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T bai toan trén bao toan tuoi tho 2 t6i dé thi
chon doi tuyen KHTN nam 2013

Tran Quang Hung

Tém tat ndi dung
Bai viét xoay quanh mot bai toan trén bao TTT2 dan t6i mot mdé rong 1a bai toan
thi chon doi tuyén toan THPT chuyéen KHTN vong 2 nam 2013 vé6i cac phép chitng minh
hinh hoc thuan tay dong thoi 4p dung cac bai toan d6 trong vao bai toan khac nhau. Bai
viét ciing dua ra mot md rong hon nita cho bai toan nay. Noi dung chinh ctia bai viét nay
tham khao [4].

Trén béo toan tudi tho 2 s6 123+124 nam 2013 muc giai todn qua thu c6 bai todn nhu sau ctia
thay Nguyén Minh Ha

Bai toan 1. Cho tam gidc ABC, véi tam ngoai tiép O va tam nai tiép 1. D 1 hinh chiéu clia
I 'len BC. M la trung diém ctia BC. K la diém d6i xing ctia M qua AI. Khi d6 KD vuong
goce véi Ol

N
Hinh 1.

Loi giai bai toan trén da c6 tren TTT2 s6 127 nam 2013. Toi xin trich dan lai 10i gidi trén bao

Loi giai thi nhat. Goi Al giao (O) tai N khac A, Al giao BC tai F, MN giao (O) tai T
khic N, MK giao AN tai H, DK giao OI tai E. Chu y rang MK = 2MH, cac tam giac
NMH, NFM dong dang Va/N\M [ [Eia c6 Y = ME — L8 — IV Do do 125 = 2L (1),
Cha § ting NT = 2NO,NBT = NMB = 90°, NB = NI, ta ¢6 2NM.NO = NM.NT =

NB?= NI Do d6 2NM — NI (9)
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Tit (1) va (2) suy ra 375 = 35
Tu’ do, chu y rang KMD = ]NO suy ra cac tam glac MKD,NIO dong dang do do MDE +
MOE = 180° — MDEK + NOI = 180°. Két hop véi DMO = 90°, ta co DEO = 360° — 180° —

90° = 90°. Vay DK 1 OI, ta c6 diéu phai chitng minh. O

Cach giai sau dya trén cach lam ctia ban Nguyén Dic Béo 16p 11 toan, THPT chuyén Phan
Boi Chau, Nghé An trong [7] dugc tac gid viét lai.

Lai giai thit hai. Goi (O) tiép xtic CA, AB tai E, F. Al c¢&t DE, DF lan lugt tai @, R. Theo
b6 dé quen thudc thi MQ, MR la cac dudng trung binh ctia tam gidac ABC neén dé chi ra
MQ = MR va ZQMR = 360° — 2/QDR nén M la tam ngoai tiép tam gidc DQR. Do K d6i
xting M qua QR nén DK di qua tam duong tron Euler ctia tam giac DQR. Goi DL la dudng
kinh ctia (1) va J d6i xting D qua trung diém EF. D& thay dudng ndi L va tam Euler ciia tam
gidc LEF 1a duong thang Euler ctia tam giac JEF nén song song v6i OI vi theo két qua quen
thuoc OF 1a duong thang Euler clia tam gidc DEF. Tit d6 chi ¥ tam giac DQR va tam giac
LEF c6 canh tuéng iing vuong géc nén duong thang néi D va tam Euler tam giac DQR vuong
goc véi dudng thang ndi L va tam Euler tam gidc LEF. Do d6 DK 1 OI. [

Nhan xét. Bai toan 14 mot dang bai chiing minh quan hé vuong géc trén cau hinh tam noi
tiép. Loi giai thit nhat thuan tay hinh hoc dua trén céc ki thuat vé bién doéi ty so6 doan thing
va tam gidc dong dang. Loi giai tht hai stt dung nhiéu kién thic dusi dang nhitng bd dé nho,
tuy vay c6 uu diém 14 kha mach lac va dé hiéu. Loi giai thi nhat goi cho ta ¥ tudng tong quat
hon bai toan la thay tam noi tiép I béi hai diém déng giac bat ky ding giac tréen phan giac
goc A. Duya trén ¥ tudng nay bai toan duge mé rong hon, bai toan nay da duge tac gia sit dung
trong dé thi chon doi tuyén toan THPT chuyeén KHTN vong 2 nam 2013.

