Bai 1
12th January 2018 at 9:58pm
VMO 2018

P& bai: Cho day s6 (x,,) xac dinh bdi cong thirc truy h6i 1 = 2va 2,11 = VT, + 8 — v/x, + 3 VOi
moin > 1.

1. Chling minh rang day da cho hoi tu va tinh gidi han.

2.Chingminhrangn < xy + 9 +---+ 2, <n+ 1véimoin > 1.

L&i gidi: TU cac diéu kién cua bai toan dé dang doan ngay gidi han cla day la 1. T&r d6 y tudng la dat day
Y, = &, — 1. Ta can chiing minh day nay c6 gidi han la 0 va véi moi n > 0 thi

0<y1+yp+--+y, <1

TacoTpy1 — 1=+, +8 -3 - (Vz, +3-2) = x/;;nn;81+3 - \/;::J:31+2

nén cong thic truy hdicla vy, lay; = 1 va = —1 L ) véimoin > 1.
g y Yn Y1 Yn+1 Yn ( 1943 Tt At2 . =

1 1

VUnt0+3  Syntdr2

hanla 0. Hé qua la gidi han cla z, la 1

Dé& thay < 3.Néentaco [yn+1| < 3|yn| v6i moin > 1. Do d6 day |y, | c6 gi6i

1 1
Vynt9+3 A yn+a+2
va yg < 0v6ik chan. Lai co |yp.1| < |yg| néntaco yori1 < —yor < yop 1 Vi moit > 1. Hay

Yot + Y21 > 0vayy + yor1 < Ovéimoit > 1.

TU < 0 trén thi ta c6 yp, lubn phién déidau. May; =1 > 0nényr > 0Vvéi k1é

D6 v&i moi k thi
Y1 +yo+ -y = (Y1 + ) oo+ (Yar—1 +y2x) >0
-Viyop1 > 0nénciling phdico y; +y2 + -+ + yor1 > 0.

Tuongtuys +yo + -+ Y1 =1 + (Y2 +y3) + -+ (Yar—2 + Yor—1) + Y2 < L. Viyy, <0
néncling phdicéy; +yo + -+ +yor, < 1

|
\ -
Bal 5
12th January 2018 at 9:59pm

P& bai: Cho cac s6 nguyén duong n va d. Xét tap hop S, (d) gém tét ca cac bd s6 co thirtu (21, ..., q)
thda man céac diéu kién sau:

1Lz, €{l,..,n}véimoil <i<d
2.x; Fxivéimoil <i<d-—1
3. Khéng tontaicacchis6 1 <i < j <k <l <dsaochoz; =z vaz; = x.

a. Tinh s6 phan tlr cda tap S3(5).



b. Chiing minh rang tap hop S, (d) khac réng khi va chi khid < 2n — 1.
Loi giai:

a. Dé thay vai trd cta 1, 2, 3 1a nhu nhau nén cé thé giad sit x; = 1, x5 = 2. Xét hai trudng hap, z3 = 1
vazxs = 3.

Néu x3 = 1 thi tUr diéu kién 2. ta ¢ x4, x5 déu khac 2. Ma x4 phai khac 1 nén x4 = 3. Do d6 x5 = 1.
Day 1,2,1, 3, 1 thda man ca hai diéu kién.

Néu x3 = 3 thi z, = 1 hodc 2. Néu x4 = 1 thi x5 khong thé 1a 1 (diéu kién 1), hay 2 va 3 (diéu kién 2).
Do d6 x4 = 2, khi d6 dé thdy chi con c6 x5 = 1. Ta thu dugc day 1,2, 3,2, 1.

Vay téng cong sé c6 S3(5) = 3! x 2 = 12 d&y thda man.

b. Ta chiing minh bang quy nap véi méi n thi moi day c6 db dai 2n bat ki déu khéng thda mén it nhat mot
trong céac diéu kién cua bai toan bang quy nap.

That vay vGi n = 1 thi day c6 d6 dai 2 sé pham vao diéu kién 1. Gid s da dang téin — 1 > 1. Xét véi
n. Gid sirton tai day x1, ..., Lo, thda man cac diéu kién dé bai. Néu co6 s6 a chi xuat hién 1 1an trong day,
thi khi bo phan tlr a di, thi ta c6 ddy méi gém 2n — 1 phan tir va van thda man diéu kién. Nhung diéu nay
mau thuan vai giai thiét quy nap. Vay moi s6 néu xuat hién trong day thi sé xuat hién 2 lan. Do dé moi

1 <i<msécbhaichisbt; <l; max; = z; = i. Khéng mat tinh téng quat, gid st

t1 <ty <--- < t, thitheo diéu kién 2, phdico l; > Iy > --- > 1, > t,,. Nhung khi dé thi sé phai co
t, = n,l, = n + 1vadiéu nay mau thuan vdi diéu kién 1. Vay khdng c6 day nao cé dd dai 2n nao thda
man ca hai diéu kién. DPPCM.

