CA4c bai toan vé tap hop
Truong Phudc Nhan 12/07/2017
1. Bai toan co ban :

Bai todn 1: Cho F la mot ho hiru han cac tap con cua mot tap hiru han X . Goid (x) sb cac thanh vién cua

ho F chira x va goi la bac ciia x voi x la mot phan ta bat ki,
Chirng minh rang :

) 2 d(x)=2|A

xeX AcF

b) Dd(x)=D[YnA WYX .
xeY AcF

0) 2,07 (x)=22.d(x)=2 > |AnB|
xeX AcF xeA AcF BeF

Loi giai:

a) Xét ma tran lién thuoc M =(m,, )

s0 boi cac phan tr x e X va |F| cot duoc danh so boi cac tap A e F voi m, , bang 1 hodc 0 tiy thugc vao
xe A hay xe A.Khidé d(x) chinh Ia s cac sé 1 nam trén x-hang , con |A| la sb cac s6 1 nam trén A-
hang.

b) Xét ma tran lién thuoc M =(mXYA) ciaho F tréntap Y, cd nghia la M 1a mot ma tran 0-1 véi |Y| hang
dugc danh s béi cac phantir xeY va |F| cot dugc danh s bsi cac tap A e F véi m,, bang 1 hodc O tiy
thuoc vao x e A hay x ¢ A. Khidé d(x) chinh lasé cac s6 1 namtrén x-hang, con |[Y Al 1as6 cac sb 1
nam trén A-hang.

c) Xétmatranlién M =(m, ), véi |Y| hang dwoc danh sé boi cac phantir x €Y va |F| cot duoc danh sb
boi cac tap A e F voi m,, bang d(x) hodc 0 tily thuoc vao x e A hay x & A. Khidé d?(x) chinh la tong
céc sb dién trén x-hang, con > d(x) laténg cac sb dién trén A-hang.

XeA
Ta da ching minh dugc : ) d?(x)=> > d(x)
xeX AcF xeA
Ap dung két qua cau b) ta thu duoc IZd (x)= Z|Am B| = ZZd (x)= Z Z|Aﬁ B| . Tur day suy ra
XxeA BeF AcF xeA AcF BeF
diéu phai chizng minh.

Bai toan 2: (Corradi) Cho A, A,,..., A, 1a céc tap con r—phan tirva X Ia hop cua ching . Néu |A mAj|£ k

V6 i+  thi [X|2—"
r+(n-1)k
Lai giai: St dung két qua cua bai toan 1 :
> d(x) Z\AmA\_|A|+Z\AmA\<r+k n-1) *)
xeA j#

Lay tong theo tat ca cac tap A , sir dung bat dang thirc Jensen ta duoc :

22 d0)=Z 0 (x ‘|><|@"\'j (|x)|2

r’n

———, diéu phai
r+k(n-1)’ ieuphat

2
Két hop véi bat dang thirc (*) ta thu duoc : n(r+k(n-1))> (r;)| = |X|2

chirng minh.

Bai toan 3: Cho X la mot tap hop gom n phan tir, va goi A, A,,..., A la cic tap con caa X Véi kich thudc

. ..n LA A n
trung binh 16n hon hoac bang — . Néu m > 2w’ thi ton tai cap i, j phan biét sao cho |A N AJ.|2 e
w W

Loi giai: ‘ ,
Str dung bat dang thac Jensen, va két qua cua bai toan 1, ta thu duoc:




2 m2
302 oS00 | (Sl =1
xeX | xeX |X| i=1
Gia str diéu phai chirng minh 12 sai, p dung céac ket qua cua bai toan 1, ta duoc:

62 (x) ZZ‘A“A‘_Z|A|+Z‘A“A‘<nm+ 2m 1) nmj{1+2W2_£j£nmz

XeX i1 j1 iz W’ 2W m m) 2w

Diéu mau thuan nay chi ra diéu ta phai chirng minh.
2. Mat phang xa anh :

Bai toan 1: Cho F la mot ho gom cac tap 3-phan tir, thoa mén:_
i) V&i hai tap hop bat ki thuoc ho F giao nhau duy nhat 1 phan tur.
ii) Hai phén tir bat ki thugc tap nén X = J S dugc chia trong duy nhét mot tap S e F.
SeF
Gia sirrang ho F chtra nhiéu hon mét tap. Chirng minh rang tap nén X c¢6 chinh xac 7 phan tu.

Lai giai: Dé don gian va thuan tién trong viéc trinh bay loi giai ta quan niém mot phan tir bat ki 1a mot
“diém” va mot tap con thuoc ho F 1a mot “duong thang”. Hai diéu kién trong bai toan tro nén quen thuoc
déi véi ching ta:

i’) Hai “dudng thang” cat nhau tai duy nhit mot “diém”.

ii”) Hai “diém” bat ki thuoc vé duy nhat mot “duong thang”.