Bai toan 2. Cho tam giac ABC noi tiép trong duong tron (O) v6i phan gidc AD. P,Q la hai
diém ding giac trén AD. R 1a hinh chiéu ctia @ léen doan BC. Goi d la dudng thing di qua R
va vuong géc véi OP. Chitng minh ring duong thang d luon di qua mot diém cd dinh khi P di
chuyéen.
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Chiung toi xin gi6i thieu ba 10i gidi khac nhau cho bai toan nay, 161 gidi thit nhat thuan tay
hinh hoc, 16i gidi thit hai st dung cong cu ty s6 kép va hang diéu hoa con 10i gidi thit ba tiép
can theo huéng nghi ty nhién.

E
Hinh 3.

Loi giai thi nhat. Goi AD cit (O) tai E khac A. EF la dudng kinh ctia (O). M 1a trung
diém ctia BC. N déi xting M qua AD. H 1 trung diém ctia M N thi H thuoc AD. Ta sé chiing
minh ring duong thang qua R vuong géc OP luon di qua N c6 dinh, that vay

Ta dé ¢c6 ZRMN = ZOEP (1).

Mat khéc theo dinh 1§ Thales va chit ¥ AHDM ~ AMDE ta cé bién déi ty s6

QE _ DE _ ME _ 2ME g0 yn MN L 2ME (o)

RM — DM — HM — MmN S4YTa p QF

Ta lai c6 bién déi goc /PBE = /PBC + Z/CBE = ZQBA+ ZQAB = ZBQFE. Tu do6 c6

AEBP ~ AEQB suy ra EP.EQ = EB*> = EM.EF = 2EM.EO suy ra 2JF = £5 (3).

EO
Tu (2),(3) ta suy ra 1% = 25 (4).
Tu (1),(4) ta suy ra AEPO ~ AMNR suy ra ZMNR = ZEPO. Vay goi RN cat OP tai K
dé suy ra tit giac PHN K noi tiép suy ra ZK = ZPHN = 90°. Vay RN vuong goc v6i OP hay

dudng thang qua R vuodng géc OP luon di qua N cb dinh. Ta c6 diéu phai chitng minh. O
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Hinh 4.

Lai giai thit hai. Tuong ty trén phan dau, goi AD cit (O) tai E khac A. EF 1a duong kinh
ctia (0). M 1a trung diém ctia BC. N dbi xiing M qua AD. H la trung diém ctia M N thi H
thuoc AD. Ta sé chitng minh ring duong thing qua R vuong géc OP luon di qua N c¢b dinh.
That vay,

Ta dé c6 ZRMN = ZOEP ().

Mit khac theo dinh 1y Thales va chit y AHDM ~ AMDE ta c6 bién doi ty s6 25 = LB —
i (2)

Ta lai c6 bién doéi goc /PBE = /PBC + /CBE = /QBA + ZQAB = /BQE. Tt dé6 c6
AEBP ~ AEQB suy ra 3z = g5 (3)

St dung (2),(3) ta ¢6 bién doi sau L = MH L BF — %'%'g_g = &L (4).

Tu (1),(4) suy ra AMHR ~ AEPF tu d6 suy ra ZMRH = ZEFP suy ra PF L RH. Tu d6
ké RX | MN,PY || EF ta c6 cac chim diéu hoa sau
P(EF,0Y)=—-1=R(MN,HX)=R(XH,NM)

Vay ta chi y PE | RX,PF 1 RH,PY 1 RM vay theo tinh chat chum triyc giao suy ra
RN L PO. Ta c6 diéu phai chiing minh. O

Nhan xét. Loi giai ding tinh chat chiim diéu hoa vAn st dung qua ki thuat dong dang dé
chiing minh hai tia vuéng goc tuy vay viéc bién déi ty s6 dé suy ra tam gidc dong dang c6 phan
don gidn hon so véi 161 gidi thuan tay hinh hoc. Loi gidi dung tinh chat chiim diéu hoa thuc
chat sé goi mé cho ching ta rat nhiéu ¥ tudng khac nhau dé khai thac va phat trién bai toan.
Loi gidi sau day tiép can bai toan theo mot huéng ty nhién hon, khi cho P tring véi mot s6
diém dac biet, ta sé thu duge vi tri diém c¢6 dinh. Loi gidi do ban Trinh Huy Vit sinh vién
DHKHTN-DHQGHN dé xuat khi con hoc 16p 10A1 Toan THPT chuyén KHTN.
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L&i giai thit ba. Dyng dusng cao AH ctlia tam giac ABC. Qua H duyng dudng thang vuong
goc voi OD cat duong thang qua D vuong goc OA tai X c¢b dinh. Ta sé chiing minh ring d di
qua X. That vay, goi OD cit AH tai M. OP cat AH tai L. AD cat (O) tai F khac A.

