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Bai 1: (Thi thi vao 10 chuyén toan KHTN 2016-2017 dot 1 vong 2)
Cho a, b, ¢ > 0; ab + bc + ca = 1. Chuing minh rang:

2
Z1 aZSZ a
1+a 1+a?
Loi giai: ( Nguyén Phiic Tang )

Hudng 1:

1-a®> 1-b* 2c[2ab+c(a+b)] .2

+ = <
1+a®> 1+b*> (a+b)(b+c)(c+a) 1+¢2
That vay, theo Cauchy-Schwarz, ta co:

2ab +c(a+b) < (a+b)(c++/ab) < (a+b),/(b+c)(c+a)
Vi thé ghép dbi xtang céac bat dang thirc ta duoc diéu phai ching minh.

Hudng 2:

RO rang BDT dang khi chirng minh dugc trong tam giac:

cos A+cosB < Zsin%

That vay

cos A+cosB =2cos Aer B COoS A; B < 2c0s A+B =23in%

Hudng 3:
Ta co ab+bhc+ca=1 nén

(1-a*)(b+c)

1-a* _ @’ (b+c)+b*(c+a)+c’(a+b)+6abe
Z1+a2 _Z(a+b)(b+c)(c+a)_z (a+b)(b+c)(c+a)

a(b+c)/(a+b)(a+c)

a
Z,/Haz =2 (a+b)(b+c)(c+a)

Ap dung AM-GM thi

a(b +c)\/(a+ b)(a+c) >a(b+c)(a+ M) >a’(b+c)+2abc
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Bai 2: (JBMO 2016) ’ ‘
Cho a, b, ¢ la cac so thuc duong. Chirng minh rang:

> PR S
(a+b)? +4abc a+3
Lo giai:
Ta co:
(a+b)2 +4abc <2(a” +b*)(c+1)
8 > 4 1
- (a+b) +4abc (a’+b*)(c+1) @
Lai co:
4 s a’+b’ .4 8
(a*+b?)(c+1) 2 2(c+1) ~ ¢ +3(AAM-GM)

Neén tur (1) va (2) ta c6 dpcem.

Bai 3: Choa, b, ¢ >0 théaman & +b°+c*=3, Chutng minh rang:

E+9+E+a+b+c26
c a
) Loi giai:
Ap dung BDT Cauchy-Schwarz:
2 2
a a+b+c
VI => —+a+b+c> ( ) atb+c

ab ab+bc+ca
bat p=a+b+c tir 6 suy ra

_p°-3
Zab_ ;

2

VT >2P S +P26e(p+2)(p-3) 20
p —_

Pang thic xay ra khi va chi khi a=b=c=1

BfEli 4: Cho a, b, ¢ 1a cac s6 thue khong am thoa mén khong ¢6 2 sO ndo dong thoi
bang khong. Chiing minh rang:

a’ a+b+c)
Z b? + c? = 2((ab+bc +)ca)
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Loi giai:
Ta ching minh:
2

PO
b +c b+c

va

Z a_ (a+b+c)2
b+c 2(ab+bc+ca)

(hién nhién vi day chinh 1a BDT C-S)
Tt 2 BDT trén dé dang suy ra dpem.

Bai 5: (Olympic 30/4 2017)
Cho a, b, ¢ > 0. Chtrng minh rang:

4
Zﬂzz(a2+b2+cz)
b+c
Loi giai:
4 a2+b2+cz)2 G
it a’+b’+c’ = 2 z( >
et e XZ}ZbJrc 2(a+b+c)  24/3x

Ta quay vé ching minh:

X% +243

2/3x

Vay ta c6 dpcm. Dau

> 2x & (x=27)" (X* +6x+81)>0

n_n

xay ra khi va chi khi a=b=c=3

Vé bai nay c6 thé giai theo cach ding AM-GM thé nay:
a’+27>4a’

Bai 6:(Nguyén Viét Hing, HSGS)
Cho a, b, ¢ > 0. Chirng minh rang:

2 3 3 3
> a’ ,_atb+c +ﬂ(a+b+c)
b+c 6(ab+bc+ca)
Léi gidi

Ta c6 BDT phu kha quen thugc
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(a+b)(b+c)(c+a) zg(a+b+c)(ab+bc+ca)