Goi | 1as6 cac “dudng thang”, va n 1a sé cac phan tir thudc tap nén. Sir dung diéu kién ii’, ta thu duoc:

o : . n
Bo deé 1: SO cac “duong thang” bang: | = %(2]
Chitng minh bé dé 1: That vay, ta xay dung mot anh xa f :2—P — L, trong 46 2—P I ho tat ca cac tap
gom 2 “diém” phan biét va L Ia tap hop cac “dudng thang” theo quy tdc sau : cho tuong tng {a,b} véi
duong thang d di qua 2 “diém” a,b (a4nh xa duoc dat dung theo diéu kién ii’)

Nhan thay : cac tap 2-“diém” la {a,b},{b,c},{c,a} cung cho twong ing véi “dudng thang” d ={a,b,c}

nén [2—P|=3|L|= | =|L|:%(2j.

Z 13 o R A s n-1 2 L s .
Bo dé 2: Bac cua moi “diem” x lubn la: d, = — trong d6 bac cua mot “ dieém” la so cac “duong thang”
phan biét di qua diém do6.
Chirng minh bé dé 2: That vay, ta xay dung mot anh xa g:2—-P, — L, trong d6 L, 1a tap cac “duong
thang” di qua “diém” x con 2— P, chi cic tap 2-“diém” chtra X , theo quy tac sau: cho twong tng tap 2-
“diém” {x,a} voi duong thang di qua hai diém nay (anh xa duge dit dung theo diéu kién ii’).

Nhan thy : c4c tap 2-“diém” phan biét {x,a},{x,b} cing cho twong ing véi “dudng thang” d = {x,a,b}

n-1

Nen [2-R|=2|L,|=d, =|L|=">=.

Tiép theo,ta thuc hién dém sb cac nhom {d,.d,} véi d,,d, la cac “dudng thang” phan biét bang hai cach:

. . . I
Cach 1: So cac nhom nay hién nhién bang [ZJ .
Cach 2: Ta dem so cac cap “duong thang” phan biét di qua mot “diém” x bat ki bang 5 | Khi do, tong

d 4 r 2 2 -
Z( Xj dém so6 cac nhdm 2-“duong thang”™ phan biét, theo diéu kién i’.

xeX

, d I
Ta c6 dang thuc sau: Z( ZXJ :(2)

xeX

n
Thay d, = Tl va l = %[2] ta thu dugc phuong trinh :




i) VT
22 -2
_oL(0-1) (n=3) _n(n-1) (n-3)(n-2)
2 2 2 6 6

= n=7
Mot cau hinh to hop thoa mén yéu cau bai toan 1a mat phang Fano.

Bai toan 2: Mot ho hitu han F gdm cac r - tap con cua tap cho trudc duoc goi la mot mit phiang xa anh néu
hai diéu kién sau dugc thoa méan :
a) Hai tap bat ki thuoc ho ( ta s& goi mot r -tap thudc ho F 1a duong thang ) giao nhau duy nhat mot phan t.
b) Hai phén tir bat ki thuoc tap nén X = | J S duoc chira trong duy nhat mot duong thang.
SeF
Luu ¥ : Pai luong N =r—1 duoc goi la bac cua mat phang xa anh .
Chang minh rang:
1) Sé cac dudng thang = S6 cac phan tir caa tap nén=r’ —r+1=N?+N+1.
2) Bac caa moi phan tir luén bang r = N +1

Lai giai: Goi L 1a sé duong thang, s6 cac thanh phan cua ho F, va goi n la sé cac phan tir cua tap nén.
Khi do6 , bang 161 1ap luan tuong tu nhu trong bai toan 1, ta thu duoc:

I B 2
- SO cac duong thang la L = N
- Bac ctia moi phan tir x luén bang d, :n—_l .
r —
Ta ciing thuc hién dém bang hai céch sé céc bo gom 2 duong thang phan biét khdng ké dén thir tu

[

(@]

. , . L
Céch 1: So6 duong thang bang (2}
Céch 2: Ta dem so cac cap “duong thang” phan biét di qua mot “diem” x bat ki bang 5 | Khi d6, tong

d _ ,
Z( Xj dém sb cac nhdm 2-“dudng thang” phan biét

xeX

d, L
Ta lap dugc phuong trinh : Z —

xeX 2 2
n
n-1 2

Thay cac giatri d, = va L =-—=< tathu dugc phuong trinh :

s e e
. n—1(n—r):ln(n—l).(n—r)(n+r—1)
2r-1\r-1) 2r(r-1) r(r-1)

Suy ra:




) L _ r’—r+1)(r*-r
S0 cac duong thang bang : n(n 1) =( )( )= r’—r+1
r(r-1) r(r-1)
2
Bac cia mot phan tir bat ki bang : nl r-r,
r-1 r-1

Bai toan 3: V6i moi s6 nguyén té p, lubn ton tai mot mit phang xa anh c6 bac p .

