Chuyén dé: Phuong phap ap dung nguyén 1y Dirichlet
dé chitng minh bat dang thic

Ngay 10 thang 4 nam 2017

1 LoJi néi dau
Bét ding thiic 1a mot mang Toan khé, ciing ¢6 khong it ting dung , nguyeén 1y va dinh 1y trong viéc chiing
minh bat déng thitc. Nhung ky thuat ma toi tam dic nhat d6 1a ap dung nguyén ly Dirichlet va day 14 mot

k¥ thuat kha thi vi md hom nay t6i mudn giii t6i cac ban. Nguyén i Dirichlet (Hay con goi 13 nguyén 1y ngin
kéo) dude dé xuat ra dau tien bdi nha toan hoc Ditc Johann Dirichlet (1805 - 1859).

2 Ly thuyét

2.1 . Nguyén li Dirichlet
Nguyén 1i Dirichlet dugc phat biéu nhut sau: Néu nhét n + 1 con thd vao n cai chudng thi sé luon luon cé mot
chudng chita it nhat hai con thoé.
2.2 . Ung dung trong bt ding thic
Nguyén li Dirichlet c6 rat nhiéu tng dung trong Toan Hoc, dién hinh la bat ding thiic. Ching thudng dugc
ap dung dé gidi mot s6 bai toan bat dang thitc khong thuan nhat. Hom nay toi sé dua ra mot s6 vi du dé cac
ban hiéu hon vé vAn dé nay.
¢ Trong 3 s6 a, b, c luon c¢6 2 s6 nam cung phia v6i s6 m bat ky (Hay 16n hon bang m hogc bé hon béang m).

3 Bai tap dng dung
Cho a, b, ¢ 1a cac s6 thyc duong. Chitng minh ring:

a® +b% + % + 2abc + 1 > 2 (ab + be + ca)

DPinh huéng 16i giai:
Céach 1. D& nhan thay ding thitc xay ra tai a = b = ¢ = 1. Dya trén nguyén ly Dirichlet thi trong ba s6

a—1,b—1,c—1 luon c6 hai s6 cing dau. Gia st hai s6 d6 la a — 1,b — 1, ta c6: c(a —1)(b—1) >0
Bét ding thitc da cho tuong duong véi:

(a—b)°+(c—1)24cla—1)(b—-1)>0

Déng thtic xay ra khi va chi khi:a=b=c=11
Cach 2. Ngoai cach st dung nguyén 1y Dirichlet viAn con 1 cach st dung bat dang thiic Schur bac 3 va toi



ciing xin dua ra dé cac ban tham khéo them. S dung bat ddng thitc AM - GM ta co:

3abc 9abe
Yabe ~ a+b+c

2abc + 1 = abc + abe + 1 > 3V a2b2c2 =

Dua vé toan ching minh:

b
a2+b2+02+£22(ab+bc+ca)
a+b+c

<ala=b)a—c)+bb—a)b—c)+c(c—a)(c—b) >0

(Day chinh 1a bat déng thitc Schur)
Déng thtic xay ra khi va chi khi:a=b=c=11

[APMO 2005] Cho céc s6 thuc duong a,b,c. Chiing minh réng:
(a® +2)(b? +2)(c* +2) > 3(a + b+ c)?
Dinh huéng 16i giai:
Cach 1. Nhan thiy ding thic xdy ra tai @ = b = ¢ = 1. Dya trén nguyén ly Dirichlet thi trong ba s6

a?—1,b%> —1,c® — 1 ludn c¢6 hai s6 cing dau. Gia st hai s6 d6 1a a? — 1,62 — 1, ta c6: (a®> —1)(b> —1) >0
Tit d6 ta c6 bat dang thitc sau :

