Dudng tron mixtilinear
Nguyén Van Linh

Sinh vien K50 TCNH DH Ngoai thuong

1 Giéi thisu

Duong tron mixtilinear noi tiép (bang tiép) 1a dudng tron tiép xtc véi hai canh tam gidc va tiép
xic trong (ngoai) v6i dudng tron ngoai tiép tam gidc d6. Dudng tron mixtilinear 14 mot van dé kha
kinh dién trong hinh hoc phéng, né bit dau duge nghién citu bdi ngusi Nhat Ban ngay tit thé ky
XVII, trong cdc bai todn duge khic trén nhitng ngdi dén ¢ (xem [1]). Cach dinh nghia rat dic biét
ctia dudng tron nay tao ra nhiéu diéu thd vi an chita bén trong. Trong bai viét nay, ching ta sé tim
hiéu mot s6 tinh chat ctia dudng tron mixtilinear va dudng tron Thebault (duong tron mixtilinear mé
rong).

2 Tinh chét

Trong muc nay chi yéu ching ta sé tim hiéu cac tinh chat lien quan dén dudng tron mixtilinear
noi tiép. Thuye té hau hét nhitng tinh chat dang véi naoi tiép thi cling ding véi bang tiép.

Xét tam giac ABC noi tiép duong tron (O) va ngoai tiép duong tron (I). Ki higu wy, wp, we (v6i tam
tuong tng 1a Og, O, O,) lan lugt 1a cac dudng tron mixtilinear noi tiép tng véi goc A, B,C; XY, Z
lan lugt 1a tiép diem clia w,, wp, we voi (0); Ap, A 1an lugt 12 tiép diém clia w, véi AB, AC. Tuong tu
ta xac dinh By, B., Cy, Cy; D, E, F lan luct 1a diém chinh gitta cac cung BC,CA, AB.

Tinh chat 2.1. (B6 dé Sawayama-Thebault). I 14 trung diém ctia A,A..



Chatng minh. Hién nhien E, F 1an lugt 1a giao diém ctia X A., X A, v6i (O). Suy ra BE giao C'F tai I.
Ap dung dinh ly Pascal cho luc gidc AFBXCE ta c6 (ABN XF),(ACNXE),(BENCF) thing

hang hay Ay, I, A. thing hang.
Mat khac tam gidgc AApA, can tai A c6 AI 1a phan giac ZA,AA, nén I la trung diém AyA.. O

Nhan xét. Xem cach giai khac tai [2]. Ngoai ra tinh chat 2.1 con la h¢ qué clia tinh chat 3.1.

Tinh chat 2.2. X di qua diém chinh gitta cung BAC.

N 1
Chiing minh. Do X Ay giao C1 tai F nam trén (O) nén Z/BX A, = /ZFCB = iéACB = /ZBIA-90° =

ZApIB.

Suy ra tit giac A,/ X B noi tiép. Tuong ti tit gidec A.JXC noi tiép.

Ta thu dugec /BXI = LAA = LAA T = ZIXC, suy ra X1 la phan giac ZBXC hay X1 di qua
diém chinh giita M, ctia cung BAC. O

Tinh chat 2.3. A,A., BC,XD,0,0.,Y Z dong quy tai A;.
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Ching minh. Goi A; 1a giao ciua AyA. véi BC.
AB AA AyB - AB

AC AC AA T ACT | Y |

X , BX BX AX BA, AA. BA,

Do X Ay, X A, 1an luct 1a phan gide ZBXA vi ZOX A né == L : - .
o} Z anAu’Qt a phan giac va £C nén OX ~ AX CX ~ AA, CA. ~ CA,
B B BX

Tit d6 Ai 5=C A’C’ = &g hay X A1 la phan gidc ngodi ZBXC, tite Ia XAy di qua D.

Mat khac, dé dang nhan thay ZCp giao Y B, tai D va DCy.DZ = DB? = DB..DY nén ti giac
2Y B.Cj, noi tiép.

Do AT 1L AI,CyI L CI nén LAICy, = 180° — LAIC =90° — LIBC = ZIB.B.

Lai ¢6 A; nim trén truc ding phuong ctia dudng tron (I,0) va (O) (xem [3]) nén ta thu dugc
A1B.A1C = A1I? = A1Cy. A1 B.. Suy ra Ay thuoc truc déng phuong ctia (ZY B.Cy) va (O). Tic la
AL eYZ.

Ap dung dinh 1§ Monge-D’Alembert cho 3 dudng tron ws, we, (O) suy ra A; 1a tam vi ti ngoai clia
Wy VA we, tiic 1a Ay, Oy, O, thing hang. O

Ap dung dinh 1y Menelaus ta c6

Tinh chat 2.4. Goi Az la tiép diém ctia (I) v6i BC. X Ay giao (O) tai L. Khi d6 AL || BC.

D

Chitng minh. Theo tinh chat 2.2 ta c6 XTI di qua diém chinh giita M, ctia cung BAC nén ZIX D = 90°.
Lai theo tinh chat 2.3, DX, AyA., BC dong quy tai A; nén t¢ giac A11AX noi tiép dudng tron
duong kinh TA;. Suy ra LZLAC = LA IX = /A1 DX = LZALAy. Tu do AL || BC. O



Tinh chat 2.5. (AFA,;) giao (AEA,) tai K. Khi d6 AEKF 1a hinh binh hanh.

Ching minh. Ta c6 (KA, KAy) = (FA,FAy) = (FAFX) = (FEAEX) = (EAEFA,) = (KA, KA,)
(mod 7).

Suy ra K € ApA..

Tu d6 LFAK = /XAyA. = LAAE = ZAKE, suy ra AF || KE. Tuong tu, AE || KF hay
AEKF la hinh binh hanh. O

Tinh chét 2.6. Dudng tron mixtilinear noi tiép ting véi géc A clia cac tam gidc ABX va ACX tiép
xtc nhau.

