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0. Phat biéu cia nguyén ly:

Nguyén ly chudng bd cau: Néu ta nhét m con bd cau vao n cai chudng ( gia st m>n vam khong chia hét

cho n) thi ta luén tim duoc mdt chudng chira it nhat PJH con bd cau.
n

Chitng minh: ( Str dung thuat toan chia) Gia st phan ching , tat ca cac chudng chi chira ti da PJ chi
n

chim bd cau .Do d6 , v&i n chudng thi chira téi da P J” chti chim bb cau.
n
Ap dung thuat toan chia ta duoc : {EJM r.0<r<n-1, nhung theo gia thiét thi r > 0. Dén day ta thu dugc
n
diéu vo Ii , bai vi trong n chudng chi chira 1 {EJnH, r >0 chd chim bd ciu nhung lai bé hon hoic bang
n

H

J— n .

n

1. Ap dung trong ly thuyét tap hep :

Bai toan 1: ( Nguyén ly chudng bd cau dang déi ngiu)
Cho tap hitu han s =@ va s,,s,,.., S, la cac tap con cia s sao cho |5 |+[s,|+...+|s,|> k|s|- Khi d6, ton tai mot

phan tir xe's sao cho x la phan ti chung cia k+1tap s..

Loi gidi: Giastt s cO m phan tir x,x,,...,x, . Xét tap x :{(xi,sj)|xi €S, i=1m,j =],_n}-

Hién nhién |x|=|s,|+...+|s,| > k|s|=km. Ta phan phdi c4c phan tir cua tap X vao m hop 1,2,..,m nhu sau :

Néu x S, thi (xi,Sj) duoc phan phdi vao hop i. Theo nguyén Iy chudng bd cau, ton tai mot hop i ¢ it

km+1
m

nhat [ J+1: k +1 phan tar. Tir d6 suy ra ton tai phan ta x 14 phan tir chung cia k +1tap s, .

| Bai toan 2: Chung minh lai nguyén 1y chdng bd cau tir nguyén Ly dbi ngu cia né.

Loi gii - ‘ , ‘
Gia st cac phan tir 1a x,,x,,...,x, . Ta phan phoi cac phan t x,x,,...,x, Va0 m hop B,i=1m.

Kihigu s={BJi=12..,m} , S,={B|jeB]}, j=Ln. Hién nhién |s,|=1j=Ln va|s|=m.Suyra

18| +[S, | +...+[S,| =n > km > k|s|. Theo nguyén Iy chudng bd cau ton tai hai phan tir B, chung cua k+1 tap s, , tirc

la ton tai B chua it nhat k+1 phan ta.

2.Ap dung cho céc bai toan sé hoc :

Bai toan 1: Cho truéC n SO NQUYEN aa,,....a . Chitng minh rang ta c6 thé chon dugc mot s6 s6 ¢4 tong chia
hét cho n.

Loi gidi : Goi s, la ddy tong riéng cia a_, co nghia la s =a +a,+..+a Vi i=1n. Gia Sir ton tai mot chi so
isa0 cho s :n ta ¢ diéu phai ching minh . Néu khong c6 s, nao chia hét cho n, khi d6 du ctia cac s6 s khi
chia cho n thudc tap {12,.., n-1}. Ap dung nguyeén Iy chudng bd cau ta tim duoc hai sb a,,a, (j<k) sao cho
a,—a,=a,,+a,,+..+a.:n suy ra dugc diéu phai chimg minh.

Bai toan 2: Cho tap{1,2,...,2n}, chon ra n+1 s6 bat ki . Ching minh ring ta luén tim duoc hai s6 trong chiing
nguyén té cting nhau.

Li gidi: Phan hoach tap [2n] thanh nnhém : {1:2},{3;4},...{2n-1,2n} . Ap dung nguyén Iy chuong bo cau ta
tim duoc hai s6 i, jtrong n+1 sé duoc chon sao cho {i, j} = {k,k+1} tir do suy ra diéu phai ching minh.

Bai toan 3: (Erdos) Cho A la mt tap con gom n+1 s6 chon tir tap {1,2,...,2n} . Ching minh ring ta ludn tim
dugc hai s6 a,a, thudc A sao cho a :a hoic aia .




L1 gidi : Thyc hién phan hoach tap [2n] thanh n nhom sao cho mdi nhém nay thoa mén tinh chat : hai phan
tir bat ki trong cling mot nhom s& cé mot phan tir chia hét cho phan tir con lai. Diéu nay ta c6 thé thyc hign
dugc bang cach phan hoach

{1,2;4;8;..},{3,6;12;...} ... trong d6 phan tu nho nhat trong moi nhdm la mot so I¢ va nhan so6 nay cho 2 lan luot
thu dwgc cac s6 con lai trong nhom . Ap dung nguyén Iy chudng bo cau ta tim dugc hai s6 i, jtrong n+1 s6
da cho trong ciing mot nhdm , tir d6 suy ra diéu phai chang minh.

