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1 L&i néi dau

Bét déng thiic luon 1a mot phan quan trong trong cac ki thi, dic biet 1a ki thi HSG. Thuec té, cac bai thi cang
ngay cang khoé va phiic tap, yéu cau hoc sinh c6 tinh sang tao cao. Trong dé, tu duy don gidn hoa van dé 1a
thuc sy can thiét. Mot trong nhitng phuong phap hitu hiéu dé thiyc hién chinh la dit an phu. D6i mit véi
nhitng bat dang thitc cong kénh, phiic tap thi an phu thudng phat huy hiéu qua r6 rét. Vi thé, tac gid viét
chuyén dé nay nham gidi thieu khai quat ciing nhu ban luan vé mot trong nhiing huéng di tu nhién ma hicu
qué trong cac bai toan, khong riéng gi bat dang thiic.

2 Co sé ly thuyét

2.1 Mot sb van dé lién quan téi diéu kién rang budc

Trong cac bai toan, ta thudng xuyén gip cic bat dang thitc v6i diéu kieén rang budc, vi du
a+b+c=1 a2+ b2 +c%=3
a,b,c >0 ab+bc+ ca+ abc =4

Sau day sé trinh bay mot sb6 cac doi diéu kién, thém diéu kién, b6t diéu kien nhd cac cach dit an phu co ban.
Luu ¥ riing tat ca cac ki thuat sau day chi ddng véi cac bat ding thic thuan nhét va hau hét trong diéu kien
a,b,c>0.

Chuén hoa
Gia st ta c6 da thic

a
b =
Bay gio ta dat
a
a+b+ec
B b
y_a—|—b+c
B c
Ca+btec
Bing bién dbi don gian, ta thu dugc
r+y+z=1
x
T, Y, z) =
f(@,y,2) e

N6i mot ciach khong qua may moéc, f(a,b,c) =~ f(x,y,z) tuy nhién ta c6 them diéu kien x +y +2 =1
Thao tac tao them diéu kien cho f(a,b, c) ma khong thay ddi tinh chit ciia n6 goi 1 chuan hoa.

Déng bac hoa
Dong bac hoa, hay thuan nhat bat ding thitc 1a thao téc ngudc ciia chuan hoa. Doi khi giap nhitng bat ding
thic ma diéu kién rang budc qua xau hay khoé st dung, ta dua bat dang thic vé dang thudn nhat dé xi If hay
thay déi diéu kien rang budc.

2.2 Phuong phap dit Viéte cho da thic dbi xing
Déi véi bat dang thitc doi xiing 2 bién f(x,y) > g(x,y) ta dat

a=z+Yy
b=uxy



Sau d6 biéu dién f, g theo a,b va sit dung a? > 4b(> 0)

Uu thé clia phép dat nay la chi phai sit dung duy nhat mot bat dang thitc 1a a® > 4b do d6 ta dé dang rit b
va quy diéu phai chiing minh vé ham chi chida a. Tuy nhién diéu kién sit dung kha khé khin, thuong chi ding
duge cho céc bai toan c¢é bac thip, bién ddi it phic tap.

Déi v6i bat dang thic déi xing 3 bién, ta c6 phép déi an p, ¢, r nhu sau

p=a+b+c
q=ab+bc+ca
r = abc

Phuong phap pgr 1a mot cach dit an phu quen thudc clia bat déang thitc déi xiing 3 bién va dugc sit dung rong
rai. Ta c6 mot sé hiing ddng thitc va mot s6 bat dang thitc thong dung v6i cach dat nay

Y a? =p*—-2q Sla+b)(b+c)=p*+q Sa® =p* —3pg + 3r
S~ ab(a + b) = pq — 3r [T(a+b) =pg—r S a?b? = ¢ — 2pr
Sat =p* —4pPq+2¢° +4pr D aPbd = ¢ — 3pgr + 3r? > ab(a® + b?) = pPq —2¢° — pr

p? > 3q p > 27r q* > 3pr
pg > 9r P+ 9r > 4pg pq + 3pr > 4¢?
_ 2 2V (2
TZqu p?) TZ(M p?)(p® —q)
9 6p

2.3 Mot s6 phép déi an thudng diung lién quan téi diéu kién rang budc

Trudc tien ta dén véi didu kien abc = 1, mot diéu kien hét siic quen thuoc. Cé rat nhiéu cach déi an,tuy muc
dich(dé thuan nhét,. ..) tac gid sé néu ra mot s6 thudng ding.

