Truong Xuan Toan hoc mién Nam 2017

VIET NAM TST MOCK TEST
Thoi gian lam bai: 240 phat.

1 Dé thi ngdy mot (ngay 23/02/2017)
Bai 1.
Tim hing s6 k& nhé nhat sau cho bat déang thiic
k(a> + D)0 +1)(P+1) = (a+b+¢)?,

luon ding véi moi s6 thie a, b, ¢ bat ky.
Bai 2.
Cho tap hop X = {1,2,3,...,2018}. Hoi c6 bao nhiéu s6 nguyén duong k thoa
méan dong thoi cac dieu kién sau day:

1. 2 <k <2017.

ii. Ton tai cach phan hoach X thanh hai tap con A = {aj,as,...,a1000} V2
B = {bl,bg, RN b1009} sao cho |a¢ — bl| S {1, k‘}
1009

iii. V6i moi cach phan hoach théa man ii) thi tong T = > lai — bi] ¢6 tan cung
i=1
1a 9.
Bai 3.

Cho dudng tron (O) ciing hai diém B, C' ¢6 dinh trén (O) va diém A di dong trén
(O) sao cho AABC nhon. Duong tron (I) noi tiép AABC lan lugt tiép xic vdi
BC,CA,AB tai D, E,F. BI,CI lan luct cat EF tai M, N.

1. Chitng minh ring duong tron ngoai tiép tam giac DMN luon di qua mot
diém c6 dinh khi A thay doi.

2. Tren BM,CN lan lugt lay P,Q sao cho CP || BQ || AI. Goi R la giao diém
khac I ctia dudng tron ngoai tiép AIMN, AIPQ. Chiing minh ring R di
dong trén duong tron c¢d dinh khi A thay doi



2 Dé thi ngay hai (ngay 26/02/2017)
Bai 4.
Cho day sb (r,) xac dinh bdi cong thric

To+x1t+x2+ -+ Tp1
n

z0 = 1,2, = —2017 ( ) v6i 1 < n < 2017.
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Bai 5.

Cho tam gidc ABC nhon noi tiép (O) c6 tryc tam H. Goi M, N, P lan lugt 13 trung
diém BC,CA, AB. Duong tron (MNP) lan luct cat (MCA), (MAB) tai diém thi
hai la E,F. Gid st ME, MF theo thit tu cat CA, AB tai K, L.

1. Chitng minh rang OH vuong géc KL tai S.

2. Goi G 1a trong tam ctia tam giac ABC; Y, Z lan lugt 14 hinh chiéu ctia B, C
len CA, AB. Goi X la giao diém ctia KZ va LY. Chting minh rang A, G, S, X

cling nam trén mot dudng tron
Bai 6.
Cho p 1a s6 nguyen t6. Ta noéi sdé nguyen duong n 13 tha vi néu
2" —1= (P —z+1)f(x)+ pg(x)
v6i f, g la cac da thitc véi hé sd nguyén nao do.
1. Ching minh réng s6 p? — 1 1a s6 tha vi.

2. V6i s6 nguyén t6 p ndo thi p? — 1 1a s6 thd vi nhé nhat?



DAP AN CHI TIET

4 N

Bai 1. Tim hdang so k nhé nhat sau cho bat dang thic

k(a2 + D +1)(P+1) = (a+b+c)?, (1)

luon ding vdi moi s6 thuc a, b, ¢ bat k.

& J

Ldi gidi. Cho a =b=c=t thi (1) tré thanh

k(24 1)3 > 912

Theo bat ding thic AM-GM, thi

27
2413 ( ) > =
(2 + ot
do do6 k > Ta sé ching minh £ = % 14 gi4 tri nhé nhat can tim, tic chitng minh
bat ding thue sau day
(@4 D+ 1)+ 1) > 2+ b+ o> (2)
Thay (a,b, ¢) béi (%a, 1, %:) thi (2) trd thanh
(a® +2)(0° +2)(” +2) = 3(a+b+ ). (3)

Ap dung bat ding thic Cauchy-Schwarz, ta c6
(a+b+c) < (a®+2) [1+%(b+c)2} :
cho nén ta chi can ching minh
0*+2)(c*+2) =3+ ;(bJr ),
thu gon thanh
%(b2 + ) 4 b*c2 + 1 = 3be.
Hién nhién ding vi b? + ¢ > 2be va b*c2 4+ 1 > 2be.

