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Bai toan 1: (Deza — Frankl — Singhi) Cho L 1a mot tap céc s6 nguyén theo modulo p, trong d6 p nguyén
to. Gia st F={A,A,...,A,}1a mot ho cac tap con cua mot tap véi n phan tir théa man hai diéu kién sau :
1) |A| L mod p véi moi 1<i<m

2) |AnA|eL modp véi mei 1<i< j<n

4
Chirng minh rang : |F|< Z(?j

i=1

Ching minh : Gia st F ={A,A,,... A,} trong d6 |A|<|A|<...<|A|. Pat L={l,1,,...,1.} . V&i mdi thanh

vién A ciaho F ta cho twong émg véi vector ddc trung V; =(Viy,...,V;, ), trong d6 v; =1 néu je A va

v; =0 néu nguoc lai .Hién nhién (v, v;) =|A ~ A/| ( xem thém bai viét  Binh Iy Frankl — Wilson™).

V6i méi chi sé i =1m taxdy dyng da thuc f, theo n biénbsi f,(x)=]]((v.x)-1) vsi

|

X = (X, X,,.... X,) €Z . Goi F lakhong gian vector nhé nhét chia cac da thic f,,i=1m .
Hién nhién f,(v;)=0 mod p véi 1< j<i<m,va f,(v)#£0 mod p véi 1<i<m.
Nhan xét : f, f,,..., f,, doc lap tuyén tinh trén Z  (*)
That vay, gid sir ton tai cic ay,0,,...,a,, € Z , khong dong thoi bang 0 sao cho
afy (x)+af, (x)+..on fr (x) =0 v6i moi x e Z" . Chon chisd i lon nhat sao cho o =0 nén a; =0 V6i
j>1.Thay x=v, vao h¢ thuc ta duoc :

o fo(x)+a, /o (X)+.+a_ f(x)+a f;(x)=0 mod p
= a.f;(v)=0 modp (f,(v;)=0 véil<j<i<m)
= o, =0 mod p (f(v,)=0)
biéu mau thudn nay chirarang f,, f,,..., f, doc lap tuyén tinh trén Z , dpem.
Dé dang nhan thiy cac da thuc f, f,,..., T cd bac tdi da bang s. Do céc thanh phan ciia mdi vector dic
trung 1a 0 hoac 1 nén tap cac don thic c6 bac nhéNhon hoac bér]g s lap thanh mot co sO cﬁg khong gian
vector F ( trong cac don thirc hodc cac da thirc moi bién x, xuat hi¢n khéng qua 1 lan ). Bang tinh toan don

- s(n
gian ta thu duoc sb chiéu cua khong gian nay la Z( j (**)
~\j

i=0
s Y
Tu (*) va (**) tasuy ra: m< Z[nj , hay |F| < Z(n] , dpcm.
i—o \! i=o \

n
Bai toan 2: (Ray — Chaudhuri — Wilson) Cho F la mot ho céac tap con cua ([k]} , ¢0 nghia la mot ho cac

tap con cua [n]:={12,...,n} sao cho kich thuéc ciia mdi thanh vién ludn bing k . Cho p 1a mot s6 nguyén to
vagoi A={4,4,..,A} latap cac sé nguyén modulo p sao cho khdng c6 sé nao ddng du véi k . Gia sir
: : n
véi moicip A BeF sao cho A= B thi |[AnB|dong du véi mot A€ A. Chang minh rang |F| s[ j
S

Chitng minh thir 1: (Xem lai bai viét “ Dinh Iy Frankl — Wilson”)
Giast F={A,A,...A,} trong d6 |A|<|A|<..<|A,|. V&i mdithanh vién A cuaho F ta cho tuong ing

VGi vector dac trung yx, . Hién nhién <X,01 Xa, > :‘A] mAj‘




V6i mdi chisé i =1 m taxay dung da thuc f, theo n bién boi f, () =H(< I X) = ) Vi
j=1

X=(X, %y, X, ) €R".
Nhan xét : Bac cita céc da thc f, f,,..., f, tdidalabing s, f,(A)=0 (&day f,(A) hiéu theo nghia
0.

f ( Xa, ) , trong d6 y,, 14 vector ddc trung ciatap A)va f, (A)=#

Ta cho twong Gng mdi tap con 1 ={1.2,...,n} véi |I|<s—1 dathuc g, ( (Zx, iji , bac cia moi
i=1 iel

da thuc g, téida bang s va hién nhién véi moi tap con S = {1,2,...,n} thig, (S)=0 néu va chinéu |S|=k

vaSol.

