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Tap chi Apollonius no.3

, ) PROBLEMS
I, Pai s6 & S6 hoc

Bai 1: Giai phuong trinh nghiém nguyén

»\/;+\/§=\/m+2

Bai 2: Cho 2 s6 a, b>0 va phuong trinh x® —x? +3ax—b =0
3

Chtrng minh rang: % +27b>28

Bai 3: Cho 3 s6 thuc x, y, z thoa man x* +y2 + 22 + xyz < 4.
28 1 2018 _ 2047
+ + >
XY+2Z YzZ+X IX+Yy 2

Chtng minh rang;

Bai 4:
a, Cho p 12 s6 nguyén té c¢6 dang 4k+3. Chtrng minh néu a,beZ va
a’+b*pthiaip;bip
b, Chtrng minh rang phuong trinh sau khong c6 nghiém nguyén
12x* + 26Xy +15y° = 4617

(trich dé thi THPT chuyén KHTN)

Bai 5: Giai phwong trinh nghiém nguyén x*—-y° =7
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II, Hinh hoc

Bai 1: Cho diém A nam ngoai dudng tron (O), tir A ké tiép tuyén
AB va AC (B, C 1a céc tiép diém). OA cit BC tai D. Ké DF vudng
goc véi AC va lay E 1a trung diém OC. Chiing minh rang: AE
vuong géc voi BF.

Bai 2: Cho hai dudng tron (O) va (O”) cét nhau tai C va D; hai
duong tron cé tiép tuyén chung ngoai AB (hinh v&). Qua A dung
' duong thang vudng goc voi BC cat 00’ tai K. Chimg minh AC
| vuong goc voi CK.

~China TST~
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Bai 3: Cho 3 dudng tron (K), (L), (M) cit nhau (hinh v€). Chuing
'minh 3 day cung chung cua tung cap duong tron dong quy |
‘ (Pinh ly v€ truc dang phuong) \
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Bai 4: Cho tam giac ABC, trong tam giac 1y 2 diém K va L thoa
man diéu kién ZLAC = ZKAB; ZKBA = ZLBC. Chirng minh:
ZLCA=/ZKCB

A
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S SOLUTIONS
I, Pai so & So hoc

Bai 1: Giai phuong trinh nghiém nguyén

‘&+\/§:M+2

Lo1 giai
Ta co:

»\/;+\/§=\/W+2
:>x+y+2\/ﬁzx+y+4+4\/m

oy -2=2/x+y
:>xy—4\/ﬁ+4:4(x+y)ez

= XyEZ:>MEZ:>\/;+\/§€Z
Mat khac:
(\/;+\/y)\/;:X+\/WeZ:>»\/;eZ; y e
Ta dat: Vx =a;\[y =b;\/x+y =c¢ (ab,ceN)

Ta co hé:
a+b=c+2
= (a+b-2)*=a’+b*=c?
{a2+b2=c2 ( :
< 2ab-4a-4b+4=0
—ab-2a-2b+2=0

o @-2)(b-2)=2

« 0 e .

Dén day cac ban tu giai ti€p vdi a,b 1a cac so tu nhién

Bai 2: Cho 2 sb a, b>0 va phuong trinh x® —x? +3ax—b =0
3
‘ Chting minh rang; % +27b>28

Loi giai
Gia st phuong trinh c6 1 nghiém X, <0 thi thay vao ta co:
X,> — X~ +3ax, —b <0 (vd 1y). Vay 3 nghiém ctia phwong trinh trén
la x,%,% 20
Theo Vi-et bac 3 ta co:



Tap chi Apollonius no.3

X, + X, + X%, =1(1)
X, X, + X, X5 + XX, = 3a(2)

X, X, %; =b(3)
Tu (2) ta co:
3a=XX, + X,X; + XX > C’;ﬁ/(xixzxg)2 =3b?
3
1

<:>a32b2:>%+27b26+27b

Mat khac ta lai co:

1=X+X+X%X = C’av?/xlxzx3 =3

<b< 1
27
Suy ra:
3
a_3+27b21+27b:(i+27bj+ﬁ2 2+26=28(g.ed)
b b 27b 27b

Bai 3: Cho 3 s6 thuc x, y, z thoa man x* + y2 + 2% + xyz = 4.
1 N 2018 S 2047

Chtng minh rang; >
XYy+2Z YzZ+X IX+Yy 2

Loi giai
Tur gia thiét ta co:
X +y*+2° +xyz=4
S (X=y) +2xy+xyz+2°—-4=0
= 2Xy+Xyz+2°—4<0
< (xy+z2-2)(z+2)<0
S Xy+z-2<0

SXY+2L2
Hoan toan tuwong tu ta cO: yz+Xx<2;2x+y <2
Suy ra diéu phai ching minh.