Ngoai ra véia = b= ¢ = i\% thi bat dang thitc (2) trd thanh dang thitc diéu

nay cho phép ta két luan kyin = 3. -



Nhan xét Ngoai loi gidi trén thi (3) van con rat nhiéu nhing hudng tiép can
khac, duoi day la mot chiing minh kha thi vi
P=(a*>+2)(1? +2)(*+2) = 3(a+b+c)?

2 2, (2 2
B 9 2, 92 9 (C(Z+a_b—0) +(C +2)(bc—1)
—2§ (ab—1)*+c*(a* = 1)(b* — 1) + 211
Theo nguyén Iy Dirichlet ta cé thé gia st ¢*(a®> —1)(b*> — 1) > 0 dan dén P > 0.

Tu (3) vdi chii i (a+b+c)? = 3(ab + be + ca), ta dugc

V

0.

(a® +2)(b* +2)(® +2) = 9(ab + be + ca). (4)
Day chinh dé thi Olympic toan Chau A Thdi Binh Duong (APMO) 2004.
Cing tu (3) va (4) cdu héi duge dat ra la hang so k I6n nhat sau day luon ding
la bao nhiéu?
(@ +2)(b% +2)(c* +2) = k(a® + b* + ¢*) + (9 — k) (ab + be + ca). (5)
Cau trd loi cia (5) la k = 4, tic ta co
(a® +2)(1? +2)(2 +2) = 4(a® + b? + %) + 5(ab + be + ca),
hay la
a?b?c® + 2(a*V? + 2 + ?a®) + 8 = 5(ab + be + ca). (6)
Dat x = ab, y = bc va z = ca thi (6) trd thanh
zyz + 2@+ 2+ 22 + 8> 5(z +y + 2). (7)
Ta c6 thé viét (7) dudi dang
pyz+2+2[(x -1+ @y -1+ (-1 Zo+y+z (8)
Nha vay lieu cé thé thay s6 2 ¢ (8) bdi s6 hdang s6 k nhé nhat nao dé bat dang
thitc sau luon diung?
xyz+2+k [(:c—l)2+(y—1)2+(z—1)2] Z>r+y+z.
T dang thic

P=ayz+2+k[(e -1+ (y—1°+ (-1 -z—y—=z

_ 2k2(x —1)(y—1) + k3 (x —y)? + (kx + ky + 2 — 2k — 1)? + (2 — 1)?(2k? — 1)
2k

Ta sé thay k > \/Li la gid tri can tim.
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Bai 2. Cho tdp hop X = {1,2,3,...,2018}. Hdi c6 bao nhiéu s6 nguyén
duong k théa man dong thoi cac dieu kién sau day:

1. 2 < k <2017.

ii. Ton tai cach phan hoach X thanh hai tdp con A = {a1,as,...,a1009}
va B = {bl,bg, . ,b1009} sao cho |ai — bi’ € {1716}.

1009
iii. Vdi moi cach phan hoach thoa man i) thi tong T = Y |a; — bi| co
i=1
tan cung la 9.

& J

Loi gidi. Ta c6 nhan xét rang v6i moi & thi luon ton tai phan hoach théa man

ii) vi chang han, ta c6 thé xét A la tap hop s6 chn va B 1a tap hop céc s6 18.

Goi m 1a 86 1an ¢6 hiéu 1a k thi T = (1009 — m) - 1 +m - k = 1009 + (k — 1)m. Do
do, ta can tim diéu kién ctia k sao cho moi phan hoach théa man ii) thi (k — 1)m

chia hét cho 10.

