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n+1

Bai toan 1: V6i moi phép phit S" bsi n+1 tap mo hogc n+1 tap dong , co nghia la S" =| JA sao cho tat
k=1

cacactap A, A,,..., A, 1a m& hoic tit ca déu dong , thi ta ludn tim dugc mot tap A chira hai diém ddi cuc,

c¢6 nghia 14 cdp diém {x,—x} (S" la mat cau don vi n— chiéu)

Chéng minh :
Xét anh xa liéntuc f :S" > R" voi f(x)=(dist(x,A),dist(x,A,),... dist(x,A)) trong d6

dist(x, A) = iyrgi

x—Y|| 1a khoang tir di€m x déntap A. Ap dung dinh ly Borsuk — Ulam trong Iy thuyeét
topo : “Néu f:S" —R" [a mot anh xa lién tuc thi ta tim duoc x € S" sao cho f (x)= f (—x) ”, duoc mot
diém x e S" sao cho f(x)= f (—x), c6 nghia la dist(x, A )=dist(—x, A ) véi moi k=12,.., n.

Truong hop 1: dist(x, A )#0 véimoi k=12,.., n.Tasuyrangay xe A UA, U..UA hay xe A ;.

Sir dung diéu kién dist(x, A ) =dist(—x, A ) véi moi k=12,.., n taciingsuyra —x¢ A UA, U...UA hay
—XeA, .

Truong hop 2: dist(x, A )=0 véi mot chisd ie{1,2,...,n}. Tirdiéu kien dist(x, A, ) =dist(—x, A ) véi moi
k=12.., ntasuyra dist(-x,A)=0.

Néu tat ca cac tap A, A,,..., A, déu dong thi A latap dong. Diéu kién dist(x,A)=0 twong duong véi viéc
X € A . Tuong ty ta cling thu dugc —x e A.

Néu tat ca cac tap A, A,,..., A, déu mé thi diéu kién dist(x, A)=0 tasuy ra ton tai mot ddy diem

(x,)<= A sao cho x=limx, .

nN—oo

Gia sirtap A khong chira cap diém ddi cuc , khido (—x,)<=S"/ A hay —xeS"/ A . Két hop voi diéu kién

dist(~x,A)=0tasuyra —xe A nén -xe0A =ANS"/A.Do A cS" nén ta d& dang chimg minh dugc
OA = A nén sau clng ta nhan dugc —x € A . Lap luan tuong tu ta ciing suy ra dugc x € A . Didu ndy mau
thuan véi gia thiét phan ching . Do d6 ta tim dugc mot diém y sao cho y,—ye A .

Bai toan 2: V&i moi sé nguyén duong n ta ludn chi ra dugc mot do thi vo han triangle — free sao cho khéng
thé td mau thuc su cac dinh caa do thi boi n+1 mau.

Chikng minh : Ta xay dung mot do thi v han G thoa man yéu cau bai toan ( do thi vd han duoc hiéu theo
nghia 1a n6 ¢6 v6 han céc dinh ). Dat V (G)=S" vatandidiém x véi diém y néu va chi néu goc giita hai

vector x va y 16n hon 120° , hay n6i cach khac (x, y) < —%.

Khang dinh 1: B4 thi G la triangle — free

2 2 2 2 2
That vy, do <X,y>+<y,z>+<z,x>:||X+Y+Z|| —||;|| Iyl -2l :||X+YJ;Z|| -3

3 A
2—5 nén ¢ it nhat mot

trong ba sé hang (x,y),(y,z),(z,x)phai cé gia tri > —%, hay ndi cach khac khong ton tai mot tam giéc xyz .

Khing dinh 2: B4 thi G khong thé td mau thuc sy bei n+1 mau
That vay, ta khdng thé t6 mau thuc su cac dinh cua do6 thi G badi n+1 mau, néu ngugc lai ta co thé chi ra
n+1
dugc cac tap A, A,,..., A, saocho S" = Uﬂ va khong c6 hai dinh nao trong cling mot tap A, ¢6 canh noi
k=1
n+l_

v6i nhau. Khidé : " = JA, .
k=1

Str dung két qua cua bai toan 1) ta tim duoc mot tap A chia mot cap diém déi cuc {—x,x}. Theo ly thuyét

metric ta tim dugc hai day diém (y, ),(z,) = A saocho x=limy,, —x=limz,. Theo gia thiét ta suy ra
n—w n—o0




(Yy.2,)2 —% v6i n=12,3,... Chuyén qua gisi han ta thu duoc (X,—X) = —%, diéu ndy mau thuan véi viéc

X[ =1

Bai toan 3: V6i moi s6 nguyén duong n ta lubn chi ra dugc mot db thi hiru han triangle — free sao cho
khong thé t6 mau thuc su cac dinh caa @6 thi béi n+1 mau.

Chwng minh :
Véi ¢ >0 danhotagoi A lamot e— ludi hiru han cia S", c6 nghia la véi moi x e S" ta lubn chi ra duoc
mot phan tir a e A sao cho |x—a||<e, luu y ring mot & — ludi nhu vay udn ton tai do tinh compact cua S”.

Ta xay dung d6 thi G’ nhu sau : Pat V (G')=A vatandi hai dinh a,b e A bang mét canh néu va chi néu

<a,b><—§.

Khang dinh 1: D6 thiG' 1a triangle -free .

2 _ 2 . 2 . 2 2
That vay, bang cach str dung hé thirc (a,b)+(b,c)+(c,a) = |a-+b+d] ”Z” ol el =— 3(1;8) > -2

(e . 21 4 PSRN 2
('bat dang thac xay ra vai ¢ du nho, cuthé la0<e < \/g —1) tasuy ra it nhat mét trong ba s6 hang

(a,b),(b,c),(c,a) phai I6n hon hodc bing —%.

Khing dinh 2: D6 thi G’ khong thé td mau thyuc s béi n+1 mau.
Gia st phan chimg , khi d6 ta c6 thé chi ra duoc cac tap B, B,,..., B,,, sao cho A=B, UB,U...uUB_, trong
d6 khong c6 hai dinh nao trong cing mét tap B, ¢ canh ndi vai nhau.

n+1

Pat A ={xeS"|JaeB,;|x-a|<e} véi k=12, n4 tasuyra S"=|JA .

k=1
Str dung két qua cia bai toan 1) ta tim dwoc mot tap A chia mot cap diém déi cuc {—x,x} . Theo céch ta

dinh nghia tap A, thi A < | B(a.e)= 4, < | J B(a,e) néntdntai a,b eB, sao cho |-x—a|<e va

aeBy aeBy

[x—b|| < & nén bing cach ap dung bét dang thic tam gic [a+b| <|x—a]+|-x—b| < 2e.
Bing tinh toan truc tiép : |a+b| < 2e < |a+b| <4e? < |af +[p[ +2(a,b) < 4.
Két hop voi cac hé thuc 1—e < |a|,[|b]| (suy ra tirsu kién |-x—a]<e va |x—b|<e,lvuy xeS") tasuyra

4¢? —2(1-¢)’
(a,b) DI E—

4¢? —2(1-¢)’

Do d6 véi & di nho ta s ¢ (a,b) <—§ (do lim =-1va —1<—§ ), diéu ndy mau thuin voi

e—0"
gia thiét khong co hai dinh ndo trong ciing mét tap B, c6 canh ndi véi nhau.
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