111 Ty z TY TZ Yz 2?2 y? 22
(a7bac) — (77) 9 (77) ) (272a2 ) Ty Ty T
T Yy z'x 2yt x yz Tz xy
Sau day ta dén véi mot didu kien phic tap hon.

abc=a-+b+c+2

s[Ja+1)=> (a+1)(b+1)
1
(:)Za—kl =1

Nhu vay, néu dat

1 1 1
Tr = = — z =
atr1l YT b1 c+1
thi ta sé c6 hé sau
r+y+z=1
l—2 y+=z
a = =
T T
1 —
b:7y:x+z
Y Y
11—z zx+y
CcC = =
z z




5 < ton tai cac s tz a4z o+
Nhu vay, ta da ching t6 sy ton tai cac s6 thue duong x, y, z sao cho (a, b, c) = (y Z, z Z, z y)
T Yy z
Hé thic trén chinh 13 phép dat thuong dung trong dicu kién abc = a + b + ¢ + 2
* Tuong ti, ta c6 cong thiic cho cac didu kién sau

ab + be + ca + 2abec = 1

a
@leta:l

(CL,I),CH<5C i Z)

y+z2 x+z v+y

ab + be + ca + abc = 4
2a
& =1
Z?a—i—l

(a,b,¢) = ( 2x 2y 2z )

y+z z+z x4y

2.4 Phuong phap chan gia tri

Mot s6 bat déng thiic ma céc bién chay bi chan trén hodc dudi. Vi du 2 > 3,y < 5. Khi d6 ta c6 thé dit
r=3+a,y=5—>bvéia,b>0.

Ta ciing c6 thé ti chin diéu kién bing cach sip xép cac an. Vi du: a + b + ¢ = 3. Néu bat dang thiic hoan vi
ddi xitng ta hoan toan c6 thé gid stta >b > cticchotaa=1+z,c=1—y,b=1+y—x(z,y > 0) Nhu vay,
ta da gidm s6 an tit 3 xudng 2.

Nhuge diém céia phuong phap nay la khéi lugng tinh toan 16n, véi bat déng thic c6 tit 2 diém roi trd len thi
rat kho st dung.

3 Vidu

Ta lam quen v6i phuong phap dit an phy bing mot bai toan quen thuoc.

Chting minh ring véi moi s6 thyc z,y ta c6
(x+y)* +4(x +y) +4 > day(2x + 2y + 3)

Bai toan khong qua khé, nhung quan trong la tim ra huéng di. Trude hét ta thay ring bat ding thiic khong
thuan nhat nén khong thé chuan hoa. Ta thay bat déng thiic dbi xting nhung lai ¢6 thé am khién cho viéc st
dung céc bat dang thitc c¢6 dién, vi du AM-GM khong dé dang. Dic biét, bat dang thitc c¢6 dén 2 dau ding
thitc nén phuong phap chin sé kho khin. Nhu viy, biing cach loai trir, ta da xac dinh duge huéng di dau tien
13 bing cach dit Viéte. Loi giai sau day sé minh chiing cho diéu dé.

Lai giai
Dit a =z 4+ y,b = zy ta c6 a®> > 4b va bat déng thic can ching minh quy vé
a* 4+ 4a + 4 > 4b(2a + 3)
Sit dung a? > 4b ta sé chitng minh ring
a*+4a+4>a*(2a+3) = a* —2a®-3a® +4a+4>0s (6> —a—2)2>0

Ta thu duge bat ding thitc cudi ludn dung neén ta c6 diéu phai ching minh.
Dau déng thic xdy rataiz =y =1hoicz =y = _71



Tit vi du trén ta thiy stc manh ciia phuong phép dit an phu trong ching minh bat ding thic. C6 thé
thay 161 giai trén hét sitc gon gang, dé hiéu. Ta ciing dén t6i mot loat vi du van dung phuong phap nay.

