psilon
Tap chi online cua cong dong
nhitng nguoi yéu toan

VE MOT BAI TOAN HINH HOC
TU DIEN PAN AOPS

TRAN QUANG HUNG, NGUYEN BAo NGOC
(Truong THPT Chuyén KHTN, PHKHTN, PHQG Ha Noi)

Tém tat
Bai viét nay la vé mot bai toan trén dién dan AoPS va
trinh bay cac ung dung ctia no véi cac cong cu hinh
hoc thuan tuy.

1. Mé dau

Trén dién dan AoPS c6 mot bai toan rat tha vi nhu sau (ky hiéu
cuia bai toan da dudc stia lai dé pht1 hgp hon véi bai viét)

Bai toan 1. Cho tam giac nhon ABC ndi tiép duong tron (O).
Goi H la giao diém cuia hai dudng cao BE,CF; AH cat (O) tai
D khac A; DE cat (O) tai G khac D. Chung minh rang BG chia
doi EF.

Loi giai sau la y tudng ctia Jeck Lim, nick name la oneplusone
trén dién dan AoPS.
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Tap chi Epsilon, S6 03, 06/2015.

Loi giai. Goi K 1a giao diém ctia AH va BC. Ta dé dang chung
minh dugc K la trung di€m ctia HD va hai tam giac EFB va
EHK ddng dang. Goi M la trung di€ém cta EF, ta c6

EF _ BF hay EF _ BF
HE HK 2HE 2HK
hay
FM  BF
HE HD’

Két hop véi diéu kién /BFM = /DHE, ta suy ra hai tam giac
BFM va DHE dong dang. Do d6

/FMB=/HDFE = /FBG.
Vay B, M, G thang hang.
Ta c6 diéu phai chiing minh. O

Nhan xét. Viéc dung ky thuat dong dang "gap doi va chia doi
canh" trong 16i giai bai toan trén rat hay, noé giup chung ta cé
nhiéu cach dé phat trién va mdé rong bai toan nay.

Trong bai toan trén E, F chinh la cac giao diém ctia dudng tron
dudng kinh BC véi cac canh C'A, AB. Vay chung ta thit thay
duong tron dudng kinh BC thanh mot duong tron bat ky, ta sé
co bai toan sau:

Cho tam giac ABC ndi tiép duong tron (O). Mot
duong tron (K) qua B,C cat AC, AB lan lugt tai E, F; BE giao
voi CF tai H; AH cat (O) tai P khac A; PE cat (O) tai R khac P.
Chung minh rang BR chia d6i EF.

Loi giai. Goi D 1a hinh chiéu ctia K lén AH. Lay diém N déi
xung v6i F' qua DK. Suy ra N thuoc (K). Vi

/BCP = /BAP = /BFN = /BCN

nén C, P, N thing hang. Goi AH cat BC tai L va Q déi xing véi
P qua D. Ta co

/FQA=/QFN = /FNC = /APC = /ABC
nén tua giac BFQL noi tiép.
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Tap chi Epsilon, S6 03, 06/2015.

Tuong tu nhu trén ta giac CEFQL noi tiép nén ta giac AEQF noi
tiép. Mat khac ta dé dang chung minh dudc hai tam giac EFB
va EQD déng dang. Goi [ 1a trung diém EF. Ta sé c6 hai tam
giac IFB va EQP doéng dang. Suy ra

LFBI = /FPQ = ZABR.

Vay BR di qua [ chia doi EF. O

Nhan xét. Loi gidi trén cing st dung ky thuat dong dang "gap
doi va chia do6i canh". Tuy nhién r6 rang la trong bai toan mé
rong noé da dugce dung khéo 1éo d€ van dung hét cac di kién mdé
rong cua bai toan.