Véid = 2n — 1 thidé thayday 1,2, ...,n — 1,n,n — 1, .., 1 thda man. Va hién nhién néu day do dai d
thda man thi chi can bo di mét phan ti bat ki, ta thu dugc day cé d6 dai d — 1 thoa man. Cau b. dugc
chdng minh hoan toan.

Bai 6
12th January 2018 at 8:27pm
VMO 2018

P& bai: Cho day s6 (x,,) xac dinh bdi xg = 2,21 = 1va z, o = T, 1 + @, véi moin > 0.

a. V6in > 1, chiig minh rang néu x,, 1a s6 nguyén té thi n 1a sé nguyén té hodc n khéng c6 udc nguyén
t6 1&. b. Tim tat ca cac cap s6 nguyén khdng am (m, n) sao cho x,, chia hét cho ,,.

Li gidi:

Goi day Fibonaccinhusau: F 9 =1, F 1 =0,Fy=1,Fy =1vaF, , =F,+ F, {véimoin > 0.
Ta goi mOt day x,, c6 tinh "Fibo" néu n6 thda man hé thic truy héi a,, .1 = a, + a,_1 véimoin > 1.
B6 dé 1: Ta c6 tinh chét sau cho day "Fibo":

Ay = Fram 1+ Fp10m -1

Ching minh:



Thatvay a,, = @y—1 + Qo = Fia,—1 + Fya,,—2. Nén diéu trén ding v6i k = 1. Giad st da dung téi
k.Tac a,, = Fra,,_ + Fr_1a,;,—1_1, thi co

am = Fi(@m——1 + @mg—2) + Fr10p 1

= (Fy + Fy—1)am—p—1 + Fram_p—2

= Frpr1am k1 + Frap 2 0.

Tacoxg=2=Fy+F 9,21 =1=F, + F_;,néndéthdyz, = F, + F,,_».

B6 dé 2: Vi moin > 2 thi x,|Fy, 1 va ged(z,, Fy,) = 1.

Ching minh: Ta c6 day Fibonacci cé tinh chat "Fibo" nén theo b6 dé 1 ta co

Fy, 1 =F,F, 1+ F, \F, o =(F,+ F, 2)F, 1 = z,F, 1, do d6 a,|Fy, 1 v6i moi n.

Lai dé thay gcd(Fy, Fr_1) = ged(Fy_1, Fx_2) = ... = ged(Fy, F0) = 1 véimoi k > 0 nén hé qua 1a
ged(Fyy, Fyy, 1) = 1. Ma x| Fy, 1 vavéin > 2 thi 2, > 2 nén phai c6 ged(z,, Fs,) =10

Xét sO m # 2. Dy xy, tang ngdt véi k > 2 nén xp, < x,, véimoi 0 < k < m. Do d6 x,, khéng chia hét
cho z,, v6i moim < n.

VGim < n < 2m thi theo b6 dé 1 ta co

T, = Fy mTm + Fy 1T 1, €6 ged(X,, 1) = 1 nén ta c6 néu x,, chia hét cho x,, thi phai cé
F,,_,,_1 chia hétcho x,,. Tuynhién 0 < F,,_,,_1 < F,,_; < x,, nén diéu nay khong xay ra. Vay x,,
khéng chia hét cho x,, véimoim < n < 2m.

Xétvéin > 2mtaco
LTy = F2m£n—2m + F2m—1wn—2m—1

Theo bd dé 2 thi Fy,, 1 chia hét cho x,, va gcd(Foyp, ;) = 1 nén x, chia hét cho x,, khi va chi khi
Zp—om Chia hét cho x,,. Patn = 2mt + r véi 0 < r < 2m thi dé dang co x,, chia hét cho x,,, khi va chi
khi &, chia hét cho x,,,. Biéu nay chi xay ra khi va chi khi 7 = m hay n = (2t + 1)m.

Vay v6i moi m > 2 thi x,, chia hét cho x,, khi va chi khin = (2t 4+ 1)m.
Xétm = 1thi z,,, = 1 nén x,, chia hét cho x,,, véi moi n.

Xét m = 0 thi khi xét module 2 thi dé tuan véi véi chukila31a0, 1, 1. Do do6 x,, chia hét cho x( khi va
chi khin = 3t.

Vay dap s6 cla cau b. la (m,n) = (1,t) hodc (0, 3t) hoac (a, (2t + 1)a) v6i moi t, all

Trd lai cau a. Gia sirn la hgp s6 va c6 udc nguyén t6 1€ p. Theo trén ta c6 x,, chia hét cho z,,/, va
Ty > Ty, NEN Ty, khONg th€ 14 s6 nguyén t6. Do dé néu x,, 1a sé nguyén to thi n la s6 nguyén té hoac n
khong c6 udc nguyén to 1é [,