Khi d6 theo BDT Holder thi:

Z (a+b+c)3 a®+b’+c
b +C ab+ca 6(ab +bc+ca) 6(ab +bc+ca)
3
3(a+b)(b+c)(c+a) a’+b®+c’ (a+b+c)
6(ab+bc+ca) 6(ab +bc+ ca) 9

- NP e ) - 2 2 2
Bai 7: Cho a,b,c la céc so thuc thoa mén @ +b"+c¢” <3b

Chung minh rang

L + 4 + 8 >1
(a+1)2 (b+2)2 (c+3)2 -
Lo giai

Theo gia thiét ta co:

2 2
Sbe—+(b—+c
2 4

2
2j+(b—+a2
4

|

b2
2?+bc+ab

:>32%+a+c(1)

Mat khac:

p=_1

4

4

4

1 2 2
_|_

+
(a+1) (b+2)

> L,
4\a+1 b+2

.1
4

(1+1+ 2)2

a+1+%+1+c+3

Tr(l)va(2)suyra P=1
Pang thtc xay ra khi va chi khi a=1;b=2;c=1
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Bai 8: (Tran Quac Anh) ‘
Cho a,b,c la céc so thuc khdng am thoa méan a+b+c=2. Chirng minh rang:
(a® +ab+b*)(b* +bc+c?)(c* +ca+a’) <3
(Bai nay hién chwa co loi giai)
Bai 9: (MOSP 2005) ‘ ‘
Cho a,b,c 20 va khong dong thoi bang khong thoa man ab+bc+ca=1. Ching minh
rang:
1>
a+b 2
‘ Lo giai: ,
, Tu dieu kién’ ab‘+bc+ca=1 ta co duoc 1>ab;1>bc ;%2 ca. Trong 3 s6 duong
bat ky luén c6 2 s6 nam cung phia so vai 1, ta gia su 2 s6 d6 1a a,b. Tur d6 suy ra:
(a-1)(b-)>0=1+ab>a+b=2>1+ab>a+b
1-ab
a+b

>0

Ta co: ab+bc+ca=1 = C=

1-ab ;
Thay =¢=——-2 0 vao BDT can chirng minh ta duoc:

1 a+b a+b 5 1 1 1 S 3)

+ >+ >+ >+ > 2
a+b 1+b* 1+a° 2 (a+b)* 1+b° 1+a° 2(a+b)
Theo AM-GM ta co:

2 2
L, Lt g b g & b8, 8t
1+b° 1+a 1+b l+a 2 2 2

Ldc nay, ta can ching minh:

1 atb_ 5 1 2 1 5
~+2— =+ >
(a+b) 2~ 2aib)  (atby aib 2 2(@+h)

1 1
bat X= T 2 Y BDT trén tré thanh:

1 1
X 2x L n 2y < = (x=1)%(2x-1)>0
2 2 2
BDT trén diing véi moi X2 >
Pang thic xay ra khi a=b=1, ¢=0 va c&c hoan vi twong ung.
Bai 10 : (T6 Tap chi THTT s6 474)
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Vi x 12 s6 thue thay doi tim gia tri nho nhét cta biéu thuec:

f =X —2X+2 + X2 —8X+32 + X% —6X+ 25+ X —4X+20 ++/x2 —10+26
Loi giai:
Ta cé:
f = (J@L=X)? +1+J(x=5)% +1) + (/(x—4)? +16 +/(2— )2 +16) +/(x—3)? +16

>4 + 2% +427 +8 +/16 =/20 + /68 + 4

Vay min f(x)= V20 + V68 +4 t4i x=3

Bai 11: (Thi thir KHTN dot 3 vong 2)
Cho céc sb a,b,ca,b,c thoa man 0= D.C<2y3 a1p+c=3. Chtng minh rang
a’+b°+c® <5
Loi gidi:

Céch 1:Gia s @ =max{a;b;c} ma a+b+c=3 nén a=1

Vi a=3-b-c, do d6 BDT can chirmg minh tuong duong:
b®>+c*+bc—-30-3c+2<0
Taco: b>+c’+bc—3b-3c+2<b*+c*°+2bc—-30-3c+2=(b+c-1)(b+c—2)

Lai c6: b+c=3-ava 1<sa<2 nén 1<b+c<2
Két hop (1) suy ra dpcm.