Trude hét, ta thay k chia 5 du 1 luon thoéa man. That vay,

1. Néu k=1 (mod 10) thi hién nhién 10|k — 1 v iii) thda.

2. Néu k = 6 (mod 10) thi & ch&n. Khi d6, ta can chiing minh m chdn. Diéu
nay ding vi cé thé viét m = my 4+ ma véi my, my chi s6 cip cling chin, ciing
16 va c6 hieu 1a k. Khi d6, ro rang trong X, s6 luong s6 chin va 1é 14 bang

nhau.

Dong thoi cac cap (aq, b;) ¢6 |a; — b;j| = 1 cling chita ding mot s6 6 mdi loai

s6 chén, s6 18. Suy ra m; = mgy hay m 12 s6 chén.

Do dé, tat ca cac so dang nay déu théa man dicu kién da cho. Ta xét truong hop

k khong c6 dang trén, ta sé chiing minh rang cac s6 dé sé khong théa man.

1. Xét k 1& va k — 1 khong chia hét cho 5 thi chon phan hoach gom dung mot

cap (1,k+1) c6 hieu 1 k; con lai chia thanh cac cap s6 lién tiép sé thda man



ii). Khi d6, m =1 va T = 1008 4 k, mu6n s6 nay c6 tan cung la 9 thi & phai
chia 10 du 1, khong thuoc truong hop dang xét.

2. Xét k chin va k — 1 khong chia hét cho 5 thi & — 1 1a s6 1é khong chia hét
cho 5 nén can c6 m chia hét cho 10. Ta xét phan hoach gom duang hai cip
1a (1,k+1),(2,k +2) va con lai thi chia thanh cac cap sb lien tiép. Khi d6
m =2 va (k — 1)m khong chia hét cho 10.

Tt d6, ta thay ring dicu kién can va di dé k thoa man dé bai 1a k chia 5 du 1.
Tt 2 dén 2017 c6 tat cd 403 s6 nhu thé nén dap s6 can tim 1a 403. -
Nhan xét Dé bai ban dau cé cum ti "cung viét theo thi tu tang dan" dan
dén tap hop phan hoach théa man i) bi gidm di rat nhieu va roi vao truong hop
dac bieét.

Cu thé la bing cdch nhan xét:

Vzal<ag<a3<...<a1009 Udb1<b2<b3<...<51009 nen néugidsz?a1<b1

thi dan dén a; =1 va by —ar =k hay by =k + 1. Suy ra

ag =2,a3=3...,ar = k.
Lap luan tuong tu, ta sé thay moi phan hoach théa man ii) déu sé cé dang:
la; — b;| s€ gom nhiéu day k so lién tiép bang k, con lai thi bing 1.

Khi dé, néu goi a la s6 day k so lién tiép co chénh léch bang k va b la s6 cdp co
hiéu la 1 thi ak +b = 1009 va tong T = ak® + b phdi ¢6 tan cung la 9. Diéu nay
dan dén

a(k* — k) chia hét cho 10.

Do tinh chdt trén phdi ding vdi moi phan hoach nén cé thé zét rieng khi a = 1
va c6 k* — k chia hét cho 10.

Dén day, ta dém dugc 1410 so6 théa man.



-

~

Bai 3. Cho duong tron (O) va B,C co dinh trén (O) va diém A di dong
trén (O) sao cho AABC nhon. Duong tron (I) noi tiecp AABC lan higt
tiép xic vdi BC,CA,AB tai D,E,F. BI,CI lan lugt cat EF tai M, N.

1. Chiing minh rang duong tron ngoai tiép tam gidc DMN luon di qua
mot diém co dinh khi A thay doi.

2. Trén BM,CN lan lugt lay P,Q sao cho CP || BQ || AI. Goi R la giao
diém khdc I cia duong tron ngoai tiép AIMN, AIPQ. Ching minh
rang R di dong trén duong tron co dinh khi A thay doi

/

Lai giai. 1) Xét hinh vé nhu bén dudi, cac truong hgp con lai chitng minh tuong
tu. Ta co
/BA
/MEC = /ZFEA =90° — ¢ =90° — (LBIC —90°) = 180° — LBIC = LZMIC
nén CIEM noi tiép.
A
P
1
Q E




Do do, ZCMI = ZCEI = 90° nén CM 1 BI. Ching minh tuong tuy, ta cling cé
BN 1CTI.