Loi gidi: Goi V la tap hop cac vector (x,,X,, X, ) Vi Cac phan tir thudc truong F, .trong d6 x,,X,, %, khdng
dong thoi bang 0. Ta ddng nhat tap [x,,X,, %] ={(cx,,cx,,cx;):c e F,,¢ =0}, gdm p—1 vector voi mot

3

p_

diém thuoc tap nén. Do d6 c6 1 p? + p+1 tap, hay noi cach khac c6 p? + p+1 diém.

buong thang L(a,,a,,a,), trong d6 (a,,8,,8,) €V , la tap hop cac diém (x,,X,, %, ) €V sao cho

&%, +a,X, +8%; =0 *)
Bsi Vi (a,,8,,8,) €V nén co it nhat mt thanh phan khong bang 0, ta tam goi I3 a, . Phuong trinh (*) ¢6
p®—1 nghiém (X, %,,% )€V : V6i X,,X, bat ki, khong dong thoi bang 0, phuong trinh (*) xac dinh cho ta

p?-1

duy nhat mot x,. M&i tap [, X,,x,]chia p—1 vector nén c6 L= p-+1diém [x,,x,,% ] diém thoa man

phuong trinh (*). N6i mot cach khac thi mdi duong thang chira p+1 diém.
Ta cn kiém tra céc tién dé cia m3t phang xa anh:
1) Hai dwong thang giao nhau tai mét diém:
Giastr L[a,a,,a,] va L[b;,b,,b,]1a hai duong thang phan biét. Goi [, X,,%, | 12 mot giao diém (néu co)
cua hai duong thang nay. Khi do:

aX +a,X, +ax; =0

b x, +b,x, +b;x; =0

&

Khong mat tinh tong quat, ta gia st a, #0 . Tasuyra x, = _2 X, —— X, , thay vao dang thuc thir hai ta

1
a
duoc : [ z—éblsz+(b3—%leX3=0

Gia sur bz—%b1 :b3—%b1 =0.Suyra (b,b,,b,)=(ca,,ca,,ca,) voi c=%, do do,

L[a,a,,a,]=L[b,b,,b,], mau thudn. Do vay c6 it nhat biéu thic phai khac khong, gia st b, —ia2 #0.
a

1

Thi véi x, bat ki, ca x, va x, déu dugc xac dinh duy nhét béi phuong trinh (**) va tir phuong trinh thir
nhét; va néu (x,X,,%;) 1a mot nghiém thi (cx,,cx,,cx,) véi ¢ =0 la tét ca cac nghiém c6 thé co. Tir day suy
ra diéu phai ching minh. ]
2) Hai diém bat ki xac dinh mgt dwong thang:
Gid St [X,,%,, %] Va [¥;,Y,, Y,] 14 hai diém phan biét . Goi L(a,,a,,3,) 1a mot dudng thang di qua hai diem
nay, thitaco :

a X +a,X, +ax; =0

aY;+8,Y, +85Y; =0

Khong mat tinh tong quét ta gia sir x, #0. Thitasuyra a, = _& X, & X, , thay vao dang thac tha hai ta
X X

duoc: az[yz—%x2]+a3[y3—%xgj:0 (**)

1 1




Néu : Y, _%Xz =Y _%Xa :03(y1' Yo y3)=(CX1,CX2,CX3)Vé’i c :% , do do, [yl’ Yo ys] E[Xl’xz’xs] )
1 1
méu thudn. Do vay c6 it nhat bidu thic phai khac khong, gia sir y, -2 x, #0. Thi voi a, bit ki, ca a, va a,
Xl
déu dugce xac dinh duy nhat béi phuong trinh (**) va tir phuong trinh thir nhat; va néu (a,,a,,a,) la mot
nghiém thi (ca,,ca,,ca,) véi ¢ =0 la tat ca cac nghiém co thé cd. Tir ddy suy ra diéu phai ching minh.
Luwu ¥ : Lap luan trén hoan toan ding néu ta thay truong F, boi mot truong hitu han F, bat ki. Trong ly
thuyét dai s hién dai , ta da chirng minh duoc rang : mot trudong hitu han bt ki c6 sé phan tir 14 lity thira caa
mot s6 nguyén tb, nén khang dinh cua bai toan trén van dung voi cac liy thira p”
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