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TOM TAT NOI DUNG: Bai viét sé gidi thieu vé Ly thuyét tro choi va dic biet 1a
Dinh 1y can bang Nash ( Nash Equilibrium) va ttng dung ctia hai dinh 1f diém bat
dong 13 Dinh 1f Kakutani va Brouwer dé chitng minh sy ton tai ctia can bing Nash.
Dinh 1i Kakutani 1a dang téng quét cho Dinh 1i Brouwer vi ¢6 thé dimg cho cac phép
tuong ting (correspondence) va cho tro choi vo han thay vi chi 1a ham s6 (function)
va tro choi hitu han ciia Brouwer. Do giéi han noi dung bai viét nén 6 phan tro choi
vo han chi xét truong hgp don gidn nhét, cic noi dung khac c6 thé tham khéo them
tai quyén Advanced Fixed Point Theory for Economics ciia Andrew McLennan, [8].

Bai viét bao gom 4 phan: Phan 1 néi vé cac dinh nghia co ban ctia Ly thuyét tro
choi (Game Theory); Phan 2 néi vé sy xuat hién ctia Can béng Nash; Phan 3 va 4
sé 1a tng dung ciia Dinh li diém bat dong Brouwer v Kakutani. Tai lieu tham khao
chinh ctia bai viét 1a loat series cac bai gidng vé Ly thuyét tro chai véi ting dung trong
ky thuat [3] va bai gidng Optimization Methods in Finance ctia Gido su Friedrich
Eisenbrand [9] va mot s6 tai lieu khac ¢6 dé cap va dinh kém link pdf ctia ting tai
ligu.

1 LI THUYET TRO CHOI
1.1 Gidi thiéu L thuyét tro choi

Trong nhidu trudng hgp hé théng xa hoi vh k§ thuat, c6 nhidu nhan t6 (agent) tao
ra da dang sy lya chon. Trong tat cd trudng hgp trén, sy anh hudng ciia nhiing nhan
t6 va sut da dang trong cach lya chon tao ra duge Ly thuyét lga chon phu thudc vao
cédc nhan t6 (Multiagent Decision Theory) hay duge biét dén vdi tén goi Ly thuyét
tro choi.

MO HiNH: V6i n nhan t6, mdi phép chon x; € R vA mot ham thio dung (Utility
function) ui(x),x € R™ ¢6 dang:

wi(xi,X—i), X—i = (X1,X2, 00 Xim1, X441, o0y Xm) (1)
LY THUYET TRO CHOI PA0 : Mot Iy thuyét duge xay dung nén dé dat dugc két qua

cudi cting nhuw mong mudn dude goi 1 Inverse game Theory -Ly thuyét trd choi dao.
Trong K¥ thuat con duge biét dén véi tén goi Mechanism Design.
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Ly thuyét Trd choi c6 thé duge sit dung hitu ich vao kinh té nhu sau: Trong nhitng
tinh hudng nhat dinh, méi c4 nhan sé c6 nhitng hanh doéng c6 1y theo nghia sé chon
ra mot sy lya chon cai sé dem lai cho ho két cuc - payoff, & day c6 nghia lgi nhuan.

Chiing ta thudng chi can thong tin theo thit tu (ordinal information) titc 14 vé6i hai
sit Ita chon a va b, khi d6 hinh dung vé mot méi lien hé wu tién > cai sé thé hién loai
ciia nhitng st lira chon khac nhau. Ching ta thuong kiém tra ring a > b hay a < b.

Tuy nhién, trong 1y thuyét tro choi, thudng chi ¢c6 dang thong tin co ban (cardinal
information) bdi vi nhitng quyét dinh duge dua ra dudi do bat dinh ty nhién va theo
chién luge cu thé. Ly thuyét vé sy dua ra quyét dinh dusi do bat dinh - The theory of
decision making under uncertainty - dugc phat trién dau tién béi John von Neumann
va Oskar Morgenstern, tham khoa thém tai [10].