Ap dung dinh 1y Menelaus cho tam giac ADM véi O, L, P thing hang ta c6 % % g—]g =1

LM _ PD OM
suy ra T = pa-op-
QA _ SgaB BA.BQ

Stt dung tinh chat ty s6 dien tich tam gidc c6 cac goc & dinh bang nhau ta c6 PA = Spap = BPBD
PA _ Spap _ BQ.BP
QD ~ Sosp  BQ.BD®
T hai ty 1é trén chu y OF || AM suy ra QA = ggz.% = %.% = g—%.% = LM
A
Do dé gg = SD = LM (Do QR || AM).
Dé thay AXDH ~ AOAM (g9.9) suy ra AXDR ~ ANOAL (c.g.c) suy ra ZXRD = ZOLA.

va

Hinh 5.

Tu d6 néu dat X R giao OP tai E thi ti giac LERH noi tiép suy ra ZLER = 90° hay duong
thang qua R vuong géc OP di qua X. Ta c6 diéu phai chitng minh. O]
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Nhan xét. Cho P trung A thi @ trung D. Tt d6 ta thu duge mot vi tri dac biét, diém X dé
dang doan nhan. Loi gidi theo cach nay cho ta mot cach nghi kha ty nhién. Chung ta di dén
hai ting dung tric tiép ctia bai toan nay

Bai toan 3. Cho tam gidac ABC ndi tiép trong dudng tron (O) véi phan giac AD. P, Q 1a hai
diém dang gidc tren AD. Goi K, L lan lugt 14 hinh chiéu ctia P,Q léen BC. Duong thang qua
K vuong goc OQ cat dusng thang qua L vuong géc OP tai R. Chiing minh ring dudng théng
qua R vuong goc AD chia doi BC.

Bai toan 4. Cho tam giac ABC c¢6 tam ngoai tiép O va P, Q 1a hai diém déng giac trén phan
gidc goc ZBAC. R, S lan lugt 14 hinh chiéu ctia @, P len BC. Ching minh ring cac duong
thing qua R, S lan luot vuong géc véi OP, OQ cit nhau tren duong déi trung qua A ctia tam
giac.

St dung d6i xting truc, ta thu duge bai toan sau, bai toan nay tham khéo [5]

Bai toan 5. Cho tam giac ABC c6 dinh vé6i tam ngoai tiép O va phan giac AD. P,Q la
hai diém dang giac trong tam giac ABC va nam trén AD. Lay diém S sao cho QS || AO va

DS 1 AO. Goi M la trung diém BC. Ching minh ring duong thing qua P vudng goc véi SM
luon di qua diém c6 dinh khi P, Q thay doi.

Hinh 6.

Loi giai. Goi R 1a hinh chiéu ctia Q len BC. Do DS L AO nén DS va BC déi xing nhau
qua AD, tit d6 dé thay R va S dbi xitng nhau qua AD. Goi N, T dbi xting M, O qua AD. Ta
sé chiing minh PT 1 M S, diéu d6 cé nghia la duong thing qua P vuong goc véi SM di qua T
c6 dinh. Xét qua phép doi xiing truc AD thi ta can chiing minh RN L OP. Day chinh 1 bai
toan s6 2. O
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Nhan xét. Viec diing phép dbi xtng truc AD chuyén bai toan vé ching minh RN L OP la
mot viee lam quan trong trong bai toan nay.

Bai toan 6. Cho tam giac ABC ¢6 dudng tron noi tiép (1) tiép xic CA, AB tai E, F. M, N la
trung diém ctia CA, AB. P, Q lan lugt dbi xitng M, N qua I B, IC. Chitng minh ring PE || QF.

A

Hinh 7.