Khing dinh : C4c da thac g, clng véi cac da thuc f, 1a doc lap tuyén tinh.

Chirng minh khing dinh : Gia st » 4 £+ > u,g, =0 ,trongdé A,x €R . Thay A (hiéu theo nghia Ia

i=1 IIs-1

tathay x=y,) Vvao h¢ thirc ndy ta thu dugc 4 =1 véi moi i =1,m . Ta thu duoc hé thic méi > 1, =0.

[l]<s—1
Gia sir cac da thiic g, khong doc lap tuyén tinh, c6 nghia la ton tai cac tap | sao cho gz, #0.
Khai trién hé thirc nay duéi dang W8y oty &) =

~#0 voi
moi chi s6 i. Thay I, vao hé thirc nay ta dwoc 4, =0, mau thuan. Két thic phép chimg minh khing dinh.
Theo khang dinh trén ta nhan thiy ban than cic da thac g, doc lap tuyén tinh va nam trong khong gian
s—1 n
vector cac da thac ¢ bac <s-1vaco Z( j da thirc nhu g, nén cac da thirc g, 1ap thanh mot co so cua
i=0
khong gian vector nay.

Goi V la khdng gian vector nho nhat sinh ra béi cac da thuc f, , V, 1a khdng gian vector sinh ra béi cac da

s—1
thic g, thi ta nhan thdy dimV =m,dimV, =Z[ j Theo lap luan trén ta nhan thiy dimV +dimV, < Z( j
i i

i=0 i=0

. n
( xem lai bai vict “ Binh Iy Frankl — Wilson” ).N6i cach khac |F| S( j
S

. . . n) (n
Chirng minh thir 2: Khng mat tinh tong quat ta gia sir s <k (néu k =s:|F| S[kj :(sj’ bai toan dugc

chirng minh d6i véi truong hop k < s 1ap luan tuong tw). Véi mdi i< j taxét N (i, j) ma tran la matran co

. (n) (n . [n]) ([n] o LAcB _
ca ac dinh trén ¢ AB bai N(i,j)(AB)= . Goi V la khdng gian
ap (JX[J xac di ap ( )e[i ]x(l J oi N (i, j)(AB) {O,A;fB 0 g9

. . N LRI A n
vector trén R sinh boi cac vector hang cia ma tran N (s,k). Do co [ j hang nén dimV s( j
S S

V6i i <s taxéttich hai matran N (i,s)N(s,k) c6 cap (Injx(:j xéc dinh trén cap (A, B)e[[n]jx([s]]
[

Theo dinh nghia phép nhan ma tran ta duoc :

, (k__'j ,ACB
N(i,s)N(s,k)(AB)= > 1,.lecs=5s0cactapcon C saocho AcCcB=1\s-i

) 0 ,AZB

(trong d6 ta ki hiéu 1,_, :=1 néu AcC va 0 trong nhiing truong hop con lai)



S—I

— N (L S)N (s.K)(A, B)=(k__ijN (i.K)(AB)

Do dé cac vector hang cua N (i, k) ndm trong khdng gian vector V .

Bay gio ta xét ma tran tich M (i,k):= N (i.k) N (i,k). Voi (A,B)e[[E]]x[[E]J thi

L . |AmB|
M (i,k)(AB)= Z lecpdccg = s0cactapcon C saocho CcAvaCcB=|" |
[ |

Chon a,a,,...,a, €Z sao cho l_l(x—,1)=zs:ai {Xj

AeA i=1 I
bat M =>"a;M(i, k) . Khi d6 céc vector hang ciia M (i, k) va do dé céc vector hang ciia M ciing nam

trong khong gian vector V . Mat khac, M (A, B) =0(mod p)néu A BeF va A= B (baivitheo gia thiét

|ANB|=2 véimot s 1e A nén Za _ Eo(mod p) theo céch ta chon cac so a,,a,,...,a, ) trong
i=1 |
truong hop A BeF va A=B tacé M (A B)£0(mod p)( bsivikhong c6 sé 1 e A nao dong du véi k).
Xét matrancon N cua M c6 cac hang va cac cot duoc danh sé boi cac tap A< F . Nhan thay rang ma tran
con N la mot ma tran vudng c6 cap |F|, va |F| hang cua matran N doc lap tuyén tinh trén Z  (luu y cac
phan ti trén duong chéo chinh caa N £0(mod p) ) va do dé ciing doc lap tuyén tinh trén R . Suy ra

rank, (N)=|F|.

Hién nhién rank, (N)<rank,M <dimV = |F| S(Zj
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