Trong bai toan gbéc, ta c6 thé coi H ndm trén dudng tron doéi
xung véi dudng tron ngoai tiép tam giac ABC qua BC. Vay ta
thit thay thé diém H thanh diém bat ky trén duong tron nay, ta
sé€ c6 két qua rat tha vi nhu sau:

Cho tam giac nhon ABC noi tiép dudng tron (O).
P thudc cung nhé BC sao cho néu @ doéi xiung P qua BC thi Q
nam trong tam giac ABC. QB,QC lan luct cat CA, AB tai E, F;
PE cat (O) tai R khac E. Chung minh rang BR chia doi EF.
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Tap chi Epsilon, S6 03, 06/2015.

P

Loi giai. Goi D 1a giao diém ctia dudng tron ngoai tiép tam giac
ABE va BC. Ta d€ co6 ta giac AEQF noi tiép nén

/EQC = /BAC = ZEDC
suy ra tir giac EQDC noi tiép. Tix do6
/BAD = /BED = /QCD = /DCP = /BAP

vay ta thu dugc A, D, P thang hang. Goi G déi xiing P qua D, ti
GQ || BC suy ra

/ZDGQ = /GDB = /ZAEB
vi vay ta giac AEQG noi tiép. Tir dé dé co
/EGD = /EFB

va

/ZFBE = ZGDE.
Vay hai tam giac EFB va EDG déng dang. Goi I 1a trung diém
EF suy ra tam giac IFB va EGP dong dang. Vay ta thu dugc

/FBI = /GPE = ZABR
nén BR di qua [ chia do6i EF. [

Nhan xét. Mot lan nita ta thay ky thuat dong dang "gap doi va
chia déi canh" lai dudgc st dung mot cach khéo 1éo d€ khai thac
cac gia thiét mé rong. Hai bai toan trén cho chung ta hai mé
rong khac nhau ctia cuing mot bai toan. Cac cach lam nay sé
con gap lai trong nhiéu cac van dé khac nua.
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Tap chi Epsilon, S6 03, 06/2015.

Bai toan géc va bai toan mé rong cé6 kha nhiéu ung dung tha
vi, chung ta hay tim hi€u qua cac bai toan tiép theo nhu sau.
Bai toan sau dugc dé xuat trong [3].

Cho tam giac ABC' c6 cac duong cao AK,BE,CF.
Goi D 1a giao diém ctia AK va (O); L thudc K E sao cho BL 1 OA;
DE cat (0O) tai difm G khac D. Chung minh rang AL va BG cat
nhau tai trung diém EF.

Loi giai. Goi H la truc tam cta tam giac ABC va M la trung
di€m ctia EF. Theo bai toan 1 thi BG di qua M. Mat khac ta c6
EF 1 OAnén BL || EF. Vi BG di qua trung diém M ctia EF nén
B(EF,GL) = —1. Tit hang diéu hoa co ban ta cing c6

E(BA,FK) = -1

B(EF,GL) = E(BA, FK).

Suy ra A, M, L thang hang. Vay BL va AG cit nhau tai trung
diém EF. Ta c6 diéu phai ching minh. O

V6i y tudng stt dung hang diéu hoa ta sé thu dugec mot bai toan
tong quat hon nhu sau
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Tap chi Epsilon, S6 03, 06/2015.

Bai toan 5. Cho tam giac nhon, khong can ABC noi tiép duong
tron (0). Mot dudng tron (K) di qua B, C cat doan thang CA, AB
lan lugt tai F, F kKhac C, B; BE giao C'F tai H; AH cat BC tai D;
AD cat (O) tai G khac A; GE cat (O) tai N khac G; P thuoc DE
sao cho BP || EF. Chiing minh rang BN va AP cat nhau tai
trung diém EF.

Loi giai. Theo bai toan 4, ta chiung minh dugc BN di qua trung
diém I ctia EF. Do BP | EF nén chum B(EF, NP) = —1. Két hop
v6i chiim co ban

E(BA,FD) = —1suyra B(EF,NP) = —1 = E(BA, FD).