Loi giai. Goi O 1a tam ngoai tiép tam gidc theo bai toan 1 thi PE L OI 1L QF do do
PE || QF. O

Nhan xét. Bai toan nay cé thé coi la he qua truc tiép ctia bai toan 1 nhung viéc phat biéu
dusi dang hai dudng thang song song budc ngusi gidi phai dung lai tam ngoai tiép O la mot
yéu t6 c6 vé khong may lien quan t6i bai toan, dé 1a cai doc dao clia cach phat biéu nay. Néu
stt dung phép nghich dao trén bai toan nay, ching ta sé thu duge bai toan tha vi dudi day

Bai toan 7. Cho tam gidc ABC noi tiép duong tron (O). D, E, F la trung diém ctia BC, CA, AB.
Duong d6i trung qua O clia tam giac ODF, ODE lan lugt cat cac duong tron (ODF), (ODE)

tai M, N khac O. P,Q lan lugt 1a déi xting ctia M, N qua OF,OF. Goi K, L 13 tam ngoai tiép

cac tam giac OBP, OC(Q. Chiing minh ring K, O, L thing hang.
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X
Hinh 8.

Loi giai. Goi tiép tuyén tai A, B,C cta (O) cat nhau tao thanh tam giac XY, Z. Dé thay
X,Y, Z 1a nghich déo ctia D, E, F qua dudng tron (O) nén qua phép nghich dao nay thi M, N
lan lugt bién thanh V,U la trung diém ctia XZ, XY. Goi J, I lan lugt 1a anh ctia P,Q trong
phép nghich ddo qua (O) thi J, I lan lugt 1a ddi xting ctia V, U theo thit tu qua OF, OF. Theo
bai toan trén thi BJ || CI nén qua nghich déo thi cac dudng tron (OBP) va (OCQ) tiép xic
hay K, O, L thing hang. O]

Ching ta c6 thé tiép tuc véi mot tng dung khéc ctia bai toan 1 khi két hop dinh 1y Feuerbach

Bai toan 8. Cho tam giac ABC noi tiép duong tron (O). D, E, F lan lugt doi xing vdi
A, B,C qua trung truc BC,CA, AB. Trén trung truc BC,CA, AB lay cac diém X,Y,Z sao
cho AX, BY,CZ vuong géc véi duong thang Euler ciia tam gidac ABC. DX, EY, FZ lan lugt
cat cac tiép tuyén qua A, B,C cia (O) tai U, V,W. Chting minh ring dudng tron ngoai tiép
tam giac UVW tiép xtc (O).
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P
Hinh 9.

Lai giai. Goi cac tiép tuyén tai A, B,C cia (O) cat nhau lan lugt tai P, @, R. D& thay duong
thang Euler clia tam gidc ABC chinh la dudng thing OI ctia tam gidc PQR. Dudng thing
XA va XD db6i xting nhau qua trung triic BC. Theo bai toan 1 thi déi xing clia trung diém
QR qua trung truc BC ndm trén duong thing qua A vuong géc dudng thang OI ciia tam giac
PQR hay chinh 1a ndm trén X A do dé déi xiing ctia X A qua trung truc BC di qua trung diém
QR hay U chinh 1 trung diém QR. Tuong tu V, W la trung diém RP, PQ. Vay theo dinh ly
Feuerbach thi duong tron ngoai tiép tam giac UVW tiép xic (O). O

Ta ¢6 mot cach dién dat khac cho bai toan 8 nhu sau [6]
Bai toan 9. Cho tam gidc ABC noi tiép duong tron (O). Trung truc BC cit CA, AB tai
Ay, A,y Trén trung truc A, A, lay Az sao cho AA; vuong géc véi duong thing Euler ctia tam

giac ABC. Lay A4 dbi xting As qua A; As. Dung tuong tu céc diém By, Cy. Chting minh ring
duong tron ngoai tiép tam giac A4B,Cy tiép xuc (O).
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D
Hinh 10.

Lai giai. Goi céc tiép tuyén qua A, B, C' ctia (O) cit nhau tao thanh tam giac DEF thi duong
thing Euler ctia tam giac ABC chinh 1a dudng thing OI clia tam giac DEF. Theo bo dé thi
duong théing AA; di qua doi xing clia trung diém EF qua OD. Ta dé chitng minh duge trung
diém EF cling nam trén trung triyc A;A,. Do dé qua déi xting truc OD thi trung diém EF
phai 1 déi xting clia giao diem dudng thang qua A vuong géc dudng thang Euler va trung truc
Ay Ay v6i ch ¥ rang trung truc A, Ay vuong goc OD nén bat bién qua déi xiing truc OD. Giao
diém d6 chinh 1a As nén A, déi xting As qua OD chinh la trung diém EF. Chitng minh tuong
tu By, Cy 1a trung diém FD, DE. Tit d6 theo dinh 1y Feuerbach thi dudng tron ngoai tiép tam
giac AyB,Cy tiép xuc (O). O