1.2 L{ thuyét vé ra quyét dinh duéi dé bat dinh( Decision - Making under Un-
certainty)

John von Neumann vd Oskar Morgenstern thita nhan mot s6 tién dé dudc goi la
"tien dé hgp 1i" ("reasonable axioms") cai sé gitip cho 1y thuyét cia Neumann va
Morgenstern dung.

T day ho phét sinh ra mot 1y thuyét 1a Ly thuyét do thoa dung ki vong ("Expected
utility theory") 1a ly thuyét néi vé cac hanh vi c4 nhan trong diéu kiégn khong chic
chin, mo ta logic ring moi ngudi c6 thé dua ra quyét dinh nhu thé nao trong mot
thé giéi khong chic chian. Phan chinh clia thuyét nay cho thiy ring mot ca nhan cé
nhiing s& thich thod man mot s6 dinh dé (thuong la vé trat tu, tiép tuc va doc lap)
sé lya chon dé t6i da hoa do thoa dung du tinh. Tham khéo them tai Wikipedia:
Expected utility hypothesis, [6].

Duéi do bat dinh d6, moi cach chon déu c¢6 mot dé may rai. Ly thuyét do thoa
dung ki vong ctia Neumann v Morgenstern chiing minh ring ton tai ham s6 théa
dung (utility function, hay con dugc goi kém vdéi tén ctia nha toan hoc ngudi Thuy Si
Bernoulli 1a Bernoulli utility function) u;.

Khi d6 mot cach chon a din dén mot phan phdi xac suat F¢(c). Tt d6, do thoa
dung ctia cach chon nay duge cho béi cong thiic:

U(a) = ju(c)dFa(c) (2)

hay néi cach khac day chinh 13 mot ky vong clia u(c) dua vao F(c). Néu F%(c) la
mot phan phdi lien tuc véi mat do (density) £¢(c) thi ta co:

U(a) = Ju(c)f“(c)dc (3)

Néu F%(c) la phan phdi rai rac thi khi d6 ta c6 ¢q c6 xac suat pg, Zipi“u(ci) =1
va ta co:

U(a) =) pfuley) (4)

Néu chi ¢6 2 nhan t6 a va b v6i phan phéi xéac suat lan lugt 1a F(c) va FP(c), khi
d6 cach chon a ctia mot ca thé duge wu tien hon b ctia ngudi dé néu:

Ula) = Ju(c)dFa(c) > Ub) = Ju(c)de(c) (5)

M4 rong hon, ta c6 thé xét bai toan quyét dinh ctia mot nhém ngudi bing céch
khéo sat riéng ting ngudi mot cuing mot luc va doc l1ap gitta mdi nguoi.
1.3 Tro choi dang chién lugc - Strategic form game.

Trod chai dang chién luge hay trong hitu han duge biét dén véi tén goi matrix game 1a
tro choi ma ching ta bat dau tat ca hanh dong dicu dién ra ciing mot lic va doc lap
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v6i nhau. Méi tro choi s& phai dinh nghia: Tap ngudi chai (The set of players), Chién
luge (Strategies) va Két cuc (payoffs).
N6i mot cach chuan hon, toan hoc hon thi ta ¢6 dinh nghia:

TRO CHOI DANG CHIEN LUQC: Mot tro choi dang chién luge bao gdm ba khai niem
(3, (S1)ies, (1i)iey) thoa:
e J1&4 mot tap hittu han nhing ngusi chai, tic 1a 3 ={1,2,..., 1}

e S; la tap clia nhimg hanh dong c6 gia tri (available actions) ctia ngusi choi thi
i.

e s; € §; la mdt hanh dong ctia ngudi chai thi i.

e ui : S — R 1a mot ham két cuc théa dung (payoff utility function) clia ngudi
choi thit i véi S = T1;S; 1a tap clia tat ca hanh dong ciia moi ngudi.