Céach 2:Viab,c €[0;2] :>(2—3)(2—*3)(2—0)20<:>Zab22+a7bczz

BDT can chirng minh tuong duong véi:

9-2> ab<5< > ab>2

Bai toan dugc chimg minh xong.
Dang thirc xay ra khi va chi khi a=2; b=1;c=0 va cac hoan vi.

Bai 12 : (Korean MO ngay 2 2016)
Cho x, y, z 1a cac s thuc thoa man X" +Y*+2° =1 Tim Max:
P =(X* - yz)(y* - 2x)(2* - xy)
(Chua co loi gidi)

Bai 13: (Lé Khadnh Sy) ‘
Cho a, b, ¢ > 0. Chirng minh rang:
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Z:aLb>2\/(a+b+c)(;jl L Cj

c ca ab
Loi giai:
Khdng mat tinh tong quat, gia st b nam giira a va C.
BDT can chirng minh tuong duong voi:

abc(a+b+c)+a’b® +b°c® +c’a’ > 2\/abc(ab +bc +ca)(ab® +bc’ +ca’)
St dung BDT AM-GM ta co:
2\/abc(ab +bc +ca)(ab® +bc? +ca’) <ac(ab+bc+ca)+ b(ab2 +bc? + caz)

= azpc +abc? +a’c? + ab® + b%c? + a’be
Ta can chimg minh
a’b® +ab’c > ab’+a’hc < ab(c—b)(b—a)=0
ludn ding
Pang thire xay ra khi va chi khi a=b=c>0

Bai 14: (Thi thit lan 4 KHTN 2014-2015) ‘
Cho a;b;c 1a cac so thuc duong thoa abc=a+b+c+2, chiing minh rang:

1
2\ag=V®

Loi giai:
Céch 1:Theo gia thiét thi c6 thé dat (a;b;c) = (X;y; = Z;Z; Xj vGi X,y,z >0
Khi do:
Z Z X+y+12
Mt khac thi:
2
Z
[Z ] <3y =3
X+Yy+2 X+Yy+2
— 3
Z X+ Y+ z
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’ 1
Hay Z a = \/g(dpcm)

Pang thire xay ra khi va chi khi a=b=c=2

1 1 1
=+ + =
a+1l b+1 c+1

Cach 2: TacH a+b+c+2=abc =

1
Nén VT < 3Zﬁ=\/§

Bai 15: Cho a,b,c > 0. Chirng minh réng:

7(a®+b°+¢*)+6>3vac (2ac+1)+3vbc (2bc +1)+3/ab (2ab +1)
, Loi giai:
Ap dung BDT AM-GM ta cé

3 (a’+b’)=6) abab

cyc cyc

a3+b3+c3+6=2(a3+1+1)23(a+b+c)23(»\/@+\/§+\/a)

cyc
Cong theo vé 2 BDT trén ta c6 dpem.
Dang thuc xay ra khi va chi khi a=b=c=1
Bai 16: Cho cac s6 thue duong thoa man 2+ b+c+2+/abe >+/10
Churng minh rang:

2 2A~2
Z 8 9b c a 56 \/5
4
(Chu’a co loi giai)
Bai 17: ’ ‘
Cho a,b,ca,b,c 1a cac so thuc duong thda man a+b+c=3.Chirng minh rang:
Z a‘+1 .3
o 33/a?h? (1+ 33c? )—8 2
‘ Loi gidi:
Can chtrng minh:
2(a® +1)

czy:‘33 a’b? (1+3%/c_2)—

10
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Ta co:
2(a* +1) B a’+a’+1+1

gc: 33/a’h? (1+ 33c? ) g Zy: 33a’b? +93a’b’c? -8
a’+2a+1

>
_Za+b+ab+3(ab+bc+ca)—8

cyc

a’+2a+1

>
§a+b+ab+(a+b+c) -8
(a+1)

a+l
_Czycl a+1 b+1) Z(b+1)

cyc

>3

Hoan tat bai toan. :)
Bai 18: (Vasile Cirtoaje) ‘
Cho x,y,z >0; x+y+z=3. Chirng minh rang:
3