Bai Toan 2 [Lé Viét Hung] | Cho z,y, z la cac s6 thyc duong théa mén zyz = 1. Chiing minh rang:

1 1 1
IR
r+—- y+-  z+
y z

>

N W

8=

Dinh huéng 16i giai
Trude tién ta thit thay thé mot s6 hang ti trong cAc phan thic bang diéu kién zyz = 1 xem liéu ta c6 thu
duge mot bat diing thic don gidn vd dé chitng minh hay khong. Bing mot sé phép bién ddi, ta c6 thé thu
dugc cac bat ding thitc tuong duong sau

1 3
>— (1
Zx—i—yz_Q (1)
T 3
— > _ (2
Zx2+1_2 (2)
2.2
y°z 3
g7 > Z
Yy )

Ro rang bat dang thiic (1),(2),(3) sé khé xtt 1f do su bat dong bac. Tit d6 ta thit nghi t6i viee thudn nhat bat
déing thic dé thu vé mot bat déng thitc dong bac, déi xing. That vay, ban doc c¢6 thé tham khéo huéng di
sa.

Lai giai
£ ~ . v s . b
T gia thiet xyz = 1 dan ta dén y tudng doi bien thong thudng nhat 1a dat « = %; y=-;c= ¢
c a
Bét ding thitc da cho tuong duong véi:
1 . 1 n b n c n a o 3
“a, ¢ b a ¢ b a+c a+b b+c 2

b b T ala
Nhu vay ta da thuan nhat bat ding thic dé quy vé dang quen thudc dé chinh 1a bat ding thiic Nesbit. Bat
diing thiic nay khong khé va c6 rat nhiéu cach chitng minh. Viéc hoan thién 13i gidi xin danh cho ban doc.
Déng thitc xay ra khi va chikhi: a =b=c=1hayzx =y=2=1

Cho a, b, c 1a cac s6 thyc duong théa man abe = 1. Chiing minh réng:

1 n 1 n 1 S 3
alb+1) bc+1) cla+1) 2
Loi gidi
Gidéng nhu bai 2, ta dit a = E,b = g,c: z
y z x
Bét ding thitc da cho tuong duong véi:

1 1 1 Yz 2x Ty 3
7+ = + + >
2(E+1) (24 z(l‘H) ry ez yztay etz
Yy \z z \x z \y

Dé thiy bat dang thitc cudi la bat dang thitc Nesbit nén luon ding. Vay bai toan duge gidi quyét hoan toan.
Déng thitc xay ra khi va chikhi: a =b=c=1



Bai Toan 4 [IMO 2000] | Cho a, b, ¢ 1a cic s6 thyc duong théa man diéu kién abe = 1. Chiing minh rang:

I (G

Lai giai

T abc=1tacoéthé dita==,b=

7C:

NEES

x z
y x
Béat dfing thic can ching minh tré thanh:

(r—y+2)y-z+2)z-aty) _,
TrYz B

SE-y+t2)(y—2+2)(z—v+y) <ayz

oY el —y)e—2)20 ()
Do bat dang thitc thuan nhat va déi xting, khong mat tinh tong quat ta gia sit > y > 2. Ta viét (1) thanh
(€ —y)?(z+y—2)+2(z—2)(y—2) 20

R6 rang bat dang thiic cudi luon ding nén ta c6 didu phai ching minh.
Déng thitc xdy ra khi va chikhi: a =b=c=1

Trong céc vi du 2,3,4 ta da tim cach thuan nhat dé dua vé nhitng bat dang thic quen thudc. Tuy nhién
trong vi du 5 sau day, ta sé lam ngudc, tic 1a tit bat ding thiic thuan nhat, ta tu tao diéu kien dé giai.