Cubi cling ta dua ra mot tong quét cho bai toan 2 véi hai diém dang giac bat ky

Bai toan 10. Cho tam giac ABC noi tiép trong dusng tron (O). D la mot diém c6 dinh trén
cung BC khong chita A cia (O). P di chuyén trén AD. E thuoc (O) sao cho DE | BC. K 1a
trung diém DE. ) dang giac P trong tam giac ABC. R la hinh chiéu ctia @ len BC. Ching
minh rang dudng thing qua R vudng géc véi PK luon di qua diém cb dinh khi P thay déi.

Truée hét ta st dung bo dé sau

B6 dé 10.1. Cho tam gidac ABC nai tiép (O). P,Q déng giac trong tam giac ABC. AP cit
(O) tai M khac A. MQ cat BC tai E. Thi PE || AQ.
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Hinh 11.

Lai giai. Goi AQ cit (O) tai N khac A va cat BC tai H. Do P,Q ding giac, ta d& thay
cac tam gidc dong dang ACHN ~ ANACM va ACPM ~ AQCN (g.g) suy ra HN.AM =

CM.CN = QN.PM suy ra §77 = 58 = 175 vay PE || AQ. O

D F
Hinh 12.
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Lai giai. Goi AQ cit (O) tai F thi F ¢6 dinh. H 1a hinh chiéu ctia F len BC. Duong thang
qua H vuong géc véi AD cat duong thang qua R vuong goc véi PK tai X. Ta sé chi ra X
c6 dinh bing cach chitng minh X H c6 do dai khong doi, that vay. Ta dé thay tam giac DPK
va tam giac HX R dong dang nén XH.DK = RH.PD. Goi DQ cat BC tai G va AF cat BC
tai L. Theo bo dé thi PG || AL do d6 theo dinh 1y Thales ta thay 25 = g—g = % = LI hay
RH.PD = DA.LH khong doi. Tt d6 XH.DK ciing khong doéi ma DK khong doi nén do dai
XH cb dinh do d6 X la diém c6 dinh. O

Nhan xét. Day 1a mot bai toan chiing minh diém c6 dinh diic sic. Diém ¢ dinh X trong bai
nay khong can chi ra cach dung mot cach tuong minh ma ta chi can chi ra X ¢6 dinh mot
cach gian tiép thong qua do dai X H khong doi. Khi P, nim trén phan giac géc ZBAC ta
thu duge bai toan 2. Trong cach giai trén thuc chat ta chi can DK c6 do dai khong ddi nén
ban Nguyén HAai Nam 16p 11 toan THPT chuyen KHTN da dé xuat ¥ tuéng ta chi can K
la diém c6 dinh trén doan DE la duge. Trong ching minh c¢6 st dung b6 dé 10.1 c6 thé coi 1a
mot bo dé kinh dién ciia cac bai toan vé diém dang giac, cach ching minh bé dé do ban Phan
Anh Quan sinh vien DHKHTN-DHQGHN dé xuat khi con hoc 16p 11A1 Toan THPT chuyén
KHTN. Ban Trinh Huy Vil b6 sung nhan xét ta c6 thé chitng minh XL | AK, that vay. Tu
ADPK ~ AHXR két hgp g—é = % suy ra ADAK ~ AHXL ma DA 1 HX va DK | HL
nén suy ra XL 1 AK.

L&i két. Bai viét hoan chinh nay da duge tac gid ap 1 rat lau tit ngay viét bai trong [4]. Cac
dé toan va 10i gidi thit nhat trong bai viét trit bai toan 1 déu la clia tac gid dua ra trong sudt
mot ching dudng 3 nam tiép tuc day doi tuyén chuyén KHTN tit nam 2013 téi nay. Sy phat
trien lien tuc tit bai toan 2 t6i bai toan 10 1a mot chang duong dai v6i nhiéu thach thitc nén
nhiing san pham duge hoan thanh mang mot ¥ nghia rieng. Cubi ciing, tac gia xin chan thanh
cam on ban Trinh Huy Vi sinh vien DPHKHTN-DHQGHN da dong gop cac cach giai khac
cho bai toan chon doi tuyén tit ngay 16p 10 dong thoi gép ¥ cho tac gia vé bai viét.
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