Suy ra giao diém tuong ting la A, I, P thing hang. Ta c6 diéu
phai ching minh. O

Bai toan 6. Cho tam giac nhon ABC c6 cac duong cao AD, BE,CF
déng quy tai truc tam H. Goi M, N lan ludt 1a trung diém ctia
DE va DF; BM cat CN tai P. Chung minh rang HP chia doi
EF.
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Tap chi Epsilon, S6 03, 06/2015.

Loi giai. Goi (O) 1a dudng tron ngoai tiép tam giac ABC. Goi
K, L 1an lugt 1a giao diém ctia BE va CF v6i (O). Theo bai truéc
ta dé thay LE va BM cat nhau tai S thudc (O). Tuong tu KF va
C'N cat nhau tai T thuoc (O). Goi Q 1a giao diém ctia SL va KT.
Ap dung dinh ly Pascal cho ( g gé ) ta suy ra P, H,Q thang
hang. Ta dé dang chiing minh dugc tit giac EF LK 1a hinh thang
nén theo bé dé hinh thang HQ chia déi EF. Suy ra PH chia doi
EF. Ta c6 diéu phai chitng minh. O

Cho tam giac nhon ABC c6 duong cao AD, BE,CF
dong quy tai truc tam H. Trung truc HD cat DF,DE tai Q, R;
BQ cat CR tai P. Chung minh rang H P chia doi EF.
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Loi giai. Theo bai truéec néu ta chiang minh duge BQ di qua
trung diém M cuia EF va CR di qua trung diém N cta DF thi
bai toan dugc chirng minh. That vay, goi HQ, HR cat BC tai S, T.
Vi tam giac HSD vuodng tai D va tam giac QHD can tai H suy
ra tam giac QSD can tai (). Do do

/QSD = /QDS = /EDC

nén HQ | DE. Mat khac, dé thay @ la trung diém ctia HS nén
BQ di qua trung diém M cta DE. Tuong tu CR di qua trung
di€ém N ctia DF. Theo bai trudc ta c6 diéu phai ching minh. [

Nhan xét. Si dung phuong phap chiéu song song ta dé dang
suy ra dugc bai toan 7 dung v6i moi di€m P bat ky trong mat
phéng thay cho H. Bai toan téng quat nay c6 thé gidi don gian
chi bang bién dai dién tich. Cac ban hay quan tam t6i van dé
nay.

Cho tam giac ABC ndi tiép duong tron (O) va dudng
cao AD,CF. Goi K la giao diém ctia AD va (O); KF cat (O) tai L
khac K; duong thang qua A vuong géc OC cat CL tai N. Ching
minh rang FN | FO.

Loi giai. Ta sé ching minh AFNA ~ AFOC dé suy ra AFNO ~
AFAC. Ti do suy ra
/ZNFO =90°.
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Tap chi Epsilon, S6 03, 06/2015.

That vay, ta dé dang chung minh dugc

LNAC = LABC = LALC

nén
LNAF = /NAC — /BAC = LZABC — ZBAC = ZFCO.

Goi AD cat CF tai H va P la hinh chiéu cua F lén AD, M déi
xung H qua P. Dé thay

/FMH = /FHM = /ABC = Z/NAC
va
/FKM = Z/ACN.
Do d6 AKFM ~ ACNA. Ta cung co6 tam giac AFAL ~ AFKB
va AFDP ~ AACF. Tit d6 ta c6 bién dai ty so
NA NA LA NC KB HB NC 20Q AC
FA LA'FA AC'FK AC'FK AC MK
~20Q 0Q OC CF BF OC AC OC
~ 2DP  OC'CF'DP BC CF'FD CF’
Ta c6 diéu phai ching minh. O

Cho tam giac nhon ABC noi tiép duong tron (O)
v6i dudng cao BE, C'F cat nhau tai H. Goi D la giao diém AH va
(O); DE cat (O) tai M khac D; I 1a trung diém EF; P thuoc CM
sao cho PI 1 I0; lay @ d6i xtiing P qua I. Chiang minh rang DF
va BQ cat nhau trén (O).
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Tap chi Epsilon, S6 03, 06/2015.