Thém vao dé ta sé dinh nghia va st dung nhing ki hiéu sau:
o s_i = [sjlji: vector cia hanh dong clia ngusi choi trit ngusi thit 1.
o S_i =Tl4iS; 1a tap cta tat ca hanh dong clia moi ngudi, trit ngudi thi i.
o (si,s_i) 1a mot he thong chién lugt (a Strategic Profile).

Cé nhiéu chién lugt trong thyc té nhu: Matching Pennies, Cournot competition,
Prisoner’s Dilemma,... Tuy nhién ta c6 thé nhém lai thanh 2 nhém khong gian dé xét
mdi chién lugt 1a: Khong gian chién lugt hitu han va vo han (Finite/Infinite Strategy
Spaces):

KHONG GIAN CHIEN LUQT HU'U HAN:  La Khong gian chién lugt ma Khi dé S; hitu
han vé6i moi i, ngoai ra ta con goi diy 1a trd choi hitu han 1an hay Tro choi dang ma
tran - Game Matrix(vi khi d6 ta c6 thé kiém soat két qua biang viéc sip cdc hanh
dong va lan lap thanh cot vA hang tuong ing).

KHONG GIAN CHIEN LUQT vO HAN: Khi d6 sé c6 i dé S; vo han.

PHEP PHAN HOI TUONG UNG TOT NHAT: Phép tuong ting phan hoi tét nhat (best
response correspondence) cho moéi i la anh xa: Bi(s_i) = argmaxg, es, ui(si,5—1).

Bat dau tir phan sau, bai viét sé tap trung vao Chién lugt Can bing ap ddo (Dom-
inant Strategy Equilibrium), Chién lugt Can bing hon hgp (Mixed Strategy Equilib-
rium) va dic biet 1a Can bang Nash (Nash Equilibrium).

2  DINH LI DPIEM CAN BANG CUA NASH

Ta sé bat dau bang nhing dinh nghia ciia Can bang 4p dao (Dominant Strategy

Equilibrium). Day 14 mot can bing ma trong dé mdi ngudi choi déu sit dung chién

luge ap déo ciia minh. N6i theo toan hoc thi:

CHIEN LUQT AP PAO: Mot chién lugt s; € S; 14 ap ddo cho ngudi choi thit i néu:
wi(si,s_i) > uilsi,s_1), Vs{ €Sy, Vs_y €S (6)

CHIEN LUQT CAN BANG AP PA0: Mot hé thong chién lugt s* 13 chién lugt can bing

ap dao néu véi mdi ngudi chai i, s} 14 mot chién lugt ap déo.

CHIEN LUQT AP PAO NGAT: Mot chién lugt s; € S; 1a 4p dao ngit cho ngudi choi

thit i néu ton tai nhing s/ € S; théa man:

ui(si, s—i) >uils{,s_i), Vs{ € Sy, Vs_; € S_ (7)
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CHIEN LUQT AP A0 YEU: Mot chién lugt s; € S; 1a ap ddo yéu cho ngudi chai thi
i néu ton tai nhimg s{ € S; théa man:

ui(si,s—i) = uils{,s_i), Vs{ €Si, Vs_; € S_3 (8)

wi(s{,s_i) >ui(s{,s_i), Vs{ €S;, véimot s6s_; €S_; (9)

Trong nhing trudng hgp phtc tap, nhiing phuong phap Chién lugt ap dio ngat
va Chién lugt ap dao yéu dé khong thé gidi quyét duge. Khi d6 nhu cau can tim ra
huéng gidi quyét cho nhitng trudng hop dé, John Nash da dé xudt mot § tudng gidi
quyét va thyc hién thanh coéng. Sau nay John von Neumann vi Oskar Morgenstern
da phat biéu ra ly thuyét vé Can bang Nash (Nash Equilibrium) vio nam 1944 trong
quyén sach The Theory of Games and Economic Behavior va dén nam 1951 John von
Neumann da sit dung "Brouwer fixed point theorem" dé hoan thién ching minh veé
su ton tai clia 1y thuyét. Sau day la noi dung ciia 1y thuyét Can bing Nash:

CAN BANG NASH: Mot chién lugt thuan tty Can bing Nash ctia mot trd choi mang
tinh chién Iuot (J, (Si)ies, (Wi)iey) 13 mot he thdng chién lugt s* € S théa man ring
v6i méi 1 € J:
wi(si, s™y) > ui(sq,s*y), Vsie S (10)
Ngoai ra con mot loai Can bing Nash khac chinh 13 Chién lugt hén hgp Can bang
Nash (Mixed Strategy Nash Equilibrium)

CHIEN LUQT HON HoP: Ki higu 3 ; 1a tap clia nhitng do do xéc sudt trén tap
chién lugt thuan tiy Si, oy € )_; ki hiéu la chién lugt hén hop ciia ngudi choi i va
0 €Y =Tlies Y ; ki hieu la he thong chién lugt hon hop.

Véi luu ¥ 13 nhitng ngudi choi dude chon doc lap ngdu nhién, khi d6 ta c6 ham két
cuc - payoff function u; tr S vao )_ la:

wlo) = | wls)dols (11)

CAN BANG NASH HON HOP: Mot hé théng chién lugt hén hop o 1a mot Chién lugt
hén hgp Can bang Nash néu véi mdi ngudi chdi i ta co:

ui(0f,0%;) > ui(oy,0%;), Vo €L (12)

MENH PE 1: Mot he théng chién lugt hén hop o* 1a chién luct can bing Nash hén
hgp néu va chi néu véi mdi ngudi chaoi 1 ta co:

ui(of, 0" ;) > ui(sy, 0%), Vsi €54 (13)

V6i nhitng dinh nghia trén, ta can phai chitng minh vé sy ton tai ctia y* dé chiing
t6 sy ton tai clia Dinh 1y Can bing Nash. Hai phan tiép theo sé& st dung cong cu la
dinh 1y Brouwer v Kakuatni dé chitng minh trong mot s6 truong hgp don gian ciia
Can bing Nash.

3 UNG DUNG CUA DINH Li DIEM BAT DONG BROUWER

3.1 Dinh 1y Brouwer

PINH Li PIEM BAT PONG BROUWER: Dit S € R™ la mot tap 161 va compact. Néu
f:S — S 1a mot ham lien tuc, khi d6 c6 mot diém bat dong, tic 1a ¢6 s* € S sao cho
f(s*) = s™.
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3.2 Ung dung

Bai toan chi xét trong trudng hop 2 ngudi choi trong huu han 1an vi ¢6 thé téng quat
lén hitu han ngusi. Trude hét sé chuyén nhing thuat ngt vé dang ma tran.

Ta goi A € ]RT;OXT‘ va B € RT;OX“ 1an lugt 1a két qua clia ngudi choi thit nhat va
ngudi choi thit 2 va X € R™ va Y € R™ lan lugt 1a chién thuat hén hop cia ting
ngudi. Khi doé ta co:

ui(s,s-1) =XTAY (14)

va
us(s2,5-2) = X"BY (15)

Khi dé6 can bing Nash thanh:
CAN BANG NASH: Mot can bing Nash 1a mot cap chién lugt hén hop X, Y théa méan:

XTAY > X'TAY (16)

va
X"BY > XTBY’ (17)

v6i X’ va Y’ lan lugt 1a bat cit chién lugt hdn hgp nao ciia ngudi thit nhat va nguoi
tha 2.
DINH LY:  Moi trdo choi 2 ngudi nhu trén déu c6 mot Can bing Nash.