>
o Xy+1 2
Loi gidi:
Ap dung BDT CS két hop bo dé Vasile quen thuc ta co:

2

A:Z(«/x"’ +\/y3 17z )2

(x2 +y? +ZZ)2

X o A
Xy+1—gtr0ng do:

B= +X+ Yy +7°
Ap dung BPT Holder ta co:
3
3A2(x2 +y° +22)

, 2 2 2 _
D¢ don gian hoa ta dit: X“+y +2° =t(t=23) luc nay BDT da cho tr¢ thanh:

t .3
377" Hién nhién dung vi né twong duong véi: (2t+3)(t—3)=0. DPPCM.

Bai 19: (Tap chi THTT)
Cho céc s6 thuc khong 4m thoa méin a’+b*+c’ =0
Tim gia tri nho nhat ciia biéu thirc

11
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Ja+2b+3c

- \/2a+2b+3c +\/a+5b+3c +\/a+2b+7c
(Chuwa co loi gidi)

P

Bai 20: (Tap chi THTT) ‘
Cho a,b,ca,b,c 1a cac so thuc duong .Chirng minh rang:
9abc
a2+b2+c22——————+(c—af
a+b+c
(Chuwa co loi gidi)
Bai 21: (Tap chi AMM) ‘
Cho cac so a,b,c €[1;2].Chirng minh rang:
1 1 1) 45
(3a+2b+c)[—+—+—j <—
a b c 2
Dau bang xay ra khi nao ?
Loi giai:
Ta c0 bo dé quen thudc sau: Véi a,b,c €[1;2]. Chirng minh:
(a+b+c)[1+1+lj£10
a b c
(B6 dé céac ban tham khao & Nang cao & Phat trién toan 9 tap 1,
) ¢ day minh khdng chang minh lai nira)
Ap dung BDT trén ta quy vé ching minh:
(2a+b)(l+1+1j£ 2
a b c 2
19

o o . 2a b

Khai trien va sir dung gia thiet ¢>1 ta c6: - ~+—+ 2a+b< >

BDT nay twong duong véi : (4+4b)a’ +a(2b” ~19b)+2b* <0

Nhan thay ddy 1a tam thirc d2, tham s6 b. Hé s6 cao nhat duong . a thudc
khoang [1,2 ] nén theo dinh ly vé ham cuec tri bién thi :
f (a)<max{f (1); f (2)} Dén day thi don gian roi ta xét BT trén tai a=1 va a=2 d¢
tir 6 CM vs BPT 1 bién b véi DK b thudc [1,2]. CM céi ndy khéng may kho khan,
cac ban hay thir xem.

Bai 22: Cho a,b,c 1a cac sd thuc dwong. Ching minh rang:

12
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>4+ =
3 9 a*+b*+c*

Loi giai:

Z(aZ_aberij 1 2(a2+b2+cz—ab—bc—ca)2

2(2(a—b>2j2 [z<a—b>2]2 > (a-b)

cyc _ o\ <_ o
9(a4+b4+c4) 18(a4+b4+c4)_6(a4+b4+c4)
Khi do:

2 (a-b) [2(4a2—ab+4b2) (a-b)’ J

_ o _ _pY _
i 6(a’ +b*+c*) Czy(;(a b) 9(a2+ab+b2)2 6(a‘+b*+c*)

S (acb) {2(4612 ~ab+4') (b J
9(a*+ab+b?) 6(a‘+b*)
Bat dang thuc dang néu ta chimg minh dugc danh gia sau dung:
4(4x* —x+4)(x* +1)>3(x-1)" (x* + x+1)2 & 13x° —4x° +16x* +6X° +16X> —4x+13>0
Dé thdy danh gia trén ludn ding nén ta c6 dpcm.

