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, ) PROBLEMS
I, Pai s6 & S6 hoc

Bai 1: Giai phuong trinh

VxS =5

Bai 2: Cho céc sb thuc x, y, z >2 va thoa man 1+1 +1 =1. Chung
X y zZ

minh rang: (x—2)(y—2)(z-2) <1

x> -1 y*-1
+
y+1 x+1

Bai 3: Cho x, y 1 cac s6 nguyén khac 1 thoa man la

s6 nguyén. Ching minh rang: x?y? —1:x+1

Bai 4:

a, Chung minh rang 32 khong biéu dién dugc dudi dang p+ q/r
trong d6 p, q, r 1a cac so hitu ty, r >0

b, Cho a,b,c € Q théa man a+32b+3/4c=0

Chtng minh rang a=b=c=0
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II, Hinh hoc

Bai 1: Cho tam giac nhon ABC, lay M bat ki trong tam giac ABC.
Ching minh rang: MA.sinA; MB.sinB; MC.sinC la d6 dai 3 canh
tam giac.

A

Bai 2: Cho tam giac ABC vudng tai A c6 duong cao AH. Lay K bat
ki trén canh AH. Lay D, E thudc canh CK va BK sao cho BD=BA;
CE=CA. CE cat BD tai [. Chtrng minh rang [E=ID

~IMO 2012~
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Bai 3: Cho tam giac ABC ngoai tiép duong tron (I) tiép xuc voi BC,

AC, AB tai D, E, F. Ké duong kinh DK cua (I). FK cat DE tai L.
Chung minh: AL song song v&i BC

Bai 4: Cho tam giac ABC c6 tryc tim H va trung tuyén AM. Ké HK
vuong goc voi AM. Ching minh rang BC 1a ti€p tuyén chung cua 2
duong tron ngoai ti€p tam giac AKB va AKC
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S SOLUTIONS
I, Pai s6 & S6 hoc

Bai 1: Giai phuong trinh

\/x—\/x—\/x—m =5

Piéu kién x>5
Dit x—+/x-=5 =t(t>0)
Suy ra \/x— X—t =5

Néu t>5 thi
\/x—»\/x—t <\/x—\/x—5 =t
< o<t
Diéu nay vo ly. Chirng minh tuong ty vai t<5
Vay t=5. Tu d6 suy ra x=30
*) Bai toan tong quat
Giai phuong trinh sau

DX X =m

Trong d6 c6 n dau can (n chan) va m>0

Thi ta dat \/x—\/x—\/x—...\/x—m =t (c6 n/2 dau cin)

Valam tuong tu nhu trén.

Loi giai

Bai 2: Cho céc sd thuc x, y, Z>2 va thoa man 1+1 +1 =1. Ching

X Yy z
minh rﬁng: (x=2)(y—-2)(z—2)<1
Lo1 giai
bat x-2=a; y-2=b; z-2=c (a,b,c>0)

Ta co:
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1 1 1
+ - =
a+2 b+2 c+2
1 1 1 1 1

__—+__—

<o — =
a+2 2 b+2 2 c+2
1 b C bc
< = + >
a+2 2(b+2) 2(c+2) (b+2)(c+2)
Chung minh tuong tu ta co:

1 S ac 1 S ab
b+2 \(@+2)(c+2)'c+2 \(a+2)(b+2)

Nhan ca 3 BDT ta c6: abc <1
Nhan xét: Day 1a bai toan sang tac tur bai todn quen thudc sau
1 1

Cho x,y,z duong thoa man 1 + + =2.
Xx+1 y+1 z+1

Chung minh: xyz < %

x° _1+ y> -1

Bai 3: Cho x, y 1a cac s6 nguyén khac -1 théa méan la
y+1 x+1

s6 nguyén. Chung minh rang: x?y? —1:x+1
Loi giai

2_ 2_
pgt X718 Y 71 C ol (cd)=1va abcdeZ
y+1 b x+1 d

Ta co:
a,c_ad+be 5 ad+beid < beid
b d bd
Vi (c,d)=1 suy ra b:d (1)
Ta co:
2 2
ac XAyl yy-1ez
bd y+1 x+1

= ac:b=rc:b(2)
. y> -1
: :1 pr—
Tir (1) va (2) ta co: &0 = =12 7 =02

= y?-1ix+1

Mat khac ta co:
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X2y? —1=(x*-1).y* +y* —-1:x+1
Suy ra diéu phai ching minh.