Ching minh. Dinh nghia

(X, Y) = max{0, e] AY —XTAY}

ci(X,Y) = max{0, XTBej —X"BY}
v6i ey va e la lugt 1a vector don vi ( bang 0 tai moi diém trit tai i va j lan lugt sé
bang 1).
Chi y rang néu X, Y 1 can bang Nash thi tuong duong

Vi=Tm, (X, Y)=0vwaVi=Tm, ¢;(X,Y)=0 (18)

Khi dé6 ta dinh nghia hai chién Iwgt méi X/, Y’ theo X va& Y nhu sau:

X! — Xi+T1i
t ]+Z]T<n:] T‘k
v/ Yi+cy

L 1+Zgl:] Cx

vOi Ty, Ck lan lugt 1a viét tit clia rk(X, Y) va Ck(X, Y)
Ta kiém tra duge X' >0, Y’ >0 va

VD RAD (LD RISE

in - m =1 (19)
by T+2 ¢k

o LYt Xitia

> Y= .- =1 (20)
i 1+Zk:1 Ck

Xét anh xa T(X,Y) = (X/,Y') v& S = (X, Y) € R™™ 13 mot tap 16i v compact.
Dé c6 T lién tuc, khi d6 theo dinh 1y diém bat dong Brouwer ta co:

(X*,Y*) € S:T(X*,Y*) = (X*,Y*)
Dit u* = X*TAY*. Ta sé ching minh 5 % ; 7 (X*,Y*) = 0.
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Gia stt diéu trén sai, tic 1a: Y 7 rc(X*, Y*) > 0.
Vi (X*,Y*) 1a mot diém béat dong cud T nén ta co:

. XE vy (X%, Y")
Xi = m . v
1+Zk:] Ck(X rY )

& Xt (Z ck(X*,Y*)> = 7i(X*,Y%)

k=1

Do d6 néu X} = 0 véi bat ctt i nao thi v (X*,Y*) = 0.
PDat I={i:X{ >0} Tac6I#0vi) ; X; =1 Khidétaco: I C{i:ri(X*,Y*)>0}.
Va cling tu dinh nghia cta I ta co:

m

Y Xf=) Xi=1

i=1 iel
Véi bat ¢t i € I ta c6 11 (X*,Y*) > 0 khi d6 theo dinh nghia ta cé:
el AY* > X*TAY* & A Y* > X*TAY*

v6i A 1a vector cot 1 clia ma tran A.
Nhan ¢4 hai vé v6i X} roi lay tong trén I ta co:

m
W= XFAYT > ) XIXFTAY = (Z xi*> uwr=u*
i=1 iel iel

Vay ta c6 diéu mau thuén, hay
m
> XY =0
k=1

Tu dé ta c6 i (X*,Y*) =0, Vi=1,...,m hay v6i moi i € T,m ta c6: A;Y* < u*.
Khi d6 v6i moi chién lugt X/ € R™ ta cé:

XTAY* =) X{AY* < | ) X{ | u" =u" = X*AY*
i j
Bing cach tuong ty ta ciing c¢6 két qua ¢i(X,Y) = 0. Khi d6 v6i moi chién lugt
Y’ € R™ ta cb:
XTAY =3 XTA;Y) <u* | ) V] | =u* =X*AY”
j j

Vay (X*,Y*) 1a can bang Nash can tim.

4 DINH Li DIEM BAT DONG KAKUTANI
4.1 Dinh lj diém b4t dong Kakutani

Dat A 1a mot tap con khong réng ciia mot khong gian Euclide hitu han chiéu. Dat
f:— A la mot phép tuong tng (correspondence) véi x € A — f(x) C A thda man
nhitng tinh chat sau:

e A la mot tap 16i compact.
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e Tap cac gia tri f(x) khong réng v6i moi x € A.
o f(x) la mot tuong tng 1di titc: Vx € A, f(x) 1a mot tap 16i.

o f(x) la mot do thi dong (closed graph), tic la néu {x™,y™} — {x,y} vé6i y™ €
f(x™) khi d6 y € f(x).

Khi d6 f 14 mot diém bat dong (fixed-point), titc 14 ton tai x € A thoa x € f(x).

