Cac chuyén dé hinh hoc danh cho cac ban
THCS(S6 4)

Nguyén Duy Khuong-khoa 1518 chuyén Toan-THPT chuyén Ha Noi Amsterdam

Da kha lau t6i mé6i mé lai chuyén muc nay, mong cac ban 16p 9 thong cam bdi thoi
gian gan day toi kha ban. Bai viét lan nay sé dé cap t6i mot ki thuat cyc ki quan
trong-ki thuat st dung tam giac dong dang.

Chuyén dé s 4:

Ki thuat sit dung tam giic dong dang trong giai
toan hinh hoc

Trong cac bai toan hinh hoc thi vao 10 thi viéc stt dung duge cac kién thitc nang cao
sé gitip nhin 16 ban chat van dé xong néu biét cach st dung cac kién thic don gidn
vao giai toan thi doi lic ching ta sé thu duge nhitng 161 gidi ngan gon bat ngo.

1) Mat sé luu -

1) Cho tam giac ABC va tam giac A’B'C’ dong dang ciing diém K, K’ lan lugt thuoc
KB K'B

BC, B'C" sao cho XC R0 thi AAKB ~ NA'K'B'.

2) Cho tam giac ABC nai tiép (0O). Lay cac diém E, F thuoc AC, AB. Goi (AEF)N

(O) =G, A. Khi d6 AGFB ~ AGEC.,

3) +) Cho tam giac ABC c¢6 do dai ba canh BC,CA, AB lan luot 1a a,b,c thi:
a b C . PRI 2 Qs
A 5B - sl 2R (DPinh 1i ham so Sin).
AB.AC.sin/BAC
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4) Cho tam giac ABC va tam giac A’B’'C" dong dang theo ti s6 k. Khi doé: ABC —
A'BC
k2.

5) Viéc tim ra tam giac dong dang hoan toan la dya vao viéc nhin ra mot s6 cAu hinh
quen thuoc, nhitng hinh vé tao ra rat nhiéu ti s6 bang nhau, hodc mot s6 géc dic biét
ciing 14 dau hiéu cho viéc diing tam giac dong dang.

IT) Mot s6 bai tap van dung:

Bai toan 1: Cho tam gidc ABC nai tiép duong tron (O; R) c6 duong cao AH = Rv/2.
Goi M, N lan lugt 14 chan duong vuong ha tit H xuéng AB, AC. Chitng minh ring:
M, O, N théng hang.

Lai giai: Goi AD la duong kinh ctia (O). Ta thiy rang theo hé thitc lugng trong
tam giac vuong AHB, AHC thi: AH? = AM.AB = AN.AC = 2R? = AN.AC =
AO.AD = AM.AB do d6 suy ra: AAON ~ NACD(c.g.c) dong thoi AAOM ~
ANABD(c.g.c) hay la: ZAON = ZAOM = 90°. Hay 14 M, O, N thang hang.

Nhan zét: Viec xit 1f gid thiét la dé dua vé chiing minh tam gidc dong dang la diém
mau choét clia bai toan nay.
Bai toan 2(IMO Shortlist): Cho tam giac ABC vuong tai A ¢6 dudng cao AH.

Goi I,J 1a tam noi tiép cac tam gidc ABH, ACH. Goi P,Q la tam (IAB),(JAC).
Chitng minh rang: PQ||IJ.



Li giai: Ta can bo dé sau:" Cho tam gidac ABC vuong tai B c¢6 duong cao BD.
Goi P,I,Q lan lugt 1a tam noi tiép cac tam giac ABD, ABC, ADC. Chitng minh
rang tam (I PQ) nam tréen AC".




Chitng minh: Truéc khi chitng minh t6i xin néu 1 b6 dé quen thuoc:" Cho tam giac
ABC noi tiép (0). Lay O’ dbi xing O qua BC. Goi H la tryc tam tam giac ABC
khi d6 O’ 1a tam (HBC)."

/C
G CQNAP=X,APNBQ =Y. Tacé: ZCXB =180°—- ZPBC — - = 180° —
/ / )
/BAC — TO — TO =90°. Tuong tu ZPY B = 90° do d6 cha y A, P, I thing hang

ciing C, Q, I thang hang nén [ 1 tryc tam tam giac BPQ. Goi (PDQ)NAC = D, K.
Ta dé ¥ ring: ZPDQ = 90° nén /PKQ = 90°. Do /PDA = 45° = /KQP
nén AKPQ vuong can tai K. Goi O la tam ngoai tiép tam gidc BP(Q thé thi:

/DBA+ /DB
LPOQ =2/PBQ = 2( ; C) = /ABC = 90° do d6 APOQ vudng can

tai O nén K dbi xitng O qua PQ, theo b6 dé thi K la tam ctia (PIQ). Vay ta thu
duge tam (PIQ) nam tréen AC(dpem).