(a®+2) (0®+2) =3(a® +b%) +3+ (a® —1) (b* —1) >3 (a® +b°) +3
Ta quy vé bai toan ching minh bat déng thitc sau:
(@ +b*+1) (> +2) > (a+b+c)’
St dung bat dang thiic Cauchy - Schwarz ta cé:
(@ +?+1)(1+1+c) > (a+b+o)
Déang thiic xay ra khi va chi khi:a=b=c=11
Cach 2.Nhan xét: Day 1a mot bat dang thitc dbi xitng khong thuan nhat véi cac bién a,b,c nim doc lap. Vi
vay ta can gidm b6t bién ctia bat ding thitc da cho bing viéc sit dung bat dang thitc Cauchy - Schwarz cho

3(a+b+c)
Sit dung bat ding thitc Cauchy - Schwarz ta co:

1+

(a+b+c)” < (a®+2) (bJ;C)

Dua vé bai toan ching minh bat ding thic sau:

1+

(b +2) (¢ +2) >3 (bzc)z

[

5 + b2 +1 > 3be

=

St dung bat ding thitc AM - GM ta c6:

b2 2
te > be va b2c2 + 1 > 2be




Cong 2 bat dang thiic trén theo vé ta dugce diéu phai chitng minh.
Déng thtic xay ra khi va chi khi:a=b=c=11

Chitng minh bat déng thtic sau ding véi moi a,b,c duong.

(a® +2) (b +2)(c2 +2) > 3(a+b+ ) + (abe — 1)

DPinh huéng 16i giai:
Bét ding thitc da cho tuong duong véi:
2(a®b? 4+ b?c* 4 c*a?) + 4(a® + b* + ¢2) 4 2abc + 7 > 9(ab + be + ca)

St dung bat dang thitic AM - GM ta thu dudgc:

20262 + 2+ 26°% + 2+ 2c%a% + 2 > 4ab + 4bc + 4ca

3a® 4 3b% + 3¢® > 3ab + 3bc + 3ca

Tu Bai Toan 1 ta ¢6 dudgc:

a® +b% + ¢* + 2abc + 1 > 2(ab + be + ca)

Cong 3 bat dang thitc trén theo vé ta duge diéu phai chitng minh.
Déng thic xay ra khi va chikhi: a =b=c=11

Cho a,b,c 1a cac s6 thic duong. Chitng minh ring:

(a®+1) (b*+1) (+1) > %(a+b+c+1)2

Dinh huéng 15i giai:

2

. PN 1 . ) N
Trong ba s0 a,b,c luén c¢6 2 s6 nam cung phia v6i T Khong méat tinh tong quat, gia sit b2 va ¢? ndm cling phia

-

(b2+1)(62+1):<b2_z11> <C2—1>+ib2+562+15>5b2+c + —

1
v6i — ta co:
4
Vi vay ta c6 bat dang thitc sau:

Ta can chiing minh:
(40> + 43 +3) (a®>+1) > (a+b+c+1)?

St dung bat ding thitc C-B-S ta co:

11 1
(4b% +4c® +1+2) <4+4+a2+2> >(a+b+c+1)°



Tit day bat ddng thiic da duge chiing minh xong
Déng thic xay ra khi va chi khi: a =b=c = 3 |

Cho céac s6 thic duong a,b,c théa méan diéu kién a + b + ¢ = 3. Chitng minh ring:
(> —a+ 1) =b+1)(* —c+1)>1
DPinh huéng 15i giai:

Dua trén nguyén ly Dirichlet thi trong 3 s6 a —1,b—1,c—1 véi a+b+c = 3 thi luon c6 2 s6 cung dau. Khong
mét tinh tdng quat, gia st (a — 1)(b— 1) > 0.Ta c6:

1
(bz—b+1)(c2—c+l):bc(b—1)(6—1)+b2+02—b—c+12b2+02—b—c+12§(b+c)2—(b—|—6)+1

Ta lai co:

1 1 1
§(b+c)2—(b—|—c)—|—1: 5(3—a)2—(3—a)—|—1= §(a2—4a—|—5)
Ta quy vé bai toan ching minh bat déng thic sau:

(a®* —a+1)(a* —4a+5) > 2
< (a—1)%(a®>-3a+3) >0

[Le Khanh S§] Cho a,b,c la cac s6 thyc duong théa méan diéu kign a + b + ¢ = 3. Chiing

minh rang:

a? n b2 n 2 -1
a?—-2a+4 b2—-2b4+4 2—-2c+4

Pinh huéng 16i giai:

Cach 1. Trong ba s6 a,b,c luon c6 2 sé6 ndm ciing phia v6i 1. Khong méat tinh téng quat, gia st b va ¢ nam
cung phia véi 1 ta co:
b-1)(c-1)>0

Vi vay ta c6 duge bat dang thiic sau:

P4+ <P+ +0b-1)(c—1)=1+b+c—1>=1+(2-a)

Sit dung bat dang thitc Cauchy - Schwarz ta co:

b2 2 (b+c)? (3—a)? (3—a)?

> =
b2—2b+4+02—2c+4 TP+ —2(0b4+c)+8 T 14+(2—-0a?)—-2B-a)+8 a?Z—2a+7

Ta can chiing minh:

(3—a)? a?

>1
a2—2a+7+a2—2a+4_

Sau khi khai trién rit gon ta dugc bat dang thitc sau:

(a—l)z(a2—4a+8) >0



Bat ding thic trén ding v6i moi a

Déng thiic xay ra khi va chi khi:a=b=c=11

Cach 2. Ngoai cach sit dung Nguyeén 1y Dirichlet thi vAn con 1 cach gidi khéac tha vi hon d6 1a ky thuat nhan
v6i 1 biéu thic ctia anh Lé Ngoc Nghia. Toi xin dua ra cach giai dudi day dé cac ban tham khio them.
Nhan c& 2 vé bat ding thic véi a® — 2a + 4 + b% — 2b+ 4 + ¢ — 2¢ + 4 va rit gon ta dudc :

aQ(b2+02—2b—20+8)
>6
a?—2a+4 -

Sit dung bat dang thitc AM - GM ta co:

1 1 1
b2+02—2b—20+82§(b+c)2—2(b+c)+8:5(3—a)2—2(3—a)+8:§(a2—2a+13)
Tuong tu:
1
c2+a2—20—2a+82§(b2—2b+13)
1
a2+b2—2a—2b+8z§(c2—2c+13)

Vi vay , ta c6 duge bat dang thitc sau:

a? (b + ¢ — 2b — 2¢ + 8) a?(a® —2a+13) > a? 9a?
> oy .

a2 —2a+4 22 —2a+4) 2 a2 —2a +4)

Sit dung bat ding thitc Cauchy - Schwarz ta co:

Z a? < (a+b+c) B 9
a2—2a+4 = > a2—2>a+12 > a?2+6

Tiép tuc sit dung bat ding thitc AM - GM ta thu dugc:

1 81 1 81
> - 2, __ - ) == 2 - ) -3>
VT2<Za +Z@2+6> 2(2@ +6+Za2+6) 3>6

Tit day viec chiing minh bat ding thiic hoan tat.
Déng thitc xay ra khi va chikhi: a =b=c=11

[USA MO 2003] Chitng minh ring bat dang thitc sau ding véi moi a,b,c 1a cic s6 thuc
duong.

a+b+¢)?  (2b4c+a)  (2c+a+b)
202+ (b+c)® 202+ (c+a)® 22+ (a+b) ~

Dinh huéng 15i giai:

Do bat déng thic trén thuan nhat véi cac bién a,b,c nén ta cé thé chuan héa a + b+ ¢ = 1.
Bét ding thic da cho duge viét lai thanh:

(a+1)* (b+1)° (c+1)°
202+ (1—a)® 22+ (1—-0)> 22+(1—¢c)® "

2 (C+ 1)2

32 -2+ 1

b+ v?
302 —2b+ 1

(a+1)

& —0 3
302 —-2a+1—

2 + +




(a+1) <y 2(2b — 1)° 2(2¢ — 1)*
3a2 —2a+1— 302 —2b+1 3c2—2c+1

3

1 1 1 1N\N° 1 /2 ?
i<+ + (b= =)=+ (btec—5) =+~
“= ¢ 3)\°73) 9 ‘73 9 " \37“

Sit dung bat ding thitc Cauchy - Schwarz ta c6

PN 1 . , 1 1
Trong 3 ludn c6 2 s0 nam cung phia so véi 3 nén khong mat tinh tong quat, gia st (b — ) (c — 3) > 0 ta co:

(2b —1)* (2¢ —1)? - (2b + 2¢ — 2)° 4a? 1242
32 —-2b4+1 3c2—2c+1 302+ —-2(0b+c)+2~

Ta can ching minh:

2 2
(a+1) <oq 24a
3a2 —2a+1 9a2 — 6a + 5

Sau khi khai trién va rat gon ta dugc:

(3a —1)? (15a® — 6a +5) >0

Bat ding thic trén luon ding véi moi ¢

Déng thic xay ra khi va chikhi: a =b=c=- 1

wl| =

[Le Khénh S§] Cho cac sb thyc khong am a,b, ¢ théa mén diéu kien a?b + b?c + c?a = 1.

Chitng minh rang:

a® + 024+ +12>2/(a 402 + ) (a3b + b3¢ + c3a)
DPinh huéng 16i giai:

Khong mét tinh téng quat gid st b nim giita a va ¢ Bat ddng thiic can chiing minh tuong duong véi:

a® 4+ 03 + 3+ a®b+ b2c+ Pa > 2/ (a? 4 b2 + ¢2) (a3b + b3c + c3a)

Ap dung bat déng thic AM — GM ta co:

a®b+ b3c+ Aa
b 3

:azb+b3+b02+a3+bzc+%

2¢/(a2 + b2+ ¢2) (a®b+ b3c+ cBa) < b(a® +b*+ %) +

Do d6 ta can ching minh:
3

c3+62a2bc2+%@cz(c—b)(b—a)20

T day, viec chiing minh bat ding thic hoan tat.
Déng thitc xay ra khi va chikhi: a =b=c



[Le Khanh S§] Cho céc s6 thuc duong a, b, c. Chiing minh réng khi d6 ta c6

b b b
o + +C+C+a>2\/(a+b+0) (a++c>

c a b bc  ca ab
Pinh huéng 16i giai:

Khong mét tinh tong quat gia st b ndm gitta a va ¢ . Bat ding thitc can ching minh tuong duong véi:

abe(a + b+ ¢) + a®b? + b2c + 2a® > 2y/abe(ab + be + ca)(ab? + be? + ca?)

Ap dung bét déng thic AM — GM ta co:

2/abc(ab + be + ca)(ab® + be2 + ca?) < ac(ab + be + ca) + b(ab? + be? + ca?)
= a%bc + abc® + a?c® + ab3 + b2 + a®be

Ta can ching minh:
a?b? + ab’c > ab® + a®be < ab(c — b)(b —a) >0

Hoan tat viéc chitng minh.
Déng thitc xay ra khi va chikhi: a =b=c l

| Bai Toan 10. | [VMO 1996] Cho a, b, ¢ la céc s6 thitc khong am théa man diéu kien ab + be + ca + abe = 4
. Chitng minh ring:

a+b+c>ab+ bec—+ ca
DPinh huéng 1oi giai:
Dua trén nguyen li Dirichlet trong 3 s6 a — 1,b— 1,¢ — 1 ludn ¢6 2 s6 cting dau.Khong mat tinh téng quat, ta
gid st (b—1)(c—1) > 0 ta co:
cla=1)(b—1)>0=c > ac+ bc — abc
Do d6 ta chi can ching minh :
a-+b>ab+ abe

Theo gia thiét:
ab + be + ca + abc = 4

Suy ra:
4 —ab
at+b+ab
4—ab L ez L s
Thay ¢ = 27D a0 bét dang thic da cho ta c¢6 Bat dang thic da cho tuong duong véi:
a+b+ab
a+b>ab 1+4—7ab & (a+b)(a+b+ab)>ab(d+a+b) < (a—b)>>0
- a+b+ab - -