Vi dinh 1y Kakutani dugc chitng minh kha phiic tap cting nhiéu khai niém mdi nén
trong khuon khd bai viét nay sé khong dé cap dén cach chiitng minh. Tham khéo cach
chiing minh tai [8]

42 Ung dung
4.2.1  Su' tén tai cia dinh li Nash trong bai toén hitu han

V6i Dinh 1y diém bat dong Kakutani ta c6 thé chitng minh duge dinh 1i Nash trong
truong hop tong quat clia tro choi hitu han nhu sau:

NASH'S THEOREM: Moi tro choi hitu han 1an déu c6 mot chién lugt can bang Nash
hén hop.

Chitng minh. Nhic lai ring o* la mot hé théng chién lugt can bing Nash hén hop,
khi d6 mdi nguoi choi 1 ta sé co:

Ui(O'?j, 0—*—{) > u'i(o-i/ 0—*—{)/ vo—i € Zi (21)

Phép tuong tng phan hoéi t6t nhat cho mdi ngudi choi 1 1a: By : £_; — Z; thoa:
Bi(o_i) ={o] € Lilui(o],)o_i > ui(oy,0-4), Voi € Iy} (22)
Khi d6 tap nhiing phép phan hdi tuong tng t6t nhit B;(o_;) dudc dat 1a:

B(o) = [Bi(o_i)lies

Y tudng dé ching minh 1a 4p dung dinh If diém bat dong Kakutani vao phép tuong
tng B : £ — £ nhu da dinh nghia trén. Trudc mét ta sé ching minh cac diéu kien dé
ap dung:

e ¥ compact, 16i va khong rong.
Bing dinh nghia ta cé:
=]z
ied
v6i moi Li = {x|Zjxj = 1} la mot khong gian hitu han chiéu véi s6 chieu [Si| —1,
do d6 X; déng va bi chan, khi d6 dan dén compact. Ma tich ciia nhing tap
compact la mot tdp compact.

e B(0) khong réng.
Trudc hét phét biéu dinh Iy Weirstrass: Néu A 1a tap con khong réng, compact
trong khong gian Euclide hitu han chiéu va f 14 mot ham lien tuc, khi d6 c6 x
dé f(x) = max, f(x) Bing dinh nghia ta cé:

Bi(o_i) = arg maxui(x, 0_4) (23)
XEX;

v6i Z; 1a mot tap khong rdng, compact va u; tuyén tinh theo x. Khi d6 u; la
lien tuc va theo dinh ly Weirstrass B(o) khong rong.
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e B(0) 1 mot tuong tng 16i.
Mot cach tuong tng, ta c6 B(o) C Z 16i néu va chi néu Bi(o_;) 15i véi moi 1.

Dé chiing minh ta dat of, of € Bi(o_;) ta co:

ui(oy,0-¢) > ui(ti,0-1), V1i € I3 (24)

ui(of,0-4) > ui(ti, 0-4), V13 € L3 (25)
Khi do6 véi moi A € [0, 1] ta co:
A (0], 0-¢) + (1T =Nug(of, 0-1) > ui(t,0-4), V1 € 4 (26)

Do d6 ta c6: Aui(o],0_;) 4+ (1 —A)ui(of’,0_3) € Bi(o_i) St dung tinh tuyén
tinh theo bién dau tién ciia u; ta co:

ui(Aof + (1=A)oi,0_1) € Bi(o_1) (27)
Khi dé ta c6 Bi(o_;) 16i hay B(o) ciing 16i.

e B(0) c6 mot do thi dong.

Gia st B(o) khong c6 bat ctt do thi déng ndo ca, tic ton tai diy (on,o™) —
(0,0) v6i 6™ € B(0o™) nhung & ¢ B(o). Diéu d6 dan dén c6 i dé o5 ¢ Bi(o_;).