Bai toan 4: (' Schur) Véi moi r>2 va véi moi cach td mau cac phan tir cua tap {12,..,n}, trong d6 n=|er!|
boi r mau, ta luon tim dugc bo ba sb nguyén x,y,z ciing mau sao cho x+y=z.

Loi gidi : Gia s ¢:{1,..,n} —{1,..,r}1a mot r- td mau cua n sO ty nhién dau tién. Gia sir ring khong ton tai
céc s6 nguyén duong x,y sa0 chO x+y<n VA ¢(x)=c(y)=c(x+y). Tacan ching minh n<er!.

Goi ¢, la mau dugc sir dung nhiéu nhat trong so n phan tir, va goi x, <x <...<x, , la cac phan tir dwoc to
mau c,. Theo nguyén Iy chudng bé cau, néu n > rn, thi phai ¢ mot mau duoc sir dung cho n, +1 phan tir, mau
thudn véi gia thiét vé mau ¢, , nén n<m,.

XEttap A ={x —x:1<i<n}. Theo gia thiét cua ta , khdng c6 bat ki sd ndo thudc A, dugc to mau c,. Do
do, tap A, duoc td béi r—1 mau. Goi ¢, 1a mau dugc st dung nhiéu nhat dé td mau cac phan tircua tap A, va
goi y, <y, <..< Vo1 la c&c phan tir dugc td mau c,- Lap luan tuong tu , ta duoC n, -1<(r-1)n,.

Xéttap A ={y,—y, :1<i<n,}. Theo gia thiét cuata, khong c6 bét ki s6 nao thuoc A dugc td mau ¢, va c, .
Do do, tap A duoc td bdi r—2 mau. Goi c, 1a mau duoc st dung nhiéu nhat dé t6 mau cic phan tir cua tap
A,Vagol z, <z <..< Zy s 14 céc phan tir dugc t6 mau c,- Lap luan tuong tu , ta dugC n,-1<(r-2)n,.

Lap lai qué trinh suy luan nay. Bai vi chi co r mau nén lap luan nay phai dirng sau k =r budc. Ta thu
duoc cac danh gia
n<rn, Va n <(r—i)n, +1 Voi i=1k-1, Véi n_=1. Tasuyra
r-1 r|

nggr(r—l)(r—z)...(r—i)=z_—'< r!iZ:‘%:er!

i 1!

3. Ap dung cho bai toan dong du :

Bai toan 1: ( Fermat- Euler)
Chtng ming rang néu p la so nguyén to c6 dang 4k +1 thi ton tai cac so nguyén a,b sao cho p=a?+b?.

Loi gidi :
Ap dung dinh ly Wilson , ta cd : (p-1)t=-1(mod p) .V p €6 dang 4k+1 nNén : (4k)!=-1(mod p)-
Nhan thay :
(4k)!+l=1.2...2n.(2n +1)...(4n)+1=1.2..2n(p-2n)(p-2n+1)...(p—1) +1= 2n)I(-)*(2n) +1= ((2n)!)? +1(mod p)
Bing cach dat N = (2n)ita da chimg minh duocC @ N? =-1(modp) .
Xét cac s6 ¢6 dang x+ Ny Vai x,y 1a cac sb nguyén thuoce [o;wﬁﬂ. CO tat ca (NEJH)Z s6 nhu vay. Vi
(L\/EJH)Z > p Nén theo nguyén Iy chudng bd cau, ton tai hai cap so (x,y),(x,y") sao cho
x+Ny=x"+Ny'(mod p). Tu day, suyra :

x—x"=N(y' —y)(mod p)

(x=x')* =N2(y'~y)’ (mod p)

Str dung h¢ thirc N = —1(modp) , ta suy ra (x—x')* +(y'—y)” =0(mod p)
Luu y rang : 0<(x—x)’ +(y'-y)’ <2p. T day suy ra diéu phai chang minh.

Bai toan 2: V6i moi sb nguyén duong n>1, ton tai so p, sao cho véi moi s6 nguyén té p> p,, phuong trinh
X" +y" =z"(mod p) €O nghi¢m .

