OLYMPIC GAP GO TOAN HOC 2017 KHOI 10

Olympic giap g6 toan hoc 2017 khéi 10

Pham Qubc Sang
Cuu hoc sinh truong THPT Chuyén Nguyén Binh Khiém, tinh Qudng Nam
Pham Hiuu Hiép
Cuu hoc sinh truong THPT Chuyén Tién Giang, tinh Tién Giang

Do thdai gian gap rit nén bai viét kho tranh khéi nhiing sai s6t. Mong cac ban thong

cam va gop ¥ dé bai viét duge hoan thien hon.

~— Bail

An va Binh 1a hai ban cting 16p chuyén toan. Khi Binh héi dia chi nha An, dé thit

tai ban, An da cho nhitng thong tin sau " Nha td & trén duong Tran Hung Dao. So
nha td la mot s6 c6 3 chwt s6 khdc nhau. Tw 3 chit s6 nay co thé tao ra 5 $6 ¢6 3
chit s6 khdc nhau nita va diéu thi vi la tong cia 5 s6 nay ding bang 2017". Sau mot
lac tinh toan thi Binh da tim ra sé nha An. Con ban, ban c6 thé tim ra s6 nha An

khong?

N

Loi gidi. Goi s6 nha can tim 14 abe.

Theo gid thiét bai toan ta suy ra a,b,c € {1,2,...,9} va a, b, ¢ doi mot khac nhau. (*).

Khi d6 tong clia 6 86 1ap tit 3 s6 a, b, ¢ thoa diéu kien (*) 1a 222(a + b + ¢).
Theo dé bai ta c6
222(a + b+ ¢) — abc = 2017

Do 100 < abe < 999 nén ta suy ra:
100<a+b+c<13.

Két hop diéu kien (%) ta suy ra abc = 425. [ |

~—| Bai2

Cho a, b, c 1a céc s6 thie duong théa man diéu kien a? + b? + ¢* = 3. Chiing minh

rang ta c6 bat ding thic

w

a n b n c S
ba+c) cb+a) a(ct+b)~ 2
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Lai giai. Cach 1. Theo bat dang thitc AM-GM cho 3 s6 khong am ta cé:

5 a.b.c B 3
vr= 3\/a-b-c(a+ D)b+c)c+a)  la+b)b+c)cta)

Mat khéac ciing ap dung bat dang thitc AM-GM cho 3 s6 khong am ta cé:

YarDb+acta) < w

Suy ra

9
VI > ——.
~ 2(a+b+c)

Theo bat dang thitc Cauchy-Schwarz ta co:

(a+b+c) < /3(a®+02+2) =3,

Vay

<
~
A%
M| o

Dang thitc xdy rakhia =b=c = 1.
Céach 2. Ap dung bat ding thitc Cauchy-Schwarz ta c6

(a+b+c)?

3=a24+0*+ > 3

T do6 suy ra
a+b+c<3.

Ap dung bat ding thic Cauchy-Schwarz ta c6:

(e (VR

a
Yiera 2t )
— b(c+a) Cycc—i—a/Q(a—i—b—i—c)/ 2’

Déng thitc xay rakhia =b=c=1.
Cach 3. Ap dung bat déng thitc AM-GM cho 3 s6 khong am ta c6 :

5 a.b.c 3
Iz 3\/a.b.c(a +b)(b+c)c+a) S(a+b)(b+c)(ct+a)

Ta chiing minh

(a+b)(b+c)(c+a) <8 (%)
p°—3

batp=a+b+c,q=ab+bc+ ca,r =abc = q = 5

Theo bat déng thic Schur ta co:

ala —b)(a—c)+bb—c)(b—a)+c(c—a)(c—b) >0 p®—4dpg+9r >0. (1)
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Ta c6 (*) tuong duong véi
(a+b+c)(ab+bc+ca) —abe <8< pg—r <8. (2)

Tu (1) va (2) ta suy ra diéu can chiing minh 1a

p(4q —p?)

<38
9

pg—1r <8 pq—
& p® +5pg < 72
& 2p° 4 5p (p2—3) < 144

< (p—3) (p°+21p+48) < 0.

(a+b+c)?