Suy ra (DMN) la dudng tron Euler ctia ABIC nén né di qua trung diem BC ¢6
dinh. Ta c6 dpcm.

2) Goi X,Y lan lugt 1a hinh chiéu cta C, B len BQ,CP.

Ta c6 BY | CX nén LYBX = /BXC = ZXCY = ZCY B = 90° suy ra tu giac
BXCY la hinh chi nhat.

Ngoaira, B,C, M, N, X,Y cing thuoc (BC)va MN || BX | CY nén BXMN,CYNM
la hinh thang can.

Ta can chiing minh

QN_PM(:)BN YN CM XM
QC  PB BC YC (CB XB

& BN -CM =CM - BN (ding)

Xét phép vi tu quay tam R, ti s6 £ = g—g, goc (R—M>, R—]>V> = (R?, }@), ta
duoc cac két qua
M—N,P—-Q,B—C

néen ARBC ~ ARMN nén /BIC = /ZMIN = /ZMRN = /BRC dan dén BIRC
noi tiép.

Miit khac, ta lai c6 (BIC) c¢6 tam K la diém chinh giita cung BC nhd ctia (O) va
ban kinh 1a KB nén day 1a duong tron c6 dinh.

Vay R di dong trén duong tron (K, KB) cb dinh. -

4 N

Bai 4. Cho day so (x,) zdc dinh bdi cong thiic

To+x1+Tg+ -+ Tp-1
n

xo = 1,2y, = —2017 < > vor 1 <n <2017.
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Loi giai. Tu cong thiic truy hoi clia day, ta c6

nTy

2017

=xo+T1+ T2+ + Tp-1.



Thay n bdi n — 1 thi

n—1)r,—1
—% =xo+ a1+ T2+ + Tp_a.
Trit titng vé hai déng thiic, ta cé
nTy, + (n— 1,1 n — 2016
— (2017 o _ Tn—1 I = T
Suy ra
2017 - 2016 9 2017 - 2016 - 2015

1 3
11 = —2017 = —Cqp17, 72 = 5 = G017, 73 = — 3.5 = —Chp17-
Tit d6 ta du doan z,, = (—1)"C%,» v ¢6 thé chiing minh dé dang bing quy nap.

Ta can dém céc chi s6 i ma |z;| = Ciy;- chia hét cho 3. Dé thuc hién diéu nay, ta

sé dém céc chi s6 i ma Ci;, khong chia hét cho 3 thong qua dinh ly Lucas.

Ta ¢6 bieu dién tam phan ctia 2017 1a: 2017 = 2202201 3). Do 0 <i <2017 nén ta

xét biéu dién tam phan ctia i 1 i = 1020301050607 (3) VOi a; € {0,1,2} 1 =1,7.

Theo dinh 1y Lucas thi
Chory = CHCECHCHCECHEC  (mod 3).

Dé s6 nay khong chia hét cho 3 thi

0<aj,as,aq,a5 <2,0<a7<1vaaz=ag=0.
RO rang bang cach chon tuy ¥ nay thi luon thu duge mot s6 i < 2017.
S6 cach chon cac gia tri nay 1a 2. 3% = 162.
Vay s6 cac chi s6 théa man 1& 2018 — 162 = 1856. n
Nhan xét Néu dé bo sung thém yéu cau tim s6 chi s6 i dé a; chia hét cho 6 thi

can phdi xét them trong cdc soé co biéu dién tam phan théa man rang budc dé bai
thi c6 bao nhiéu so chdn va bao nhiéu so lé.

Chii g ring s0 2017 = 111111000019y la s6 ¢6 toan bo cic so 1 phia trudc nén
Clo1» chan khi c6 mot trong 4 vi tri trong biéu dién nhi phan clia i tuong ing vdi

0000 la 1 va mot s6 vi tri phia trude bang 0.
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Bai 5. Cho tam gidc ABC nhon noi tiép (O) c6 truc tam H. Goi M, N, P
lan lugt la trung diém BC,CA,AB. Duong tron (MNP) lan lugt cdit
(MCA),(MAB) tai diém thi hai lo E,F. Gid st ME,MF theo thi tu
cit CA, AB tai K, L.