Déng thtic xay ra khi va chi khi:a=b=c=11

Bai Toan 11. ‘ [Nguyén Viet Hung] Cho a,b,c 1a cac s6 thyc khong am théa méan a + b + ¢ = 3. Chiing

minh ring:

a® 4+ b® 4+ ¢ 4+ 8(ab + be + ca) < 27

Loi giai:



Trong 3 s6 a,b,c luon c6 2 s6 ndm ciing phia véi 1. Khong mét tinh tdng quat, ta gia si: (a — 1)(b— 1) >0
Sab>a+b—-1=2—-¢
Bét ding thic can ching minh:

a® 4+ b® 4 ¢ 4+ 8(ab + be + ca) = (a + b)[(a + b)* — 3ab] + ¢* + 8[(a + b)c + ab)

< (a+b)[(a+b)? —3ab] + ¢ +8[(a+b)c + (a—;b)2]
<B-0[B-¢?-32—-0c)]++38 @—ck+(3;dz =27

Déng thitc xay ra khi va chi khi: a =b=c=11

Bai Toan 12. ‘ [ MOSP 2005 | Cho a, b, ¢ > 0 va khong dong thoi bang 0 , théa man ab+bc+ca = 1. Chiing
minh rang:

1 " 1 4 1 >5
a+b b+c cH+a” 2
Lai giai.

Tt didu kién ab + bc 4+ ca = 1 ta c6 dude: 1 > ab,1 > be,1 > ca
Trong 3 s6 duong a, b, ¢ bat ky luon c6 2 s6 nam cling phia so véi 1, ta gid st 2 s6 d6 1 a,b. Tt d6 suy ra:
(a=1)(b—1) =0
=1+ab>a+b

—2>14+ab>a+b
1—ab >0
a+b —
vao bat dang thiic can chitng minh ta dugc:

Tacé:ab+bc+ca=1=c=

1—ab
Th =
ay ¢ P

1 a+b a+b
a+b+1—|—b2 1+ a?

o 1 n 1 . 1 S 5
(a+b)2 1+ 1+a2 = 2(a+b)

53
-2

Theo AM — GM ta c6:

1 1 b? a? b a a+b
=1- 1- 2 >1-241-2—-9_
1+b2+1+a2 1+b2Jr 14+a2 ~ 2+ 2 2
Ta can chiing minh:
1 a+b 5
S S - >
@roZ T T2 T 2atb)
o 1 n 2 1> 5
(a+0)2 a+d 27 2(a+d)?
1 1 L a2
Diat z = > — , bat dang thic trén tré thanh:
a+b~ 2
1 5 1
x3+2m—§ > 5902(:)5(1“—1)2(23:—1) >0

£, o N 1
Bat dang thic trén dang véi moi x > 3

Déng thitc xdy ra khi: a =b=1,c = 0 v& c4c hoan vi tuong tng W



4 Bai tap Ren luyén

’ Bai Toan 13. ‘ [Romania TST 2006] Cho a,b,c 1a cic s6 thuc duong théa man a + b + ¢ = 3. Chiing
minh ring:

1 1 1
Z2tETa

’ Bai Toan 14. ‘ Cho a, b, ¢ 1a cac s6 thuye duong théa man diéu kién abec = 1. Chiing minh bat dang thiic sau:

>a? +b* + 2

a> + 0>+ +a+b+c>2(ab+ be + ca)

| Bai Toan 15. |[Japan MO 1997] Chiing minh bat ding thifc sau diing véi moi a,b, ¢ duong.

(b+c—a)? (c+a—-0)?2 (a+b—c)?
a?+ (b+c)2 vV +(c+a)® A+ (a+b)?

3
> 2
5

| Bai Toan 16. | Cho a,b, ¢ la cdc sb thyc duong. Ching minh ring:

a>+ v+ +2abc+3> (a+1)(b+1)(c+1)

’ Bai Toan 16. ‘ Cho z,y, z 1 cac s thyc duong théa man diéu kien x +y + z + 1 = 4zyz. Ching minh ring:

Ty+yztzez>2r+y+z