Ching minh. Cach 1 (Jean Louis Ayme). (xem [7])

Goi I1, Is 1an luot 1a tam duong tron noi tiép cac tam giac ABX, ACX; M, N lan lugt 14 giao cia
BI,CI, vé6i (O). Cac dudng thiang qua I; va vuong géc v6i Aly, qua I v vuong géc véi Aly giao
nhau tai P. M F giao NE tai L, M F giao Al tai J, NE giao Al tai K.

Ta c6 FA = FI;,MA = MI; nén FM la trung truc doan thing Al, suy ra FM 1 Al hay
FM | I, P, tuong tu, EN || I,P.

Mait khéc, goi T 1a giao ciia AX v6i wg.

Ta c6 XAy T A, 1a ti¢ giac diéu hoa vda XFAE 1a anh cia XA,TA. qua phép vi tu tam X nén
XFAE 1a t giac dieu hoa.



FI, FA EA EI, .

Hai tam giac FLE va I; PI, c6 canh tuong ting song song nén F'I;, Ely, LP giao nhau tai tam vi
tu X ctia hai tam giac, hay X, P, L thing hang.

Lai ¢6 JK la duong trung binh ctia tam giac Al Iy nén JK || I 1. Hai tam gidc JLK va I} P15 ¢6
canh tuong tng song song nén I1J, [s K, LP giao nhau tai tam vi ty A ctia hai tam giac, hay A, L, P
thang hang.

Vay A, P, X thing hang, suy ra dpcm.

Cach 2.

Xét phép nghich dio cuc A phuong tich k bat ki I%: B — B',C — C',(0) — B'C',BC ~
(AB'C"),wq — W),

Do w, tiép xtc trong véi (O) va tiép xtc véi cac canh AB, AC nén w/, 1a dudng tron bang tiép goc
A ctia tam giac AB'C’.

Bai toan dugc dua vé dang: Cho tam giac ABC, N la tiép diém ctia dudng tron bang tiép géc A
v6i BC. Chiing minh réng duong tron bang tiép géc A ciia cac tam giac AN B va ANC' tiép xtic nhau.

Suy ra

A

Ta biét ring AN la duong thing chia tam gidc ABC thanh hai tam giac c6 chu vi bing nhau.

Goi J,J' 1an lugt la tiép diém ciia duong tron bang tiép géc A clia cac tam gidc ANB, ANC véi
AN.

Ki hi¢u p(XY Z) la nita chu vi tam gidc XY Z, ta c6 AJ = p(ANB) = p(ANC) = AJ'. Do d6
J = J’, hay hai duong tron bang tiép goc A clia cac tam giac ANB v ANC tiép xtic nhau tai J. Ta
c6 dpcm. O

Tinh chat 2.7. IX giao BC tai M, AX giao AyA. tai N, khi d6 M N || AI va (XNI) tiép xtic véi
(0).



Chaing minh. Goi Az la trung diém BC. Ta c6 tit gidc A11A3D noi tiép dusng tron dusng kinh A;D.
Suy ra ZAXI = ZIDAs = /IA1As. Tt d6 tit giac A{NM X noi tiép.

Suy ra ZAINM = ZA1 XM =90°. Vay M N || Al

Mait khéac, do AM, va NI cung vuong goc v6i Al nén hai tam giac X NI va X AM, c6 tam vi tu
X. Suy ra (XNI) tiép xtc véi (X AM,). O

Tinh chat 2.8. AX, BY,CZ dong quy tai tam vi tu ngoai ctia (O) va (I).
Loi giai cho tinh chat nay ban doc xem tai [4].
Tinh chat 2.9. (AIX) tryc giao véi (O).
Chatng minh. Ta c6 ZOAD = ZODA = ZAXI, do d6 OA 1a tiép tuyén ctia (AIX). Suy ra dpcm. [
Tinh chéat 2.10. Cac duong tron (AIX), (BIY),(CIZ) dong truc.

Chitng minh. Theo tinh chat 2.9, phuong tich tit O dén 3 duong tron nay déu bang R2, lai ¢6 3 duong
tron cing di qua I nén OI la truc ding phuong ctia 3 dudng tron.

Ta ciing c6 thé chiing minh dua vao tinh chat 2.8, d& dang suy ra tam vi tu ngoai ctia (O) va (I)
ciing c6 cung phuong tich véi 3 dudng tron. O

Tinh chat 2.11. Goi A/, B’,C’ lan lugt 1 giao ctia AI, BI,CI v6i BC,CA, AB. Khi d6 cac dudng
tron (AXA’),(BXB'),(CXC") dong truc.



Chitng minh. Goi I, Iy, I. 1a 3 tam bang tiép ctia tam giac ABC. Khi d6 I 1a tric tam tam gic I, Iy 1.

Xét phép nghich dao cyc I phuong tich k = TA.II, :

Ars I, X v X', A s A”. Tuong tu xac dinh Y', Z/, B",C".

Goi J 1a trung diém I1,. Ta da ching minh dugec X X’ di qua diém chinh giwta M, ctia cung BAC
va phép vi tu tam I t1 s6 2 bién dudng tron (O) thanh (I,1,1.).

Suy ra IX.IX' =TAIIl, =2IA1J =1X.2IM,.

Suy ra M, la trung diém IX’, tic 1a X' € (I,I,1.). Do X' déi xing véi tric tam clia tam gidc
I,I,I. qua trung diém I,I, nén X’ d6i xing véi I, qua tam ngoai tiép O’ ctia tam giac I, 1,1,

Qua phép nghich déo I¥ : B — I;,,C ~ I. nén BC — (II,1.). Suy ra A” € (II,1.), tit d6 A" 1a
diém déi xting véi I, qua Ip1..

Nhu vay tam ctia (I, X’ A”) 1a giao ctia dudng thang qua O va vuong goc v6i 1,0’ véi 1.