Hién nhien p <3 (do 3 =a? +b* +¢* > 3

=a+b+c<3).
Vay bat dang thic da duge chiing minh.
Ding thitc xay rakhia =b=c = 1.

Céch 4. Ap dung bat déng thitc AM-GM cho hai s6 khong am ta co:

a a-+c a a
> 2%/ — =4/ -.
b(a+c)+ 4 =7V 4 \/;

Tuong tu
b +b—|—a> Z_)
c(b+a) 4 — Ve
c c+b c
> —.
acrd) 4 _\/;
Suy ra

VT > \/§+\ﬁ+\ﬁ _atbte
- b c a 2

Mait khac theo bat dang thitic AM-GM ta c6:

Mat khac theo bat dang thitc Cauchy-Schwarz ta c6

—_— 3 .
T do suy ra
a+b+c<3.
3 3
Vay VI >3 — - = —.
A R
Déang thiic xay ra khia=b=c=1. [ |
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— Bai3 .

Cho tam gidc ABC vuong tai C. Goi F 1a duong cao ha tit C' xuéng AB. Dudng tron

w tiép xtc v6i doan F B tai diém P, duong cao C'F tai diém @ va dudng tron ngoai
tiép tam gidc ABC tai diém R. Chtng minh ring cac diém A, Q, R thing hang va
AP = AC.

Li giai.

Ta co
———  180°— RIO 180°— ROA ——
ROT = @_ — RAO.

Suy ra A, Q, R thing hang.
Xét tam giac ACQ va ABQ c6

Cm, chung;
ACQ - ARC (~ ABC).

Suy ra AACQ ~ AARC. Khi dé

AC? = AQ.AR = AP>.
Vay AC = AP. ]

— Bai 4 .

Nguoi ta to mau m 6 vudng trén bang 6 vudng 1001 x 1001 sao cho

a) Trong hai 6 vuong ké nhau luon c6 it nhat mot 6 vuong duge t6 mau.

b) Ctt 6 6 vuong lién tiép trén cung mot hang hodc cing mot cot ¢6 it nhat hai 6

ké nhau duge t6 mau.

Tim gi4 tri nhé nhét ciia m dé c6 thé thuc hien dude céch to tren.

Loi giai. Ta ching minh hinh chit nhat 1 x 5 ¢6 it nhat 3 6 duge to mau.

Theo diéu kién a) thi hinh chit nhat 1 x 5 sé& ¢6 hai truong hop xay ra:

THL. (khong t6)(t6)(khong t0)(t0)(khong to).
Ta xét hinh chit nhat 1 x 6 chia hinh chit nhat 1 x 5 theo ¥ b) sé c6 it nhat 2 6 ke
nhau duge t6 mau. Diéu nay vo 1i v6i cach to nhu trén do 2 dau clia hinh chit nhat

1 x 5 khong t6 mau.

Pham Quéc Sang — Pham Hitu Hiép 4



OLYMPIC GAP GO TOAN HOC 2017 KHOI 10

TH2. (t6)(khong t06)(t6)(khong t6)(t0).

Diéu nay c6 nghia 1 hinh chit nhat 1 x 5 luon ton tai it nhat 3 6 duge t6 mau.
V6i truong hgp nay ta chia bang 6 vuong thanh cac hinh chi nhat nhu sau:
1000 x 1001 4+ 1000 x 1 + 1 x 1. ( chia thanh cac hinh ch® nhat con)
Ta xét cac truong hgp sau:

e Ta c6 1000 x 1001 = 200200 x 5 tiic c¢6 200200 hinh ch® nhat kich thude 1 x 5 nén
sé ¢6 it nhat 200200.3 = 600600 6 dugc t6 mau.

e Ta c6 1000 x 1 = 200 x 5 tic ¢6 200 hinh ch@ nhat kich thuéec 1 x 5 nén sé co it
nhat 200.3 = 600 6 dugc t6 mau.

Do d6 sé c6 it nhat 600600 + 600 = 601200 6 dudc t6 mau. [ |
Nguon tham khao
1. diendantoanhoc.net

2. https://www.facebook.com/groups/Loicenter/permalink /1560806647325837/
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