Loi gidi :




Nhém nhan 7' ={1.2,..., p~1} 1& Mot nhom cyclic do d6 nd c6 mot phan tir sinh 14 g. Moi phan tir thudc z,
déu c6 thé biu dién dudi dang x=g" , trong d6 0<i<n. Ta thyc hién td mau cho cac phan tir thudc 7, boi
n mau, trong d6 ¢(x)=i néu x = g"*. Ap dung dinh 1y Schur d6i voi pdu Ion, ton tai cac phan tir x, y,7 eZ,
sa0 cho x'+y'=z' Va ¢(x)=c(y)=c(z)-

Do d6, x'=g"* y'=g™" 2/ =g"" va g" g™t =gu. Béng cach dat x=g* y=g",z=g* , ta thu dugc mot
nghi¢m cua phuong trinh x" +y" = z"(mod p) -

4. Ap dung vao Iy thuyét so :

Bai toan 1: ( Dirichlet ) Vi moi s6 thuc xeR Va nez’, ludn tim duge sé hitu ti P trong d6 1<q<n thoa
q

Y

al nq

L i gidi : Xét cac SO {ax}, la phan I¢ cua so thyc ax, va a 1a s0 nguyén chay tir 1 dén n-1. Ta chia khoang

[0;1) thanh n khoang con [O;EME;ZJ {“_‘1;1) Theo nguyén Iy chuong bé cau, ton tai hai s6 {ax},{a'x)

n)nn)" n

nam trong cting mot khoang . Dieu d6 c6 nghia 14 |{ax} - {ax}| <= ©| ~Lax )~ (ax—[ ax )| <=

1
<

nq

P

Bang cich dit q=a-a, p=| ax|-| ax| ta duoC : gy p|< &
q

Bai toan 2: ( Kronecker ) Cho x la mot s vo ti, va dat x, = {nx} 1a phan I¢ cua nx. Ching minh rang day s6
X, Xg1es X, 11U MAL trong khoang [0;1), c6 nghiia 1a v&i moi s6 thuc r <[0;1), V& V6i moi & >0, ton tai mot so
n sao cho |x, —r|<e.

L i gidi : Ta can ching minh rang véi moi khoang (a,b) thuoc [0;1), ta ludn tim duoc S0 nguyén dwong n
sa0 cho {na} e(a;b).

Dau tién , bang cach dat {LJH, ta xét C&C $6 {a},{2a},...{(N +1)a} . Theo nguyén Iy chudng bo cau, ta
b-a

tim duroc hai s6 nguyén p, p’ sa0 cho 1< p<gq<N+1 Va [{par} —{gar)] g%(ép dung lai cac lap luan ta da dung
dé chig minh dinh If Dirichlet). ‘
Bang cac tinh toan truc tiép ta nhan ra rang :
{0a} ~{pa} = 4o | qa |- par+| par | =(a- p) | qar) +| par |- Do d6, néu {qarf ~{ par} > O thi
{(a-p)af={aa}-{pa}, connéu {ga}-{pa} <0 thi {(q—p)a}=1-({da}-{pa}).

Ta xét 2 trudng hop c6 thé xay ra :

Truong hop 1: %>{qa}—{pa} >0.Khido , tadit k=q— p, tathu duoc 0< {ka} <%.
Tachon m la s6 nguyén duong nhé nhét sao cho m{ka} >a (ton tai do tinh chat Archimedes cua tap s
thyc R ), didu d6 c6 nghia 13 (m—1){ke} <a.Do d6 m{ka} <a+{kal < a+%< b.

Suyra, m{ka} €(a,b) =[0;1). Nhung mke =m| ke |+m{ka} = {mka}=m{ka}.Dit n=mk, ta dugc
diéu phai ching minh.

Truong hop 2: 0> {qa} —{ pa} >—%. Khi dé , ta it k =q— p, ta thu duoc 1—%<{ka}<1.Dét

B=1-{ka}, thi O<ﬂ<%

Str dung lai cach Iap luan tuong tu trong trudng hop 1 ta tim dwoc s6 nguyén duwong m sao cho
mB e(1-b,1-a). Pidu d6 c6 nghia la: 1-b<m(1-{ka})<1l-a
=a<m{ka}-m+1<b




=a<{m{ka}}<b

Sau cudi : mka =m| ka |+m{ka} = {mka} ={m{ka}}.Dit n=mk, ta dugc diéu phai ching minh.
5. Ap dung cho day s :

Bai toan 1: (Erdos-Szerkes) Cho mot day sb thuc bt ky a,,a,,..a_, Phan biét. Chang minh rang ta lun tim
dugc mot day con tang c6 do dai m+1 , a, <& <..<a hoac mét day con giam d6 dai n+1, a, >a, >..>a

L o1 gidi : Ta cho tuong tng Vi mdi a, S6 t : do dai clia diy con tang 16n nhat bat dau tir a, . Néu ¢ >m+1
mot i nao do, thi ta thu dwgc diéu phai ching minh. ‘