Bai 4:
a, Chtirng minh rang 32 khong biéu dién duoc dudi dang p+ qvr
trong d6 p, q, r 1a cac sb hitu ty, r >0

‘ b, Cho a,b,c e Q théa min a+3/2b+3/4c=0

‘ Chtng minh rang a=b=c=0

Loi giai
a, Gia str ¥/2 biéu dién dugc dudi dang p+gr trong d6 p, g, rla
cac so hiru ty, r >0 thi ta co:
Y2=p+avr
& 2=p*+q?rJr +3p%gqr +3pg’r
e r(g’r +3p*g) =2- p°-3pg’r
Néu g?r +3p?q=0
q°r+3p°q=0
< q(qr+3p?) =0
9= 0=p=32€Q

q p=0=32=0
Diéu nay 1a vo 1y
Néu q?r +3p2q =0 thi VT=+/r (q%r +3p%q) 1a s6 vo ty con VP 1a s6
hiru ty. Piéu nay cting vo ly
Vay suy ra diéu phai chimg minh

b, Néu abc=0 thi d& dang chtrng minh duoc a=b=c=0
Néu abc =0

bat 32 =t. Ta co:
ct’ +bt+a=0

i 2
t:—b—\/b —4ac :_E_i. b7 _ dac — 0— T

2c 2c
p—
J— 2 J—
{ b+»\/b —4ac _-b lm_mq\/—
2¢ 2c 2¢
Theo phan a thi diéu nay vo ly
Vay a=b=c=0
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II, Hinh hoc

Bai 1: Cho tam giac nhon ABC, lay M bat ki trong tam giac ABC.
Ching minh rang: MA.sinA; MB.sinB; MC.sinC la d6 dai 3 canh
tam giac.

Loi giai

Goi D, E, F la chan duong cao ha tu M Xuépg AB, AC, BC
Ta co tor giac AEMD, EMFC, MDBF noi tiép
Ap dung cong thirc sau

a b ¢
sinA sinB sinC
Ta co:

MA.sinA=DE; MB.sinB=DF; MC.sinC=EF

Ma DE, EF, FD la d6 dai3 canh tam giac

Suy ra diéu phai chimg minh

Nhan xét: Pay 1a 1 bai toan rat dep va dé rat don gian
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Bai 2: Cho tam giac ABC vuong tai A c6 duong cao AH. Lay K bat
ki trén canh AH. Lay D, E thudc canh CK va BK sao cho BD=BA;
‘ CE=CA. CE cat BD tai I. Chtrng minh ring IE=ID

~IMO 2012~

Loi giai

>C

Qua B ké duong thang vudng goc véi KC cat duong thang qua C
vuong goc voi KB tai T (hinh vE) 7

Khi d6 K 1a tryc tam tam gidc TAB suy ra T, A, K, H thang hang
Ta co:

BA* = BH.BC = BQ.BT

< BD*=BQ.BT =BD _LTD
Chumng minh twong tu ta c6: TE L EC

Mat khac:
TD*=TQIB=TPTC =TE?
=TE=TD

= ATIE = ATID(ch—cgv)
= IE =1D(g.ed)
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Nhan x€t: bai toan nay rat kho trong viéc ké thém nhung n6 dua vao
bai toan co ban sau:

Chirng minh: AD=AFE

Bai 3: Cho tam giac ABC ngoai tiép duong tron (I) tief:p xuc voi BC,
' AC, AB tai D, E, F. K¢ duong kinh DK cua (I). FK cét DE tai L.
‘ Chung minh: AL song song v&1 BC

Loi gidi
A L

10
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Ta co:
/FDE =180° - Z/FDB - ZEDC

=180° - (900 - AAZBC j - (900 - AACBJ

2
_90° — ZBAC
= /FLD = £BAC = /FAl
Suy ra
DF FI. _ID

— =tan ZFLD =tan ZFAI =
FL

Mait khac ZAFL = ZFDI
Suy ra
AIDF ~ AAFL(c.g.c)

— AF =AL= AE=AL;EC=DC

AF AF

= AL || BC
| Bai 4: Cho tam giac ABC c6 tryc tim H va trung tuyén AM. Ké HK

' vudng goc vdi AM. Chirng minh rang BC 14 tiép tuyén chung cua 2
| duong tron ngoai tiep tam giac AKB va AKC

Loi gidi

11
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Dung hinh binh hanh ABCI.

Ta dé thay hai t&r giac BHKI va HKCI ndi tiép (dua va cac goc
vuong). Tir dé suy ra 5 diém B, H, K, C, I thudc mot duong tron

= /KCB = ZKIB = ZKAC (so le trong)

Suy ra BC 1a tiép tuyén ctia duong tron AKC

Tuong tu ta ¢6 diéu phai chimg minh.

Nhén xét: Cach dung hinh rat don gian va rat hay cho ta mot 1oi giai
dep !
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Moi y kién déng gop & cac bai toan hay xin giri vé dia chi Email:
Khoanguyen17112003@gmail.com

Xin cam on moi nguodi !
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