INEQUALITIES FROM 2016 MATHEMATICAL OLYMPIADS

TOM TAT NOI DUNG. Tai liéu nay téng hgp bat ding thitc tit cac ky thi trén toan thé gisi
nam 2016. Cac bai toan dugdc thdo luan tai Dién dan Todn hoc. File ndy dudce tao ra tit file
ineq-2016-mo.lyx, dugc luu trit tai http: //toantinhoc.ga/forums/topic/mau-soan-tai-lieu-
tong-hop-de-va-loi-giai/, va dugc phép tai vé dé tiép tuc chinh sita cap nhat cho hoan thién.
Xem huéng dan cai diit va st dung IyX ciing nhu hd trg can thiét tai www.toantinhoc.ga.

https://diendantoanhoc.net/topic/156531-inequalities-from-2016-mathematical-olympiads/.
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Bai 1 (Azerbaijan Junior Mathematical Olympiad). Cho cac s6 thyc z,y, 2. Chitng minh

,/x2+—+\/y +—+\/22+—>3\/_

Chiing minh. Ap dung bat ding thiic AM-GM hai lan ta c6
1 1 1 T Y z
P o2 V2 [+ H+ H > 3v/2.
Y 2 x y z x

Bai 2 (China Western Mathematical Olympiad). Cho ay,as, ..., a, la cac s6 thuc khong
k

am, Sy = Y a; v6i moi 1 < k < n. Chiing minh
i=1

O

n

i=1 =i i=1

Chiing minh. Ta c6

o) 2l () (59) 5 (0 £ )

n

_ § : 2 _ 2 2 2
= apa;a; = g a; aj + g ara;a;,

1<k<i<j<n 1<i<j<n 1<k<i<j<n

Zn:(aisz‘f:ia? (Za)Qi <Za 2 Y ajak>

i=1 i=1 j=1 1<j<k<i

_ 2 2 2
= E aja; + 2 g a;aas;.

1<j<i<n 1<j<k<i<n

Do dé bat dang thiic can chting minh tuong duong véi

0< Z ajakaf.

1<j<k<i<n
Diang thiic xay ra khi a; = 0. U

Bai 3 (All Russian Olympiad, grade 9). Cho a, b, ¢, d 1a cac s6 duong sao cho a+b+c+d = 3.
Chting minh
1 1 1 1 1
2 e tatE s apee
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Bai 4 (All Russian Olympiad, grade 11). Cho a, b, ¢, d 1a cac s6 duong sao cho a+b+c+d = 3.
Chting minh

1 1 1 1 1

ST E S Sres
Bai 5 (Azerbaijan BMO Team Selection Test). Cho a,b, ¢ 1a cac s6 thyc khong am. Chiing
minh
3@+ + ) > (a+b+c)(Vab+ Ve +vea) + (a— b2+ (b—c)? + (c—a)? > (a+b+c)?
Bai 6 (Croatia Team Selection Test). Chon > 1 va xy,...,x, > 0. Ching minh

(n+1)°

in <Z'1+.T2—|—+$n)2

x x
($1+§2+--~+;n>(x1+2x2+-~~+n$n)S

Bai 7 (EGMO). Cho n la cac s6 nguyén duong chdn, va x1, 2, -+, x, la cac s6 thuc khong
am. Chiing minh

min o a2} < max (20000)

i=1,..., Jj=1,...,
VOl Ty = 1.
Bai 8 (EGMO Team Selection Test). Chiing minh
oty +yte + e oy (@ P+ %) > (r+y + 2)(Bryz — 1)
v6i moi s6 thiye duong z,v, 2.

Bai 9 (Korea National Olympiad Final Round). Cho x,y, 2z thoa z* + 3? + 22 = 1, tim gia
tri 16n nhat cia
(2% = y2)(y* — 22)(2* — ay)
Bai 10 (Hong Kong Team Selection Test). Cho a,b, ¢ 1a cac s6 thyc duong thoéa abec = 1.
Xéc dinh gia tri nhé nhat c6 thé cla
a®+8 N b+ 8 N A +8
adb+c) ba+c) Ab+a)

Bai 11 (IMC 2016). Cho n la s6 nguyén duong va ay, as, . .., ay,, by, by, ..., b, 1 cac sd thuc
sao cho a; +b; > 0v6ii=1,2,...,n. Ching minh

n n n 2
;0; i o =l i=1 i=1

CLZ—f—bZ - n

=1

=1

Bai 12 (India International Mathematical Olympiad Training Camp). Cho a,b, ¢, d la cac
s6 thuc thoa man |al, |b],|c|,|d| > 1 va abc+ abd + acd + bed + a+ b+ ¢+ d = 0. Chiing minh
rang
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Bai 13 (India Regional Mathematical Olympiad). Cho a,b, ¢ 1a cac s6 thyc duong sao cho
a+ b+ c=3. Tim gfa tri 16n nhat cla
a n b n c
ad+b:+c B+c+a A+al+b
Bai 14 (India National Math Olympiad, Third Round). Cho a,b,c € R* va abc = 1. Chiing
minh

a+b N b+c N ct+a S 2
(a+b+1)2 (b+c+1)?2 (c+a+1)2 " a+b+c

Bai 15 (Iran Team Selection Test). Cho a, b, ¢, d 1a cac s6 thuc duong sao cho

1 N 1 N 1 N 1
a+1 b+1 c¢c+1 d+1

2.