Gia st ¢ <m v&i moi i. Anhxa f:a >t bientap (a,a,,..a,,,} thanh {1,2,.,m} do d6 ton tai mot
se{l,2,...m} sao cho

f(ai)zs Véi ‘\M‘J_Fl:n_,_l Sé a,- Bat ajl,ajz,___,ajm(j1<_,_< jn+1) la cac Sé do. Ta Chl:l'ng minh a,,a;,..a la
m

" Pna
mot day giam. Gia s phan ching : a, <a, , theo 13p luan & trén ta thu dugc mot day ting do dai s bét dau
tir a, , ket qua 12 ta c6 mot day tang d6 dai s+1 bat dau tir a, , mau thuan véi gia thiet  (a, )=s. Do d6
a, >a, >..>a, ,taco dieu phai ching minh.

6. Ap dung cho ly thuyét do thi :

Bai toan 1: Cho mot db thi hitu han G ¢6 n dinh , ta dinh nghia mot s6 dic trung co ban cua d6 thi nhu sau
chi so dgc ldp «(G) la s6 1én cac dinh sao cho hai dinh bat ki khéng cé canh noi nhau ; sac so 7(G) la s6
mau tdi thiéu can sir dung dé t6 mau cac dinh cua do thi G sao cho hai dinh c6 canh ndi nhau thi dugc td
mau khac nhau.

Chtrng minh rang ta lubn ¢0 n<a(G).x(G)-

Lai gidi : Ta thuc hi¢én phan hoach cac dinh cua G theo 4(G) nhém mau (mdi nhdm gom cac dinh ¢6 cung

mau ). Theo nguyén Iy chudng bd cau, phai c6 mot nhom chira khong it hon dinh , cac dinh nay lap

x(G)

thanh mot tap doc lap ( bai vi ching t6 cung mau). Do d6 , <a(G)- Ta suy ra diéu phai ching minh.

x(G)

Bai toan 2: (Ward-Szabo)

Ta thuc hién t6 mau cac canh caa mot do thi day da ¢ ndinh. Ta goi phép t6 mau la dic sac néu moi tam
gi4c chira 1 hozc 3 mau, nhung khong chira 2 mau va d thi 6 nhiéu hon mot mau.

Ching minh rang : D6 thi ddy du c6 n dinh khdng thé t6 mau dic sic véi it hon n +1 mau.

Loi gidi : Gia sir K, duoc to dac sac voi r mau khac nhau. Goi N(x,c) la so céac canh lién thuoc véi dinh x
du:qc t6 mau c. ’ ’

Co dinh x; va ¢, sa0 cho N(x,,c,) l6n nhat, va dat gia tri I6n nhat nay la N . Thi n—1 canh lién thu¢c voi x,
cd thé dugc phén ra thanh <r nhém mau, m&i nhém c6 sb phan tur toi da N phan tir. Theo nguyén Iy chuong
bo cau, néu n—1> Nr thi phai c6 mot nhém c6 s6 phan tir I6n hon hodc bang N +1, mau thuan vai gia thiét
nén N.r>n-1. , , , .

Gol x,x,,..,x, latatca cac dinh duoc ndi voi x, boi N canh dugc td mau ¢,. Goi G 1a do thi con day du
cia K, trén tap dinh {x,x,,..,x,} . Tinh dic sic cua K, kéo theo tinh dic sic trén d6 thi con G nén do do tat
ca cac canh ctia G déu duoc t6 mau c,.

Bai vi K, duogc t6 it nhat boi hai mau nén ton tai dinh y thudc Kk, khéng nam trén G va sao cho co it nhat
mot canh ndi y véi G c6 mau khéc c,.

B6 dé: Tatca N+1 canhndi y toi G dugc td mau khac nhau va khac c,.

Chitng minh b dé :

Neu mot canh noi y véi G, vidu {y,x}, cO mau c, thi theo tinh déc sic thi canh {y,%} phai dugc to mau Co.
méu thuan vai cach chon y (bdi Vi {x,x,,...,x, }1a tap tt ca céc dinh ndi véi x, dugc td mau ¢,). Ké dén, néu

hai canh nao d6 ndi y Voi G, vidu {y, } { x,} €6 cung mau thi theo tinh dac sic ta c6 canh {x,%,} cling




dugc to cling mau d6. Nhung {x,x,} thudc G nén dwoc t6 mau c,, mau thuan véi 1ap luan trude. Dicu nay két
thic ching minh bo dé. ’
Tro lai bai todn , tu khang dinh ta thu dugc danh gia : r>N+2. Két hop véi danh gia : Nr>n-1.
Ta thu duoc ket qua : r(r-2)>n-1. Gidi bat phuong trinh nay ta thu duot r>n +1, dieu phai chang minh.
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