Ta cht ¥ t6i két qua sau: Cho tam gidc ABC va mot diém X bat ki. Duong thing qua X va vuong
géc véi AX giao BC tai A'. Tuong tu zdc dinh B',C'. Khi dé A', B',C" thing hang. (15i giai xem tai
3)).

Ap dung vdo bai toan nay cho tam giac I,[,I, va diém O’ suy ra tam cla cac dudng tron
(I.X'A"), (I,Y'B"),(I.Z'C") thing hang.

Mit khac hién nhién phuong tich tit O’ dén 3 dudng tron nay biang nhau. Do d6 (I,X'A"), (I,Y'B"),
(I.Z'C") dong truc, suy ra (AX A’), (BXB'),(CXC") dong truc. O

Tinh chat 2.12. Goi [ la tiép tuyén ciia w, sao cho [ ndm trén nita mat phing bd BC chita A dong
thoi [ || BC. Goi P la tiép diém ctia [ v6i w,. Khi d6 AX, AP 1a hai dudng ding giac trong goc BAC.



Chaing minh. Goi Q 1a giao diém thit hai clia AX v6i w,.
Do X1 giao (O) tai diém chinh giita M, ctia cung BAC va tiép tuyén ctia (O) tai M, song song
v6i BC nén P la dnh ctia M, qua phép vi ty tam X. Tit d6 X, I, P thing hang.
Ta c6 TA L AM,, PQ la anh ciia AM, qua phép vi tu tam X nén PQ || AM,, suy ra PQ L Al.
Nhu vay P va @ doi xiing nhau qua AI, hay AX va AP la hai dudng dang giac trong ZBAC. O

Tinh chat 2.13. XO,, XO, la hai duong déng giac trong géoc BXC.

Chitng minh. Goi M la giao cia IX v6i BC,T la giao cia I.X véi Oy0.,.
Ta c6 XAy va XM lan lugt 1a phan gidc ngoai va trong goc BXC nén (BCMA;) = —1.
Suy ra I(BCMA;) = —1, hay I(O,O.T'A;) = —1, nghia la (0,0.TA;) = —1.
Vay X(0yO.TA;) = —1. Talai ¢c6 ZIXA; =90° nén XTI la phan giac ZOpXO,.
Theo tinh chat 2.2, X1 13 phan giac ZBXC nén ta c6 dpem. O

Nhan xét. Tinh chat 2.13 c¢6 thé tdng quat: Cho AB la mot day cung bat ki clia duong tron (O).
Hai duong tron (X), (Y) nam clung phia véi (O) sao cho chiing cuing tiép xtc trong véi (O) va tiép xic
véi AB lan lugt tai C, D. H la giao diém ctia XY va AB, M la diém chinh gitta cung AB khong chita
(X),(Y). HM cat (O) lan thtt hai tai I, khi d6 IX,TY 1a hai dudng ding gidc trong géc AIB.

Ldi gidi cho bai toan tong quat, xem [6].

Tinh chat 2.14. B,A,C,B.A.C, 1a luc gidc ngoai tiép dudng tron (I).



Chitng minh. Ké tiép tuyén AyJ t6i (I). Ta c6 LJApA. = LAAA. = LAA Ay nén A,J || AC.

Nhu vay tiép tuyén ké tir A, t6i (I) song song véi AC, tuong tu suy ra A,Cp 14 tiép tuyén song
song véi AC cta (I).

Chiing minh tuong ty ta ¢6 dpcm. O

Tinh chat 2.15. Dudng tron (A, A4,) giao (O) tai hai diéem R, S. Khi d6 RS 1a tiép tuyén clia w,.

Ching minh. Cach 1.

Goi Q 1a giao clia AX v6i w,, K, L lan lugt 1 giao clia AX véi (A, AAy).

Do hai dudng tron (A, AAp) vi w, truc giao nén (KLQX) = —1. Ma A 1a trung diém K L nén theo
dinh 1y Maclaurin, QK.QL = QA.QX, hay @ thuoc truc ding phuong ctia (A4, A4;) va (O). Nghia I3
Q € RS.

Ta c¢6 X la tam vi ty clia hai duong tron w, va (O) nén tiép tuyén tai A ctia (O) va tiép tuyén tai
Q clia w, song song véi nhau. Ma tiép tuyén tai A clia (O) va RS cung vuong goc véi OA nén RS 1a
tiép tuyén cla w,.

Cdch 2.

Xét phép nghich déo cuc A phuong tich bat ki, ta chuyén dugc bai toan vé dang méi nhu sau:

Cho tam giac ABC, dudng tron w bang tiép goc A tiép xtc v6i AB, AC lan luct tai F, E. Dudng
tron (A, AE) giao BC tai hai diém M, N. Khi d6 (AMN) tiép xiic véi w.



Ching minh.
Goi D la tiép diém clia w v6i BC. Ap dung dinh 1y Casey cho 4 dudng tron (A4, 0), (M, 0), (N,0),w
ta c6 (AMN) tiép xtc v6i w khi va chi khi AM.ND + AN.MD = AF.MN (xem [2]).

Nhung AM = AN = AF nén diéu nay tuong duong ND + M D = MN, hién nhién ding. Ta c6
dpcm. ]

Tinh chat 2.16. Goi M, N la giao diém cta (I,) v& w,. Duong tron (A, AM) giao (O) tai U, V. Khi
d6 UV la tiép tuyén chung cta (I) va (I,).

Chitng minh. Goi H la tiép diém cta (I,) véi AB. Xét phép nghich déo cuc A phuong tich k =
AAAH :

B~ B',C— C" (0,) — (1), (1) — (O,),(0) — B'C', BC — (AB'C").

Goi L 1a giao diém thit hai ctia AM v6i (I,,).

Ta c6 LAMMA=/HKA=/AHM, suy ra AN? = AM? = AA,.AH.

