem B'C’,C'A’, A'B’ tuong ting vuong
goéc véi BC,CA, AB dong quy.

Bai 16. Cho tam giac ABC, dudng tron noi tiép (I) tiép xac BC,CA, AB tai D, E, F. Lan lugt
goi DP, EQ, FR 1a dudng kinh ctia (I), ching minh ring AP, BQ, CR dong quy tai mot diém nam
trén duong noi I va trong tam G clia tam giac ABC.

Lai gidi
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A

B D F C
Hinh 16.

Bai toan c6 nhiéu cach tiép can, ¢ day ta sit dung bd dé sau
B6 dé 16.1. Cho tam gidc ABC, dudng tron noi tiép (I) ciia tam giac tiép xtic BC tai D. Goi DE
1a duong kinh ctia I. AE cat BC tai F' thi BD = CF.

Lai gidi

Hinh 17.

Goi giao diém ctia tiép tuyén tai E clia (I) véi AB, AC lan lugt 1a K, L. Goi r 1a ban kinh
ctia (I). Ta cht y rang K1, LI lan lugt 1a phan giac cac goc BKL va goc CLK. T d6 ta dé thay
AKEI ~ AIDB (g.g) suy rta KE.BD = ID.IE = r?. Tuong ty EL.DC = ID.IE = r? do d6

KE.BD = FEL.DC
EL KE FEL+KE KL

= = — 1
BD DC DB+ DC BC (1)
Dé thay KL | BC. Theo dinh 1y Thales ta c6
EL AL KL

FC AC BC 2)

Tit (1), (2) ta dé suy ra BD = FC, ta chitng minh duge bo dé.
Tré lai bai toan. Goi giao diém ctia AP v6i BC' 1a A, va trung diém BC' 1a A,. Theo bo dé BD = C A,
vay Ay ciing la trung diém DA;, I 1a trung diém DP do d6 suy ra A, || AA;. Tuong tu c6
By, Bs, C1, Cy thi 1By || BBy, IC, || CC,.

Suy ra
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Tit d6 ta ap dung bai 2 a) véi diém [ ta suy ra AAy, BBy, CCy dong quy tai mot diém N nam

tren duong noi I va trong tam G clia tam gidac ABC hon nita GN = 2GI. Ta c6 diéu phai ching
minh.
Nhan xét. Néu ban doc quen véi dinh 15 Ceva c6 thé thiy néu diung rieng bo dé 16.1 cling c6 thé
chiing minh duge cac duong AP, BQ, CR dong quy tuy vay dé chiing minh diém dong quy nim trén
IG sé gap khong it khé khan. Diém dong quy N ctia ba duong thing nay con c6 tén goi la diém
Nagel trong tam giac ABC'. Diém Nagel ciing c6 rat nhiéu tinh chat hinh hoc thi vi, cac ban c6 thé
tham khao thém trong [3,4]

Nhu vay, khi doc xong chuyén dé nay cic ban duong nhu da trai qua mot chang dudng kha dai
v6i At nhieu ing dung va mé rong ciia duong thang Euler. Thuc ra trong bai viét nhé nay méi chi
dé cap dén tng dung va md rong ctia khai niem duong thang Euler trong tam gidc, mit khac véi
nhitng cong cu kha han ché thi nhitng tng dung hay va sau sic clia dudng thang Euler trong tam
giac van chua dude chitng minh hosic chua duge dé cap t6i. Do vay, viéc ting dung mé rong cic khai
niém nay cho ti giac hodc di tim nhiing 16i giai so cap cho nhitng bai toan con chua gidi hosic chua
dé cap dén trong chuyén dé nay van con chd ban doc, rat mong ban doc quan tam.
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