St dung tinh lién tuc clia u; va o™; € 0_; ta co:

ui(of,0") > ui(of,04) —e (28)
v6i n du 16n.
Ngoai ra dya vao G € Bi(o_i) ta c6 of € L; vd € > 0 thoa:

ui(of,0™;) > ui (07, 0-1) + 3¢ (29)
Cong (28) va (29) ta co:

ui(of,0™y) > ui(07,0-1) +2e > ui(o7", 0™y) +e (30)

v6i bat dang thic thtt 2 dya vao tinh lién tuc ciia uj.
Phuong trinh (30) mau thudn véi diéu kien 7 € Bi(o™;) va hoan tat ching

minh cac diéu kien dé ap dung dinh 1i diém bat dong Kakutani.

Khi d6 véi moi tap B(o) déu ton tai o théa o* € B(0*) va chinh o* ciing chinh
la chién lugt can bing Nash hdn hop.

4.2.2 Su tén tai cia dinh li Nash trong bai todn vé han

Dé chitng minh sy ton tai ctia Can bing Nash trong tro choi vo han ta sé sit dung
dinh 1y diém béat dong dé chitng minh mot dinh 1i sau vé chién lugt thuan tiy trong
bai toan tro choi vo han:

DINH Li:  Xét mot tro chai dang chién lugt vo han (J, (Si)ies, (ui)iey) théa man
v6i mdi i€ J:

e S; compact vi Ioi.
e u;(si,s—i) lién tuc trén s_;.

e ui(si, s_i) lién tuc va 1om (concave) trén s;.
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Khi d6 ton tai mot chién lugt can bing Nash thuan tuy.
Cha y: Cha § vi uy : S — R lién tuc nén ré rang S; phai vo han nén day chinh la
mot bai toan tro choi vo han.

Chitng minh. Ta s& dinh nghia phép phan hoi tuong ting t6t nhit cho ngudi choi i,
By:S_{ — Si:

Bi(s—i) ={si € Silui(s{,s 1) > ui(si,s 1), Vsi € Si} (31)
Dinh nghia tap nhitng phép phan hdi tuong ing bé nhit nhu sau:
B:S—S: B(S) = [Bi(s_i)hej

Bay gio sé kiém tra céc diéu kien dé st dung dinh 1y Kakutani dé ap dung vao phép
tuong tng B(s).

e S compact, 16i va khong réng. Déu nay dé ¢6 vi S = [[;¢5 Si va cac S; 1a cac
tap compact, 16i va khong rong. Khi dé tich hitu han (vi J hitu han) ctia nhiing
tap compact, 16i vi khong réng ciing 14 compact, 15i va khong rong.

¢ B(S) khong rong. Ta c6 theo dinh nghia: Bi(s_i) = argmaxg ins; Wi(s,s—i)
véi cac Sy déu 1a nhitng tap khong réng vi compact va u; cling lién tuc theo s
nén khi d6 theo dinh Iy Weirstrass ta c6 B(s) khong réng.

e B(s) la phép tuong doéi 16i. Gia st ¢6 i v s_; € S_j sao cho Bi(s_i) €
argmaxges, Wi(s,s_i) khong 16i. Khi d6 ta c6: s{,s{’ € S; thoa man s{, s/’ €
Bi(s_i) va

Asi s i)+ (1 =Aui(s{,s_i) >ui(As{ + (1 —=A)s{,s_4)
Tuy nhién tir tinh 16m ctia u;(s;, s—i) theo s; ta c6 didu mau thuin.
Vay ta c6 két qua B(s) 14 phép tuong tng 15i.
e Chtng minh B(s) la dd thi déng tuong tu nhu trong trd choi hitu han.

Khi d6 ap dung dinh 1i diém bat dong Kakutani ta c6 diéu phai ching minh.

4.3 M@ rong véi tro choi lién tuc

DINH LY GLICKSBERG : Xét mot tro choi dang chién lugt (J, (Si)ies, (1i)ies) thoa
man:

e S; 1a mot khong gian metric khong réng va compact.

e ui(si,s_i) lién tuc.

V6i nhitng khai niém trén ta cé thé goi dé 1a Tro choi lien tuc - Continuous Game.
Khi d6 v6i moi Tro chai lién tuc déu ton tai mot chién luge can bing Nash hén hop.
Cé6 2 khai niém mdi can dugce dita ra trudc khi di vao ching minh.