Nhu vay duong tron (A, AM) khong thay déi qua phép nghich dao I ff‘.
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Do U,V la giao diém ciia (A, AM) véi (O) nén U,V la hai diém khong thay ddi qua phép nghich
dio I%, tic 1a U,V € B'C.
Ta c6 (O,) tiép xtic véi (3) nén (I,) tiép xac véi B'C’, ‘fqﬁfc (I,) tiép xtc véi UV.
L1k I rp 25aBc / ,
Mat khac, AA,. AH = s A/Z'p T SmA2.cos A2 smA bc = AB.AB" = AC.AC".
Suy ra AB' = AC, AC' = AB. Ma BC la tiép tuyén chung cua (I) va (I,) nén qua phép déi xing
truc, B'C" 1a tiép tuyén chung thit hai ctia hai dudng tron nay. O

Nhan xét.

1. T tinh chat trén suy ra &nh ciia (I) qua phép nghich déo I f& chinh 1&4 duong tron mixtilinear
bang tiép.

2. Mot cach tuong ty ta cling c¢6 két qua sau:

Goi M', N’ 1a giao diém ctia (I) va w,. Dudng tron (A4, AM’) giao (O) tai U’,V'. Khi d6 U'V’ 1a
tiép tuyén ctia (I). Ngoai ra c¢6 thé chitng minh I nim tren (A, AM').

Tinh chat 2.17. Goi A la tiép diém cta (I) véi BC, A4 la trung diem TAs. Khi d6 A4D la truc
déng phuong clia wp va we.

D

Chaing minh. Theo 18i giai tinh chat 2.3 ching ta da ching minh duge D ndm trén truc dang phuong
cla wp va We.

Goi Ba, Cy 1an lugt 1a tiép diém cia (1) v6i AC, AB. Xét hai dudng tron (I) va wy c6 CoB, va A3 B,
1a hai tiép tuyén chung ngoai. Do d6 dudng thing néi trung diém Cy B, v Ay B, hay duong trung binh
I1 ctia hinh thang CoB,B.Ay chinh la truc ddng phuong ctia (I) va wp. Hién nhién 1 di qua Ay.

Tuong ty, duong trung binh Iy ctia hinh thang C, B2 A>C), 13 truc dang phuong ciia (I) va we. Ta
chiing minh dugc [; va Iy giao nhau tai Ay.

Nhu vay A4 chinh I tam dang phuong ctia 3 duong tron (1), wy, we. Tt d6 A4D 1a truc ddng phuong
cla wp va We. O

Tinh chat 2.18. Tam ding phuong J ciia w,, wy, w. nam trén O va chia O theo ti s6 OJ : JI =
2R : —r.

Chaing minh. Goi By, Cy lan lugt 1a trung diém IBs, ICs.

Dé dang chitng minh hai tam gidac DEF va A4B4C}y ¢6 canh tuong ting song song nén DAy, EBy, FCy
dong quy tai tam vi ty J clia hai tam gidc, tam vi tu nay ciing chinh 14 tam vi tu clia dudng tron ngoai
tiép hai tam giac DEF va A4B4Cy. Chi ¥ rang ban kinh dudng tron ngoai tiép tam gidc A4B4Cy bang
r .
i,vayOJ:JI:2R:—r. O
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Tinh chat 2.19. Tam ding phuong clia 3 duong tron mixtilinear ngoai tiép va tam dang phuong ctia
3 duong tron mixtilinear noi tiép déi xitng nhau qua O.

VAT
4%9*(
N

RS

,ﬁ
L7

Chiing minh. Goi My, My, M, lan lugt 1a diém chinh gitta cac cung BAC, ABC, ACB. Mot cach tuong
tu ta ciing chitng minh duge M,, My, M, 1lan lugt ndm trén truc ding phuong ciia titng cap cac dudng
tron mixtilinear ngoai tiép (ki hieu la w), wj, w).

Goi I, I, I, 1a tam 3 dudng tron bang tiép ctia tam gisc ABC. A}, Al 1a tiép diém cla w], véi
AB, AC. Tuong tu ta xac dinh By, B, C.,, C}.

Truc dang phuong ctia (I) va wl. 1a dudng trung binh ctia hinh thang Ay BoC,Cy, truc dang phuong
cta (I) va wj 1a dudng trung binh cta hinh thang A2Cy B, B.. Hai dudng trung binh nay giao nhau tai
tam déng phuong As ctia 3 dudng tron (1), wj, wh.

Tuong tu ta xac dinh duge Bs, Cs.

Goi AgBsCp 13 tam gidc tao béi giao diém ciia cac duong thing AL AL B, By, C,Cyp; A7B7Cy la tam
gidc trung tuyén clia tam gidc A BoCo.

Do I 1a tryc tam cta tam giac I,1,1. nén dé dang thu dude I 1a tam dudng tron ngoai tiép tam
giéc AﬁBGCG.

Ta ¢6 (O) la dusng tron Euler cia tam giac I,1p1., (I,Ipl.) la duong tron Euler clia tam gidc
A6B6CG nén R(AgB6C6) =A4R.

Hai tam gidc AgBgCs va A2 BoCs c¢6 chung tam ngoai tiép I va c6 canh tuong ting song song nén
I 1a tam vi tu trong ciia hai tam gidc dé. Lai c6 A7, I, lan luct 1a trung diém ByCy va AgBg nén ta
thu dugc LA = R(A2B,C4) =

II, ~ R(A¢BsCs) 4R
Goi Ag la trung diém I, A7, tuong tu c6 By, Cx.
IAg_A7A8—A7I_A7Ia A7I_4R+T r _4R—T
i, I,  20I, II, 8R 4R S8R
Do hai tam gidc AgBgCs va I Ip1. ¢6 tam vi tu I nén hai tam giac AsB5C5 va AgBgCg cing co

A AR —
tam vi tu I. Tit d6 R(AsBsCs) = R(AgBsCe). % —ap =T _op T

“II, 8R 2
Dé dang ching minh dugce hai tam giac M, MM, va A5BsC5 c6 canh tuong ng song song nén
M, As, MyBs, M.C5 dong quy tai tam vi tit J’ cia hai tam giac, J' nam trén dudng néi hai tam ngoai

|
Sl

A

Suy ra
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tiép I, O dong thai chia IO theo ti s6 J'I : JJO = (2R — %) : R. Ta ciing ¢6 J' chinh la tam dang
phuong clia w),, wy, wy.