1. Chitng minh rang OH vuong géc KL tai S.

2. Goi G la trong tam cia tam gidc ABC;Y,Z lan lugt la hinh chiéu
clia B,C len CA,AB. Goi X la giao diém cia KZ va LY. Ching

minh rang A,G, S, X cing nam trén mot dudng tron

Lai giai. 1) Goi I la tam cta dudng tron (MNP). Ta ¢6

P j0) = KAKC = KE.KM = P




Diéu nay chiing t6 ring K thuoc truc ding phuong ctia (1) va (O). Chitng minh
tuong tu thi L thudc truc dang phuong ciia (I) va (0).
Do dé, KL la truc dang phuong ctia (1) va (0). Diéu dé ching té K L vuong goc
OI. Ma O, I, H thang hang (dinh 1y vé dudng thang Euler) nén KL vuong goc
v6i OH.
2) Goi D la hinh chiéu ctia A len BC va DZ cat AC tai K'. Ta c6

Prr 0y = K'A-KC=KZ7-KD = PK/(])

nén K’ thuoc truc dang phuong ctia (1) va (0), suy ra K' = K.

Do d6, ta c6 K, Z, D thang hang. Chiing minh tuong tu L,Y, D thing hang. T
d6 X = D. Bay gio ta ki hieu R, r lan lugt 1a ban kinh (O) va (1) thi

Psj0) = Psn

& 08 - R?* =15 12

& (0S—18) (0S+15) = R*> —¢?

& OI (OH +1H +2HS) = 3r* (vi* R=2r)
& TH (3TH +2HS) = 3r* (vi* OI =TH)

_ 2. 4
& 2HSHI=3(HI>—r*) & §HI.HS = Py & 5HI.HS = 2Py/(1)

& HG.HS = HAHX

Vay A, G, S, X cung thuéc mot duong tron, ta c6 dpem. n

4 )

Bai 6. Cho p la so nguyén to. Ta noi so nguyén duong n la thi vi néu

g —1= (2" -z +1)f(z) + pg(z)
vdi f,g la cdc da thic vdi hé s6 nguyén nao dé.
1. Chiing minh rang 6 pP — 1 la 6 thai vi.

2. Véi s6 nguyén to p nao thi pP — 1 la s6 thi vi nhé nhat?

- /




Lai gidi. 1) V6i p =2 thi p? — 1 = 3 nén ta can chiing minh ton tai f, g € Z[z] dé
2 — 1= (22 —2+1)f(zx) + 2g(x).
2

Diéu nay ding vi ¢6 thé chon f(z) =z —1,9(z) = 22 — z.

Xét p 1a s6 nguyen t6 18, ta ky hieu f(r) = g(r) néu nhu ton tai hai da thrc
u(z),v(z) € Zlx] sao cho f(x) —g(z) = (2P —x+ 1) -u(z) + p-v(x).

Ta c6 cac nhan xét sau:
1. Néu f(x) = g(x) va g(x) = h(z) thi f(z) = h(z).
2. Néu f(z) = g(x) va h(z) =& k(z) thi f(z)h(z) = g(z)k(z) va f(x) + h(z) =
9(x) + k().
3. Néu f(z) — g(z) chia hét cho da thiic 27 — x 4+ 1 hodc p thi f(z) & g(x).
4. Néu f(z) = g(z) thi v6i moi n € N, ta ciing ¢6 (f(x))" = (g(z))".
Cac nhan xét nay c6 thé dé dang suy ra dugdc tit dinh nghia.
Ta c6 2P =2 v —1 va chu § rang (z — 1)P — (2 — 1) = gCé(—l)ixi va p| C} v6i moi
1<i<p-1neéntacingco (z—1)"= (2P - 1) dénlglén
o =@’ (@x-1)P P -1y -2
Chitng minh tuong ty (27°)’ = (z — 2" = (z — 1 — 1)” hay 27" ~ z — 3.
Tfrdésuyraxpk%x—kzvéilgkgp—l.
Thuc hién tinh tich cac cap da thiic 6 trén, ta co
TP g (p — 1) (2 —p o+ 1),

B6 dé (da thic Lagrange). Da thitc P(z) = (z — 1)(z —2)...(x —p+1) v6i p
nguyén t6 18 c¢6 tat ca cac hé so, trit he s6 ciia 2P~2 va heé so6 tur do, thi déu chia
hét cho p; hay néi cach khac P(x) — (zP~! — 1) déu chia hét cho p.