Bai 4:
a, Cho p 1a s6 nguyén t6 c6 dang 4k+3. Chirmg minh néu a,beZ va
a’+b*:pthiaip;bip

Loi giai
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TH1: Néu mot trong hai s6 a va b chia hét cho p thi dé dang c6 diéu
phai chimg minh. ,

TH2: Ca 2 so a, b khong chia hét cho p

Theo dinh 1y Fermat ta co6:

a’* =1(mod p) < a**** =1(mod p)

bP* =1(mod p) < b**? =1(mod p)

N (a2 >2k+l + (bz )2k+l _ Z(mod p)

Mat khac ta co:

(a2 )ZM + (b2 )2k+15a2 +b*ip

Suy ra diéu vo ly

Vay ta c6 diéu phai ching minh ‘

Nhan xét: Pay 1la mot b dé trong s6 hoc c6 nhiéu ing dung.
b, Ta co:

12x° +26xy +15y° = 4617 =3°.19

= 12x% + 26Xy +15y*:19

< 12x* —12xy +15y° +38xy:19

< 3(4x* —4xy +5y?)19

= (2x-Yy)* +(2y)*:19

Vi 19 12 s6 nguyén t6 dang 4k+3 nén theo phan a ta cé:
2Xx—Y,2y:19

= X, y:19 = 12x* + 26xy +15y*:19?
Diéu nay 1a vo 1y. Suy ra phuong trinh khong c6 nghiém nguyén.

Bai 5: Giai phuong trinh nghiém nguyén x* —y® =7

’ o Loi giai
Neéu y 1a s6 chan thi ta co:
x? = y® +7=7(mod8). Piéu nay vo ly
Suy ray 1a s6 1é. Ta c6:
X -y =T X +1=(y+2)(y* -2y +4)
Vi y=4k+1 thi y+2 chia 4 du 3
Véi y=4k+3 thi y* -2y +4 chia 4 du 3
Vay x?+1 chia 4 du 3 < x? =2(mod4) . Piéu nay vo Iy
Vay phuong trinh vo nghiém.
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Céch khac:

Ta két luan duoc rang vi moi sd y 1é thi y° +8 ludn cd ude nguyén

t6 p dang 4t+3. Do d6 x% +1:p

Ap dung bd dé bai s6 4 thi suy ra 1 chia hét cho p. Piéu nay vé 1y

Suy ra phuong trinh khong c6 nghi¢m nguyén.

Tai li€u tham khao:

B6 dé vé tong binh phuwong va sé nguyén t6 - Nguyén Pang Khai Hoan
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II, Hinh hoc

Bai 1: Cho diém A nam ngoai dudng tron (O), tir A ké tiép tuyén
AB va AC (B, C 1a céc tiép diém). OA cit BC tai D. Ké DF vudng
goc vi AC va lay E 1a trung diém OC. Chtng minh rang: AE
vuong géc voi BF.

Loi giai

Lay K 1a giao diém cta DF va AE. Theo Thales ta dé dang chtng
minh duoc: DK=KF

Lay L 1a trung diém FC. Suy ra KL song song v6i DC

Suy ra K la truc tam tam giac ADL. Twr do ta c6: AK vudng goc voi
DL.

Mat khac DL 1a duong trung binh nén DL song song vdi BE. Suy ra
diéu phai chimg minh.

Bai 2: Cho hai duong tron (O) va (O’) cét nhau tai C va D; hai

| duong tron co tiép tuyén chung ngoai AB (hinh v&). Qua A dung
duong thang vudng goc véi BC cat OO’ tai K. Ching minh AC
vuong goc véi CK.

~China TST~
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Loi giai

no.3

Ké duong kinh Al cua (0). Kéo dai BC cat AB tai M, CD cat 00’

tai N.

Ta di chimg minh I, K, C thang hang 1a chimg minh hoan tat.
That vay ta dé dang ching minh duoc:

AM? = MC.MD = MB? = MA= MB

Ta co:

ZCBM = ZOAK (=90° — ZLAB)

Do tir giac AMNO noi tiép nén :

Z/CMB = ZAOK

= ACMB @ AKOA(g.9)

— ACAB @ AKIA(c.g.c)

— /CAB = ZKIA

Ma ZCAB = £CIA(=90° - ZCAl )= ZKIA= £CIA

Véy C, I, K thang hang. Suy ra diéu phai chimg minh .

‘ Bai 3: Cho 3 duong tron (K), (L), (M) cat nhau (hinh v€). Ching
minh 3 day cung chung cua timg cap duong tron dong quy
(Pinh ly vé truc dang phuong)

Loi giai
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Lay I 14 giao cia CD va EF, Bl cat (L) tai A ; BI cat (K) tai A

Ta co:

BI.IA =CI.ID = El.FI =BI.IA,

SIA=IA>A=ASA=A=A

Suy ra diéu phai ching minh.

Nhén xét: Bai toan nay sir dung phuong phap 3 diém tring nhau rat
hay va ngan gon

Bai toan tuong tu:

‘ Cho tam giac ABC nhon c6 duong cao BD, CE. Duong tron duong
 kinh BE cit dudng tron duong kinh CD tai K va L. Chimg minh A,

‘ K, L thang hang.
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Bai 4: Cho tam gidc ABC, trong tam giac 1y 2 diém K va L thoa
' mén diéu kién /LAC = /KAB; /KBA = /LBC. Chitng minh: |
/LCA= /KCB |

Loi giai

B C

Dung goc ZBCIl = ZAKB va I thudc BL (hinh v¢)
Khi d6 ta c6: ZLIC = ZKAB = ZLAC
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Suy ra tr giac ALCI ndi tiép.
Ta co:

ABKA > ABCI(g.9)

= AKBC @ AABI (c.g.c)

— /KCB = Z/AlL = ZACL(g.e.d)

Moi v kién dong gop & cac bai toan hay xin giri vé dia chi Email:
khoanguyen17112003@gmail.com
Cam on moi nguoi !
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