Chtng minh

2+1 b> +1 2+1 d>+1
\/a2 +\/ 2 +\/C2 +\/ 3 23 (Va+ Vo Ve Vi) -
Bai 16 (JBMO Team Selection Test). Chiing minh

(@ + ) +2) (" o) > (2 + )y + ) (2 + 2

véi cac s6 thue duong z, v, z sao cho zyz > 1.

Bai 17 (JBMO). Cho a,b, ¢ 1a cac sb thyc duong. Chitng minh

° + 5 + i T P A N
a C
(a+0)2+4abc ~ (b+c)?+4abe  (a+ c)? + 4abc “a+3 b+3 c+3

Bai 18 (JBMO Team Selection Test). Cho a,b, ¢ € Rt chiing minh
2a 2b 2c
+ + <
V3a+b V3b+c V3c+a

Bai 19 (JBMO Team Selection Tests - Romania ). Cho a,b, ¢ > 0 va abc > 1. Chiing minh
1 1 1 1

<
a3+2b3+6+b3+2c3+6+c3+2a3—|—6_3

3(a+b+c)

Bai 20 (Junior Balkan Team Selection Tests - Romania). Cho a,b, ¢ 1a cac s6 thuc sao cho
a>b>1>c>0vaa+b+c=3.

a) Chitng minh 2 < ab + bc + ca < 3
b) Ching minh
24 25
> 14
a® + b3 +¢c3 * ab+bc+ ca —

Bai 21 (Korea Winter Program Practice Test). Cho z,y,z > 0 1a cac s6 thyc sao cho
(z+y—1°+@y+z-1>2+(z+z-1)72=2T.

Tim gia tri 16n nhat va nhé nhat cia z* + y* + 2*
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Bai 22 (Macedonian National Olympiad). Cho n > 3 va aq, as, ..., a,, € R" sao cho

1
1+a‘11+1+a‘2*+m+1+a4

n

=1.

Chitng minh ring
aay...a, > (n—1)4

Bai 23 (Mediterranean Mathematics Olympiad). Cho a,b,c 1a s6 thuc duong sao cho a +
b+ ¢ = 3. Chitng minh

b n c . a <341
V a2+ 3 b2+ 3 2+3 = 2V abe

Bai 24 (MEMO). Cho n > 2 1a s6 nguyén duong va xy, T, ..., T, la cac s6 thuc sao cho

a) x; > —1vélj=1,2,...,nva
b) 1 + x9 + ... 4+ 2, = n. Chiing minh

1 T,
Zl+xj ZZlJr]x?
Jj=1 J

J=1

Bai 25 (Pan-African Mathematical Olympiad). Cho z,y, z 1a cac s6 thuc duong sao cho
xyz = 1. Chitng minh

1 1 1 1

Cr 2+ +1  WrIP+ 241 G+l =3

Bai 26 (San Diego Mathematical Olympiad). Cho u,v,w la cac s6 thyc duong sao cho
U/ vw + vy/wu + wy/uv > 1. Tim gia tri nhé nhat clia v + v + w.

Bai 27 (Kiev Team Selection Test - UMO). Cho a,b,¢ > 0 sao cho a + b+ ¢ = 3, chiing
minh
a? N b n c? S 3
a+b b+ c+a® T 2
Bai 28 (Kiev Team Selection Test - UMO). Cho céc s6 thuc duong z,y, 2. Chiing minh
x? N y? N 22 S (x+y+2)?°
ry+z yz+ax xzt+y  3@2(y+1)+yi(z+1)+ 2(x+1)

Bai 29 (Taiwan Team Selection Test, Second Round). Cho z,y > 0 sao cho x +y = 1.
Chtng minh

T Y o ®
I2+y3 :133+y2_ 1"":1/2 .’E2+y

Bai 30 (Taiwan Team Selection Test, Third Round). Cho z,y,z > 0 sao cho x +y+ z = 1.
Tim s6 nhé nhat k sao cho
22y Y222 222
<k-3
1—=z 1—x+1—y_ e

Bai 31 (EGMO Team Selection Test - Turkey). V6i moi z,y, z > 0. Ching minh
oty +yte + 2t oyz(@® P+ 2% > (o +y + 2)(Bayz — 1)
)
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Bai 32 (Turkey Team Selection Test). Cho a,b,c > 0 sao cho a® + b* + ¢* < 3. Chiing minh
(a+b+c)(a+b+c—abc) > 2(a’b + b*c+ c*a)

Bai 33 (Turkmenistan Regional Mathematical Olympiad). Néu a, b, ¢ 13 do dai ba canh ctia
mot tam giac. Ching minh

a b c
A/ +4/ + >3
—a+b+c —b+c+a —c+a+b

Bai 34 (India Regional Mathematical Olympiad). Cho a, b, ¢ > 0 sao cho

a+b+c B
l4a 14b 14c¢

1.

Chtng minh abe < %.

Bai 35 (Spain Mathematical Olympiad). Cho n > 2 14 s6 nguyén. Tim gia tri nhé nhat clia
~ sao cho v6i moi s6 thie duong 1, 2o, ..., T, V6i 21 +To+ ...+, = 1vay +yo+...Fyn =1
voi 0 < y1,Ya, ..., Yo < 3 bat dang thiic sau thoa

T1To... Ty < ¥ (T1Y1 + ToYo + .. + TpYn)