Quay trd lai bai toan, ta dé thay rang: A, P, B, H va H,Q,C, A dong viéen. Dong
thoi: A, P,Q cling ndm trén phan giac ngoai goc BAC. Vay: LAPI = ZABC,
theo bé dé thi: H,I,.J,O dong vien(goi O la tam (AIJ)). Theo bo dé thi ta ciing
c6 tam noi tiép tam giac ABC 1a T thi dong thoi 1a truc tam tam giac AIJ. Vay

JTAJ = /TAC— 2JAC = ZBAC ; ZHAC 4H2 AB _ par vay AI, AT déng

giac do d6 A, O, H thing hang nen ZJIH = ZJOH = 180°— ZJOA = 180° — (180° —
2/0AJ) = /LHAC = ZABC = ZHPQ hay PQ|/IJ(dpcm).

Nhan zét: Toi giéi thieu 1oi gidi trén bdéi bo dé ding & trén rat hay va cé nhiéu
tmg dung. Thuc té c¢6 thé ching minh ngin hon mot chat nho ki thuat sit dung
tam giac dong dang: ta c6 thé chitng minh ZABC = ZHIJ biang cach chitng minh
AIHJ ~ ABAC < AAIH ~ ACJH(ding).

Bai toan 3(Nguyén Quang Trung): Cho tam giac ABC va cac diem F, E lan
lugt bat ki ndm trén cac canh AC, AB. Dudng trung tric ctia BF, CE cit nhau ¢ K.
Mot cat tuyén qua A cat (O), (AEF) tai cac diem @, P khiac A. Ching minh ring:
KP = KQ.



L&i gidi: Trude tién xin néu lai mot tinh chat quen thude:" Cho (O) va 1 diem M bat
ki, khi d6 phuong tich tit M dén (O) ki hieu 1a Py0) va Puyoy = |OM? — R?|. Qua
M k& hai cét tuyén MAB, MCD thi: MAMB = MC.MD = |OM?—R?| = Py0)"

Quay trd lai bai toan, goi J, A = (AEF)N (0). Ta dé ¥ rang: AJBF ~ AJCE(g.g)
nén AJMF ~ ANJNE(c.g.c) hay 1a J, A, N, M, K dong vien nén Z/KJA = 90°. Goi
R, S lan lugt déi xting O', O qua Athi ZRJA = /KJA = ZSJA =90°nén J,R, K, S
thang hang do d6 OO’ di qua trung diém AK (theo tien dé Fuclid). Do d6 AO'KO la
1 hinh binh hanh. Goi AKN(AEF),(0O) = A, X,Y,do —0'A24+ KO = ~OK?4+0A?
hay 1& Px/0) = —Pkjapr) nén KX.KA = KY. KA hay K la trung diem XY. Goi
T 1a trung diém ctia PQ thé thi d& thiy AJTP ~ AJKX(c.g.c) nén J, A, K, T dong
vién suy ra ZKTA = /ZKJA =90° nén KP = KQ(dpcm).

Nhan zét: O tren ki thuat dong dang trung tuyén déng vai tro quan trong nhat trong
viéc chiing minh cac yéu t6 dong vién.

Bai toan 4(Nguyén Duy Khuong)(Cai bién tir dé thi chon doi tuyén thi
HSG 16p 9 THPT chuyén Ha No6i Amsterdam 2017): Cho tam giac ABC noi
tiép duong tron (O) c¢6 P la 1 diém nim trén cung BC nho sao cho Q dbi xiing P
qua BC nam trong tam giac ABC. Goi BQ,CQ cat lan lugt AC, AB tai E, F. Goi
M 1a trung diém BC. AM N (0), (AEF) = U, L. Chiing minh ring: BLCU la hinh
binh hanh.



Lai giai: Goi X,Y 1a trung diém BF, CE thé thi chi ¥ ring: AGBF ~ AGCE nén
AGXF ~ AGYE nén A, G, X,Y dong vien. Do M X, MY la dudng trung binh céac
tam giac BFC, BEC nén ZXMY = /ZFQFE = 180°—~ZBAC nén A, G, X, M,Y dong
vien. Goi AM N (AEF),(O) = A, L,U thi tit trén suy ra: AAML ~ ANAY E(g.9)
UL ML
nén vi AAUL ~ AACE(g.g) va ANAUM ~ AACY (g.9) do d6: —— = =

CE YE
AM MU ML YE ~ . .2 . R N
T - ve = WU ve - 1 nén M la trung diem UL. Vay BLCU la hinh binh

hanh(dpem).

Nhin zét: Néu goi (AEF) N (0) = G, A, APNBC = D, GD N (0) = G, K thi AK
1a duong doi trung ctia AABC.

Bai toan 5(Nguyén Quang Trung)(Tong quat Viét Nam TST 2015-ngay
1): Cho tam giac ABC va lay cac diem D, E, F bat ki lan lugt tréen BC,CA, AB
khong tring cac diem A, B,C. Goi (AEF)N (0) = G, A, GDN (0) = G,P. Lay
diem @ trén (AEF) sao cho ZPAB = ZQAC. Goi GQ N EF = H. Chiing minh
rang: DH||PQ.