Cho z,y, z 1a cac s6 thyc duong. Chitng minh ring
xy? N yz> N 2z
(2> +ay)(y® +x2) (2 +y2)(z®+yx) (V¥ +a2)(a® + 2y

3

3
> 2
) — 4

DPinh huéng 16i giai
Dé thay ring bién déi truc tiép sé yeéu cau khdi luong tinh toén 16n, vi vay ta nghi dén viéc chudn hoa dé
don gian hoa bai toan. Cau héi dit ra Ia liu ta sé chuan hoa nhu thé nao? Ta thit véi cdc phép chuan hoa
quen thuoc cho & + y + 2z, 2y + yz + 2z 16 rang khong mang lai nhiéu hiéu qua. Vay ta sé nghi dén chuan hoa
zyz = 1. Clung ¥ tudng iy nhung c6 nhiéu cach di, ta cht ¥ ring

Ty
LHS=Y 22

Ty xz
(% +1) (y2 + 1)

a—? —? C_ﬁ

Nhu vay néu dit

Ta chi can chitng minh
a 3
DS
(a+1)(b+1) — 4

@Z4a(c+1) 23(abc+2ab+2a+1)
S a+b+c+ab+be+ ca > 3abe + 3



V6i chti ¥ abe = 1 ta d& c6 diéu phai chitng minh. Bai toan duge gidi quyét hoan toan.

Cho a, b, c 1a cac sd thuc duong. Ching minh ring:

2, 12 2
a+b+c< [a®+b°+c <1 @—l—ﬂ—i—afb
3 - 3 —3\a b c
y b la? +b% + ¢ .
Veé tréi%g % la 1 hé qua quen thudc, ban doc cé thé tu ching minh

. . [a? +b2+c2 1 (b b L ez
Ta quan tdm nhiéu hon t6i vé bén phéai % < 3 (C + % + a) Pay 14 1 bat dang thidc manh
a c

Lz b b
hon so v6i bat dang thic sau: a + b+ ¢ < —C—l—%—i—a—
a c

Dé giai quyét bai toan nay thi ta sé sit dung k¥ thuat dit an phu nhu sau dé dua bai toan vé dang quen thudc.

Loi giai
_ be ca ab
Dat — =T, =Y, =z
a b c

Bét ding thitc da cho tuong duong véi:

Y + Yz + 2T < r+y+z
V 3 - 3

&3 @y+yz+z2z) < (x+y+2)°

S0<(@—y’+y—27+(z—2)

Déng thitc xay ra khi va chi khi: a =b=¢

Bai Toan 7 [VMO 1996] | Cho z,y,z > 0 va zy + yz + 2z + 2yz = 4. Chiing minh ring

r+y+z>ay+yz+axz

Day 13 mot bai toan dep va hay. Diém khé nhat ctia bai toan chinh 1 & diém roi. Ngoai TH 2 = y = 2 thi
x =0,y =z =2 vA cac hoan vi ciing cho dau ding thic. Dé xit I ta c6 thé nghi t6i viec déi bién bing cong
thitc & phan ly thuyét nhu 13i gidi 1 sau.

Lai giai 1

s 2. 2 2 2b 2
Nhu da trinh bay & trén, ta c¢6 thé doi an (z,y,z) — < a ¢ )

b+c a+c a+b
Bét ding thic can chiing minh tuong duong

Za(a—b)(a—c) >0

Bai todn nay da dudce chitng minh & trén. Ta cé diéu phai chitng minh.
Déang thitc xdy ra tai v =y = 2z = 1 va (2,9, 2) ~ (0,2,2)

Ngoai ra, ta cling c6 thé giai bing phuong phap pgr va bat déng thiic Schur giéng 16i giai 2.
Loi giai 2

Ta c¢6 phép dat quen thudce
p=a+b+c g=ab+bc+ca 1 =abc



Nhu vay ¢ + 7 = 4 va ta phai ching minh p>q¢&r>4—p

Déc60<r<1

Mat khac
»?
—>q=4-r2>3
3

T d6 cling c6 p > 3

Néup>4thir>0>4—p

Néu3 <p<4tacod

.3 3
4pq P <p+36

4—qg=1r>
1=r=""9 =419
Ta phai ching minh
3
p° + 36
> & (p—3 3)4—p) >0
P20 (p—3)(p+3)(4—p) =

R6 rang bat ding thitc cudi luon ding nén ta cé diéu phai ching minh.