Bai 23: (Lil.Tee boxmath - Tang Hai Tudn) ‘
Cho a,b,c 1a cac so thuc duwong c6 tong l1a 3. Ching minh rang:

a b C 3
+ + >
b2+Jc c?+Ja a’+Jb 3—3%abc
Loi giai:
Ap dung BPT Cauchy-Schwarz ta co:
D a_ o (Za)z _ 9
b2+4c > ab? +ZaJ€ > ab? +ZaJ€

Cing theo BDT Cauchy-Schwarz ta co:

Zax/g<\/ )(Dab) < (Z >3 =3

13
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M3t khac st dung bo dé:

> ab’ s%(Za)g—abc:4—abc

Nhu vay ta can ching minh:

9 S 3
7—abc  3-%abc
(lu6n dung theo AM-GM)

Suy ra dpcm.

< abc+2>33/abc

Bai 24: (USA MO 2017 ngay 2)
Cho a,b,c,d>0:a+b+c+d=4. Tim GTNN:

_Zb3+4

cyc

Lo1 giai:
Dé y rang:

1 _3-x_ X(x- 2)" (x+1)
X+d 12 12(x°+4)
=y 3a 23(a+b+c+d)—(a+c)(b+d)
b°+4 12
St dung BDT AM-GM ta co:

(a+c)(b+d)s(

Hoan tat chimg minh.

2
> —
3

a+b+c+df
4

=4

Ding thtrc xay ra khi va chi khi: (&,b,¢,d) =(2,2,0,0) va cac hoan vi twong

ung.

Bai 25: (Jack Garfunkel)
Cho a,b,c > 0. Chirng minh rang:

a’+b%+c? 8abc
+ > 2
ab+bc+ca (a+b)(b+c)(c+a)
Lo1 giai:

Do vai trd clia a,b,c nhu nhau nén ta c6 thé gia sir a>b>c>0
Tu d6 ta co (a+b)(b+c)(c+a)<2b(a+c)2

(Cai nay la bién doi twong dwong ,cdc ban thi tach ra nhé @)
Bat dang thirc can chiing minh trd thanh

New.Dragon
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a2+b2+chr d4ac (a2+c2—ab—bc)2 -0
ab+bc+ca (a+c) (ab+bc+ca)(a+c)

Dau bang xay ra khi a=b=1; ¢=0 va cac hoan vi.
Mé réng: Baitoan. Cho & b,c>0;c=min{a,b,c} Chting minh rang:

a’ +b?+c? 8abc . 2c(a-b)’
ab+bc+ca (a+b)(b+c)(c+a) 3(a+b)(b+c)(c+a)

Su dung PP SOS, tuy nhién theo t6i cach phan tich cua phuong phap nay chu yéu
can dén cong cu tinh toan va thiéu tu nhién ciing nhu khong c6 tinh tu duy trong do

| (ab-+2bc+5ca)(a—c)+(2a’ +3ab+ 3bc)(b—c) |(a~b)* +3¢* (a+b)(a~c)(b—c)
3(a+b)(b+c)(c+a)(ab+hc+ca)
Bai 26: Chtng minh bat dang thirc sau dung v4i moi a,b,c.

VT -VP =

2
a’+b%+c >Z¥

Loi giai:

>ab+bc+ca

Gia si: @ =max{a,b,c}
* Chirng minh vé dau tién.

Ta co:
a(b®+c’
a2+b2JFCZ—Z%:Sc(a—b)z+Sb(a—c)2+8a(b—c)2
+
s :ab+bc+ca—a2_8 :ab+bc+ca—b2_s :ab+bc+ca—c2
Trong do: e 2(a+c)(b+a) " 2(b+a)(b+c) ° 2(a+c)(b+c)
Mat khac:
a’(ab+bc+ca—b*) b*(ab+bc+ca—-a’
a’S, +b’S, = L ( )+ ( )
2(a+b) (b+c) (a+c)
1 (a’(ab+bc+ca-b?) b?(ab+hc+ca-a’)
2(a+D) (a+c) ’ (a+c)

15
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Nén ta co:

a(b2+c2)
2 b2 22
a’+b*+c Z—b+c
*Chang minh vé tht 2.
Ta cO:
a(b’+c) b+b c*(a-b) >0
Z b+c —anT c+ca—z(a+c)(b+c)_

Vay bat dang thtrc dugc ching minh thanh cong.