Loi giai. Theo bai toan 1 thi BM di qua I. Goi DF cat (O) tai
diém N khac D. Van theo bai toan 1 thi CN di qua I. Trong tu
gidc BCMN c6 BM cat CN tai I. Mat khac duong thang qua
I vuong goc OI cat CM tai P. Theo bai toan con buém thi déi
xung cua P qua I 1a Q thuoc BN. Tit d6 BQ va DF cat nhau tai
N thudc (O). Ta c6 diéu phai ching minh. O

Cho tam giac nhon ABC ndi tiép dudng tron (O)
vGi duong cao AD. Buong tron (A, AD) cat (O) tai M, N véi M, B
khac phia AC; MN cat CA,AB tai E,F; BE cat CF tai H; AH
cat (O) tai K; KF cat (O) tai R khac K; CR cat M N tai P. Chung
minh rang 2PQ = |[ME — NF|.

Loi giai. Ta c6 tam giac AMN can nén /NBA = /NMA =
/ZANM. Tat d6 AN? = AF.AB. Tuong tu AM? = AE.AC. Do
AM = AN nén AF.AB = AE.AC. Tit d6 ta giac BCEF noi tiép.
Theo bai toan 3 thi CR chia d6i EF suy ra @ la trung diém ctia
EF. Ma Q@ la trung diém M N nén

IME — NF| = |PM — PN| = |QN — QM + 2PQ| = 2PQ.

Ta c6 diéu phai ching minh. O
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Cho tam giac nhon ABC noi tiép duong tron (O).
buong cao AD, BE,CF ddng quy tai H; CH cat (O) tai G khac
C; GD cat (0) tai K khac G; N la trung diém DF; AN cat (O)
tai L khac A. Chung minh rang duong tron ngoai tiép tam giac
K LN chia doéi DE.

Loi giai. Goi M la trung diém ctia DE. Ta sé chuing minh rang
duong tron ngoai tiép tam giac KLN di qua M.

That vay, theo bai toan 1 thi AK di qua M. Goi BH cat (O) tai P
khac B. Cung theo bai toan 1 thi LD di qua P la déi xing cta
H qua C'A. Tix do suy ra

AG = AH = AP = GP L OA L EF = GP || EF || MN.
Goi AL cat GP tai Q. Ta co

LMNA = LZAQP = LZAGQ + LQAG = LAPG + LQAG

=/AKG+ /GKL = ZAKL.
Suy ra ta giac M K N L noi tiép. Ta c6 diéu phai chiung minh. [

Cho tam giac nhon ABC noi tiép duong tron (O).
buong cao AD, BE,CF dong quy tai H. M, N lan lugt la trung
diém ctia DE,DF. AM,AN lan lu¢t cat (O) tai P,Q khac A.
DP,DQ lan lugt cat AM, AN tai S, T. Chung minh rang ST || M N.
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Tap chi Epsilon, S6 03, 06/2015.

L&i giai. Theo bai toan trén ta da chung minh dugc ta giac
PQNM noi tiép. Goi K, L d6i xing v6i H qua CA, AB thi K, L
thuoc (O). Theo bai toan 1 thi DQ di qua K va DP di qua L. Vi
AK = AH = AL nén tam giac AKL can. Tu do

/QSP = /SAP + /SPA = /SAP + /AKL
— /SAP + /ALK = /SAP + /AQT = /QTP,

Suy ra tir giac PQST noi tiép. Vay tit hai ta giac PQNM va PQST
noi tiép, ta dé dang suy ra ST || M N. O

V6i ki thuat gap doi va chia doéi canh, ta c6 thé tim ra dudc
nhiéu bai toan hinh hoc hay. V6i cach nghi don gian va cé6 dién,
hau hét hoc sinh c6 thé nghién ctu va stt dung né. Phai chang,
bai toan cang tinh tuy khi phuong phap giai cang so cap?
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