Cho z,y, z 1a cac s6 thyc khong am thod mén z < 1,y < 2,z +y + 2z = 6. Chting minh ring

(x+1)(y+1)(z+1) > 4ayz

Dé bai cho ta 2 dit kien « < 1,y < 2 nén dau ding thitc khong thé x4y ra tai TH 3 bién bing nhau dit biéu
thitc 14 dbi xting. Nham thay dau ding thic xay ra tai (z,y,2) = (1,2,3) va day 1a TH duy nhéat nén ta co
thé st dung phuong phép chin gia tri.

Loi giai
bDitr=1—-a,y=2-0,2=34+a+bv6i0<a<1,0<b<2
Ta bién ddi biéu thiic can chitng minh vé

5a% + 10a + 2b% + 2b — ab(3a + 3b+ 1) & 3a*(2 — b) + 3b*(1 —a) + a(9 —b) +b(2 —b) + a(l —a) > 0

V6i 0 < a<1,0 <b<2rd rang bat ding thitc cudi ding. Ta cé diéu phai chiing minh.
Dau déng thic xdy rataiz =1,y = 2,2 = 3.

Nhan xét
Bai toan vAn dung néu thay dit kién thanh x < 1,y > 3
That vay, dat c =1—a,y=34+b,2=24+a—-bv6i0<a<1,0<b<3
Ta phai ching minh
3a?b + 8a” 4 2b* + 8a + 2b > 3ab® + 5ab

Ta c¢6 cac danh gia sau

2 2 2
8a > 8agb % > 1036 3a2 > a?b
812 44/10ab
5 etz 30“ > 3ab ab® + b > 2ab 2a2b+b >0

Cong lan lugt céc bat diing thic ta cé diéu phai ching minh.
Déng thic xdy ratai x = 1,y = 3,2 = 2.

Cho a, b, ¢ I céc s6 thye doi mot phan biet. Chiing minh ring

272 2
(a =)



R6 rang ta thdy dau ding thitc khong xay ra tai a = b = ¢ dit biéu thitc 1a hoan toan dbi xing. Dé giai bai
toan ndy, ta can mot chit tinh té vd cAm quan toan hoc.

Lai giai
. 1 . L ez
Cht y rang 4a2b? + (a + b)? = 5 ((2ab + a +b)? + (2ab — a — b)?). Tt day ta viét lai bat déng thic
(2ab + a + b)? (2ab — a — b)?
>4
R S L
Dat ,
2ab+a+b (2ab—a —10)
A= B=—F—-"—
Z (a —b)? (a — b)?
Tru6e tien ta chitng minh ring A > 2, B > 2 chitng minh tuong t.
bat
_ 2ab+a+b
 a-—b
_ 2bct+b+c
 b—c
_2catc+a
 c—a

Déco (z+1)(y+2)(z+1)=(z—1)(y—1)(2—1) & 2y +yz + 2z = 1 va ta can chiing minh 22 + ¢y + 22 > 2
Thuan nhat bat ding thic ta phai chiing minh

2+ 22> 2wy +yz + 21)
& (r+y+2)?

Hoan tét chiing minh.

Nhan xét

4a?b? (a + b)?
——— — 0 nhu vay ta dit ra cau hdi ligu
7 (o~ b2 (a0
déng thic ding hay khong. May m#n thay, bat dang thic trén ding va cé 151 gidi kha don gian, c6 huéng di
gibng v6i phép ching minh A > 2 nhu sau

Néu ta cho a,b,c — 0 thi 16 rang > > 2 ¢6 la bat

bit
a+b
€Tr =
a—>b
_b+ec
¥y= b—c
c+a
z =
c—a

Cingdéco (z+ 1) (y+1D)z+1)=(x-1y—-1(z-1)czy+yz+ 2z =-1
Mit khac,
(x+y+2)?>0e2”+y°+22> -2y +yz+32) =2

Ta c6 diéu phai ching minh.

Bai Toan 10 [IMO 2008] | Chitng minh ring véi moi s6 thuc a, b, ¢ thod man abc = 1 thi




L&i giai 1
Dat

a
xr =
a—1
B b
L
c
z =
c—1

T didu kien abc = 1 vi bién ddi biéu thiic, ta thu dugce didu kién sau day cia .y, 2
zyz=(x—-1y—-1z-1)ezy+yz+az—x—y—2+1=0

Ta can chitng minh
P4yt >l (@ty+z—1)2>0

Mot diéu hién nhien diang.