Bai 27: (Pé thi dai hoc khéi B nam 2010)
Cho a,b,c>0 thoa man a+b+c=1. Tim GTNN cua:

A=3>a’h*+3> ab+2,/> a’
Loi giai:
Taco: VT >(ab+bc+ca)’ +3(ab+bc+ca)+2\/1—2(ab+bc+ca)

1 .
patt=ab+bc+ca(te [O;g}Dé thay f(t) > f(0)=2
NénVT =2
Pang thirc xay ra khi va chi khi a=1;b=c=0 va cac hoan vi
Bai 28: Cho cac so a,b,c khong 4m thoa man: a’+b®+c’ = Z(ab +bc+ Ca)
Chting minh rang:

\/1+i +\/1+L +\/1+L >1+ 242

b+c c+a a+b
Loi giai:
Bai nay tuong d6i kho .
Chuén hoa a+b+c=2. GT c¢6 thé viét lai thanh ab+bc+ca=1.

S TS

BDT can CM tuong duong voi : a+b J2
1 1 1

An da . x : + >1+
bén day ta co6 BDT sau ( V61 gs a max): \/bz 1 \/CZ 1 (b+c)2 ")
( CM cdi nay cdac ban binh phwong lén la dc, qua dai minh k trinh bay o day)
1 1 >b+c+ _b+c

+
Ja+b +a+c (b+c)2+1

Tu day suy ra

16
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t=+b+c+
bén day quy ham mot bién vb+c
CM BDT 1 bién cudi cung don gian chi ap dung BDT AM-GM quen thudc.

(t>2)

Bai 29:Cho a,b,c>0.Chting minh rang

(2a+b+ c)2
> <
2a’ +(b+c)
q Loi giai:
Ta chuan hoa a+b+c=3 thu duoc
(2a+b+c)’ (3+a)’ 1, _8+6 _1 8a+6

2

= =— < —++
2a>+(b+c)’ 2a’+(3-a)’ 3 3a'-6a+9 3 6
1+8(a+bgc)+18:

P< 8

Tir do ta co dpem. ‘

Bai 30: Cho a,b,c 1a 3 s6 duong va 2(ab+bc+ca)=3abc. Chirng minh rang:
>

a’+1+1

Loi giai:

>3

Ta co:

2(ab+bc+ca):3abc<:>£+%+
a

Xét danh gi4 d ,—X2 > X2
ft /4 b4 e t : e

ét danh gia dac trung: 75— y
Deé thay danh gia trén dung, nén suy ra dugc:

1.3
c 2

& xH(x=2)>0

2
a >22a—2:3

é‘\/a3+1+1_ cyc a

Vay ta c6 dpcm.

Bai 31: Cho P20 Chung minh ring;
3) a*> a’h*>> (a’+ab+b?)
Loi giai:
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VT —VP :%Z[(a+b—c)2 +5a? +5h? +cz}c2(a—b)2 >

Bai 32:Sau day la mot sd bai tap
a) Cho cac s6 thuc a, b, ¢ thoa méin 0<a,b,c<1 va a+b+c>2 Chung minh réng:
ab(at+1)+bc(b+1)+ca(c+1)>2
b) Cho cac s6 thuc a, b, ¢ thoa : 0<a<b<c<I.
Tim gi4 tri 16n nhat cua biéu thirc: Q=a2(b—c)+b?(c—b)+c?(1—c)
¢) (dé thi vao chuyén Toan chuyén Phan Boi Chau)
Cho céc sd thuc a, b, ¢ thoa man a,b>0 ; ¢>1 ; a+b+c=2.
Tim gi tri nho nhat cua P = (6-a2-b?-c?) (2-abc)
Bai 33: (Le Khanh Sy)
Cho cac s6 thyc khong 4m a,b,c thoa man a+b+c=3. Chting minh rang:

2

Z a ab+bc+ca §
" a+3 4 -2
Loi giai:

Khong mat tinh tong quat ta gia sir rang:
a=max{a,b,c}=>a>1
bat

2

f(ab,c)= Z ab+t;c+ca_g
cyc

Ta co:

f(ab,c)- f (a, b+c,b+cJ: (b—c)’ (144 —(b+3))(c+3)(b+c+86)

2 2 16(b+3)(c+3)(b+c+6)
_(b—c)’(bc+3(3-2)+9)(9-a)(9-a) _ (b—c)"(a’~27a’ + 2432 -153)
N 16(b+3)(c+3)(b+c+6) ~ 64(b+3)(c+3)(b+c+6)
Mat khac, ta la1 co:

3-a 3-a (a—1)2(3a2—18a+27)>
f(a’ | j: 16(a+3)(9-a)

2 2
Vay BDT duogc chiing minh.
Bai 34: Cho ba s6 thuc a,b,c. Chtrng minh rang:
(a2+1)(b?+1)(c?+1) > (ab+bc+ca—1)?
Loi giai:
BDT can chiing minh « (a+1)(b?+1)(c?+1) - (ab+bc+ca—1)2=0
a’b’c’® —2a’bc +a’ —2ab’c —2abc® + 2ab + 2ac +b* + 2bc +¢°
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<:>(abc—a—b—c)2 >0

BDT cudi dang nén ta cé dpem. ‘
Bai 35: Cho a, b, ¢ > 0 thoa man abc = 1. Chtitng minh rang:

1 1 6
3 3 3+ 2 2
a’+b°+c® ab+bc+ca (a2+b2+cz)

(Chua co loi giai)

Bai 36: Cho cac s6 thuc duong a,b,c thoa man diéu kién abc=1. Chtirng minh rang:

> <l

a’+b°+ab
Loi giai:

Ta co:

a’+b°>a’h’(a+b)= > 5

_Zab(a+b)+abc Za+b+c
Bai 37: Cho a,b,c 14 3 canh cua mot tam giéc td. Chang minh rang:

+b5+ab Z a’b®( a+b)+ab

a®> b®> ¢’
(Chura co loi giai)

(a2+b2+c2)(i2+i2+iJ210

Bai 38: Cho x,y,z la cac sb thuc duong thoa man x+y+z=xyz. Chtrng minh rang:

2 1 1 9
+ + <—
N \/1+y2 J1+z2 4
Loi giai:
\ 9 = A Z. i+i+i—l
Tur gia thiet ta co: xy vz X

111
—;—;=|=(a;b;c)=>ab+bc+ca=1
Dat (x y Z] ( )

Bai toan quy vé ching minh

New.Dragon
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p_ 2a N b . C <9
JaZ+1l Jb*+1 i1 4

< P= 2a + b + ¢ <
\/’(a+b)(a+c) \/(b+c)(b+a) \/(c+a)(c+b)
Taco
3 2a 2b 2c
\/(a+b)(a+c \/4 b+c)(b+a) \/4 )(c+b)

( a a j b b c
S AM-GM + + + + +
a+b c+a 4(b+c) a+b 4(c+b) c+a

J15

Suy ra dpcm. Dau bang xay ra khi X= Vi5,y=z= N

‘(a2 —bz)(b2 —cz)(c2 —a’ )‘ <5
Loi giai:
pit P= ‘(a2 ~b?)(b?*—c?)(c* —a’ )‘
Gia sir ¢ =min{a,b,c} ta chi can xét b>a

Pit
x=+a’—¢ > a=x+c
y=vb?-c? =b=.y*+c?

Khi do: a+b+c=5+\Vx2+c? +4y? +c2 +c>x+y

Va PSXZyZ(yZ—xz)

Ma 4xy +(x—y)’

(x+ y)z_

Tur d6 ap dung BDT AM-GM ta co:

P? < (x+y) xyxyxyxy.(x—y)

<(x+ y)ZFXyJF(Xy)Z]S :MS5

5 3125
Tir day ta co: P <+/5

New.Dragon

Bai 39: Cho a,b,c 1 céc s6 thuc khdng am thoa man a+b+c=+5 Chtng minh rang:
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J_1I+1

2 2

D4u bing xay ra khi va chi khi (a,b,c)= ( ] va cac hoan vi

Két thiic chang minh.
Bai 40: Cho céac so thuc duong a,b,c. Chirng minh rang:

(“%j(“%j(“%j > 2(1+ ag‘;:T:C]

) ’ Loi giai:
Ap dung AM-GM cho 3 s6 duong:

VT — Z(a a aj Zm

3(a+b+c) 2(a+b+c)

= ~1>3-1+ VP
3/abc /abc
Bai 41: Cho a,b,c>0s théa mén abc=1
> L >1
B, \ 2
Chitrng minh rang: v2a“ +6a+1
‘ Loi giai:
Huong 1: Chi can ching minh:
1 1
Z 10 5
2 =~ i
\/Za +6a+1 a® +a° +1

(cach nay diing hé so bar dinh két hop véi dao ham c thé khong phti hop)
Hudng 2: Dbi bién
bc ca ab
(a,b,c)a(;,g,c—zj

va danh gia bang bat dang thicc Holder.