Loi giai: Ta thay ring: ZQGE = LQAE = /PAB = /DGB lai c6: ZGBD =

180° — /GAE = /GQE do d6 AGQE ~ AGBD(g.g) = % - (G;TE)'
/GEH = /GAF = /BPG cing /QGE = /QAE = /PGB nen APGB ~

_GH GE . GQ GE GP GP )
AFEGH(g.g) nén OB - OP do d6 oH - 0D CE — CD do d6 PQ| DH (theo
dinh i Thales dao)(dpem).

Lai cé:

Nhan zét: Bai toan nay hay va khong can ké vé hinh phuy, ta thiy cach gidi quyét
con don gian hon ca bai toin ban dau, don thuan la tam gidc dong dang thuan tuy
va cudi cling 1a st dung dinh 1i Thales.

Bai toan 6: Cho hinh binh hanh ABCD, phan giac géc LBAD cat BC,CD lan
lut tai M, N. Goi O Ia tam (CMN). Goi (CMN) N (BCD) = E,C. Chitng minh

rang:
a) O,C, D, B dong vién.
b) Chiing minh rang: ZAEC = 90°.



Lai giai: a) Ta thiy rang: /BAN = /DAN = /CNM = ZCMN neén cac tam
gidc ADN,CMN can tai D,C. Do d6 AD = DN = CB,ON = OC. Lai thay rang:
Z0CB = 180° — ZOCM = 180° — ZOCN = ZOND nén AOND = AOCB(c.g.c)
suy ra ZOBC = Z0DC hay 1a B, D, 0, C dong vién(dpem).

b) Trude khi giai ta chiing minh bé dé sau: "Cho tam gidac ABC noi tiép. Phan giac
goc ZBAC cat lai (O) tai diém D. Lay E thuoc doan AC sao cho DB = DE. Chiing
minh rang: AE = AB."

That vay, ta goi BEN(O) = B, J. Tacé: £JCD =180°—/ZEBD = 180°— ZBEC =
/JED ma Z/EJD = ZCJD nén tit d6 cha y ring: DE = DC = DB nén ADJE =
ADJC(c.g.c) = LJEC = LJCE = ZABE = ZAEB do d6 AB = AE(dpcm).

Quay tré lai bai toan, ap dung bo dé tren thi: DN = DE = DA = BC cha ¥
OE = OC,0D = OB nén hién nhién ta c6: DECB la 1 hinh thang can. Goi
I 1a trung diém BD. Vay IE = IC = IA do d6 cha y I 1a trung diem AC nén
ZAEC = 90°.

Nhan zét: Viec nhin ra cac "tam vi tu quay” 1a diém mau chdt ctia cac dang toan
loai nay.

Bai toan 7(Thi thit KHTN lan 1,2017): Cho tam gidc ABC c6 cac dudng cao
AD,BE,CF ciat nhau 6 H. Goi P,Q ddi xting E, F lan luot qua AB, AC.

a) Chitng minh réng: D, F, P thing hang va D, E, () thing hang.



b) Chiing minh ring: (DPQ) di qua trung diém BC.

Loi gidi: a) Ta c6: LPFA = ZAFE = ZC. Lai ¢c6: ZAFD = 180° — ZC do d6
/PFD =180° — ZC + ZC = 180° nén P, F, D théng hang. Tuong tu D, E, Q thing
hang.

b) Ta thay rang P, E db6i xiing nhau qua AB va @, F ddi xting nhau qua AC nén
PF = FE = EQ nén cha y rang: M latam (BC) thi MF = ME. Lai c6: ZPFM =
180° — ZDFM = 180° — ZDEM = ZQEM do d6 APFM = AQEM(c.g.c) hay la
M € (PDQ)(dpcm).

Cubi cung xin dé nghi mot s6 bai toan luyén tap:
Bai toan 8(Thi vao chuyén KHTN vong 1,2013): Cho tam giac ABC nhon noi

tiép duong tron (O) c6 AB < AC. Phan giac goc ZBAC cat (O) tai A, D. Goi M
la trung diém AD. Lay E d6i xtimg D qua O. Goi (ABM)NAC = A, F.

a) Chiing minh rang: ABDM ~ ABCF.
b) Chiing minh rang: FF L AC.

Bai toan 9(Nguyén Quang Trung): Cho tam giac ABC, E, F bat ki tren AC, AB.

P » MF NE
Lay lan 1 ac diem M, N tré h AB, A ho — = —
aqy an lugt cac diem M, N trén can /, C sao cho B NC / /
thang qua M, N vudng goc véi AB, AC' cat nhau tai K. Mot cat tuyen qua A cat

= k , duong
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B} HP
(AEF),(ABC) tai P,Q, ha KH vuong goc xuong PQ) thi o =k.

Bai toan 10: Cho tam giac ABC noi tiép duong tron (O) sao cho AB < AC. Goi
E la trung diém cung lén BC cia (O). Goi AD la dudng phan giac trong ZBAC.
Goi DEN (0O) = E,M. Goi K,I,L la hinh chiéu ctia M len AB, BC,CA. Ching
minh rang: I 1a trung diém K L.
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