Két hop v6i tinh chat 2.18 suy ra J va J’ déi xiing nhau qua O. O
Tinh chat 2.20. Ti s6 giita ban kinh ciia w, v w) 1 «, tuong ti c6 8,7. Khi d6 a+ 8+ = 1.

Chaing minh. Theo tinh chat 2.1 thi I 1a trung diém ApA., I, 1a trung diém A}, A,. T d6 « chinh la
ti s6 gitta ban kinh dudng tron noi tiép va dudng tron bang tiép goc A. Bai toan dua vé viéc ching
Al BI CI Str1, + Sty11. + S1,11,

il 4 ij_b + CL =1, hay =1, hién nhien ding. O

Sr.1,1.

Tinh chat 2.21. (Cosmin Pohoata). P la diém bat ki chuyén dong trén (O). Goi R, S la giao diém
clia hai tiép tuyén ké tu P t6i (I) véi BC. Khi d6 (PRS) luon di qua X.

Chaing minh. Goi X' 1a giao ctia (PRS) vé6i (O). Dya theo tinh chat 2.2 ta chi can chitng minh X'T 1a
phan giac Z/BX'C thisé c6 X' = X.

Goi M, N la giao ctia PR, PS véi (O), L, K 1an lugt 1a giao ctia PI véi (PRS), (O).

Xét hai tam giac MBX' va CSX' ¢6 /BMX' = /SCX',/MBX' = 180° — ZX'PR = 180° —
/RSX' = /X'SC.

Suy ra /BX'M = /5X'C.

Laic6 AIMX'K = /MPK = /LPS = Z/LX'S.

Do d6 X'I 1a phan giac ZBX'C khi va chi khi X'I 14 phan giac ZK X'L, tuong duong

(1)
Do I 13 tam bang tiép ctia tam giac PRS va L la diém chinh giita cung RS nén LI = LR.
Theo dinh 1y Poncelet (xem [5]), M N tiép xtc véi (I), suy ra K 1a tam ngoai tiép tam giac MIN

X'K KI
X'l LI’

hay KI = KM.
KI KM
Nhit vay —o = —
YW TT T LR

Xét hai tam giac KMX' va LRX' ¢6 /AMX'K = /RPL = /RX'L, /MKX' = /MPX' =
ZRLX'. Do d6 AKMX' ~ ALRX'.
KM KX’

TR Ix nghia la (1) ding. Ta ¢6 dpem. H

Suy ra
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Nhan xét. Bai toan trén c6 thé duge md rong nhu sau: (Vladimir Zajic). Cho tam gidc ABC noi
tiép duong tron (O), ngoai tiép duong tron (I). P la mot diém bat ki ndm ngoai (I). Cdc tiép tuyén ké
tw P tdi (I) giao BC tai E,F. PI giao (O) tai P'. Khi d6 (P'EF) luon di qua tiép diém cia duong
tron A-mixtilinear noi tiép vdi (O).

Tinh chat 2.22. (Iran 1997). P la diém bat ki chuyén dong trén cung BC khong chiita A. Goi Iy, I
lan lugt 1a tam dudng tron noi tiép cac tam giac APB, APC. Khi d6 (I115P) luon di qua X.

Chatng minh. Hién nhien PIy, PI5 1an lugt cit (O) tai F, E va F, E lan lugt 1a tam dudng tron ngoai
tiép cac tam giac ABI;, ACIy. Goi X' 1a giao cta (I1 o P) vé6i (O).

Tacé LX'FI) = /ZX'ElL, /F[1 X' = /E[L, X', do d6 AFL X' ~ AELX'.
E—Fi[l—X,F Tu d6 ti gidc AFX'E diéu hoa, th hép chu inh tinh chat 2.6
AF - BL - X'E giac icu hoa, theo phép chitng minh tinh chat 2.
ta c6 tit giac AFXE diéu hoa, suy ra X' = X. O

Suy ra

3 Duong tron Thebault

Duong tron Thebault duge dinh nghia nhu sau: Cho tam gidgc ABC noi tiép duong tron (O). Mot
duwong thang | qua A cdt canh BC tai D. Puong tron tiép zic vdi cic tia DA, DC va tiép xic trong
vdi (O) goi la duong tron Thebault noi tiép cia tam gigc ABC 1ing vdi duong thing | va dinh C. Mot
cach tuong ti ta ciing dinh nghia dude cdc dudng tron Thebault noi tiép con lai va cic dudng tron
Thebault bang tiép.
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Duong tron Thebault thiyc chat 14 dang mé rong ciia dudng tron mixtilinear. Rat nhiéu tinh chat
trong muc 2 c6 thé mé rong cho dudng tron Thebault, va béi tinh da dang vi phong phi clia ching
nén that kho dé tim duge diém dimg. Trong muc nay ching ta chi tim hiéu mot s6 tinh chét tieu biéu
ctia duong tron Thebault, mot s6 md rong khac xin duge nhuong lai cho ban doc tu kham pha.

Tinh chat 3.1. (B6 dé Sawayama). Cho tam gidc ABC noi tiép dudng tron (O), ngoai tiép dudng
tron (I). D 1a mot diém bat ki trén canh BC. Goi (O') 14 dudng tron Thebault clia tam giac ABC
ting v6i AD va dinh C. (O’) tiép xiic véi cac doan thing CD, AD lan lugt tai E, F. Khi d6 I, E, F
thing hang.