Ap dung bé dé nay, suy ra

rle—1)---(z—p+1)=al —z=-1.



k

Ch ¥ réing 1+ p+---+p'~t = 2= nen 271 2 1. Lay lity thita p — 1 hai vé,

ta co

2”71~ 1vip—1 chin.
Suy ra ton tai u,v € Z[z] dé
1= (2P — 2+ Du(z) + pu(z)
hay n = p? — 1 1& s6 tha vi. Ta c¢6 dpem.

2) Theo ching minh 6 trén, néu dat

thi n = 2m 1& cac s6 thu vi.
Gia st v6i p 1a s6 nguyen t6 1é nao dé ma p? — 1 1a s6 thd vi nho nhat. Cha y
rang p? — 1 = (p — 1)m nén phai c6 p — 1 < 2 hay p < 3.

Ta sé chitng minh p = 2 va p = 3 thda man. D@ tiép tuc, ta chitng minh hai nhan

xét sau:

i V6i moi p thi n = 1 khong phai 1a s6 thu vi. That vay, vi gid stt = 1, ta sé
c6 2= 1, nhung 2> 2 —1=0nén 10, vo ly.

ii Néu c6 s6 thi vi n v mot s6 m 12 s6 thu vi nhé nhat déi véi s6 nguyen to p
thi m|n. That vay, vi 2” =21 va 2™ = 1 va n > m nén co thé dat m = gm +r
VOl 0 < r < m, suy ra 1 & 2" = 2™t = (2™)%2" = 2", Diéu nay ching to

r =0 hay n chia hét cho m.

Vé6i p =2, néu n = 2 thu vi thi né sé 1a s6 tht vi nhé nhat, ma n = 3 cling 1a s6
tha vi nén dan dén 2|3, vo 1y. Do d6, n = 3 1a s6 thu vi nhé nhat nén p = 2 thoa
méan dé bai.

Véi p =3, ta da c6 n =32 — 1 = 26 1a s6 tha vi; ngoai ra, n = 13 khong 1a s thu
3

3 ~

vivia!® =2 1. Néun=21asd thi vi thi 22 = 1 nén 2> = 2, ma 22 =2 2 — 1 nén
r—122 hay —1 =20, vo ly. Do d6, n = 26 1& s6 thi vi nhé nhat nén p = 3 thoa
man dé bai.

Vay tat ca cac s6 nguyeén t6 can tim 1a p = 2,p = 3. n



Nhan xét Bai todn nay doi hoi phai dinh nghia lai mot quan hé gita hai da thic,
tuong tu nhu quan hé dong du trong sé hoc. DE gidi quyét bai todn, ta can dung
nhiéu két qud, tinh chat s6 hoc mot cich khéo léo. Viéc bién doi c¢é phan giong
chiing minh quy nap ciua dinh ly Lucas.

Hai da thite véi quan hé théa man dieu kién da cho cé hau hét cac tinh chat cia
mot dong du thitc s6 hoc thong thuong va nho dé ma ta cé thé khai thdc va bién
doi ve pP — 1.

Cau b lam ta lien tudng dén cap va can nguyén thiy.

Cac loi giai trén, chung toi ¢6 tham khao tir cac hoc sinh: Truong Cong Cuong,
Nguyén Doan Hoang Lam va Dd Hoang Viét.

Thanh phé H6 Chi Minh, ngay 01/03/2017,
Truong Xuan mién Nam,

Tran Nam Diing, Lé Ba Khanh Trinh,

Leé Phuc L, Nguyén Van Huyén, Tran Minh Ngoc.