Loi giai 2
» xe 2?2 y? 22
Tt abe =1 ta ¢6 thé doi an (a,b,c¢) — <, =, )
yz' xz’ xy
Bat ding thic can ching minh tuong duong

4

RS
(a2 — bc)? —
Ap dung bat déng thitc Cauchy-Schwarz cho vé phai ta di chitng minh ring

(Z a2)2 > Z(GQ _ bC)2

& (ab+be+ca)® >0

Bét ding thitc cudi hién nhién ding nén ta cé diéu phai chitng minh.

Loi giai 3
Déi bién (a,b,c) — (y’ E, a:)
x'y’ 2z
Bét ding thic can ching minh lic nay la

r+y

rT—y
Y+ z
v= "

Yy—z
24+ x
2=

Déco (u+1)(v+1)(t+1)=(u—1)(v—1)(t — 1) nén wv + vt + tu = —1

Ta sé ching minh
2
E M >1
4

s+ + 24 2utv+t) > 1
Sut+v+t+1)2>0

t =




Hoan tat chitng minh.

Bai Toan 11| Cho a,b,c 14 cac sd thyc khac 1 thod man ab + bc 4+ ca = 3. Ching minh ring néu

1
—— <0 thi
Zafl_ !

DO o

1
1.2
1—a
Loi giai
it z =

L
T va tuong tu cho y, z.

_ . \
Tacbrz+y+2z<0vaa= i Dieu phai chitng minh tuong duong z + y + z < _73
x

Tit ab + be + ca = 3 ta thu duge 22y + 2yz + 222+ 2 +y+2=0& (v +y+ 22+ +y+2z =22+ y> + 22

(z+y+2)?

Tit bat déng thiic co ban 22 4+ y? 4+ 22 > vadit p=x+y+ 2z tadéco

2
p2+p2%®p(2p+3)20

N -3
V6i chu y rang p < 0 va p # 0 ta thu duge p < >
Day 13 diéu phai ching minh. Pang thic xdy rataia =b=c= —1

Bai Toan 12| Cho cac s6 thuc a, b, ¢ d6i mot khac nhau. Chitng minh ring
272
(a—0b)2 = 2

Loi giai
Gidng nhu bai toén 9, ta cha y
(ab—1)* + (ab +1)? = 2(a®b® + 1)
bat x = ab - l,u: abt1 va tuong tu cho y, z,v,t
a—>b a—1b
Bing bién dbi dai s6 dé dang thu dudc zy + yz + 2o = —1,uv + vt +tu =1
Ta c6

w2 P 22> 2wy +yz+az) =2
u? + 02 + 2 >uww+vt+tu=1
Nhu vay 22 +y? + 22 +u? + 02 +t2 >3
Bat ding thic trén tuong duong véi diéu phai chting minh.

Bai Toan 13 | Cho cac s6 thyc khong am a, b, c. Chitng minh ring

Y Vatb=2Va+b+c

Bai toan trén c6 kha nhiéu cach gidi. Sau day tac gia trinh bay 3 cach thong dung va sd cap.
Loi giai 1
Ditz=+vVa+by=+vb+c,z=+/c+ataco

a:x2+22—y220

b:m2+y2—2220
c:y2+z2—x220
Bét ding thitc can ching minh ldc nay 1a

THy+2>/2@2 Fy2+22) e 2?4 y? + 22 < 2wy +yz + 22)

10



Khong mét tinh tdng quat, gid sit > y > 2. Ta phai chitng minh
& (x—y)? + 22 < 2yz + 222

Mit khac (y +2)2 > y2+ 22 =c+ 22> 22 oytz>re 2> -y 22> (v —y)?
Vay ta chi can chira 22 <yz+az < z(x+y—2) >0

Bét dfing thic cubi ding nén bat ding thic ban dau duge ching minh.