M

Chitng minh. Goi K la tiép diém ctia (O') véi (O). KE, KF lan lugt cat (O) lan thtt hai tai N, M.
AM cit EF tai J. Khi dé M la diém chinh giita cung BC.

Do K la tam vi ti ngoai ctia (O) va (O’) nén hién nhien EF || M N.

Do d6 ZAKE = ZAMN = /AJE, suy ra ti gidc AKJFE noi tiép.

Ma (O') tiép xtc véi AD nén /EFK = ZAEK = ZAJK, nghia la dudng tron ngoai tiép tam giac
JKF tiép xic véi AM.

Suy ra MJ? = MF.MK. Mat khac, /MKC = /BCM nén MC? = MF.MK, ta thu dugc
MJ? = MC? hay MB = MC = MJ.

Lai ¢c6 M 1a tam duong tron ngoai tiép tam giac BIC, suy ra J = I hay I € EF. O

Nhan xét. Khi D = B ta thu dudc tinh chat 2.1.

Tinh chat 3.2. (Dinh Iy Sawayama-Thebault). Cho tam gidc ABC nai tiép dudng tron (O), ngoai
tiép duong tron (I). D la mot diém bat ki trén canh BC. Goi (O1), (02) 1an lugt 1 cac duong tron
Thebault cia tam gidc ABC tng véi dudng thang AD vi cac dinh B, C. Khi dé I, 01, O, thang hang.
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Chatng minh. Goi L 1 giao diém ctia 0102 va BC; G, H 1a tiép diém cta (O1) v6i DB, DA; E, F 1a
tiép diém ctia (O2) v6i DC, DA.

Theo tinh chét 3.1, I 1a giao diém ctia EF va GH.
Goi I' 1a giao cia GH va 0102. Do GH va DO cung vuong goéc véi DOy nén GH || DOs.

Suyra £L = LG ()
W To, T LD ; .
- . _LOy L
Mat khéac, O1G || O2FE nén 10, _LE (2)
Chia theo vé ciia (1) cho (2) ta thu duge o = ZE hay 01D | BT
ia theo vé ctia cho a thu 'CL01_LD ay O1 )

Ma EI va O1D ciing vuong goc véi OoD nén EI || O1D. Tit d6 I’ = I hay O, 1,05 thing hang.

Bai toan dugc ching minh. O

Nhan xét. Tu tinh chat trén suy ra (O1),(I),(02) ¢6 mot tiép tuyén chung khac BC' (IMO

Shortlist 1969).

Tinh chat 3.3. Néu D la chan phan giac géc A thi (O1) tiép xtc vé6i (Os).

Chitng minh. Goi G la diém chinh giita cung BC khong chita A.

Ching ta biét rdng phuong tich tit G dén ho cac dudng tron w tiép xtuc trong véi (O) va tiép xtc

v6i BC sao cho w va G nam khac phia so v6i BC déu biang GB? = GI?. Do (O) tiép xic v6i GI nén
I chinh 1a tiép diém ctia (O1) v6i AG. Tuong tu suy ra (O1) va (Oz) tiép xic nhau tai I. O
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Tinh chat 3.4. (Jean-Pierre Ehrmann va Cosmin Pohoata). Cho tam gidgc ABC, P 1a mot diém nim
trong tam giac. Goi 7%, 7§ 14 hai dudng tron Thebault clia tam giac ABC ting v6i dudng thing AP.
Tuong tw c6 T5, T4, T4, chv. Khi d6 6 duong tron 7%, 75, TS, TS, o Tg bang nhau khi va chi khi
P 13 diém Nagel clia tam giac ABC.

Chitng minh. Goi D la giao ciia AP v6i BC. Trudc tien ta gid sit ring R(T3}) = R(T5) (tuong ting véi
hai duong tron (O1) va (O2)). Hién nhién khi d6 ban kinh ctia 2 dudng tron bang 7.

Goi G, H 1a tiép diém ctia (O1) véi DB, DA; E, F la tiép diém ctia (O2) v6i DO, DA. L la tiép
diém ctia (I) véi BC.

Do R(0O1) = R(O2) nén BO102C' la hinh thang can, suy ra BG = CE.

O11LG 1a hinh chit nhat, O1IED la hinh binh hanh nén GL = O11 = DE.

Vay BL = BG + GL = CE + DE = CD. Suy ra D la tiép diém clia duong tron bang tiép géc A
véi BC.

Nguoce lai ta luon dung duge duong tron (O1) tiép xtc trong véi (O), BC va c¢6 ban kinh bang 7.
Khi d6 ké tiép tuyén tit A dén (O;) cat BC tai D. Dyng duong tron Thebault (Os) clia tam giac ABC
ting v6i AD va dinh C. Suy ra ban kinh ctia (O2) cling bang r, tic la R(O1) = R(O3) va D la tiép
diém ctia dudng tron bang tiép géc A véi BC.

Nhu vay R(O1) = R(O2) = r khi va chi khi D la tiép diém ctia dudng tron bang tiép géc A véi
BC'. Xét tuong tu v6i cac dudng tron con lai ta c¢6 dpcm. O

Tinh chat 3.5. AD giao (O) lan thit hai tai F. Khi d6 ban kinh ctia hai duong tron Thebault ctia
tam gidc ABC tng v6i AD bang nhau khi va chi khi ban kinh duong tron noi tiép hai tam giac EDB
va EDC biang nhau.
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Chatng minh. Theo tinh chat 3.4 thi ban kinh ctia hai dudng tron Thebault ciia tam giac ABC ting
v6i AD biang nhau khi v& chi khi D 1a tiép diém ciia duong tron bang tiép géc A véi BC.