2
[Z a’ j ZaZ (a4 +632b0+2b202)2(a2+b2+02)3

Ja* +6a’hc + 2b’c?
Bai 42: Cho AABC c6 chu vi bang 1. Chimg minh rang:
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B3 i it aanc<t
27 2

Loi giai:
p:%:1—2a>0;1—2b>0;1—2c>0
Theo BDT AM-GM, ta co:

3
0<(1—2a)(1—2b)(1—2c)s{s_z(a;bm)} :
:>0<1—2(a+b+c)+4(ab+bc+ca)—8abcg2—17
:>1<2(ab+bc+c:a)—4abcsE
2 27
:>1<(a+b+c)2—(a2+b2+c2+4abc)£E
2 27

:>E§a2+b2+c2+4abc<E
27 2

Bai 43: Cho a,b,c > 0 théa man a*+b*+c’ =1

. a
Chirng minh rang: > 2 be >3

Bai 44: (ASM-chuyén toan - 2015)
Cho ba so thuc duong a,b,c théa man (a+b)(b+c)(c+a)=1. Ching minh:
3
ab+bc+ca< "

Bai 45: (IMO 2001) ‘
Cho a,b,c la cac so6 thuc duong. Chirng minh rang:
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a

Z Ja? +8bc

Léi giai:

>1

Theo Cauchy-Schwarz thi:

a’ (a+b+c)

Za»\/a +8hc Za-\/a +8hc

2
(a+b+c) g (a+b+c)

> >
\/(a+b+c)(2a3 +24ahc) \/(a+b+c)(a+b+c)3
Bai 46: 1.(Albania TST 2012)
Tim gia tri 16n nhat ctia biéu thirc
1 1 1
2 + 2 + 2
X*—4x+9 y° -4y+9 z°-47+9
Trong d6 X,y,z la cac sé thyc khdng am thoa man x+y+z=1.
Loi giai:

=VP

Ta co bo dé:
1 X 1
<+ X = 2X + X =X(X— 1) >0
x—4x+9 89
BDT cudi ludén dung nén bod dé duoc chieng minh
Ap dung, ta co:
Z 1 <x+y+z 3 l

x> —4x+9 18 9 18
Pang thac xay ra khi va chi khi x=y =0;z =1va cac hoén vi

2. Cho céc s thuc a,b,c >0 va abc=1. Chitng minh rang :
(a®+b? +(:2)3 >9(a’ +b°+c)
o ‘ Lo giai:
Viet bat dang thuc can ching minh lai nhu sau
(a®+b? +c:2)3 >9ahc(a’ +b*+c°)
Gia str a=max{a,b,c}.Ap dung bat dang thic AM-GM, ta c6

3 3 3)\3
9abc(a3+b3+c3)s[ab+ca+a th+c j
3a
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a’+b®+c’
3a

“\ . 2 2 2
Ta cin chiing minh @ +b”+c” >ab+ca+

(2a—b—c)(a2 +b? +02—ab—bc—ca)

: >0
thu gon thanh 3

Hién nhién dung nén ta c6 diéu phai chirng minh.

Bai 47: Cho 2 s6 thuc duong a,b thoa man diéu kién a+b <1
3 a 9

2_92 a7

4a b 4
Loi giai:

Chtmg minh rang: @

BT 8,358
b 4a 4

a
Do a+b<1 nén 4ab<1 va ta c6 danh gia BZ 4a—-4ab>4a-1
\ 2
Pua vé BDT. Ding vi né tuong duong véi < (3-2a)(2a-1)" >0
Bai 48:Cho céc sd thuc a, b, ¢ thoa : 0<a<b<c<I.

Tim gia tri lon nhat cua biéu thire: Q=a2(b—c)+b?(c—b)+c(1—c)
( Chuea co loi giai )
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