Dang thitc xay ra khi (a,b,c) ~ (t,0,0),Vt > 0

Lo giai 2
Binh phuong 2 vé va bién ddi, ta co

QZa—i—ZZ V(a+b)(a+c) 242@

@Z\/a(a—i—b—i—c)—f—cha—&—b—i—c

Ap dung bét déng thitc \/a 4+ Vb > va + b lien tiép 2 1an 16 rang

LHS> \/(a—i-b—|—c)2 +ab+bc+ca>a+b+c=R.H.S
Chitng minh hoan tat.

Loi giai 3
Khong mét tinh téng quat, gid si a > b > ¢. Bién d6i diéu phai ching minh vé

—c —b
+ +vVb+c¢c>0
Va+b+vVa+b+e Vatc+vVa+btc

Cova+b>va+tec>vVb+c
Vay bat dang thiic can chitng minh sé ding néu ta chi ra

b+c
Vb+c+vVa+b+ce ™

b+c

svVb+ce-Va+b+e>0

Mot diéu hién nhien ding.

Bai Toan 14 [VQBC] | Cho a,b, ¢ 1a cic s6 thyc duong thod man a + b+ ¢ = 3. Chitng minh ring

H(ag—a—i—l)zl

Loi gidi
Ta thiy hé s6 —1 clia a gay nhiéu kho khin trong danh gia vi vay ta tim cach loai bé né di. That vay, viét lai
bat ding thiic dusi dang
[T [2a—1)*+3] > 64
Néu trong 3 s a, b, c c6 1 s6 bé hon hodc bang 0, 5, gia sit 1a ¢, ta c6 thé dé dang xit 1i nhu sau.
Ap dung bét déng thiic Cauchy-Schwarz ta c6

[(2a—1)%+3] [3+(2b—1)%] > [\/§(2a —1) +V3(2b— 1)}2 —12(a+b-1)2 =122 — ) > 12(2— %)2 =97

Mat khac (2¢ —1)2 43 > 3 neén [ [(2a — 1)> + 3] > 273 =81 > 64
Néu ci a,b,c > 0,5 dat
r=2a—1>0

y=2b—1>0

z=2c—1>0
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khidéz+y+z=2(a+b+c)—3=3.

Lic nay ta phai chi ra [[(2% +3) > 64 (1)

Bat ding thic (1) khong hé khé. Sau day 1a 16i giai dé nghi clia tac gia.
Dat f(z,y,2) = [I(a* +3)

Ta sé ching minh 2 buée f(z,y,2) > f (x, y—l—z’y—;—z) > 64

2
yt+z Ytz
2 7 2

Trude hét ta chiing minh rang f(z,y,z) > f (a:,
That vay, xét

yt+z y+z
2 7 2

A= f(z,y.2)—f (x ) = %6(363 +3) [16y°2> + 48(y* + 2°) — (y + 2)* — 24(y + 2)°]

1
A= E(;132—&—3)(1/—,2)2 (24 — y? — 6yz — 2°) >
R6 rang bat ding thitc cudi ding, ta hoan tat bude 1.
Bu6ce 2 gan nhu chi mang tinh 1y thuyét. Theo dinh 1y S.M.V thi ta chi can chitng minh bat ding thiic trong
truong hop y = z tic 1a & = 3 — 2y. Thay thé va bién déi ta c6

%6(952 +3)(y—2)?[24—2(z+y+2)°] >0

B=f(z,y,y)—64=4(y — 1)*(y* —¢* + 6y — 5y + 11)

Dé dang chi ra duge y* + 6y% + 11 > ¢ + 5y, Vy > 0 nén B > 0. Bat ding thiic dugce chitng minh.
Déng thitc xdy ra khi va chikhia=b=c=1.

Bai Toan 15 | Cho z,¥, z 1 céc sb thuc thod man x + y + z = 0. Chitng minh ring

9(4% +4Y + 47
8" +8Y+8+6 > @+ 47+ 47
27z +27y+272

Loi giai
D6i v6i cac bai toan dic trung 6 bién 6 mil, ta c6 thé sit dung bat ddng thitc AM-GM mé rong va Bernoulli,
tuy nhien so cap hoa 18i gidi vAn luon 1a Iya chon hang dau! Dat an phy chinh 1a mot trong cic phuong phap
nham thyc hién diéu nay. Va 15i giai sau day thé hien ding tu tudng ay!