. .« +.1.. SEDB SEDC p(EDB) DB
T = kh hi kh = = (1
a c6 rgpp = rgpc khi va chi lp(EDB) 2(EDC) ay W(EDC) ~ DC (1)
R DE D BDFE BD
Do hai tam giac ADB va CDFE dong dang nén inDB; = ZD’ tuong tu ZEADCi = 1D
. p(EDB) _ p(ADC) BD -
Nh = : . 1 ADC) = p(ADB) hay D 1
u vay W(EDC) — p(ADB) CD Suy ra (1) tuong duong p(ADC) = p( ) hay D la tiép
diém ctia dudng tron bang tiép géc A véi BC. Ta c6 dpem. O

Nhan xét. C6 thé chiing minh tinh chat 3.5 dya vao bai toan sau:

(Vladimir Zajic). Cho tam gigac ABC ngi tiép duong tron (O). P la diém bat ki nam trén canh
BC, AP cit (O) lan thi hai tai D. Goi (I1), (I2) lan lugt la duong tron néi tiép tam gidc APB, APC;
(J1), (J2) lan luot la duong tron tiép ziic véi cac cip tia (PB, PD), (PC, PD) va cung tiép zic trong
vdi (0). Khi dé I115,J1J2, BC dong quy.

Loi giai cho bai toan nay ban doc xem tai [4].

Tinh chat 3.6. Goi G, F lan lugt 1a tiép diém ctia (O1) va (O2) v6i BC, AD giao (O) lan thit hai tai
L, X la tiép diém ctia duong tron A-mixtilinear noi tiép véi (O). Khi d6 G, E, L, X cuing thuoc mot
dudng tron.
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Chitng minh. Goi A’ 1a giao ctia Al v6i (0), A’X giao BC tai P, A la tiép diém cta (I) véi BC. Ta
da ching minh duge PI | AI, PA’ 1 I1X do d6 ZPA1X = /PIX = /PA'l = Z/XLA. Suy ra t1 gic
XA1DL noi tiép.

Goi R, S lan lugt 1a tiép diém ctia (O1), (02) véi (O). RS giao BC tai Q. Theo dinh ly Monge-
D’Alembert ta c6 @ la tam vi tu ngoai ctia (O1) va (O2), cing chinh 1a cuc cia phép nghich dao ctia
hai duong tron. Suy ra tit gidc RSEG noi tiép.

Goi K 1a hinh chiéu ctia D trén O10s.

Ta c6 LO11G = LKO9D = ZKED, suy ra tit gidc GIKE noi tiép. Dong thai ta cling c6 tit giac
IK DA/ nai tiép duong tron dudng kinh ID. Do d6 QR.QS = QA1.QF = QI.QK = QA,.QD.

Vay tit gidc RSD A, noi tiép. Ap dung dinh 1y vé tam déng phuong cho 3 dudng tron (O), (RSEA;),
(XA1DL) suy ra LX, BC, RS dong quy tai Q.

Suy ra QG.QFE = QR.QS = QX.QL, tic la G, E, L, X cung thuoc mot dudng tron. O

Tinh chét 3.7. Goi A’ la diém chinh giita cung BC khong chita A, .J 1 trung diém ID. Khi d6 A'J
1 truc dang phuong ctia (O1) va (Os).

Chaing minh. Viec chiing minh A’ thudc truc ding phuong ciia hai duong tron nay kha don gian. Do
d6 chiing ta chi quan tam dén diém J.
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Do I nam trén dudng thang ndi tiép diém ctia (O1) v6i AD, BD va J la trung diém ID nén J
thuoc truc déng phuong ctia (O1) va (D,0) (xem [3]). Tuong ti, J thudce truc ding phuong ctia (Og)
va (D, 0). Theo dinh 1y vé tam dang phuong suy ra J thudc truc dang phuong ctia (O1) va (O). Ta
c6 dpcm. ]

Nhan xét. T 161 gidi trén suy ra dudng tron dudng kinh AD tryc giao véi (O1) va (O2).

4 Ung dung cta b dé Sawayama-Thebault

Bai 1. (IMO 2012 Turkey Preparation). Cho tam gidc ABC noi tiép dudng tron (O), cac dudng cao
BB’,CC’. Tiép tuyén cia (O) tai B,C giao nhau tai X. B'C’ giao X B, XC lan lugt tai Y, Z. Ching
minh rang (XY Z) tiép xic véi (O).

Chitng minh. Goi I 1a trung diém BC. Do I la tam ciia dudng tron ngoai tiép ti giac BC'B’C nén
IB' =1IC.

Lai c6 /B'CZ = /ABC = /ZB'C nén ZB' = ZC. Suy ra ZI la phan giac /Y ZX.

Hién nhién X7 1a phan gidc ZY X Z, do d6 I 13 tam noi tiép tam gidc XY Z, ma X la trung diém
BC nén theo bd dé Sawayama, (ABC) la dudng tron mixtilinear ndi tiép ctia tam giac XY Z, tic la
(0) tiép xic véi (XY Z). O

Bai 2. (All-Russian MO 2013). Cho tam gidc ABC noi tiép duong tron (O), ngoai tiép duong tron
(I). Goi X,Y la giao diém ctia (BIC) va (I), Z 1a tam vi ty ngoai ctia (I) va (BIC). Chitng minh ring
(XY Z) tiép xtuc véi (O).
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Chitng minh. Goi F la giao cia Al v6i (O), T la tam vi ty trong ctia (O) va (1), K 1a tam cia (XY Z).
2l _TL v YL X X.Y.Z.T cimg nim tren duong tron Apollonius ci

ZF - TF - R - vF— xp " XY, ZT cing nam trén ng tron Apollonius ciia
doan thang EF tng v6i ti s6 = noi cach khac 1a dudng tron Apollonius ctia tam giac IY F.

.

