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2015 USAMO Problems/Problem 1

Problem

Solve in integers the equation

3
' +ay+y = (xgﬂ+1) ;

Solution

We first notice that both sides must be integers, so

must be an integer.

We can therefore perform the substitution I + Y= 3twhere tis aninteger.

Then:

(3t)? —zy = (¢ +1)°

9 4 x(x—3t) =t + 32 + 3t +1

4z% — 12zt + 9t* = 48 — 156° + 12t + 4

(2x —3t)2 = (t —2)%(4t + 1)

4t + Tis therefore the square of an odd integer and can be replaced with (210 + 1)* = 4n* + 4n + 1
By substituting using £ = 1% + Twe get:

(22— 3n* = 3n)* = [(n* +n—2)(2n + 1))

2z —3n% —3n=+(2n° + 30> - 3n - 2)
z=n"4+3n*—loz=-n"+3n+1

Using substitution we get the solutions: (’R3 + 3?12 -1, —TES +3n + ].) U (—’RS +3n+ 1, ’1’13 + 3?12 — 1)
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