Loi giai
Dit
a=2*>0
b=2Y>0
c=2*>0

Khi dé ta c¢6 abc = 2*T¥+* = 1 va bat ding thitc duge viét lai

9(a? + b% + ¢?)
1 1 1
a b ¢

A+ + 46>

Sau khi thuan nhit véi diéu kién abe = 1 ta sé chi ra

a? b 2 - 9(a? + b* + %)
bc  ca ab ~ ab+bc+ca

Bét déng thiic trén c6 thé duge gidi mot cach kha don gidn. That vay, diéu phai chitng minh tuong duong véi

a? 9(a? + b* + %)
be ~ ab+bc+ ca
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N (a+b+c)a®+b*+c2 —ab—be— ca) S 9(a® + b2 + ¢ — ab — bc — ca)
- ab+ca+ca

abc
Loai b nghiém tam thuong ta phai chiing minh

a+b+c> 9
abe ~ab+bec+ ca

< (a+b+c)(ab+ be + ca) > 9abe

Bét ding thitc cudi ciing vo cling quen thudc, vi vay hoan tat 16i giai xin danh cho ban doc.

Két thiic chitng minh. Déng thitc x4y ra khi va chi khiz =y =2=0

Nhan xét

Theo kinh nghiém ctia tac gid, thi cac bai toan véi bién chay tai mil thudng khong chit, tuy nhién viéc c6 mil
khién cho nhiéu hoc sinh hoang mang, ling ting. Viéc dit &n phu hau hét sé cho ra mot bat déng thic kha
léng , dé dang danh gia bang cac phuong phap thong thudng.

4 Bai tap tu luyén

Dé két thiic chuyen dé, mdi cac ban giai cac bai todn sau dé luyen tap.
Cho céc s6 thuc x,y thod man 2122 — 36xy + 44y? < 27. Chiing minh ring = + 2y > —3
3 .

Cho z,y,z € RT thod z +y + 2 < 3 Tim gia tri nhd nhit cia

r=]] ( += 4+ 3)
Cho a, b, c 1a cac sd thuyc thod man abc = 8. Chitng minh ring

(a—2)? 2)2 4

Cho a,b, c € R doi mot khac nhau. Chitng minh ring

b2 N 2¢2 N 2¢2 N 2a?
@ 0F TG ofe—aP G- (e ap

> 2

Bai 5 [ S6 463-THTT ]| Cho cac sb thuc duong z,y,z thod man (z + y)(y + 2)(z + 2) = 1.

Chtng minh ring
2 +ay +y°
IRCETREN

1 N
Bai 6 [ IMO SL 2009-A2 ]| Cho z,y,z € RT thod man > 2 = > —. Chiing minh réng
x

1 3
<
Z (2zy + yz + x2)? ~ 1622y222
Bai 7| Cho z,y,z € * thod man 2yz = 1. Chitng minh rang

Z;<i
Qz+y+2)2 16

Bai 8 [ Trudng Dong 2015 || Cho a,b,c € RT. Chiing minh réng

Z ab N 5 _ 6(ab+bc+ ca)
(a+b)2 4~ (a+b+c¢)?

\%
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Bai 9 [ IMO SL 2006-A5 ] | Cho

a,b,cla sb do 3 canh mot tam giac. Chitng minh ring

Vb+e—a
Zf+\f IS?’

Bai 10 [ VMO 2002 ] | Cho da thitc P(z) = 2% + ax? + bz + ¢ ¢6 3 nghigm thye. Chitng minh ring

12ab + 27c < 6a® + 101/ (a2 — 2b)3

Bai 11 [ Gabriel Dospinescu |

Gia stt a,b,c € RT sao cho a + b+ ¢ = 6. Chitng minh ring

Z\/a+12\/ab+bc+ca+15

5 Tham khao

Tai lidu

[1] Dién dan Toan hoc : http://diendantoanhoc.net

[2] Dién dan AoPS : http://artofproblemsolving.com

[3] Bao Toan Hoc va Tudi tré : S6 463
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