Tam K cta (XY ZT) la giao cia tiép tuyén tai Y ctia (IYF) v6i [F. Suy ra /ZKYI = /IFY.

Ta thu duge ZKYF + ZIYF = /ZIFY +2/IYF = 180°, suy ra Y F la phan giac ngoai ZKYI.

FI 1Yy

Nghia la TR = KI hay F' la tam vi ty ngoai cta (I) va (XY Z).

Ké tiép tuyén FN, FH t6i (XY Z), FN, FH 1an lugt cit (O) tai L, M.

Do (ZTIF) = —1 nén theo hé thitc Newton ta c6 KN? = KT? = KI.KF, suy ra I 1a hinh chiéu
ciia N trén KF, nghia la I 13 trung diém NH.

Theo dinh ly Poncelet, (I) 14 dudng tron noi tiép tam giac LF M nén ap dung bo dé Sawayama suy
ra (XY Z) la dudng tron mixtilinear noi tiép ctia tam giac FLM, hay (XY Z) tiép xtc vé6i (0). [

Bai 3. (Sharygin Geometry Olympiad 2009). Cho tt gidc noi tiép ABCD. Biét rang 4 dudng tron
tiép xtc véi cadc dudng chéo va tiép xic trong v6i dudng tron ngoai tiép ti gidc ABC'D c6 ban kinh
bing nhau. Ching minh ring ABCD la hinh vuong.

Chitng minh. Ki hieu I, Iy, I, I; 1an luot 13 tam noi tiép cac tam giac BCD, ACD, ABD, ABC, hai
dudng chéo giao nhau tai I, (O,), (Op), (Oc), (O4) lan lugt 1a 4 dudng tron tiép xic véi cac cdp tia
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IAIB;IB,IC;IC,ID;ID,IA va cing tiép xic trong v6i (ABCD). Ap dung dinh ly Sawayama-
Thebault suy ra I, € O,O.. Do R(O,) = R(Op) = R(O.) = R(O4) nén R(I1,) = R(Iy) = R(I.) = R(Iy).

Tw d6 hai tit giac I,Ipl.1; va ABCD c¢6 canh tuong ing song song.

Ta da biét I,I,1.I5 1a hinh chit nhat, do d6 ABCD 1a hinh chit nhat.

Mat khéc, 4p dung tinh chat 3. cho tam gidac ABC v6i hai dudng tron Thebault (O,) va (Op) suy
ra I 1a tiép diém clia dudng tron bang tiép goc B véi AC. Ma I la trung diém AC nén tam giac ABC
can tai B. Suy ra ABC'D la hinh vuong. O

Bai 4. (CGMO 2013). Cho hai dudng tron (O1) va (O2) tiép xtic ngoai nhau tai T. Tt gidc ABCD
noi tiép (O1) sao cho AD, BC tiép xtic v6i (O2) lan lugt tai E, F. Phan gidc ZABF giao EF tai N, FT
giao (O1) lan thit hai tai M. Chitng minh rang M 1a tam ngoai tiép tam giac BC'N.

Chitng minh. Goi B’,C’ lan lugt 1a giao ctia BT, C'T vé6i (Oz). Do T la tam vi tu ctia (O1) va (O2) suy
ra BC || B'C".

T d6 F 1 diém chinh giita cung B’C’. Phép vi tu tam T bién B’ — B,C’ — C,F — M nén M
la diém chinh gita cung BC.

Do (0s) la dudng tron Thebault bang tiép ciia tam giac ABC ting v6i duong thing AD va N 1a
giao clia phan gidac ZABC véi EF nén theo b dé Sawayama-Thebault, N 1a tam bang tiép goc B ciia
tam giac ABC.

Ta da biét diém chinh giita cung BAC tam dudng tron ngoai tiép tam gidc ABN, suy ra dpcm. [J

Bai 5. Cho tam gidc nhon ABC noi tiép dudng tron (O), tryc tam H. Duong tron w c6 tam E tiép
xtic véi cac doan thing HB, HC va tiép xtc v6i (O). Chiing minh ring trung diém HFE 1a tam dudng
tron noi tiép tam giac BHC.
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Chaing minh. Goi D la giao cia CH v6i (O). Suy ra D dbi xting v6i H qua AB.

Goi F, G lan luct 1a tiép diém ctia w v6i HB, HC; I, J lan lugt 1a tam dudng tron noi tiép céc tam
giac BHC, BDC.

Theo b6 dé Sawayama-Thebault suy ra J, F, G thing hang.

1
Ta c6 ZBIJ =180° — ZBIC =90° — ilBHC =/HFG = /ZJFB.
Suy ra tit giac BJFI noi tiép.
1 1
Ta thu duge ZHFI = 180°— /BFI = 180°—/ZBJC = 90° — ngDC = 90° — §LBHD =/FHI.

Suy ra I la trung diém HE. Ta c6 dpem. O
Bai 6. Cho dudng tron (O) ngoai tiép tam giac ABC. Mot duong tron w tiép xtc vé6i cac canh AB, AC
lan lugt tai L, K va tiép xtic ngoai véi (BOC). Chiing minh rdng LK chia doi Al v6i I 1a tam duong
tron noi tiép tam giac ABC.

Chitng minh. Goi E 1 giao diém thit hai ctia AC v6i (BOC). Ta ¢c6 /BEA = 180° — /BEC =
180° — £ZBOC = 180° — 2£/BAC.

Do dé tam giac AEB can tai E. Suy ra OF la trung tryc ciia doan thing AB va OF giao CI tai
diém chinh gitta M ctia cung AB.

Do w la dudng tron Thebault ctia tam gidc BEC tng véi duong thing BA va M 1a tam dudng
tron bang tiép géc C clia tam giac BEC nén M, L, K thing hang.

Tuwong ty goi N la diém chinh gitta cung AC thi N, L, K thing hang. Ma M N la trung triyc clia
doan thang AI nén LK chia doi Al. O
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