CAN BANG € : Cho mot € > 0, mot chién lugt hén hop o € £ dude goi 14 Can bing
€ néu v6i moi 1 € J v s; € S; ta co:

ui(si,0-4) <ui(oy,0_4) +e (32)

Hién nhién néu chon € = 0 thi ta c6 Can bang € 13 can bang Nash theo nghia binh
thuong.

Hé qua: Dt G 1a mot tro chai lien tuc. Gia si ring o — o0, € — e va véi mbi
k, €* 1a mot can bing e¥ ctia G. Khi d6 o 1a mot can bing e cia G.
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Chiing minh. V6i moi i € J va s; € Sy ta ¢6:
wi(si, 05y) <ug(o®) +e*

—1

Cho k — oo va sit dung tinh lién tuc ctia uy (cting hgp véi sy hoi tu ciia phan bd
x4c suat dudi topo yéu) ta co:

ui(si, 0-4) <ui(o) +e
Vay ta c6 diéu can chiing minh. O

Tiép theo 1a dinh nghia vé sy gan nhau (closeness) ctia hai tro choi dang chién lugt.

CLOSENESS OF TWO GAME : Diat G vi G’ 1a hai tro choi dang chién luct véi

G = (7, (Si)iea, (Widieq), G’ = (7,(S1)ieq, (ui)ieq)

Khi d6 G’ 14 mot o« - approximate clia G néu v6i moi i € J va s € S ta cé:

N

hui(s) —ui(s)l < « (33)
Nhan xét: Vi ta co:

ui(si, 0_¢) —ui(0) =ui(si, 0-1) —ui(si, 0_i) + ui(si, 0_i) —ui(0) +ui(o) —ui(o)

x+ €+«

€+ 2x

N

Vay ta c6: Néu G’ 1a mot « - approximate ciia G vi o 14 mot can bang € cia G’
thi o 14 mot Can bang (e +2x) cla G.

Hé qua vé sy xap xi ctia tro chai lién tuc bing tro choi hitu han: V6i bat cit tro choi
lien tuc G nao vad « > 0, ton tai mot tro choi hitu han G’ théa man G va G’ 1a o -
approximate.

Ching minh. Tw S 1a mot khong gian metric compact ta ¢6 ham théa dung w; la lién
tuc déu. Ngoai ta vi S; 1a mot khong gian metric compact, ta c6 thé phit S; bang mot
phtt hitu han 14 htu han U{ v6i ban kinh bé hon e ( khong mét tinh tdng quat ta co
thé gi st cac UJ% khong rong va rdi nhau).

Chon s} € U} v6i mdi 1, j. Ta dinh nghia mot trd choi hitu han G’ véi ham thoa
dung u{ nhu sau:

I
u{(s) = ui(s},.,8)), VselW = H us (34)
k=1

Khi d6 v6i moi s € S va i € J ta c6:

g

i(s) —uils)l < o

véi d(s,s)) < e, Yj.
Day chinh 1a két qué can tim. O

QUY LAI VOI PINH LY GLICKSBERG : Dat {«¥} 13 mot day s6 vo huéng véi ak — 0.
Véi méi o, ¢6 mot tro choi G* hitu han va e - approximate clia G ( ménh dé trén).
Vi G¥ 1a huu han véi moi k nén st dung dinh 1y Can bing Nash cho trusng hop hitu
han thi ton tai mot can bing- 0, ky hieu la o®. Khi d6 ¢® 1a Can bing 2aX ctia G.
Tit X 1a compact, {o¥} ¢6 mot day con hoi tu, diat o théa o — o.
Khi d6 vi 20" — 0 v& 0 — 0, sit dung ménh dé dau tién ta c6: o la mot can
bang - 0 cho G, hay o ciing chinh 1a can biang Nash cho G. Két thiic chitng minh.
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